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I. Dissociation-equilibria by the Method of Partitions. By 
R. H. FowLem, M.A., Fellow and Lecturer in Trinity 
College, Cambridge *. 

$1. Lwrropvcrion and Summary of the paper.—In two 

previous paperst Mr. Darwin and l have treated the 

usual problems of the partition of energy in statistical 
mechanics by a more powerful method than has hitherto 
been used. This method allowed us to obtain all the usual 
formule of statistical equilibrium by the direct calculation 
of averages, avoiding entirely the need for any appeal to 
entropy. n the second paper we examined the whole 
position of entropy in statistical theory, and concluded 
that, though a proper logical account of it is possible, 
such an account must be somewhat recondite, and that 
the whole idea is really unnecessary in statistical work. 

Practically speaking, before entropy can be properly 

introduced the whole statistical problem for which it 

might be helpful has been otherwise solved. 

These two papers apply only to assemblies of systems 
in which the various systems retain an individual existence 
throughout—that is to say, all cases of dissociation were 

* Commnnicated by the Author. 


t Phil. Mag. pim and Nov. 1922: “On the Partition of Energy,” 
Parts I. egi These two papers will be referred to as first and second 


per respectively. As I need scarcely say, I am, in this paper, deeply 
Indebted to Mr. Darwin, who must not, however, be held responsible for 


its 
Phil. Mag. S. 6. Vol. 45. No. 265. Jan. 1923. B 
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specifically excluded. The method can, however, be ex- 
tended, with some loss of elegance, to assemblies in which 
dissociation occurs. It is still, however, simple and satis- 
factory, and in addition leads to what I believe to be 
extensions of known results. The equilibrium of such 
assemblies treated by purely statistical methods forms the 
subject of this paper which is Part III. of the series. 

The problems of dissociation have recently been treated 
by Ehrenfest and Trkal* from the statistical standpoint 
in a most interesting paper. They maintain the position 
that the study of chemical constants, thermodynamic 
probability, and absolute entropy, which is left in consider- 
able obscurity by earlier writers ft, can only be logically 
approached by a statistical study of the dissociation- 
equilibria of molecules and atoms. However, they only 
discuss the dissociation problem on semi-classical lines: 
they assume, that is, that all degrees of freedom are 
either “fully excited" so that the classical theory is 
adequate, or “completely unexcited in which case they ` 
may be ignored. ‘Uhis restriction can be removed so as 
to treat the statistical problem of dissociation quite gene- 
rally—generally that is to say from the mathematical 
point of view. The difficulties which are met with and 
restrict the range of the results are no longer mathematical 
but apparently physical and inherent in the problem. 

In our second paper Mr. Darwin and I have already 
discussed in some detail the same questions of thermo- 
dynamic probability and absolute entropy, but of course 
without including cases of dissociation. With the position 
maintained by Ehrenfest and Trkal we are in complete 
agreement, and with the help of the results here obtained 
this discussion can be carried further. 

It is convenient to outline here the scope of the present 
paper. In $2 I summarize the results of our previous 
papers so far as they are required here. In §§ 3-6 
I introduce the study of the dissociation problem by 
the discussion in detail of the simplest case, the reaction 


X4 72X. This suffices to bring out all the salient features 


of the method and the extensions to previous results which 
are possible by its aid. In $7 the results are applied in 


* Ehrenfest and Trkal, Proc. Sect. Sciences Amsterdam, vol. xxiii. 
p. 162 (1920). 

T M. Planck, Warmestrahlung, 3rd ed. §§ 127, sgq.; O. Sackur, Amn. 
der Physik, vol. xxxvi. p. 958 (1911), vol. xl. p. 67 (1913) ; H. Tetrode, 
Ann. der Physik, vol. xxxviii. p. 434 (1912) ; etc. 


by the Method of Partitions. 3 


general terms to Saha’s* theory of the ionization in 
stellar atmospheres. This is perhaps the most interesting 
application of the theory of dissociation-equilibria. Saha’s 
fundamental formula is based on the whole apparatus of 
chemical constants and Nernst’s Heat Theorem. In view 
of its importance, and the somewhat unsatisfactory nature of 
its basis, it is of interest to present this formula in its proper 
form as a theorem in statistical mechanics. In so doing, 
one can obtain a clearer insight into the exact assumptions 
on which it is based. One is led to the conclusion that the 
usual formula is not necessarily correct—a further term 
should be included whose effect may be of great importance. 
This extra term unfortunately may make Saha's formula 
less definite, and the detailed application of the new formula 
must be postponed for further investigation. The discussion 
of the temperature ionization of a gas introduces us to 
a fundamental difficulty in the statistics of the Hydrogen 
(or any other) atom f. This is considered in detail in $8. 
In $9 the results of §§ 3-6 are extended to the general 
dissociation problem. 

In $10 I consider by the same method the general 
vapour -pressure equation, which is also discussed by 
Ehrenfest and l'rkali. This leads in $11 to general 
formule for the chemical constants, which show up their 
dependence on the weights of the lowest permitted quantum 
states of the molecules. In particular, it is now possible 
to discuss adequately the chemical constant of H, in the 
region in which it behaves effectively like a monatomic 
gas. The agreement of its chemical constant with both 

eory and experiment for genuine monatomic gases is 
shown to provide important additional evidence as to the 
weights to be assigned to the first two quantum states 
of the rotational motion. In particular, it confirms the 
absence of the state of no rotation demanded by the 
evidence of band-spectra in general and by the curve of 
its own specific heats. Finally, the constants in the disso- 
ciation equations are expressed in terms of the chemical 
constants introduced into the vapour-pressure equations. 
The whole of these relations can be presented, and are 


* M. N. Saha, Phil. Mag. vol. xl. pp. 472, 809 (1920); Proc. Roy. Soc. 
vol xcix. A. p. 135 (1921). For general expositions, see E. A. Milne, 
The Observatory, vol. xliv. p. 261 (Sept. 1921) ; H. N. Russell, Astroph. 
Journ. vol. lv. p. 119 (1922). 

t K. F. Herzfeld, Ann. der Physik, vol. li. p. 262 (1916). 

1. Loc. cit., additional notes No. III. 
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here presented, as theorems in pure statistical mechanics 
based on the general principles of the quantum theory. 

It is natural to follow up these theorems with the extended 
discussion of entropy referred to above, and in particular of 
Nernst's heat theorem and its relationship to the weight of 
the lowest quantum state of the systems concer Der This has 
been already pointed out in a preliminary way *, but with 
the additional theoretical material now available the con- 
nexion can be brought out more clearly. This discussion 
must, however, form the subject of another paper—it is 
unduly long for inclusion here. 


$2. Summary of previous results on Partitions.—In the 
previous papers by Mr. Darwin and myself we have ex- 
pounded a method ‘of evaluating the partition of energy for 
various types of assembly. "he essential point of our 
method is the caleulation of average values by means of 
integrals whose integrands are simply expressed in terns 
of “partition functions" There is a certain partition 
function for each type of system in the assembly— quantized 
or classical, the latter being obtained by a limiting process. 
By such means the tiresome combinatory expressions are 
very easily handled, and the integrals which give the 
average values and the fluctuations about those- average 
values can be simply evaluated by the ** method of steepest 
descents.” | 

The partition function—which in a different notation 
is the * Zustandsumme” of Planck—is constructed as 
follows. The physically possible states of the system are 
enumerated. These form a (generally infinite) series of 
discrete states for a quantized system; for the systems 
of classical mechanics the available phase-space must be 
divided into cells, all of whose dimensions must ultimately 
be made to tend to zero. To each state attaches a weight. 
The weight of any cell of a system obeying Hamiltonian 
equations 1s proportional to its extension. The relative 
weights of the cells of a quantized system are (at any rate 
in simple cases) determinable bv the use of Bohr's Corre- 
spendence Principle and Ehrenfest's Adiabatie Hypothesis. 
No further a priori principle appears to be required. All 
weights are then definitely fixed by the convention t that 


* Second paper, $3. 

T This convention. is the simplest and most convenient that can 
be made (first paper, $2), though it differs from that of Ehrenfest 
and 'I'rkal (oc. cit.) by a constant factor. But in no case can a constant 
factor in a// the weights affect any physical result. 


; _ T A . 
= 
© y=- » 


-~ bythe Method of Partitions. 5 
any one state of a simple quantized system shall have 
unit weight. It should be remembered, however *, that 
the only es-ential condition attaching to the weights is 
precisely analogous to that attaching to entropy in classical 
thermodvnamics—a definite ratio is required (and must be 
assignable) between the weights of two states of a system 
(or systems) which can pass from one to the other, but as 
long as the two states (or systems) are mutually non- 
convertible their weights are non-comparable and may 
have any ratio whatever. In the dissociation problem a 
quantized system (a molecule) can turn into two or more 
classical systems (free atoms), and so the complete specifi- 
eation of relative weights outlined above is relevant and 
must be retained. It has been used for simplicity through- 
out these papers. It here, for the first time, plays an 
integral part in the formule. 

Associated with any state or cell there is a definite energy 
depending on the cell and (possibly) on certain parameters 
defining the external fields of force. Then, if p. is the 
weight and e, the energy in the rth state or cell for any 
partieular system, the partition function is defined in terms 
of a certain additional parameter 3 by the equation 

NEEELE . 5... (21 
summed over all states or cells. It is a function of 
$, 2, 4... For classical systems the sum must be 
replaced by its limit when all the dimensions of all the 
cells tend to zero, that is by an integral ; but this limit 
ean be used in all formule without restriction f, exactly 
as if it were still of the form (2:1). 

We recall certain examples of partition functions. 

(i.) Planck’s line vibrator : 
J) so, BEEN UM ss. (221 


(ii. The rotations of a diatomic molecule of transverse 
moment of inertia J 1 : 


| m | 
AS) = 1439459479" 4..., (e = za) (922) 


second paper, $ 8. 
r A §12. For further details, see a fórtheoming paper in 
ab. Soe. (1922). 
weight 2n+1 assigned to the nth quantum state must on 
| be correct if none of the apparently possible states 


€ h s was pointed out in our first paper, $11. It is so 
yālue of the weight. But there is a good 
f 
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(iii.) Free monatomic molecules of mass m in a 
volume V: 
(2Tm)??V 
f(3) = hiclog 1/9 32* * . . . . 
(log 1/3) 


If any system is capable of two or more types of motion 
which are independent of one another—for example, the 
motions of translation and rotation of a di- or polyatomic 
molecule—the partition functions for the two types can 
be calculated separately and their product is the partition 
function for the whole motion of the system. 

With the help of these partition functions we construct 
an integral for C, the total number of weighted complexions”, 
which enumerates all possible states of any assembly of 
systems whose totel energy is E. If there are Ma systems 
of type A with partition function fa ete., then 

1 ( dz < , 
C= zih aal FOP [foley MBs . (m3) 


the contour y is any circle round the origin of radius less 
than unity. Similar integrals can at once be obtained 
for CE,, where Ea is the average energy held by the 
systems A, or (a, where a, is the average number of 
systems A in their sth quantum state. 

These integrals are easily evaluated approximately (E and 
the M’s all large). Itis found that there is a unique real 
number 3, 0« 3 « 1, determined by the equation 


E = X,M49 7 lgfa . .. . ($31) 


(2:23) 


and that if the contour y passes through 3 the whole value 
of the integral is contributed by a small part of the contour 
near zz 9. We thus find 


d " 
EK, = M43 43 los y X s w ox 12:92) 
a, = Mapa, 3r s š . . x (2:33) 


deal of evidence, some of which we must consider in later sections, 
that not all these states can be permissible. ‘The first term may be 
and probably is missing, and the later weights may be 2m» instead 
of 244-1. See Reiche, Ann. der Physik, vol. lviii. p. 657 (1919). 
Reiche considers also 2 and n+] as possible values; but, as we shall 
see in $11, these cannot be allowed if full agreement in the limit 
with classical mechanics is to be maintained. Whatever the precise 
form of A9) its treatment here is unatlected. 

* We use complexions in an extended sense to cover the case 
in which we have already proceeded to the limit for classical systems. 
Yor the legitimacy of this, see reference in last footnote. 
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We then identify $ with the temperature on an empirical 
scale and prove that in all cases it must be related to the 
absolute temperature T by the equation 


EMEN LI LU, e (84) 


where & is Boltzmann's constant. 
The average values above are shown to be normal 
properties of the assembly by evaluating their fluctuations 


(E, — E,)" ete., and showing that (E,—E,)” is of the same 
order as E4, therefore negligible compared with (E4). 


$3. The Dissociation-equilibrium of the reaction Xy4— 2X. 


To simplify the formule and exhibit in the clearest way the 
important points in the argument, I have thought it best to 
begin by discussing the simplest case, in which only one kind 
of atom is present and only one reaction can occur. In any 
such problem, as Ehrenfesi and Trkal point out, it is not 
really allowable to treat the internal vibrations of the diatomic 
molecule along its axis of symmetry as completely unexcited*. 
This degree of freedom must be allowed its proper share of 
energy, which may be appreciable if there is appreciable 
dissociation. We must also of course include the kinetic 
energy of translation of both atoms and molecules and the 
rotations of the latter about any transverse axis. Axial 
rotations of the molecules and all rotations of the atoms can 
be ignored as completely unexcited. There is no difficulty 
in formally including them if required. 

Let us suppose that the partition function for the combined 
transverse rotations and vibrations of the molecule X, is, in 
general terms, b(z) f. It is not properly possible to divide 
b(z) into factors for the rotations and ibeatiéns separately, 
for the two motions are not independent. We shall discuss 
shortly the details of the specification of b(z) in § 4. Further, 
let A;(z) be the partition function for the kinetic energy of 
translation of the atoms (mass m) and A,(z) for the molecules 
(mass 2m) ; A,(<) and h,(z) are given by (2:23). 

The number of weighted complexions c for an assembly of 
M atoms X and N molecules X; in a volume V with energy F 
available for distribution is by (2:3), 


E AES ols [hg(z) b(z) | TOS (3:1) 


* It is by including this and similar quantized motions that the 
ults of these authors are extended and completed in this paper. 
T Ultimately b(z) is determined by and determines the band spectrum 
of the lA. 
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This, however, is nolonger the total number of complexions 
of which the assembly is capable ; for M and N can change. 
We must take account of all possible values of M and N and 
all possible ways in which the assembly with given M and N 
can be constructed out of a total of X atoms. This part of 
the problem is completely discussed by Ehrenfest and Trkal*. 
They show that the total number of essentially different ways 
in which an assembly of M atoms and N molecules ean be 
built up out of a total of X atoms is 


X! 


——M—— 


M!N!ow C 
X=M+42N, . . . . . (321) 


and c is the symmetry number f of the molecule, which 
in this case is 2. We shall retain the symbol ø in the 
calculations. 

Since there are X !/[M! N! o") examples of the assembly 
with M atoms and N molecules each represented by c weighted 
complexions, the full number of complexions representing the 
assembly in this statistical state is 


Ale 
MINIgN ct 


The total C of all complexions representing the assembly is 
obtained by summing (3:3) overall values of M and N subject 
to (3:21) and the condition of constant total energy. The 
energy F available for distribution among the partition 
functions when there are M atoms and N molecules depends 
on Mand N. If is the heat of dissociation per molecule, 
or the work required to separate one molecule into two inde- 
pendent atoms, we can express I in terms of y. For the 
sake of preciseness, let us take the state of zero energy of 


v 


the assembly as that in which the molecules are all dissociated 


2. (32) 


where 


. (33) 


* Loc. cit. $4, equation (18). It is in the treatment of what Ehrenfest 
and Trlal call the ** y- weight " that our discussions diverge, allowing of 
increased generality here. 

T The symmetry number of a molecule ( Ehrenfest and Trkal, loe. cit. 
p. 163) is the number of different orientations which it can take up 
without altering the distribution in space of any type ot atom. The 
expression X !/(M! N!) gives the number of arrangements of the X atoms 
to form M atoms and N molecules, and arrangements in which the mole- 
cules X, X, and X.X, occur are counted as different. But owing to the 
rotational freedom of the molecule these arrangements are not really 
distinct, and the above expression must therefore be divided by 25. For 
a molecule with tetrahedral symmetry such as CH, c=12, and so on. 
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` and the resulting X atoms all at rest. The assembly can 
then have t energies, but this is of no importance. 
Let us take the state of zero energy of a molecule to be its 
state when it has no rotation * or velocity of translation and 
no internal energy of vibration. It is then in its lowest 
quantum state, x must be taken to be the work required 
to separate such a molecule into two independent atoms at 
rest. In the ordinary process in which atoms combine to 
form molecules with evolution of heat, X »0. Observe that 
x is an absolute constant. The fact that not all molecules 
are in their lowest quantum state does not alter xy. This 
fact is taken full account of by the partition function b(2). 
If E is the total energy of the assembly (relative to our 
conventional zero), then | 


EXER. ...-.- (84) 
and therefore 


1 N 
C= Rates ors E [m6] ee) 
NEUVES X18 : 
where ; hg(z) b(z) 5 
es Sako HET. v. (001) 


Exactly similar integrals can be obtained at once for 


CN ete., which give us the degree of dissociation and its 
fluctuations if required. Thus by (3:3), 


mo ig de x. NXA Vs 
VS = gai f rU T*NT(X—2Nj:. (992) 


We show how to evaluate these and similar integrals in $ 5. 
We give in advance the principal result, which is that 


EE LS-^s909 , 
exc ap^ okt) c C? 
Equation e) gives the dissociation - equilibrium, “the 


reaction-isobar," as a function of the temperature. Its 
physieal form is discussed shortly in the next section. 


* The arguments are easily adapted to include the case in which this 
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$4. The form of the Reaction-isobar for X,4—22X.— 


If we insert known values for the functions A(3) and for o 
in (3:6) we get 


VN À — (log1/3)?? 
E ec e eq 
(Mf 2pm)" 3x a 
i3 


= —— Te BCT). 2 El 
2(mkRm) 5 (1) jen 
Expressed in terms of molecular densities y, = M/V, 
v; — N/V, we have 


V h” T 2x47 By 

sn RARE e BCI)... .. 4:11 
y; 2(mkm)? (1) ( ) 
As we have assumed that the individual gases (of molecules 
and of atoms) are perfect, we can transform to partial 
pressures pj, pa by piv, T, po=vokT. If, further, a: is the 
fraction of molecules dissociated and P the tota] pressure, 
then 


1—2z’ hs —5,2 X/AT p (rp i 
P ao £9 B s He) 
The essentially new feature in these equations is the occur- 
rence in its proper place of the factor 6(3) or B(T). 

The term 6(£) is the partition function for the rotational 
and vibrational energy of the molecules. As we have 
already said, these cannot strictly be separated. But as a 
first approximation these motions are independent and the 
separation can be made, as is shown by the evidence of 
band spectra. Thus | 


b(3) = r(3) v(3). 


We suppose that J the moment of inertia is roughly constant 
to the order of accuracy with which we can discuss 6(9) ; 
then r(3) is given bv (2:22) unless the rotationless molecule 
is impossible *, in which case the term 1 must be omitted. 
When 30 (T->0), 


r(3)-1, r(3)—À p, FT, (p-2or3) . (42) 
* There is strong evidence from band spectra (Sommerfeld, Atombau 


und Spectrallinien, ed. 3, chap. 7) and specific heats (Reiche, loc. cit.) 
that this state is impossible. 
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according as the term 1 is or is not to be retained. When 
$-»1 (T ), in either case * 


r(8) = A 2a vs. 1 1) 


giving the usual classical contribution R to the molecular 
specific heats. | 

For the vibrational term v(3) one may suppose for a 
similar rough approximation that the vibrations are like 
those of Planck?s line vibrator, but that as an energy x will 
dissociate the molecule no more than p states are possible in 
which the molecule remains a molecule. Then 

1—3” 


e(3) =1+9°4...490- m7... (43) 


It is somewhat less arbitrary to suppose that we may take 


v(3) = 14-3" E... 4-9" 0-1 (0 «UjX«Us« ... S Up-1 < x) ; 
sce iw (232) 
the weights are necessarily all unity. When $->0 (T—0), 
vr(3)—1. When $1 (T+ ), v(3)—p. 
With reference to large values of T, it should, however, 
be observed that if y and therefore pv are fairly large 
compared with v, there will be a considerable interval of 
values of 3 or T in which 3” is nearly 1 while $ is still 
small,and in fact negligible compared with 1. Thus, for 
such values of T that f pv» T >v, ' 


( 1 KT  Sv'(3) T 
5 ~ ———_—=, FE icm — — —  —À ^ ' 
) 1—39 v?’ oS) $3-»—] ET, 


vio ati We ean of course write v= Avo, where v, is 
fundamenial frequency of the band spectrum. Thus at 
such temperatures the specific heat at constant volume of 
our molecular gas may reach effectively the value ZR or 
6°96 calories per gram-molecule f in spite of the limitation 
to p states. A similar result must hold for the v(3) given 
by (4°31) if the v, do not differ much from multiples of v. 


* By a theorem of Cesaro’s: Bromwich, ‘Infinite Series, p. 132. 

preg veigh Sa holds for the weights 2n or 2n+1, but not of course for 
w n. 

t The notation «>y is coming into increasing use in Mathematical 
Physies to denote “x is large compared with y." It isa convenient and 
Significant symbolism, which is adopted in this paper. 

1 For example, C, for the molecule I, is stated to reach this value at 
-about 600° C. Stern, Ann. der Physik, vol. xliv. p. 512 (1914). 
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The evidence of band spectra shows that in general the 
v-terms are considerably greater than the rotation e-terms 


h? f l 
(=) so that the rotations can be regarded as fully 
T 


excited, while the vibrations are still practically unexcited. 
In such a case the formula for the reaction-isobar takes 
suecessively the approximate forms 


1—.^ hè 


Iwp ~ = gage TA, (Tee), . . . (E4) 
9i pho TRAA (m2 ord), . (£42) 


2( mm)” 2 
12 : 
_ tm hd nan x "T (eekly, v), . . (445) 


(£m)? 7 , 
12, : 
= rt XT, (wedTay. 0. 0. (PH) 


dpr hd vane yar 
L as e 
(km) 


, (EKT)... . (£45) 


Equation (442) refers to the case in which no rotation is 
impossible; the molecule of lowest quantum grade has no 
longer no energy, but energy e. Since y retains its old 
meaning, y— € is now the heat of dissociation per molecule. 
Thus (4:41) and (4°42) essentially ditter only in the constant 
factor py, Which arises from the different weights which must 
be assigned in these cases to the lowest quantum state, 
Equation (4:43) corresponds to the conditions considered by 
Ehrenfest and Trkal, and agrees with their result, but only 
if the weight of the xth quantum rotation is effectiv elv 2n 
(or 2n4- 1) for lar ge values of n. Weights suchas x or n+], 
which can only be maintained by very forced ar; ues 
make (443) differ from Ehrenfest and Trkal by a factor 2 
and are therefore almost certainly wrong. 

The complete constant factor in these equations plays a 
part which is necessarily equivalent to tlie part played by 
the chemical constants of the various atoms and molecules. 
The chemieal constants, therefore, must essentially depend 
on the weights of the lowest possible quantum states ((4-41) 
and (442)). The importance of the weights in this con- 
nexion appears to be inadequately appreciated, for the 
precise assumptions underlying the usual treatment are 
somewhat difficult to trace. It is better to postpone dis- 
cussion of this point to $ 11 after the equation of vapour- 
pressure has been considered at the close of this paper. 
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We bave here displayed the various obvious approximate 
forms which we may expect the reaction-isobar to assume. 
Equation (4°12) is presumably, however, quite general, and 
the factor B(T) should be very largely determinable from 
a study of the band spectrum—in particular, the band 
absorption spectrum. If this could be completely analysed 
at any one temperature, all the possible rotational and 
vibrational states of the molecule would be determined. It 
would then only remain to attach precise values to the 
weights to complete the specification of B(T). It is just 
possible that a combined study of the reaction-isobar and 
the band spectrum might prove of considerable interest. 

In conclusion, a ible objection may be raised to all the 
reasoning on which these results are based—namely, that it 
ignores radiation, whereas in fact a change of quantum 
state in the molecule probably seldom or never occurs 
without the emission or absorption of the appropriate 
radiation. It is, however, perfectly possible to include 
the temperature radiation in the statistical discussion, as 
has been shown elsewhere *. The results as functions of 
the temperature are unaffected, and the omission of an 
explieit aecount of the radiation in equilibrium with the 
dissociating gas is thus justified. The equilibrium is the 
same (as it must be) whether exchanges of energy take 
place by radiation or by collisions alone ; but of course 
this does not imply that the equilibrium remains unaltered 
when the assembly is subjected to radiation of a different 
temperature from outside. 


§ 5. Mathematical discussion of the Dissociation Formula — 
The evaleation of the integrals of $3 proceeds just as in 
the simple cases of our first paper, with the addition that the 
asymptotic form of the series under the integral sign must 
be determined. If we write the integrand in the integral 
(3°5) for C in the form 


Sx rar es Calea] Cate, 


we see at once that every separate term is a product of 
power series t which obey all the conditions laid down 
in § 6 of our first paper. All that is there asserted of such 
pe series can therefore equally be asserted of the sum X. 


— 


jerefore the integrand on any circle y has its maximum 


* Darwin & Fowler, Proc. Camb. Phil. Soc. (1922). 
+ We ignore throughout the fact that 4, (z), 4,(z). are finally to be the 
limits of such series. The necessary refinements are easily made. 
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modulus on the real axis, and on the real axis has a unique 
minimum between O and 1 which is the sole such root of 
the equation 


t 
E = xs 4 RAO sae X! 8° 


3-8 low 8 Is NTT a 2N" (51) 


We can then evaluate C to the approximation required 
when E and X are large by making the circle y pass 
through z—3, and integrating over a small part of the 
circle in this neighbourhood. “Further progress, however, 
obviously depends on a knowledge of the asymptotic form 
of loz Xx. | 

This series and all similar series that occur in such 
problems ean be evaluated tor real 8 by a study of the 
series in the neighbourhood of its maximum term. More- 
over, only real values of 9 need be so studied; for the 
function represented by the series is an analytic function 
of the complex variables @ or z near the positive real 
axis. To evaluate the integrals for C etc, we require 
the approximate «lues of this function on the circle y 
near its intersection with the positive real axis. For this 
purpose it is sufficient to know the values of the first two 
(and sometimes more) differential coeffieients of the function 
along y at this point. These, however, are known when we 
know the au ditferential coefficients along the 
real axis for real values of 8 or 2. 

For any real value of z there is a unique maximum among 
the terms of the series ; for the ratio of consecutive terms 
of the series starts by being approximately 9X? and steadily 
diminishes to 8/X. If we refer to ($1), we see that 
B=f(z)/V, where f(z) is a function of z alone and in- 
Dm iUm of the number of svstems in the assembly. 
Now we are considering the state of large assemblies, 
for which X is large. We have, therefore, to suppose 
that V is large, so that the ratio X/V is fixed. But in 
spite of this we can certainly arrange for X to be so large 
that BA? > 1 and. 8/X « 1 for any given value of 2. Thus 
the terms start by increasing, and ultimately diminish 
without ever being able to increase again. There therefore 
exists a maximum which is unique. 

The maximum occurs where two consecutive terms are as 
nearly equal as — ae is, where 


—-B(X—-2N)(X—23N-—1,. . . (511) 
or with sufficient aceuracy 


N/M? = B) ..... (5°12) 
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In the further discussion the use of Stirling's formula 
appears to be for the first time unavoidable, but its use is - 
easy to justify rigorously. We write 

N = Nota, M= M)—2a, 
where æ is an integer, and find that near the maximum 


term No, M,, the terms of the series can be expressed in 
the form 


QE Bee (x S ENI] $ 

CONUM, exp} ja S; *u))* olog 8+ X log X— X 
—N, log No+ N,— M, log Mo +My}. . (X2) 

All other terms in (5:2) are of negligible order so long 


as « is confined to a certain stretch of values on either 
side of zero. This stretch can, however, be chosen so as 


i 
to allow «(x y) to range effectively from —æ to +a, 


The terms in this strip provide the whole effective con- 
tribution to the series, and can be replaced by the integral 
of (5:2) with respect to « taken from —æ to+. If 
we then write down log Ew and omit small terms, we 


obtain the asymptotic equality (X, V large) 


X!g8* 
log x AT (X —3N)17 N, log 8+ X log X—X 
—N,log N,+No—My log Myo +My. (572) 


The integral (3°52) for CN can be treated in the same 
way. We find at once, to the same accuracy, 


EN i, x^ 

*"NI(X—-2N)!| "48^" N!(X—2N)! 
x! p* 

= NXswT(X—3Njr ^ 


If, now, we differentiate (5:3) with respect to B, we 
in | 


(54) 


d = ON, —loo z aM, o 
B 1g 108 9s =No+P o8 (log 8 —log N,) — £ 38 log M, 
- E... (541) 
on using (5:12) and (3:21), which agrees with (5*4). This 


-Ne . 


- 


e 
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proves that the asymptotic relation (5:2) can be differentiated 
with respect to 8, and therefore also with respect to z. 

Returning now to the integrals for C and CN, it is casy 
to see how they are to be evaluated with the help of these 
asymyptotic formule, and in particular that 


NEIN ak os ee o -« u- 1929] 


as determined by (5:12), provided that 8 is evaluated for 
the value of 3 determined by (5'1). Thus the result 
N/(M} = 8(3) is obtained, which we have already discussed 
in $4. We can now express (5'1) itself in more intelligible 
form, for it becomes, using (5:3) and (5:41), 


> d = d 
E = X9 dS log hy (3) + NS 5 log B(3), ; (5:6) 
or 


ae _ d - 
E = M3 7, log (3) + N$ 5 {log (3) + log ^(8)] F^ i 


This is precisely the form which the corresponding equation 
would take for an assembly in which N and M were ied 
: at their average values. We prove in the next section that 
the same is true of all details of the partition. The identifi- 
cation of 3 with e^ ^T can be made by any of the methods of 
our former papers. 

The changes in these results when the energy of radiation 
is accounted for may be mentioned here. It is found that 
the radiation has a partition function R(:) which in the 
limit takes the form 


87° V 2 ae 
R(:) = exp oO T S ode A (5 i) 


where c is the velocity of light. The only alteration in 
the formule is that the integrals for C ete. all contain 
a factor lt(z) in the integrand, and the equation (5°61) 
becomes 


oad =d 
E = M3 as log A,(3) +35 {log he(3) + log b(3)} 
+9 log R(9) - Ny. . (5°71) 


As functions of 3, the dissociation and the details of the 
energv partition are unaffected. 
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$ 6. Further details of the partition.— We have still to 


show that the possession of the values N and M is a 
“ normal" property of the assembly ; for this we should 


evaluate (N—N). We have at once 


d 2 
cie ge (ns (eA) fer us (OD 


and therefore, if we retain only terms of the highest order 
in X, D a 
N? = (Ny. 


Jt follows at once that (N—N)*, which is equal to 
N*—(N)*, is of lower order than (N)’, since the highest 
order terms cancel. This is sufficient by itself to prove 
that the possession of N is a normal property of the 


assembly. The actual evaluation of (N—N)’, though 
straightforward, is somewhat tedious, and we shall not 
attempt it here *. 

We can discuss in the usual way the partition of energy. 
For example, consider the average amount of energy 
taken up by the internal motions and rotations of the 
molecules (^l. In any particular example of the 
assembly with M atoms and N molecules the sum of all 
possible values of the energy on the b(2) terms is 


a E [A,G)]" [3()]* fz - [h(2)]" ) «m. 


This follows at once by comparison with our first paper ; 
for the sum required is the same as ce, say, where e, is the 
mean value of E, for this special example of the assembly. 
Summing for all examples of the assembly, we get 


— E ( de xf_d NX! g 
a m J eri PAULO xx oj 
and therefore ino (6:2) 

E, = N3 log 0(3), E... (021) 


where $ is given by (5°61). Similar results hold for the 
other energy terms. We thus find, as above, that the 
partition of energy is the same as if N and M were fixed at 
their average values. 
* For all such questions see Darwin and Fowler, Proc. Camb. Phil. 
Phil. Mag. S. 6. Vol. 45. No. 265 Jan. 1923. G 
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Consider further the distribution of molecules among 
the various states included in b(z). Let p, and e, be 
the weight and energy corresponding to the rth quantum 
state, and a, the number of molecules in that state. In 
a particular example of the assembly the sum of all possible 
values of a, is* 


1 dz "e 
ga f, ES WOWO DO «79. 


Summing for all examples of the assembly, we get 


02 l d ED NX! 8Y 5 
= umi \ sh Ua) aa 2yNT(x—anpy (79 


Therefore P 
a, = Np3"/b(9), . . . . . (681) 


with the usual value of 9. Results similar in every way 
hold for the A(z) factors t. 

It is not necessary to suppose that the atoms and mole- 
cules of the X group are the only constituents of tle 
assembly. We can suppose that any other svstems in 
any quantity are also present, and, provided that no other 
reaction can occur, the extension of the whole of the 
preceding work is immediate. We can, for example, 
suppose that a constant volume perfect gas thermometer 
is also part of the assembly ; if we do this we have at once 
one means of identifying 3 with e^ ^T, 

It is interesting, in conclusion, to view the whole equi- 
librium condition from a somewhat different standpoint. 
For simplicity, we will think of the rotational and vibra- 
tional terms as separated, so that the rotational terms have 
their own separate partition function. Then, instead of 
thinking of the molecules as all of one kind with p different 
internal energies, we can regard them as p different types 
of molecule, between each two of which types there is a 
proper statistica] equilibrium. This equilibrium by (6:31) 
takes the form __ 

N,/N, = (pulpa) e^ 2 FE sow dw (&4) 


where x12 is the excess of internal energy in the state 1 
over that in state 2. This is here the reaction-isobar parallel 
to (4:1) for the case of dissociation. Moreover, it is easy to 
sec that (6:4) is precisely what (4:1) must reduce to in a 
* First paper, $68, 9. 
t Second paper, § 12. 
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reaction in which the total number of individuals does not 
change. The equilibrium conditions between the different 
types of molecules are exactly parallel to reaction-equilibria, 
and may be treated as such. 


$ 7. The temperature ionization of Hydrogen and similar 
problems.—The e ue of ionization in a gas of H-atoms * 
in statistical equilibrium is preeisely analogous to the dis- 
sociation problem already treated T. It is convenient to. 
discuss it here on account of its interest as the basis of 
Saha’s work on stellar atmospheres ; it raises also a practical 
difficulty of importance. It is convenient to consider the 
H-atom alone for the moment, since the structure and possible 
states of the H-atom may be regarded as completely Seay 

Consider an assembly of X H-nuclei and X electrons. 
These are now the elementary constituents, and the neutral 
H-atom is a complex—the molecule of our previous dis- 
eussion—which can possess internal energy according to 
the orbit in which its electron is rotating. The niv ses of 
H and H* are the same, M, and the mass of the electron m. 
There are no relevant atomic rotations, and the symmetry 
numbers are all 1. If 5b(z) is the partition function for the 
internal energy, we find, just as before, that the equilibrium 
state is ! 

b(3) 


N/(M) = AS), BQ) = xps, 3-65 (TD 


where N is the number of neutral atoms, M the number 
of free electrons or H-nuclei, y the ionization potential 
in ergs, and 4($) the partition function for the motion of 
an electron. 

When we come to specify b(9) we meet at once a funda- 
mental difficulty. With the conventions of $3 for zero 
energy. the atom possesses an apparently infinite series of 
possible states of energies €j, €; ..., €n, ..., where 


(—  9qe*m 1 1 ^ 
=e (1-4) = x (1-5), . (7 2) 
and e is the electronic charge. The weights of these possible 


* The assembly must contain molecules H, in various states as well 
as atoms, but they will be negligible in number at tlie temperatures 
which are of interest in applications, and we may confine ourselves to 
ths simpler problem here. 

+ On the assuniption that free ions or electrons behave as a perfect 

. This assumption is “open to attack, but is presumably correct 
at sufficiently low pressures. a 
m ` e) 
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states must be determined on the principles laid down by 
Bohr ; they are * given by the formula 


pazun(nEl) . . . . . (T21) 
Thus x p 
B(S) = 2469X037 4 123x0-37 4... (7-22) 

This series, however, can never converge f for any value 
of 3, for e,—x so that 3'"— 3X, The same difficulty would 
occur in discussing the reaction X; 72X if we supposed 
that there might be an infinity of possible quantized states 
of axial vibration with energies less than x. 

This difficulty is not merely analytical but real and 
physical; for this whole statistical calculation (and all 
others ever made) are based on the hypothesis that the 
systems of the assembly, though they occasionally interact 
so that exchanges of energy are possible, yet for the greater 
part of time are. pursuing their own undisturbed motions 
with a definite energy of their own. It is only so that 
there can be a definite energy distribution to study 
statistically. But the radius (mean distance) of the 
nth orbit is given by the formula 

aija 


a, = im mis . . . . . " (1*3) 


and tends to infinity with n. ‘The full development, 
therefore, of a single H-atom may require all space; and 
it is not possible that for a given concentration the 
fundamental hypothesis can be obeyed in the case of these 
outer orbits. lf owing to the physical conditions of the 
assembly these outer orbits cannot exist for any appre- 
clable time or perhaps cannot exist at all, they may be 
ignored altogether in the discussion of the energy dis- 
tribution. 

Pure statistical theory knows no half-way house between 
an impossible state which can be ignored and a state which 
is to receive its full share of energy—calculated of course 
on quantum or classical principles as the case may be. It 
is unlikely that this represents physical facts. The dis- 
tributions given by statistical theory can only be limiting 
cases, and it is to be presumed that in reality there can 
often be a continuous transition between them. — This 
can be represented by *faking" the weights, but we ure 


æ Bohr, ‘The Quantum Theory of Line Spectra,’ p. 76, footnote. 
T Herzfeld (loe. cit.) has previously pointed out this difficulty. Ilis 
discussion, however, hardly overlaps that of this section. 
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then introducing arguments foreign to the pure theory 
wbieh we have tried to develop here. The difficulty is 
discussed more fully in the next section. It is sufficient to 
say here that some modification of b(2) must be made, which 
on physical grounds must be equivalent to cutting off the 
series more or less sharply after a certain number of terms. 
Exaetly where it should be cut off is difficult to decide. 

If we insert known values in (7:1) we obtain, in terins of 
the absolute temperature T, the total pressure P, and the 
fraction of atoms ionized æ, 


9mm 2492 
log1—3 —— & 25 log T4-log 1 ue) } 


—log B(T), . . . (74) 
which differs from Saha's formula in the term B(T) alone. 

Saha's formula, which is obtained thermodynamically, 
may be regarded as derived on the assumption that the 
H-at»m is either ionized or in its lowest quantum state. 
On his premises, therefore, our B(T) reduces to its first 
term pı. If p, could be equal to 1, then (7:4) would be 
in agreement with Saha's formula, and the latter would be 
valid so long as the neglect of the otber states of the 
H-atom is justifiable, which. may sometimes or indeed 
generally be the case. But it does not appear possible 
on Bohr’s principles to accept the value 1 for pı. The 
true value is 2. The thermodynamic argument naturally, 
though of course not necessarily, forces in the value 1, 
as the idea of weight is somewhat foreign to it. We have 
here another example of the errors possible in a too 
uncritical use of the chemical constants. 

In addition to a correction to Saha's formula for the 
error in pı, the occurrence of the rest of B(T) (if any) 
must also be taken account of in applications of (7:4). 
The omission of this term by the thermodynamic argument 
is only apparent. It may be regarded thermodynamically 
as included in the specific heat term. But perhaps the 

nt method has the advantage of putting it more clearly 

in evidence in proper relation to its origin ; in the thermo- 
dynamie argument it is natural to think of all the gases 
concerned as perfect, and therefore to assume ©C,=$KR, 
forgetting that the equation does not follow if the atoms 
can take up internal energy. The degree of ionization at 
iven temperature and pressure may possibly be modified 
by the presence of B(T), which can be large at high 
temperatures if a large number of states are possible to 
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the H-atom. At the same time a large degree of ionization 
can already occur while the term y/AT is still fairly large; 
in such a case a large number of states must be admissible 
if this correction is to be a serious one. Further re- 
discussion of the ionization formula cannot be uudertaken 
in detail here. 


$8. The temperature equilibrium of a gas of H-atoms.— 
To reduce the difficulty due to the possible infinity of states 
of the H-atom to its simplest form, consider the temperature 
equilibrium of a gas of neutral H-atoms in which no 
ionization is supposed to occur. Let A(z) and 6(z) be the 
partition functions for the translatory and internal energies. 
The state of zero energy may be taken to be that in which 
the atoms are all at rest, with their electrons in their lowest 
quantum orbits. If we suppose that the allowable states 
of the atom are cut off after N terms, all the ordinary 
arguments apply for any value of N to such an assembly. 
Then the total number of weighted complexions repre- 
senting the assembly is 
* dz : . : 
C= íi CERDOS. ow we uS 


271 


If E, and E, are the mean values of the energy of trans- 
lation and internal energy, then 


E, = X5 £ log h(3) = = 3XkT, . . . (83) 


d 
KE, = X3 y lo ogb(3), . . . . . . (821) 
and E = E, E. 


Moreover, 
MS) = 2469077 ) 4, 4 N(N EDSON) ,— (8.3) 


3U/(3) = «y16(1—2- nara- CHE 
+N(N41)(1—N-2)3 X075 Oh (831) 


Now if 3 has any fixed value whatever, and we let N-»oo, 


it is easy to see that 
bO) Ve Re ou de o e a ( ) 


In spite, therefore, of the non-convergence of b(9), we can 
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arrive at a definite value for E, without restriction to the 
number of terms ;: we have, in fact, 


Ky = Xy. BM. 7c (041) 


This equality must hold in the limit for all values of 3 (or T) 
except 3—0, when we have obviously £,—0. > 

Consider more closely the implieations of such a result. 
Given E, the temperature is to be determined by the 


ti 
n E = Xy 4 XAT. 


This equation is impossible of fulfilment unless E» Xx. 
The impossibility has of course entered in the limiting 
‘process N—». The equation must really mean that all 
the energy goes into Hing the electrons into orbits of 
high quantum numbers, the temperature remaining practi- 
cally zero until enough energy (Xy) has been supplied 
practically to ionize every atom. Atter that, on a further 
supply of energy, the usual kinetic energy of translation is 
built up with these already satiated atoms, no further 
internal energy being required. There does not seem to 
be any escape from these conclusions if the preceding 
analysis could really be pushed home without effective 
imitation on the possible states. In fact (granted the 
hvpotheses) these conclusions seem to be in agreement 
with the dictates of common sense. 

These conclusions of course cannot stand, and therefore 
restrictions on the possible states of the H-atoms are 
essential. We have already pointed out that the mean 
distance of the atoms provides such a limitation ; for atoms 
of the size implied by the extended orbits must be able to 
exist sufficiently long for the equilibrium state to be set up. 
The tendeney of the atom to radiate spontaneously, or 
under the stimulus of radiation, may also impose an addi- 
tional eontrol, which effectively cuts out high quantum 
number orbits from the statistical equilibrium. 


$9. General dissociation equilibria.— We now return to 
the general dissociation problem, conforming as closely 
as possible to the treatment of Ehrenfest and Trkal. 
Consider an assembly of s different kinds of atoms, in 
number X;,..., X, capable of forming j different kinds 
of molecules. In any example of the assembly let us 
suppose that there are M;,..., M, free atoms of each sort 
and N,....N; of each of the different molecules. Suppose 
in addition that the rth type of molecule, for example. 
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is composed of Qir, Ger, -+ Ger atoms of the various types 
1, ..., s, the g’s being all positive integers.. Then 
Mi + &,girNr = Xi (t Ed vsus s). e (9:1) 
Let the state of zero energy of the assembly be defined 
as that state in which all the molecules are dissociated and 
all the resulting atoms at rest. For a single molecule the 
state of zero energy is taken to be that of no motion of 
translation, no rotation, or the rotational quantum numbers 
zero, and no internal vibrations of any type, or all the 
vibrational quantum numbers zero*. Let x, be the heat 
of dissociation for the molecule of type r—that is, the 
constant work required to dissolve such a molecule at rest in 
its lowest quantum state into its separate component atoms : 
alio at rest. Let the partition functions be (2), ...,95(=), 
h,(z), ..., h;(z) for the translational motion of the atoms and 
molecules, and 5,(z), ...,4;(2) for the rotations and internal 
vibrations of the molecules: it is assumed that the series 
for the latter either converge or terminate. The symmetry 
numbers of the molecules are o;,...,0. If the total energy 
of the assembly is E, and F is the energy for distribution by 
the partition functions when there exist Ny, ..., Nj molecules 
- of the various types, then 
F = E+ ,Neyr 0... e. (9*2) 
For any example of the assembly with M,,..., M, atoms 
and N;,.., N; molecules the number of welghted com- 
plexions c is given by 


] lz 
T $i Ex [«m()] b... PAOI L2) h(2)]*... 
x MOLON . (93) 
The number of different examples of such an assembly is f 
MM, NUN; e uuo 


and therefore the total number of weighted complexions 
representing the assembly is 


1 T dz 5 X4! TEN Xs Tg (2)]M... [2. (2) ] 


(9:31) 


Y 


S Bari Syst) Mil.. Mal N1... N}! 
~\7 A N, E pila 
. Hou] 7 ERE (9:32) 
g,zx o;z% 


* As in $ 4, it is easy to make the necessary modifications for the 
case in which zero values for any or all of these quantum numbers are 
to be excluded. 

+ Ehrenfest and Trkal, loc. cit. p. 169. 
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Using the equations (9*1), we can reduce this to the form 


1 


C=5— E [5(2]*... [s.()]* 


X,! Pr X,! B^... BX; ET 
San. mre. 039 
where 
hr (bz) (r=1,...,j). (9:34) 


cA 
c, :*rlg(2)j ^"... 19, (2) $" 


The summation E, is to be taken over all possible values 
of N,.., N.—that is, over all zero and positive integral 
values which are small enough to leave the M's positive 
or zero. In the same way, 


t i 
CN, = = a [90]... [gs(=)]** 


NrX,!... Xs! 8 ™. BN 


Seeman v5» 099 


x X(N) 


The series in (9°35) is obviously equal to 


Bx Za: 


where X, is the series in (9°33), the equation for C. 

To evaluate the integrals for C and CN, we proceed 
as in $5. By the arguments there used it follows from 
(9:32) that the integrand on any circle y has its maximum 
on the real axis, and on the real axis has a unique minimum 
between 0 and 1 at 2— 5, where 3 is the sole root of 


dB, ò 
E = X,X;3,. log g,($) + $2, I E 58,8 Ew) | . (9:4) 
The discussion reduces as before to a study of the function 
log Sex), which can be shown by an obvious extension of the 
former argument to possess a unique maximum term for 
values of the N's determined by the equations 


d 
ds 


N-AM Ms”... Ms") = 8, (r=1,...,j). (95) 


These equations, j in number, with the s equations (9:1), 

are sufficient to determine the (s+j) unknowns (M:, N+»). 

* In the neighbourhood of the maximum term (M£, N,°) the 
* 


- 
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terms of the series can be expressed to a sufficient approxi- 
mation in the form 


1 Ao X, à : a? 
Soo (aes Nop) n CCP 
> p^r : > 

— jx, Cr EN, log 8, £X, (log X —X) 


—E(N? log N9—N,) - (M? log M^ -M5) t. 

| (9:51) 

We can then, instead of summing the series, integrate 

(9:51) j times with respect to ihe 2’s, and obtain with 
sufficient accuracy | 

log Zu = E,N log 8, —X(X: log X,— X) 

—>,(N,° log No— N,'u—Z,(M ° log Mo—M,°). 

i ts x. (952) 

For the series in CN, we obtain the same value as for Ey, 


multiplied by N,». If, further, we differentiate (9°52) 
partially with respect to B, say, we find 


N, , 
oe (log 8. —log N,°) 


x a log E, = Nit X8 


T Xi A, log My. 


If we express the 9M,°/08, in terms of the ON, /98, by 
using (9:1) we obtain coefficients of ON,°/d8, which all 
vanish in virtue of (9:5). "l'hus 


B, A Xn = NP Èw, e aooe i (9:6) 
and in general . 


eS XN = NX, (r= 1, imaa J)e . (9:61) 


This is in agreement with the result above, so that (9:52) 
can be differentiated with respect to any of the §’s aud 
therefore with respect to z. 

We have now all the necessary machinery to evaluate 
the partition, and find at once that N,— N,9, (r1, ...,J), 
provided that the §’s are evaluated for z=3. Thus the 
dissociation-equilibria must be determined by the 7 “laws 
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of mass-action " in the form 


NUM | 0 he(3) b 3) 
N,/ (0)... Mme MO 
ard" (g,(3) ^... (9,(3) jf 
(rzl,...,7).. (97) 
Equation (9:4) relating the temperature and energy re- 
duces to 


E = X, 4 log g(9) + $,N;3 ss (log Is(5) + log 0,(3)} 
—XEX,N,v, (911) 


and the further details of the partition can be worked out 
exactly as in $6. The result, that the details are the same 
as if the M's and N's were fixed at their equilibrium values, 
still holds. 

It is convenient to express (9:7) in a form more in accord 
with the equivalent thermodynamical formule. We have 
for the whole assembly 

PVeGT(XMSGEN) . . . (98) 
where P is the total pressure. If v, 2; are the “ fractional 
concentrations” f of the various atoms and molecules re- 
spectively, then — zx 

M: * N, 
— ————— OW, FS 

= M, + XN. XM: + Z.N. 
We then express (97) in logarithmic form, eliminate M,, 
N,, and V by these expressions, and insert known values 
for g,(3), hr(3), and 3. We obtain after reducing the 
equations 


T (9:81) 


X log z,—logaz; = (Zager — l)(—log P + § log T) -i 


(2mm)? 2452 


—log Br(T) + X46 log jm ! 
9 js 3/215/2- 
—log —— P (rz 1, ..., J). 


(9:82) 
In this equation B,(T) is the rotational and vibrational par- 
tition function expressed in terms of T, and m,, m; are the 


t “Concentrations " is the term used by Ehrenfest and Trkal in this 
connexion. It is, however, not here used in its natural meaning of 
mass or number of molecules per c.c. Equation (9:82) is the reaction- 
isobar expressed effectively in terms of partial pressures. 
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masses of the atoms and molecules respectively. There 
may be, of course, a very large number of other mass- 
action equations among the constituents of the assembly, 
but they must all be expressible in terms of the j funda- 
mental mass-action equations (9*7) or (9:82), in each of 
which only one complex constituent occurs. [It is therefore 
unnecessary to consider such other equations in detail here. 

In the cases considered by Ehrenfest and Trkal, B,(T) 
has its limiting form to which it approximates when the 
rotations are fully excited and the internal vibrations 
completely unexcited. In such cases (9:82) agrees with 
their results *. 

Finally it is interesting to verify that the form of the 
reaction-isobar thus derived agrees with that derived by 
thermodynamic arguments from van't Hoff's equation, 


dlogK — — Q, 
dT ^ RT? 7 |o Co € 


where Q, is the heat of reaction per gram-molecule at 
constant pressure and K the equilibrium constant ; in 
particular, we shall see how the term B(T) enters the 
reaction-isobar. By Kirchhoffs equation, 


(9-9) 


AQ 

, P = — ŽC, . e . . e (9°91) 
where (, is the specific heat at constant pressure, the 
summation is taken over all the reacting species, and 
g is the number of gram-molecules of each species with 
a negative sign for those that disappear. Therefore 


imp p 
Q, = Q—| LqCpdT = Qo- SpkT—| SyC_dT, 
v e 0 


-QoXQII-ZXQU.—(UM .... (04M) 


where Qj is the limit of the heat of reaction as T-»0 and 
U, is the internal energy per gram-molecule at volume v. 
Therefore, on substituting in (1*9) and integrating, we have 


Q, "Tq 


g — y 
log K = yep Boa 


+ 3¢ log T+ g(U,—(U.)o) +A, (9:93) 
where A is a constant. Equation (9:93) is the general 
thermodynamic formula. We can, however, Haml ate it 


at once into our notation, and it then integrates in finite 


* Loc. cif., equation (41). 
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QR =— x/k, 
U.—(U.)o = N3 $ {log h(8) + log 0(8) }, 
dT _ 143 
RT” N 9’ 
where N is Loschmidt’s number. Thus 
log K = —fi+23¢ log T+ Xq {log h(S) + log b(S)} +A. 
2. s. (994) 


Equations (9:94) and (9:82) are c oxi except that 
in (9:82) the constant A is determined. 


terms. For 


$10. The vapour-pressure equation.—W e can derive in 
an exactly similar way the equation for the vapour-pressure 
of a solid—in particular, of a erystal. The contributions to 
the equation of the internal energv of the vapour molecule 
and the internal energy of the crystal can be formally 
included in the statistical discussion. It is not possible 
to include here a proper discussion of the partition function 
for a erystal without unduly lengthening this paper. This 
must be discussed elsewhere *. It is sufficient to point out 
that for a crystal of N molecules a partition function 
[K(z)]* ean be constructed, based on Born and Karman's t 
results. 

Following Ehrenfest and Trkal, we suppose that there 
are in the assembly N free molecules and a single crystal 
of M molecules. The molecules are composed out of 
s ty of atom, X,,..., X, in number, and there is a total 
of molecules in all. The problem is actually one of 
dissociation-equilibrium in which there are only two kinds 
of molecule prese:it—the actual free molecules N in number, 
and the whole crystal of which there is 1 f. 

Let us suppose for definiteness that the assembly has 
zero energy when all the molecules are condensed on 
the erystal, and all the internal motions of the crystal 
vanish. We take our usual definition of zero energy 
for a free molecule, and suppose that x is the work 
necessary to remove one molecule from the crystal when 
both erystal and molecule have (by convention) zero 
energy. It is easy to make the necessary modifications 

* Darwin and Fowler, Proc. Camb. Phil. Soc. (1922). 
T Born, Der Dynamik der Krystallgitter, p. 12. 
1 Or at least a number negligible compared with X, 
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if any of the corresponding quantum numbers cannot have 
the value zero. Then for any example ot the assembly 
with N free molecules we have in the usual notation 


= ome bo deo & SOOT) 


l * 
"ul lK Or [o(z) A(z) J", (1011) 
N+M = X. 


The number of such examples of the assembly is 

ae ere ee 

N! oN itg ! 
where o is the symmetry number of the free molecule 
and o the symmetry number of the crystal. Strictly 
speaking, there should also be included in (10°11) a 
partition function H(z) for the mass motion of the whole 
crystal or crystals (Brownian movement), but this can 
obviously be ignored. The constant factor (X; ! we Melo! 
in (1012) can also be dropped out. With these abbre- 
viations, we have 


o lpp d ; 1 [b(z)h(2) 2%48 p 
C= ga h, am EO] Isy ekG) J? 003 


2411 


(10:12) 


9 e 


in which the summation goes from 0 to X. If X is taken 
sufficiently large, it is easy to show as usual that Èy can 
be replaced for all purposes by its limit, which here has 


the simple form 
aX x 
exp] AE p }. e 5 cwow (UL 


In the same way 


NT. Lou udi. b(z)h(z y 2x b( z)h(z) )zX 
ex S uil a E+il LR C)] "E c k(z) J^ pl o KX(=) ^ 


993 
and it follows at once that eo (10722) 


b(3)h(s)3* 
oK($) ^? 


7 


(10:3) 


which is the vapour-pressure equation. m its more usual 
form it reads 


log p = t ?d59 T-log gd Or T 
+ log b( (T)— log KT). (10:51) 
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Ehrenfest and Trkal* give (10°31) in the form to which it 
reduces when K(T) =1, so that the energy of the crystal is 
ignored and B(T) is replaced by its limit when all three 
rotations are excited, while all the internal vibrations are at 
rest. 


$11. The chemical constant.—Equation (10°31) is the 
most satisfactory starting-point for a discussion of the 
chemical constant. The chemical constant may be defined t 
as the constant i of the vapour-pressure equation in the 
form 


eae y? l: 
log p ppt yg og T+, s ter Li) 
for a monatomic or one which so behaves at the 
temperatures considered (H, at very low temperatures). 


For a diatomic gas with rotations fully excited, the equation 
becomes 


Eder , 
| log p erty Os tte, ofS «1P12) 
and for a triatomic gas with all three rotations excited 
logp=—A.+4logT+i". . . (11°13) 
The heat content of the solid is tied throughout for 
simplicity of statement ; it can be included if desired. 


If we apply the exact equation (10:31), putting K(T) 21, 
we can at once assign the theoretical value ot i. The 


interesting case is (1111). If the gas is genuinely 


monatomic, then B(T)=1, c— 1, aud 


3/215/2 
EM l.l. a1 
which is the usual well-known formula i. Suppose next 
that the gas is diatomic, and in the region in which the 
rotations are practically unexcited. Then for such a gas 
as Hy c=2. If the state of no rotation is possible, then 
B(T)—1 and | d 

/215/2 
$= log Se mes (1121) 


* Loc. cit, praem (85) and (46). 
+ Nernst, Die theoretischen und experimentellen Grundlagen des neuen 
Würmesalzes, p. 136 (1918). Allowances, of course, can and should be 
-made for the other terms varying with T which tend to zero as T->0. 
1 Nernst, loc. cit. p. 136. 
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if the state of no rotation is impossible, then 
B(T) e pet, 


The term ¢/kT must, as we saw in § 4, be absorbed in x, 
and we are left with 

2T m)??493 
In such a case, therefore, the chemical constant may depend 
not only on the mass but also on the symmetry number * and 
the weight of the lowest quantum state of the molecule. 

But we can draw certain interesting conclusions from 
the experimental data for H, in comparison with genuinely 
monatomic vapours. It is found f that the chemical con- 
stants for mercury, argon, zinc, cadmium, and hvdrogen 
all agree within experimental error with the theoretical 
value calculated by formula (11:2). The fact that this 
formula holds for H; can only mean that formula (11:22) 
must be used with p,=2. The inclusion of a factor $ or j 
in the logarithm brings the value of ? well ‘outside the 
permissible range of error. We have, therefore, strong 
additional evidence (1) that the state of no rotation is 
impossible, and (2) that the weight of the one-quantum 
state of rotation is 2 and not 1 or 3. It is interesting 
to remark that it is only by a fortuitous cancelling of two 
errors that the formula for a monatomic gas is applicable 
to H, at all. It would be exceedingly interesting if the che- 
mical constant of some non-symmetrical diatomic molecule 
could be determined in a region in which the rotations are 
practically unexcited. For such a molecule e —1, and tlie 
chemical constant should be greater by log 2 than the value 
derived from (11:2). 

The theoretical values of i’ and 2” are also given by 
Ehrenfest and Trkal. The value of 7' can be obtained 
from the limiting form of B(T) when the rotations are fully 
excited and the axial vibrations unexcited (see $ 4). Thus 


&?J ET 
B E 
9 3.2( Dae 12 
pa ACen Ce .o. (11:3) 


* The dependence on the symmetry number is pointed out by 
Ehrenfest and Trkal, loc. ert. p. 104. 

+ Nernst, loc. cit. p. 151; Egerton, Phil. Mag. vol. xxxix. p. 15 
(1920). 
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which agrees with their value *. Agreement, however, is 
impossible if the weights n or n+1 are taken for the 
nth quantum state of the rotational motion. Such weights 
are therefore inadmissible, and there seems little doubt, 
in view of the additional evidence presented here, that 
2n is the correct theoretical value of the weight of the 
nth quantum state for the rotations of a diatomic molecule. 
This molecule also, on the whole, fits best the demands of 
the curve of specific heats of H,T; but in this connexion 
one cannot discriminate between the weights 2n and n. 
The corresponding general value of i" cannot at present be 
obtained from the limiting form of B(T), for the quantized 
rotations of a rigid body with three unequal moments of 
inertia have not yet been completely worked out. It can, 
however, be obtained by treating the rotations*throughout 
as obeying classical laws, as is done by Ehrenfest and Trkal. 
Its value is 


il 3/2 
ia ade pee oe (114) 


where J,, Ja, J; are the moments of inertia. 

Heturning to the dissociation equation (9:52), we see 
that the constant term in this equation is composed of the 
same chemical constants that occur in the vapour-pressure 
equations, and that no new constant enters. Equation (9:82) 
can be written; when the internal vibrations of the molecule 
are ignored and its rotations are either completely excited 
or unexcited, 


> Ege log z, —log z^ = — (Eiga — 1) log P+ «log T 
+2 ,Gri:—i,, (r-1,.,.7). (1L5) 


‘In this equation « depends on how many rotations of the 
moleeule are fully excited, and i, i, are the chemical 
constants, according to the equations of this section, of 
the atoms and molecules respectively. 


This brings to a conclusion the statistical theory of 
ordinary dissociation -equilibria. The theorems proved, 
which were summarized in § 1, have obviously a bearing 
on general thermodynamics, but this development cannot 


be undertaken here. 
Cambridge, Aug. 1922. 
* Loc. cit., equation (46). + Reiche, loc. cit. 
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IT. The Process of Light Radiation from an Atom of a 
Gas ieading to a Possible Interpretation of Planck's 
Quantum by means of Electrodynamics. IV. By ALBERT 
C. CnaEHORE *. 


Odds that the atom of fig. 1, which represents a 

section of a normal hydrogeu atom as described in the 
first paper t, is one of the atoms in a mass of hydrogen gas 
in a vacuum tube in its steady state not emitting any 
characteristic light radiation, and that this gas is suddenly 
bombarded by a stream of negative electrons projected 
through it. Let us endeavour to trace the effect that one of 
these negative electrons passing near to a hydrogen atom of 
this kind, but not colliding with it, will have upon the atom 
merely because of the mutual dynamical action between the 
two bodies. The total effect may be studied by considering 


Fig. 1. 


Meridian section of the hydrogen atom described in the first paper. 


independently the effects that the passing electron exerts 
upon the three individual charges making up the atom by 
means of the general expression for the ponderomotive force 
due to Saha that a second point charge in motion (the 
passing electron) exerts upon the first point charge (the 
separate individuals in the hydrogen atom). This force has 
been given in the first paper 1 as 


F= BE, (1—87) (1 1 )R RA, | 
k(RA;)* (1 — 8,)! LETS a 
* Communicated by the Author. 
+ Phil. Mag. Oct. 1921, p. 588. 
t Loc. cit. Fq. (3), p. 570. This should read as in (1) above. An 
obvious misprint is the omission of the exponent 2 from the c in the 
term q, . q;/c*. 
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where the subscripts 1 and 2 refer to the first and second 
point eharges respectively. The letters A; and A, are 


abbreviations for the expression 1— i‘; for the first and 


second points respectively. 

For clearness of presentation let us at first neglect the 
fact that each individual body of charge is supposed to be a 
rotating body, and treat each simply as a static charge. 
Considering the positive charge of the atom ( + 2e=ŒE;) asa 
body at rest upon which we are to express ihe force due to 
the passing negative electron —e, we have 


q;—0, fı 20; A,;=1, and E,E,= - 2e. 
Hence (1) reduces to 


2e*(1— 84!) R 


An estimate of the probable value of the order of. magni- 
tude of qə the velocity of the passing electron, may be 
obtained from the experimental observation that light radia- 
tion does not begin in hydrogen gas until the velocity of 
the passing eleetron corresponds to about 11 volts, that is to 
say a velocity of about 2 x 105 em./sec., or 85— $ x 10~*, less 
than the one hundredth part of the velocity of light. At 
this small velocity the part of the force expressed by the 
second term of (2) has less than one hundredth of the value 
of the part expressed by the first term, and may for a first 
approximation be neglected. If, therefore, we put also 


q2=0, B2=0, and A,=1, (2) reduces to 
2e? e 
r= I. Rz KR? R, . . . * . . (3) 


which is merely the electrostatic force, this being an attrac- 
tion, since by definition the vector R has its positive direc- 
tion from the second to the first point charge. 

In a similar manner the force upon each individual nega- 
tive electron of the atom becomes 


m 
F= iph . . * . . . (4) 
ul on of half the value of (3), being in the opposite 
D 2 
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direction. These forces are represented in fig. 2 by vectors 
drawn from the centre of each charge of the atom parallel 
to R, that is to the line from the distant passing electron P 
to the atom. The sum of these forces is zero as far as any 
translational effect upon the atom as a whole is concerned, 
considering the three R’s to be approximately the same, but 
there is produced an internal effect within the atom itself. 
In general, unless P happens to Le exactly in the equatorial 
plane of the atom, there is a component of each force which 
acts in the direction of its axis. The one pair of charges 
B and C, are held by this component more firmly together, 
while the other pair, A and C, are less firmly held and tend 
to separate. The chief effect of this component is, there- 
fore, to increase the momentary pressure between B and C 


Fig. 2. 


Illustrating the forces upon the three parts of the atom due to the 
passing electron, P, electrostatic terma only. 


and to decrease that between A and C, thus rendering A 
more readily detachable from the atom than B when other 
effects arise from any cause. 

The other component of the forces resolved in the equa- 
torial plane produces a couple tending to displace the two 
electrons A and B in the same direction off from the axis 
of C, but these electrostatic forces are not great enough to 
cause much displacement, and cannot be until the passing 
electron is near enough to be in contact with the atom. 
This near approach is not necessary to account for radiation 
from the atom, as will be shown. 

The rotation upon their axes of the charges A, B, and C 
having a non-spherical shape is the key to the behaviour of 
this atom. Let us next consider the effect that the passing 
electron P must have upon the positive charge C as a 
rotating charge. In fig. 3 the ellipse represents a meridian 
section of the positive charge, and P the distant passing 
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electron. for Dort (1) to find the force ne an 
element (dE,) of the positive charge in its upper side at A 


due to the passing eleetron of charge — e; as point charges. 

For small velocities of P of the order 4 say, the 1/100 

the velocity of light, the quantities A; and A; in the general 
formula are approximately unity, and (1) becomes 

| _ exl E, f R qi - qd» 

r=- f yes e eR} Rt CY 

The first term within the brace, R, is the electrostatic force 

discussed above acting along the line R. The term — = q2 is 


Fig. 3. 


Illustrating the couple acting upon a pair of elements A and B of the 
itive charge due to the passing electron P originating in the 
term (1/c*) (q, . q;)R, which tends to rotate the axis CD. 


small by comparison when 32 is less than 1/100, and has a 
direction the same as q» the velocity of P. Since the 
velocity, qı, of the first point A does not enter this expres- 
sion, force due to this term is substantially the same 
1 every element of the positive charge. This term, 
therefore, has the same kind of effect upon the positive 
eharge as has the electrostatic force, only much smaller and 
in a different direction, so that the first two terms of (5) 
may be classed together and dismissed from further con- 
- sideration, as merely producing a slight change in pressure 
be wen i ie electrons A and B upon C of the model (fig. 1). 
> | 


x - 


4 
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The remaining term of (4) becomes the important one, 
und the effective force due to this term upon the element 
at A (fig. 3) due to P to produce a rotation of the axis CD, 
becomes 

eylE| ( qA l " 
F—-—-5.;:.—-, Rọ, . ... . (t 
ki qd eS iL 


which is represented in the figure by the vector from A 
towards P, taking the direction “of —R. When the element 
A is moving either from or towards the observer perpen- 
dicular to the paper, then the motion of the clement B 
diametrically opposite is in exactly the reverse direction. 
For this element the cosine of the angle between q; and qe 
has the opposite sign, and the force upon the element B has 
the opposite direction along R, represented by the equal 
vector from B away from P. This pair of forces upon the 
two elements forms a couple having a tendenev to turn 
the plane of rotation of the positive char ve unless P happens 
to be exactly in the plane of the equator as a special case. 
The total effect of this term in the force equation (6) upon 
the positive charge at any moment is, of course, the integral 
of these elementary forces throughout its volume. Without 
undertaking to integrate it, however, the chief conclusion 
is that there is no doubt that the total effect of the motion 
of P is to produce in the positive charge a tendency to turn 
its axis of rotation CD. 

There exists at the same time a similar effect of the passing 
electron upon each negative electron A and B in the atom ; 
but it may be shown that the angular acceleration. produced 
in these electrons is small in comparison with that produced 
in the positive charge, and therefore for the present purpose 
it 1s negligible. 

To compare their orders of magnitude, consider a pair of 
elements of charge as before, and take the position of P on 
the axis so that the vector R is perpendicular to the plane 
of the orbit, and the effect is à maximum. The moment of 
the couple for two opposite elements, A and D of fig. 3, 
of the positive charge is then 2«F, w here a is the radius or 
distance from the element to the axis CD, and F the force 
upou it as expressed by (6). Setting this equal to the 
produet of its moment of inertia I by the angular accelera- 
tion of the axis æ, we find the angular acceleration in terms 
of the element of mass dm to be 


94F 2p 


a= mx ou 
I a dm 


- (7) 
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Next suppose the negative electron to be divided up into 
the same number of Meiner as the positive Eid and 
select a pair of elements similarly situated in the oblate 
spheroid to those chosen in the positive charge. The 
elementary positive charge will then be twice as great as 
the elementary negative charge, hecause the whole positive 
charge is twice the negative electron. A similar expression 
may now be written for the angular acceleration of the 
negative elements, namely 
, 2F d 


CE * - heo yn sg e^ f. (8) 


According to the mass-formula, the mass of a charge 
supposed spherical is inversely as its radius, the charge 
remaining the same. And, since each charge has been 
divided into the same number of elements, the masses of 
these elements are inversely as the radii of the said spheres, 
and again the radii of the spheres are directly as the radii 
of the two ape laced elements. 

Hence, for equal charges it is true that 


, 
fat, or adm=a'dm’. . . . . (9) 


But for a positive charge of double the negative, since the 
radii vary as the squares of the charges, we have 
adm-4adm'.. . . . . . (10) 


Hence the ratio of their angular accelerations by (7) and 
(is — 


Die OF 714 F, Joop (11) 
But, by (6) | 
F dE; qi qı B 
; = 3-2 oy 0.0 4 12 
F dE, qi ai 1 ( ) 
Hence 
« 1 pi 


Joga OS) 


But the gravitational equation, and the expression for the 
mass given in (68) of the first paper *, shows that the value 
of 9 for a ring equivalent to the positive charge of 2e is 
about 31-4 times the value of a corresponding ring equiva- 

lent to the negative electron. Hence the values of 8 for 


hok. * Loc. cit. 


f 
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corresponding elements may be assumed to have this approxi- 
mate ratio, and we have a — 15 72' showing that the angular 
acceleration produced by the passing electron in the two 
elements of the positive charge is about 16 times greater 
than that produced in the corresponding elements of the 
negative electron. The total integral effect for all elements 
in each of these two bodies may be assumed to have approxi- 
mately this same ratio, and hence the effect upon the 
negative electrons as above stated may be neglected and 
attention centred upon the positive charge. 


The Effect of the Rotation of the Awis of the 
Positive Charge. 


While it is true that this whole process cannot be worked 
out in exact detail because of the limitations of analysis, vet 
we are able to obtain a glimpse of. what probably happens 
in a general way. If preferred, the processes now to be 
described may be regarded as assumptions, but with the 
understanding that they are clearly within the possibility 

of being substantiated by electrodynamics. Tracing the 
process as the passing electron has various velocities from 
zero up, it is clear that for a slow velocitv the axis of C 
(fig. 1) may be turned slightly out of its nor mal position, the 
body of the. positive charge rolling over smoothly on the 
surface of the electrons A and B without losing contact 
with them. Some enorgy must be taken from the passing 
electron if any alteration of this kind takes place in the 
atom. But whatever disturbance takes place upon the 
approach of the electron P, the normal condition is restored 
again as it departs, and all of the energy received is again 
returned to the electron, so that it passes the atom leaving 
with as much energy as it had upon approach. 

As the velocitv of the passing electron becomes greater 
and greater the positive charge will be turned with more 
and more violence, and when: the impulse is sufficient, it 
may turn with sufficient rapidity to leave contact with that 
electron, say A, whose pressure upon C is the least. This 
electron then returns and comes into actual collision with 
the positive charge, thereby setting up vibrations within its 
body that are characteristic of itself. 

The case may be likened to rolling an elliptical wheel 
along a horizontal table. If the velocity of the wheel 
exceeds a definite critical value, the wheel will leave contact 
with the table, and upon its return bump against it, thus . 
setting up sound waves. Some of the translational energy 
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of the wheel is then transformed into sound waves and is : 


radiated out into space. So some of the translational energy 
of the passing electron is thus transformed in character into 
the high-frequeney vibrations of the positive charge, and the 
energy thus transformed or received by the atom is not 
returnable to the passing electron because it has been thus 
transformed. ‘This transformation and consequent reception 
of the energy by the atom is, therefore, only possible when 
the velocity of the passing electron exceeds a certain critical 
«— which predietion is in close accord with the known 
ets. 

And further, just as is the ease with the wheel set into 
vibration so as to emit waves of sound and thus radiate its 
energy into space to be reflected, refracted, and absorbed by 
all immediately surrounding objects, so the waves emitted 
by the vibrating positive charge are reflected from the objects 
surrounding it. The objects, however, immediately and 
praetieally completely surrounding it are the two negative 
electrons, A and B of fig. 1, and these effectively confine 
this received energy within the limits of the atom itself, 
none of it being radiated out into space because of these 
barriers. 


Fig. 4. 


ul 

Illustrating the change of shape when executing high-frequency vibra- 
tions natural to the positive charge. The effect of this vibration is 
taken as equivalent to two point charges, P; and P,, vibrating from 
and each other on the axis OP to a first approximation. 


Whatever the details of this complicated process may be, 
at a certain critical velocity of the passing electron the 
positive charge may be set into vibration, say like that 
assumed in fig. 4. e normal figure of the rotating posi- 
tive eharge is tentatively represented in section by the 
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ellipse A, its axis of rotation being OP. The vibration may 
be supposed to change its shape between the extreme limits 
of the curves B and C. Since the volume is supposed to 
remain constant, the surface area changes, and there occurs 
an interchange of energry or oscillation between the potential 
energv and the rotational energv, the potential energy being 
associited with the surface pressure, or the surface tension 
if preferred. The whole energy content of the positive 
charge thus takes part in this vibration. 

The actual vibration of the positive charge is probably far 
more complicated than that represented in fig. 4, and it is 
possible that the fundamental vibration there represented 
does not take place at all. It must be true, however, that 
the value of the natural free frequences of the positive 
ellipsoid regarded as a solid body far transcends any that 
has ever been measured, for it has the free period of the 
smallest known body. It is not material to the arguments 
that follow what the precise value of this frequency is, 
provided it is very great; that is to say, much greater 
than the highest frequenei es observed any where, and prob- 
ably having : a wave-length comparable with the dimensions 
of the nevative electrons themselves. When this is the case 
the energv of vibration may be prevented from escaping 
from the atem, for it has been shown * that bodies having 
dimensions close to the order of magnitude of the received 
waves become great absorbers of this radiation. The present 
cse differs from this, however, in that the word * absorbed ” 
implies a transformation in tho form of the energy, whereas 
the phenomenon above contemplated is more analogous to 
total reflexion, the whole energy being confined within the 
region Dowo the two negative electrons of the atom and 
without any transformation in character. 


The Effect of the Vibrating Positive Charge. 


Let us next investigate the effect which a single positive 
charge of 2e. supposed to be alone by itself and in vibration 
as above described, would have upon a negative electron 
in its immediate neighbourhood. It may he “stated here in 
advance of the demonstration that these high-frequency 
vibrations give rise to a new ponderomotive force, which 
may easily exceed in value the great electrostatic forces that 
heretofore have controlled the situation, and that these 
forces act In such a direction as to annul the electrostatic 
forces and overpower them to such an extent that a negative 


* L. Page, Astrophys. J. lii. p. 65, Sept. 1920. 
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electron may be driven away from its normal position in the 
atom. i 


To consider the positive charge as a vibrating oblate ` 
spheroid is beyond the power of analysis at the present time, 
but a first approximation may be made to the spheroid by 
substituting for it two vibrating points of charge of the 
same sign each equal to e. If the ellipsoid of fig. 4 is 
divided by the equatorial plane into two symmetrical halves 
and each half considered by itself, it is evident that the 
centre of volume of the charge of each half lies on the 

! axis OP. These centres may be represented by the points 
` P, and P, As the charge changes its shape during the 
vibration, these centres will move from and toward each 
other along the axis OP. It is thought that to a first 
approximation the whole effect of the vibrating charge may 
be obtained by replacing the volume charge by two point 
charges, P, and P, of the same sign and obs value to 
half the positive charge. 

This is not exactly the case of the electrical doublet upon 
which much work has been done because such doublets have 
been composed of charges of opposite sign, a positive and a 
negative charge. There has been no occasion heretofore, 
so far as is known, to treat of a doublet both parts of which 
have the same sign, and certainly such a case has never 
been treated by meaus of the Saha theory, which is used 
below. On this account it seems worth giving the demon- 
stration quite fully. 


Fig. 5. 


ing an ee at O, end away from O, with velocity q;, and 
a positive point charge vibrating with harmonic motion along a^ 
about O+ as centre. 


In fig. 5 let O; be the position of a negative electron, and 
let Oz represent the centre of motion of a positive point 
charge, +e, moving with an harmonic motion along the line 
ab, and between these points as limiting distances from the 
origin, Os. Të is required to find the average force upon 

e electron at Oi, which may be supposed to be moving 
way from Os with velocity qı due to the force 


- 
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originating in the harmonically vibrating positive charge 
at Os. Because of the small value of the rotation speed of 
the negative electron at O}, we shall regard it merely as a 
point char ge in translational motion, and may select three 
rectangular axes i, j, and Å, such that the k-axis takes the 
direction O 1Oz, and the ¢-axis is in the plane determined 
by the line ot vibration ab and the point Oj, that is the 
plane of the paper. 

In this situation the fundamental ponderomotive force 
equation (1) tells us that the total force upon the negative 
electron at O; must lie in the plane of the paper and have 
no component along the axis of j, since the force is the sum 
of two vectors in the direction of R and of q». both of which 

always lie in the plane of the paper, the i-&-plane. Since 
the problem of finding the force of a complete continuous 
ring of charge upon another has been worked out, we shall 
follow the general plan there used and make reference to the 
equations in the first paper *. 

In order to solve the case of the simple harmonic motion 
let us begin with a circular motion and suppose that the 
harmonie motion of the point along a^ of fig. 5 is replaced 
by a uniform circular motion around a circle of diameter ab, 
tthe plane of which is perpendicular to the paper. This 
merely adds a second harmonic motion along the axis of J, 
so that the motion of the second point may be expressed as 
before (loc. cit. equation (5)) 

r?—a;(S!! + C27). "E (14) 

The X-axis is then perpendicular to the plane of this 
circular motion, that is in the plane of the paper, and the 
jand 7’ axes coincide as before. The angle, 2, is that between 
the k and 4 axes as shown in fig. 9. Using the formule 
(8) and (9) “oe. cit.) r2 is given by (10), namely 

r,—a»[ Se (cos ait C») + S.(sin a)k]. ; : (15) 
And by differentiation qs is as given bv (16) of the first 
paper, 

qy=cdy@»{C2(cos a)i — S27 + Co(sing Kk]. .. . (16) 

The velocity of the first point, Oj, is now, however, 
different, being motion along the K-axis, and may he repre- 


sented by 
1 q; = — Bick. . . " s š (17) 


Hence 3 -Q,=—A;8,Cosina.. . . (18) 
(in place of (17) loc. cit.) 


* Loe. cit. 


. = 
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The vector R now becomes instead of (11) (loc. cit.) 
|C7 222.1 6s 2 “te « 8 * ° (19) 


where 
' rack (instead of (6) loc. cit.) . . . (20) 
Hence by (15) and (20) 
R= —a,5,(cos a) i 
—a,C2j 
T[—z2—a,8s(sna)]E. . - - +--+ (21) 


Hence by (18) and (21) 
ü- oa: . q,) R= [ —a;8; cos a — Bias S.C; sin « cos « ] i 
+ [— a4, — 8,820.02’ sin a] j 
t [—2—a,8, sin a— B, Bs Cs: sin a— B18sa; S.C, sin? a] k. (22) 
By definition 
A,;=1— n= . (See (18) loc. cit.) 
Hence by (17) and (21) 


q;.-R=Aycezt+AycaSesine. . - - (23) 

Whence 
RA, ae A Br (24 aj8S.sina), . . - (24) 
c c c (instead of (19) loc. cit.) 


The whole force upon the first point due to the second 
may now be found by substituting in (1) the expressions 
(22) and (24), giving 


= 1— 82 
p- d oe A ([—a,8, cos a — RÉ;C, cos a 
+ B8183:C, cos « ] è 


+ [—a404 — BiBsts sin a+ R9;S, — 88282] j 


+ [—2— aS: sin «— RC sin a | k} 
| E. |: (25) 


In this equation the distance a, is extremely small, being 
less than 107! cm., which is the order of magnitude of the 
itive charge, and we are only interested in the value 
of the force when R is large as compared with as, in those 
terms which vary as the inverse square of the distance, 
which are large as compared with higher orders in R. 
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Except for the R which appears indirectly in (25) through 
the sines and cosines, Xg and C}, it is correct to use the 
approximation that R=s=r, And, sinee O, is located on 
the f-axis in this particular case, z=y=0, and r=: 
Therefore, omitting all terms not containing R or z in (25), 
as contributing nothing to the inverse square terms, and 
replacing æ, y, and < by the direction-cosines X, Y, and Z, 
namely X — Y= 0, and Z=1, (25) reduces to the following 
instead of (30) (loc. cit.) : 


(—e,)(+e.)(1—8,”) 
RS ok ERA ETT {{- Bal (1 — 8,)C,cos a]: 
+[ BX1-8)58 VJ 
+[ -1—A,Cysina] k}, . (26) 
where as in (31) (loc. cit.) 


quse [1+3 (5) eon (2) 1087 (5) e. e 


Corresponding to (21) and (22) (loc. cit.) the value of RA, 
becomes 


RA,-R-— p.t 6 ss dini 
=R— 8r, . . . . . (28) 


(29) 


where 
e= —z(.sina . . 


and 
- = —C,sina, for use in (27). .. . . (30) 


Equation. (26) gives the whole force of the charge, + es, 
rev olving i in a circular orbit upon the negative electron, — e; 
moving along the axis of k. ITË the charge + es is changed 
into an elementary charge dI, the expression becomes the 
equivalent of (42) (loe. cit.) * and may be integrated around 
the closed ring so as to give the whole force of the ring 
upon the retreating electron in a manner similar to that 
emploved in the first paper. Although the distance r is now 
a function of time, whereas it was independent of time in 
the former example, vet this integration is made for one 
instant of time, and time is not the variable. The result of 


* The r which appears in the denominator of (42) (loe. cit.) is a mis- 
print. It should have been in the numerator of the coefficient as im (26) 


above. 
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the integration around the circle gives the foree upon the 
electron due to the ring as follows : 


F= 2a erp { [82 (1 — B1) sin « cos a 


+ 38,4(1 — 81) sin? a cos a] i 
+[—1—48," sin? «—$6.'sin‘a....] k}. . (31) 


This corresponds to the final expression (57) in the first 
paper, which is the force of one ring upon another. By 
making X=Y=0, Z=1, and =X cos a+Z sin a=sin « 
in that equation we obtain (31) exactly except for the 
factor (1— 8,) in the t-component. The presence of this 
B;-term here is due to the new condition imposed, namely 
that the electron at O, in fig. 5 is in translational motion 
instead of being at rest relative to the centre O,. 

The force upon the electron at O, contributed by each 
and every element of this ring when averaged for time 
over a complete revolution or many revolutions must be 
the same as that due to any other element, provided the 
distance + does not change during one revolution. Con- 
sequently (31) expresses the average force upon the electron 
equally well whether the second charge is a single point 
revolving in a circle or whether it is a charge of the same 
amount uniformly distributed around the circle, provided 
the speed 8c is zero. Moreover, it is clear that, if the 
distance r changes but little during a complete revolution 
vf the point at O, as compared with its to:al value, then 
(31) may represent the average force upon the electron 
at O, even though it be in motion and f, is not zero. It 
may now be recalled that the frequency of revolution of the 
eharge at O, is supposed in our example to be very great 
so that the wave-length of the radiated waves is com- 

ble with the dimensions of the negative electron itself. 
This means that O, would only advance a distance com- 
parable with its own dimensions even though it has a 
velocity as great as that of light, and this would make very 
little change in the distance r during a complete period. 
For this reason (21) may be taken to represent the average 
force upon O, with great approximation, even though its 
velocity is not small. But our problem is to find the effect 
of a simple harmonic motion of the point at O, upon the 
electron at O,. 

The circular motion of the charge at O, may be repre- 
sented as the sum of two simple harmonic motions, tle one 
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in the plane of the paper in fig. 5 and the other perpen- 
dicular to the paper. As above stated, the original equa- 
tion (1) shows that the total force upon O, due to any kind 
of motion of O; confined to the plane of the paper, the ¿-k- 
plane, contributes no component of force upon Q, in a 
direction perpendicular to this plane, the 7-axis. Similarly 
it may be shown that any kind of motion of O; along the 
j-axis aione contributes a force upon QO, along this same 
j-axis only due to such motion. The electrostatic part of 
the force is, of course, along the k-axis in every case. This 
may easily be shown because the term q;. qg.in (1) vanishes 
when the two velocities are perpendicular to each other as 
now supposed, and the whole force, therefore, takes the 
direction of q, along the j-axis with the exception of the 
first or electrostatic term of (1). 

Now there is no j-component of the force ia (31) above, 
which represents the result for circular motion, and since 
the component of this motion in the plane o£ the paper, 
fig. 9, can give no 7-component, and the j-component is 
absent, it follows that the component harmonic motion along 
the j-axis contributes nothing at all to the total average 
force. The conclusion is that (31) represents equally well 
‘the average force upon the electron at O, whether the 
motion of the charge at QO, is circular motion in a plane 
perpendicular to the paper in fig. 5 having a diameter ab, 
or is simple harmonic motion along the line ab. Hence (31) 
is the complete result for simple harmonie motion sought. 
The method employing the ring, which has been used above, 
seems to present less difficulty in effecting the integrations 
than would be the case were the time used as the inde- 
pendent variable, but the result must be the same. 


The FEjject of Two Vibrating Positive Charges. 


In the problem just considered the vibrating charge at 
O, may be taken to represent, as above pointed out, one 
half only of the vibrating positive charge of the hydrogen 
atom. The other half vibrates in a similar manner with 
the same amplitude and frequency but in a different phase. 
The point P, in fig. 6 may represent the point above dis- 
cussed revolving in the clockwise sense so that its projec- 
tion P,’ describes the harmonic motion along ab. The other 
half of the positive charge may then be represented by a 
point, Ps, making the same angle with the diameter ab at 
all times and revolving in the counterclockwise sense, its 
projection being at Py describing harmonie motion along 
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the same diameter ab. To thus reverse the direction of 
rotation in the circle is equivalent to changing the direction 
of the axis of rotation through 180? in fig. 5 from the 
direction k,’ to that of ky’, thus changing the angle a, into 
as the latter being the supplement of former. Hence 
sin a, —sin a, and cos a; = — cos as. 


Fig. 6. 


2 
Illustrating the opposite phases of the two points P, and P, of fig. 4. 


The average force of the second vibrating point at Oy, in 
fig. 5 is, therefore, given by the same equation (31) by 
reversing the sign of the cosine but not that of the sine. 
This reverses the sign of the i-component but does not 
affect that of the k-component. In taking the sum of the 
forces due to both halves of the positive charge in harmonic 
motion, therefore, the i-component cancels and the 4-com- 
gn is double that expressed in (31). The total average 
orce of the positive vibrating charge is then 


F= mace! 4-18, sin? «+ 88;* sin* a 4 ....) k. (32) 


Since the series in the last parenthesis is the development 
of (1— S?'sin?2)-1, the complete force may also be written 


Bo c 2—8?) ], 
acala a C 


The Effect of the Hydrogen Ion upon an Electron. 

The hydrogen ion is obtained by adding a negative electron 
to the positive charge above considered. By the funda- 
mental equation (1) the force that this extra electron exerts 
upon the electron at Oy, fig. 5, is 

2 


€ ‘ 
A ES —I0-85 k. . . . . (34) 
pi S. 6. Vol. 45. No. 265. Jan. 1923. E 
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in the plane of the paper in fig. 5 and the other perpen- 
dicular to the paper. As above stated, the original equa- 
tion (1) shows that the total force upon [o due to any kind 
of motion of O; confined to the plane of the paper, the ;-4- 
plane, contributes no component of force upon O, in a 
direction perpendicular to this plane, the j-axis. Similarly 
it may be shown that any kind of motion of O, along the 
j-axis aione contributes a force upon O, along this same 
j-axis only due to such motion. The electrostatic part of 
the force is, of course, along the k-axis in every case. This 
may easily be shown because the term q;.qs.in (1) vanishes 
when the two velocities are perpendicular to each otlier as 
now supposed, and the whole force, therefore, takes the 
direction of qs along the j-axis with the exception of the 
first or electrostatic term of (1). 

Now there is no j-component of the force in (31) above, 
which represents the result for circular motion, and since 
the component of this motion in the plane of the paper, 
fig. 5, can give no j-component, and the j-component is 
absent, it follows that the component harmonic motion along 
the j-axis contributes nothing at all to the total average 
force. The conclusion is that (31) represents equally well 
the average force upon the electron at O, whether the 
motion of the charge at QO, is circular motion in a plane 
perpendicular to the paper in fig. 5 having a diameter ab, 
or is simple harmonic motion along the line ab. Hence (31) 
is the complete result for simple harmonie motion sought. 
The method employing the ring, which has been used above, 
seems to present less difficulty in effecting the integrations 
than would be the case were the time used as the inde- 
pendent variable, but the result must be the same. 


The Eject of Two Vibrating Positive Charges. 


In the problem just considered the vibrating charge at 
O, may be taken to represent, as above pointed out, one 
half only of the vibrating positive charge of the hy drogen 
atom. The other half vibrates in a similar manner with 
the same amplitude and frequency but in a different phase. 
The point P, in fig. 6 may represent the point above dis- 
cussed revolving in the clockwise sense so that its projec- 
tion P4' deseribes the harmonie motion along ab. The other 
half of the positive charge may then be represented by a 
point, Pa, making the sume angle with the diameter ab at 
all times and revolving in the counterclockwise sense, its 
projection being at P7 describing harmonie motion along 
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the same diameter ab. To thus reverse the direction of 
rotation in the circle is equivalent to changing the direction 
of the axis of rotation through 180? in fig. 5 from the 
direction A, to that of ky’, thus changing the angle a, into 
a», the latter being the supplement of former. Hence 
sin a, —sin a and cos «, = — cos as. 


Fig. 6. 


Illustrating the opposite phases of the two points P; and P, of fig. 4. 


The average force of the second vibrating point at O, in 
fig. 5 is, therefore, given by the same equation (31) by 
reversing the sign of the cosine but not that of the sine. 
This reverses the sign of the i-component but does not 
affect that of the k-component. In taking the sum of the 
forces due to both halves of the positive charge in harmonic 
motion, therefore, the i-component cancels and the k-com- 

nent is double that expressed in (31). The total average 
orce of the positive vibrating charge is then 


P= ora (1397 Sil a 10. sin*a-r....) k. (32) 


Sinee the series in the last parenthesis is the development 
of (1 — Ssin*z)-1, the complete force may also be written 


Y e 201—587) 7, " 
F-pe-mRlü-geswel^ - oO» 
The Effect of the Hydrogen Ion upon an Electron. 


The hydrogen ion is obtained by adding a negative electron 
to the positive. charge above considered. By the funda- 
mental equation (1) the force that this extra electron exerts 
upon the electron at O;, fig. 5, is 

e 


ap 
| | F= — kr?(1—B,°)i k. AT . . (34) 
Phil, Mag. 8. 6. Vol. 45. No. 265. Jan. 1923. E 
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If this is added to (33) the force upon the electron due 
to the ion is as follows : 


Gp ME EN ECTS 
d kd-gmL (l—587sin?a)] ` 

The combination of this ion with the negative electron 
at O, would make a neutral hydrogen atom, so that (35) 
represents the force upon the single electron which is being 
driven away from the atom in a straight line because of 
these new forces brought into existence by the high-frequency 
vibration of the positive charge. 

Of course the analogy between this hypothetical case 
employing point charges and that where the electrons have 
finite dimensions must not be pressed too far, but it is 
believed that this approximate result will assist in under- 
standing the process by which an electron may be driven 
out from its normal position in the atom to a maximum 
distance and back again in a straight line, thus radiating 
energy out into space and away from the atom. These 
equations seem worth examining in some detail on this 
account. l 
. Let us first illustrate how the force depends upon the 
angle, a, shown in fig. 5, when other quantities are constant. 
When the forces in (33) for the positive charge and in 
(35) for the ion acting upon the negative electron at the 
distance, r, are plotted as polar curves with F and a as 
the only variables, a system of curves is obtained by giving 
to By a succession of values, one curve for each value. It 
will be remembered that Bæ represents the maximum 
velocity of the harmonie motion of the vibrating points, P, 
and Pz, which have been taken as equivalent to the positive 
charge, and there is reason to think that this velocity may 
be very great initially, even close to the velocity of light, 
but that it decreases with time as the amplitude decreases 
with loss of energy because of the translational motion of 
the electron, and passes continuously through all values 
from its maximum down to its final velocity. 

À system of six curves representing the force upon the 
electron due to the positive charge alone 1s shown in fip. 7 
for the numerical values of £5 0, 0°5, Vv 2/9 — 0:107, 0'8, 
4/ 3/22 0:866 and 0:9 according to (33), which is the polar 
equation of an ellipse as regards the variables F and a. 
When 93-0, the curve is a circle, since the force is merely 
the electrostatic force of attraction equal in all directions. 


4 - $ 
L 


- 
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The radius of this circle is ! 


e 
J 2 Bh do eie (36) 
When 8;—0'5, the major axis of the ellipse is 


X. 
V3wu-ESe c0 oo 00 


and the minor axis 


a. ^ : 
= 55 5 6 (38) 


The radius vector from the curve to the origin Oz represents the whole 
attractive force the electron at a fixed distance, 7, due to a 
p reer t charges at Oz vibrating in the direction 0.4’. 

ipse shows the change in the force with the change in the 
angle a ee fig. 5), other quantities being constant. The six 
ellipses correspond to six different values of 3; shown. 


The major axes of all the ellipses are made equal to each 
other in the figure because the shape of the curve is the 
important feature rather than absolute values. The matter 
may be adjusted by supposing either that the scale of the 
drawing is changed in the above case in the ratio of 
43 to 2, or that 8, has different values in each of the 
s. In the case when 85—0'5, 1—;? may be changed 
in the ratio 4 to 3 in order that the major axis may have 
the same value as the radius E x circle for 5 — 0, 

p | 


i 


A, 
ES 
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The force due to the ion (35) in distinction to the posi- 
tive charge alone is also represented by a circle when 
B2=0, since it becomes the electrostatic force of half the 
value of (36). Three curves are shown in fig. 8 repre- 
senting the force due to the ion corresponding to B2=0°5, 
0:8, and 0:9 plotted from (35). They may be constructed 


Fig. 8. 


The radius vector represents the whole force upon an electron at a fixed 
distance, r, due to n pair of pene point charges at O, vibrating 
in the direction O,&' together with one negative electron, the 
combination representing the hydrogen ion. Each curve shows 
the variation in the force with a change in the angle « (see fig. 5), 
other quantities being constant. When 8,='5 the force is attrac- 
tive at all angles. At 8,= 8 the force is attractive in the loop A 
and repulsive in the loop B. When 8,29 the force is repulsive 
at all angles. 


graphically from the corresponding ellipses of fig. 7 by 
subtracting a constant value from the radius vector of the 
ellipse equal in amount to the first term of (35). When 
50:5, the force is still attractive at all angles a, but is 
greatest along the polar direction O2k' and least along the 
equatorial direction Ox. 

When 82—0:8, the force is still an attraction along the 
polar direction following the loop curve O;A, but is a repul- 
sion in the equatorial area within the loop OB. In this 
case there exists a critical angle, xj, at which the whole force 
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vanishes. This angle is obtained by equating (35) to zero, 
giving | 

7 ERE: (39) 
(1—Besin’a)t 2° ^" °° 


or 
sinam 8—AB— S. usw (20) 


When 8;—0'8, sin*4,—0:7525, sin 4,20:8675 approx., 
and «a9,—60? 10’. | 

It is evident from the general expression in (39) that the 
force-eurve will have two branches or loops, the one repre- 
senting attractive forces nearer the pole and the other 
repulsive forces nearer the equator for a certain limited 
range of ə, such that sin æ is real. The smallest possible 
value of 8, to give any repulsive force may be found by 
making 4-0 in (39), giving 9;—4/2/2—0:707 approx. 
The curve obtained from (35) with this critical value of £, 
is shown in fig. 9 having two loops, Ook’, —O.é’, showing 
a maximum attraction at the pole which falls to zero on the 
equator, a critical case. 

As jJ, increases it is also seen by (39) that a second 
critical value is passed when S= 4/3/2—0'866 approx., 
corresponding to sin a=1 and a=7/2. The curve obtained 
with this value of 8, is also shown in fig. 9 at O4/, — O2’, 
representing two loops of repulsive force, the maximum 
being now on the equator, falling to zero at the pole, a 
second critical case. 

As a becomes larger than v 3[2 the force is repulsive at 
all angles. At 8.=0°9 the curve marked 0'9 in fig. 8 is 
obtained, showing a repulsive force even at the pole, though 
it is here a minimum. The scale of these different curves 
is not given as being unimportant, since it may be changed 
by varying the velocity Qc of the negative electron. 


Interpretation of the above Theory as applied to the Atom. 


It appears at once from (35) that the repulsive force upon 
a negative electron produced by the vibration of the positive 
charge in the manner described may be large even when 
compared with the electrostatic forces which normally hold 
the electrons in close association with it. For, provided £, 
is great enough to render the bracket negative, that is in 
excess of ,/2/2=0-707, the force is repulsion and its value 
depends upon the factor (1— 3,?)^* in the coefficient, which 
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approaches infinity as the translational speed of the negative 
electron approaches the velocity of light. But the mass of 
the electron itself also approaches an infinite value in a 
similar manner and by the same form of function, for we 
have the well-known relation 


m : 
0 
m = —————-— * . . . e 4] 
where m and m, are the masses at velocities jc and zero 


respectively. 

Neglecting the reactive force due to the radiation from 
the electron in translational motion at present, and equating 
the whole force in (35) to the mass times the acceleration, 


the factor (1— 8,?)7? cancels out, giving 


PrE F(1-87,  - | 
m ~ krm [ste 


Fig. 9. 


Representing the same as fig. 8, but for two critical values of 8,, 
namely 3/2 and 1 4/3. 


The above discussion, illustrated by the curves in figs. 7, 
8, and 9, shows the important role that is played by the 
direction of the axis of the positive charge, represented in 
the formula by the angle a, for it is clear that this axis 
is free to be turned in response to the forces acting upon it 
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even during the brief interval when the electron has been 
temporarily separated from the positive charge. In the 
curve of fig. 8 corresponding to 8 =08, for example, there 
is a critical angle a at about -60° 10' where the force 
changes sign from repulsion to attraction as the axis turns 
through this angle from a smaller to a greater value. 

In this equation, (35) or (42), it is to be supposed that 
not only does the angle « vary with the time as the electron 
at O, (fig v. 5) moves away from the atom, but that r, 8, and 
Bs are each functions of the time. It does not seem possible 
without further help to muke valid assumptions as to these 
variables as functions of the tiine. 

Some light upon the question is afforded by a considera- 
tion of the energy relations. Regarding the hydrogen ion 
at O, (fig. 5) as a single physical svstem, let us apply to it 
the a rules of ‘dynamics. Since the entropy of any 
material system left to itself is known to tend toward a 
maximum, this may be interpreted here to mean that the 
ion strives to be rid of its energy at a maximum rate. Now 
the kinetic energy of translational motion of the electron 
at O, is a part of the energy originally possessed by the 
positive charge of the ion. If the ion succeeds in driving 
this electron free completely away from itself carrying with 
it this kinetic energy, then its owu energy will be reduced 
at a far greater rate than it would be if it depended merely 
upon the energy lost by radiation. 

For, as will be shown later, the kinetic energy at some 
points of its path is much greater than the total energy 
ruliated by the whole motion. To render the entropy a 
maximum, therefore, the ion strives to get rid of an electron. 
As shown above, there exists n certain critical angle « 
which reduces the whole force to zero, and if the ion could 
immediately turn itself to this angle, the force would remain 
zero and the translational velocity of the electron would 
then become constant because it would retain its original 
velocity of projection. No energy would be radiated out 
into space by this uniform velocity and zero acceleration, 
for the rate of radiation is zero for uniform motion, but the 
condition for maximum entropy would be fulfilled. 

The legitimate inference from this reasoning is that the 
forces governing the direction of the axis of the positive 
charge strive to make it assume this critical angle, a, 
ax soon as possible. But in so doing the mass of the ion, 
or its angular momentum, requires tliat a certain amount of 
tine he "consumed in this operation, causing the axis first 
to be earried beyond the critical angle and then to be 
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reversed in its motion, thus oscillating about the angle ay 
with a damped motion. The damping must be present 
because the value of 94 is continually decreasing owing to 
loss of energy by radiation from the electron into space. 

The maximum value of tlie periodic force must, according 
to fig. 8, be greater the greater the maximum departure 
from the critical angle, a, during a complete period. But 
the amplitude of this motion must be a function of its 
frequency, and it seems most logical to assume that the 
greater the frequency the smaller the amplitude of the 
motion. ‘This may mean that the maximum force varies 
on this account alone as the inverse of the frequency. 

The force according to (35) is also inversely as the square 
of the distance r, but r itself will be a periodic function of 
the time, and it 1s shown below that the maximum values 
of r vary inversely as the frequency. These two causes 
operating together, therefore, make the maximum values of 
the periodie force vary directly as the frequency of oscil- 
lation of the pole of the positive charge. This matter is 
stressed because it is unusual to find a force in mechanical 
systems whose maximum values vary as the frequency, but 
the above model points to this condition. 

With the above understanding it seems entirely justifiable 
to assume that the acceleration expressed by (42) may be 
written as a simple periodic function of the time as follows : 


dr ui 
di? = koe" 


where e is the angular velocity corresponding to a fre- 
quency, v, such that e — 27v. The presence of the factor w 
in the coefficient makes the maximum values of the force, 
as above stated, directly proportional to the frequency " 
k, being a constant to be determined. The presence of a 
damping factor, e7"* has been accounted for by the loss of 
energy due to radiation from the electron moving with 
accelerated motion. 

Granting that this is the tvpical form that the accelera- 
tion expressed by (42) would take, were it possible to deduce 
it as a function of the time alone, the velocity may be found 
by a first integration with respect to the time, giving 


cosot,. . . . . (43) 


ly . 

4; = he" (sin wt—coswt)+ ka. . . (44) 
k, being the constant of integration. When the time is 
infinite it may be assumed that the electron has returned 
to resume its original position in the atom, and that 
dr/dt=0. Hence ks —-0, and no constant is required. A 
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second integration gives the distance r, as follows: 


— gnol tha a a a 5) 
2 w i 


k being a second constant of integration. This is also 
negligible because when the time is infinite r, = kz, and the 
distance from the centre of the atom to the normal centre 
of the electron in the atom is of the order of 107?!3 cm. and 
quite negligible. 

This expression for r shows that the maximum values ay 
inversely as the frequency other things being equal, whic 
confirms the statement made above in regard to the dis- 
tance r that occurs as r^? in the expression for the force. 

Fig. 10. 


0.05/3A - 468X/0 2m., 


HALF 
PERIOD 


Three curves representing the acceleration, velocity, and distance respec- 
tively of the electron at O, (fig. 5), moving along the line joining it 
with the hydrogen ion at O, plotted as a function of the time. 
The maximum separation from the ion occurs at wt=7/4 and is 
equal to 0:0513 of the wave-length of the radiated wave. The 
total energy radiated is equal to one quantum, Av. 


Three curves marked x A and 7 in fig. 10 represent the 


equations (43), (44), and (45) for certain assumed numerica 
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values of the constants. 4,/2 according to (44) is equal to 
the initial velocity of projection of the electron from the 
atom. The frequency v is assumed for these curves to be 
equal to the Rydberg constant 3:29 x 10" as representing 
the maximum frequency in the spectrum of hydrogen. The 
angles wt are the abscis-ze in each of the three curves. 

The maximum distance of the electron from the ion is 
reached when wt=7/4. one eighth of a cycle, at which 
time the velocity is zero and reverses direction. Putting 
wt=m/4 in (45) and giving the initial velocity 4,/2 its 

maximum possible value, approximately the velocity of 
light, e, the maximum distance the eleetron is driven from 
the ion is given by 


C 


fma = eT sin T = © x 0-456 x 07072 0:322-—. (46) 
@ 4 w w 


> 


|.) — 27v, and Av=c, we have 


Tmax. =0'0513 A, . . . . . (47) 


+ 


is the wave-length of the radiated waves. 


e™rther reference will be made to this result in a sub- 
sequent section. 


The Total Energy Radiated during One Excursion 
of the Electron. 


An expression for the rate of radiation of energy when a 
point charge moves in a curved path has been obtained by 
Liénard aud has been shown by Schott * to agree with his 
deductions, both of these authors using the same form of 
electrodynamics, that of Larmor and Lorentz. Its expres- 
sion is as follows :— 


1 E 
| isi ct\dt? 
2233 
lice p?(1 — 8) + (1— 8» , (48) 
2 
where p is the radius of curvature of the path, a the 


acceleration along the path, and £ its velocity in terms of 
that of light, c. 
The force on the electron caused by the reaction of the 


* “Electromagnetic Radiation.’ 
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radiation in the direction of the tangent to its path follows 
from the definition of R, since 


SEU LERmEBe (0. 0. (0) 


«(€ 
ix dt 
with due regard to the sign according to whether tl.e 
reaction of the radiation or a force equal and opposite to it 
is meant. Schott has given examples computing the total 
energy radiated when the motion is circular (loc. cit. p. 110), 
simple harmonic motion in a straight line (p. 122), and 
elliptical motion (p. 126), and shows that lis results are 
obtainable from (48) above. | 

Siuce we have previously expressed and supported the 
view that the Larmor-Loreniz form of electrodynamics is 
in error in certain respects, and have shown that the Saha 
ferm of the theory removes these objectious, it would be 
preferable now to use Saha’s expression for the rate of 
radiation, were it known to the writer, instead of that of 
Liénard in (48). There seems scarcely any doubt that the 
form in (48) is defective or at the least incomplete when 
the ease of simple harmonic motion in a straight line aione 
is considered. At the middle point of the motion the 
velocity is a maximum and the acceleration zero, hence at 


this point by (48) R is zero as in uniform motion, and by 
(49), since dr/dt is not zero, F is zero, and there is no 
reaction due to radiation which is ss it should be. As 
however, the point approaches the end of its harmonic path 
the velocity dr/dt approaches zero, and the acceleration 


approaches a maximum. Hence by (48) R is a maximum 
toward the end of the path, bat by (49) the reactive force 
equal to R/v approaches infinity as close as we please, since 


v approaches zero as near as we please, while R has its 
maximum value. 

Physically this is anthinkable that the reactive force 
should approach so large a value in any part of the path, 
even though no difficulty is apparent when the toial energy 
per cycle is computed. It is also realized that it is generally 
admitted that this formula only applies to an actual charge, 
an electron, which has a finite volume, provided the radius 
of curvature of its path is large as compared with the dimen- 
sions of the charge, but this restriction is hardly suttcient 
to remove the objections to the formula. 

The fact that the expressions for the ponderomotive 
forces of a second moving point charge upon a first differ 
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so greatly as between the Lorentz and the Saha electro- 
dynamics makes it quite certain that the Saha expression for 
the rate of radiation when obtained will ditfer materially 
from (48), but some interest may attach to the use of (48) 
in the meanwhile before the Saha expression is availab!e. 
For straight line motion p is infinite and (48) becomes 


(2) 
99? \dlt? 


= 3ke (1 — gi e ` . e . (50) 


The dielectric constant k is here inserted in order to keep 
the dimensions of both members of the equation the same. 
It should also have been written in (48), but that stands as 
quoted from the original author. 

Assuming that the motion of the electron at O, (fig. 5) is 
completely described by the equations (43), (44), and (45) 
and illustrated by fig. 10, the total energy radiated during 
one whole excursion may be obtained from (50) by inte- 
gration with respect to the time between the limits zero and 


infinity. Writing for 8 in (50) — : ui we have the total 


energy 
qr - 
s] dt, (51) 


m 2,2 ('* dy 
g-(. iu acil [1 a(3) | 


or, ns into series, this becomes 


100 dr 6 M 
=e 3l, [i E (5) 7 AG 
10 dr ) ns) zo) 
+ - (5; + Me di. . a (52) 


Using the values of the acceleration and velocity given in 
(43) and (44) above and integrating each term separately 
gives finally for the total energy radiated in one excursion 
of the electron out and back 


2 méhtp., 23 (^ BEN" 


The next term of this series will be 4*/c* with a different 
numerical coefficient, and so on, the powers of 4,/¢ increasing 
bv 2 from term to term. But kı is constant by hy pothesis 
according to (43), and there exist, therefore, no variables 
in the right member of (53) except the frequency of the 
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radiation, y. Hence the whole energy may be written 
E-hw . . . . . . . (54) 


which is Planck's quantum expression, if À may denote the 
coefficient of v in (53). That is to say exactly one quantum 
of energy is radiated away from the atom by one excursion 
of one electron out and back. Moreover, the atomic model 
affords a concrete picture of just what it is tliat possesses this 
frequency, v 

The numerical value of Planck’s constant, h, cannot be 
deduced from (53) because the value of the constant kı is 
unknown, but the known value of h may be used to give 
some information about K,. According to (44) it is seen 
that 4,/2 represents the initial velocity of ejection of the 
electron from the atom. The series in the parenthes's of 
(93) may have any value from unity to infinity according 
to the value of kı. It is evident by (50) that the radiated 
energy approaches an infinite value as the initial velocity 
of the electron approaches that of light. For all initial 
velocities less than that of light the series in (53) is finite, 
but less and less convergent as the velocity of light is 
approached. Suppose that the sum of the series within the 
parenthesis of (53) is denoted by S. In order that the 
coefficient of v may be numerically equal to Planck’s con- 
stant, A, then the value of S must be 1382. his indicates 
immediately that a large number of terms of the series is 
required, that it is not very rapidly convergent, and that 
the initial velocity 4,/2 must be very close to that of light. 
Its exact value might be evaluated by the use of this infor- 
mation, but the process is laborious and not worth while. 
When k= 2c approximately, the constant h is then given by 


h=2QreS/ck, . . 2 . . . (95) 


The Kinetic Energy of the Ejected Llectron compared 
with the Total Energy Radiated. 


It is seen by (44) that the maximum velocity of the 
electron upon its return toward the atom, alter passin the 
point of maximum departure from it, is reached after one 
quarter of a period, when wt=7/2. Assuming an initial 
velocity close to that of light, its velocity at t! is point on 
return 1s about 0 323 x 10” em./sec., or not far from one 
tenth of the velocity of light. Its kinetic energy at this 
point is approximately 47 x 10710 erg. The maximum 
energy radiated for the greatest light ‘frequency that can 
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exist in hydrogen is hyv=/hK=0°2154 x 107! erg, which is 
but the two hundred and twentieth part of the kinetic 
energy just computed, and this kinetie energy is much less 
than that at some other points. 

The importance of the above conceptions, if true, is so 
great that some of the more tundamental points may bear 
restating. An initial velocity closely approaching that of 
light may be produced in an ‘electron which is shot out in a 
straight line to a limited distance and then returns again 
to the atom. The energy thus lost by radiation from the 
atom is no greater than that received from the passing 
electron from which the energy was originally received. 
Because the form of this energy received from the passing 
electron is entirely transformed in character into high- 
frequency vibrations of the positive charge, the whole * 
internal energy of the positive charge becomes available 
energy for the time being, and some of this great store of 
internal ener gv 1s used to give the ejected electron iis lar ve 
kinetic energy v of translational motion, but this is all returned 
again to the atom. The postive charge undoubtedly con- 
tains a store of energy, me = 1:49 x 107 “3 erg, which is very 
ereat compared with any of the other energies mentioned. 
Hence it becomes possible for a very much smaller amount 
of energy, that of the passing electron, to release a much 
larger amount of energy, namely some of that stored within 
the. positive charge. This may be called the trigger effect. 
Although such an effect has been mentioned in the literature 
as a remote possibility, Í am not aware that its probability 
from the standpoint of electrodynamics has ever been 
pointed out. To admit of its existence will be shown in a 
subsequent communication to remove the usual difficulties 
connected with the photoelectric effect and secondary 8-rays 
generated by X-rays. These are the two chiet phenomena 
that seem to demand the artificial conception of * light 
quanta,” which of itself introduces difficulties far more 
formidable than to admit of a trigger effect. 


The Law of Force upon an Electron. 


Accordiny to the above results the force acting upon the 
electron at precisely the same distance from the ion on its 
outward journey is very different from the force upon it at 
this distance on the return journey. ‘The reason for this 
is clear, that the ion has changed its character in the mean- 
time. The law of force according to this must not only he 
a function of the distance but of the time also. Attempts 
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have been made by various authors in the past to deduce a 
law of force as a function of the distance from experimental 
observations, but their results have been discordant. The 
laws found for one case do not work well for other cases 
and changed conditions. "These discordant results are quite 
in agreement with the conception above mentioned that 
there is no such thing as a law of force dependent upon 
the distance only. The time must also enter into these 
functions. 


The Absolute Values of the Maximum Distances to which 
an Electron is Projected from Hydrogen. 


According to (47) the maximum distance to which an 
electron goes from the atom is proportional to the wave- 
length of the radiated waves, A. The shortest wave- length 
of the hvdrogen spectrum is 91178 x 10-8 cm. , correspond- 
ing to the frequency K —3:28880 x 10", the Rydberg con- 
stant. Hence in this case the distance given by (47) is 
4:677 x 10-7 cm. If the hydrogen gas in the vacuum tube 
is at 0° C. and the pressure is one millimetre of mercury, 
the approximate distance between the molecules of the gas 
on the average is about 65:5 x 107? cm., or about fourteen 
times greater than the maximum distance computed above. 
On the average, therefore, the ejected electron will not 
come within the sphere of influence of the next molecule of 
the gas, and will experience no disturbance or interference 
from this cause. 

As the frequency of the characteristic radiation is reduced 
and the wave-length increased the maximum distance 
becomes greater. The wave-length must be increased four- 
teen times in order that the electron may go on the average 
as far as the next molecule. ‘This would make the wave- 
length about 12,760 x 107? cm., which is not far from tho 
second line o£ the Paschen series in the infra-red, so that 
practically the whole of the observed spectrum of hvdrogen 
may be emitted before an electron travels so far as the next 
adjacent molecule on the average; and no interference will 
thus be experienced. 


Concluding Remarks. 


The complex nature of the behaviour of the atom contem- 
plated in this paper has seemed to requirea presentation less 
abbreviated than is customary in order that the meaning 
intended mav be made clear. The phenomena that have 
been described are of a fundamental nature, and have a 
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wide application in every phase of atomic action. It is 
believed that the conceptions of a high-frequency vibration 
of the elementary charges themselves, regarded as quasi- 
solid bodies, and of radiated energy taking place in quanta 
because an electron is temporarily shot out from an atom 
and in most cases returns to it again, will prove fruitful in 
clearing up many phenomena now obscure. 

The radiation emanating from these ejected electrons, 
which falls upon an atom in the eye or iu a photographic 
plate exposed to it, can be shown by means of the pondero- 
motive force equation (1) to exert a force upon the positive 
charge of such atoms having the same periodicity as that 
belonging to the ejected electrons by virtue of their accele- 
rated motion (43). It is almost axiomatic, not requiring 
any detailed proof, that this frequency or period is trans- 
mitted through without alteration and makes itself felt upon 
the receiver. 

The question as to how the line spectrum of hydrogen or 
any other element may be produced has not been treated 
because it would extend the paper to undue length, but the 
derivation of the frequency equation of the line spectrum 
of hydrogen may be obtained in a manner analogous to 
that suggested by Whittaker * in 1911. He then attributed 
the spectrum to the gyroscopie connexion between the two 
atoms of the hydrogen molecule, and deduced the equation 
of the Balmer series on this basis. Instead of the gyro- 
scopic connexion being between the two atoms of the mole- 
cule it is between the electron ejected from the atom and 
the remainder of the atom itself, that is the ion, for it is 
now quite certain that the atom rather than the molecule 
is the source of these spectra. 

In closing it may be emphasized that the treatment in - 
this and the three preceding papers points to the probability 
that the total energy content of the elementary positive and 
negative charges is of the utmost importance, as being the 
key to most atomic actions, because it is drawn upon tempo- 
rarily in radiation, in the dissociation of the atoms of a 
molecule, that is all chemical reactions, and probably in all 
phenomena. Its value, me, is so great by comparison with 
all observed cases of energy transter that temporary changes 
in it escape observation. 

In a subsequent communication it is hop ed to show how 
the ideas above presented throw light upon other phenomena 
not mentioned here. 

* E. T. Whittaker, Proc. Roy. Soc. ser, A, vol. Ixxxv. No. A 578, 
p. 262, June 9, 1911. 
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III. On the Theory of Ionization by Swiftly Moving Electri- 
fied Particles and the Production of Characteristic X-Rays. 
By SvkIN RossELAND *. 


INTRODUCTION. 
A COLLISION between an electrified particle and an 


atom will in general not conform to the laws of 
classical dynamics. The deviations from these Jaws become 
especially apparent when considering electrons moving with 
small velocities in inert gases or metallic vapours. In this 
case, as was first shown by Franck and Hertz, the electron 
will lose no energy at all if the velocity is below a certain 
critical value, while there is a considerable probability that 
it will lose all its energy in a single collision if this value is 
exceeded. As is well known, this effect is in accordance 
with the quantum theory of atomic structure. In fact, when 
a slowly moving electron collides with an atom in the 
normal state, we may on the basis of Bohr's theory expect 
that if the electron loses energy in the collision this energy 
must correspond to the transference of the atom to some 
other stationary state, and in experiments it is found that 
the critical velocity just corresponds to the transference 
of the atom from the normal to the next stationary state t. 
On the other hand, if the velocity of the incident particle is 
large compared with the velocities of the electrons in the 
atom, it is to be expected that the effect of a collision may 
be calculated with great approximation on the basis of the 
classical system of mechanics. A strong support for this 
view is, among other things, provided by the theory of 
ionization produced by swiftly moving electrified particles. 
In this paper we shall consider some aspects of this theory 
and its bearing on the production of characteristic X-rays. 


I. IONIZATION BY IMPACT OF a AND ĝ PARTICLES. 


$1. General Theory. 


A theory of the ionization produced by « and 8 rays was 
first proposed by J. J. Thomson}. In this theory the 
electrons are considered as being initially at rest and the 
mutual action between the incident particle and each of 


* Communicated by Prof. N. Bohr. 

t Compare J. Franck and G. Hertz, Physikalische Zeitschrift, xx. 
p. 132 (1919). 

t J. J. Thomson, Phil. Mag. xxviii. p. 449 (1912). 


Phil. Mag. S. 6. Vol. 45. No. 265. Jan. 1923. F 
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the electrons is calculated as if the electron were un- 
influenced by interatomic es supposing the interaction 
between the particle and an electron to conform to the law 
of the inverse square. It is easily calculated that the 
energy Q transferred to an electron in a collision of this 
kind is 

2 mm? 0 0 ek m, + nis 


a o ape a V? sin? tan = 


, i 
(i, + m)? 2" 97 V1 piam, es 


where m,, —e, ma, E are the mass and charge of the electroir 
and the particle respectively, while p is the least distance 
from the initial position of the electron to the path of the 
particle before the collision ; @ is the angle of deflexion of 
the particle in its motion relative to the common centre 
of gravity. Putting Q=W the energy necessary to remove 
the electron from the atom and denoting the corresponding 
p by pw, we obtain 


mn B(A ET 
E W  2myng2V? 
In the following pw will be termed “the radius of ioniza- 
tion.” The number of collisions per unit path experienced 
by the particle with the electrons of a particular group of 
the atom, in which the energy transferred to the eleciron is 
larger than W, is mpw?Nn, where N is the number of 
atoms per unit volume and a the number of electrons 


in the group. Thus the total number of electrons removed 
from the group by the incident particle per unit path is 


I= 2me"*lE?Nn l / (mmy 
iu (s 
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This expression was by Thomson taken to be equal to the 
number of pairs of ions produced by the particle per unit 
path. As observed by Thomson, this formula gives a close 
representation of the relative number of ions produced by 
a and 8 particles, as well as the dependence of the ionization 
upon the velocity of the particle. 

The total number of pairs of ions produced by a ravs from 
HaC in air per unit path was determined by Geiger 
From the measurements of Taylor on the relative ionization 
produced by a rays in air and hydrogen, Bohr t. calculated 
that the absolute number of ions produced by an « particle 
per em. at the initial part of its range was several times 
larger than that predieted by (3). This excess effect was 


* Il. Geiger, Proc. Roy. Soc. A, Ixxxii. p. 486 (1909). 
t N. Bohr, Phil. Mag. xxx. p. 606 (1915). 
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attributed to the secondary ionization produced by the 
electrons expelled from the atoms. As the velocity of 
these electrons will be considerably smaller than that ot the 
primary particles, the ionization produced by these electrons 
cannot be calculated on the simple assumption underlying 
formula (3), as the problem in reality is one of quantum 
dynamics. Using some simplifying assumptions Bohr de- 
duced a formula. giving an upper limit for the secondary 
ionization to be expected, and showed that this formula 
predicted the right order of magnitude of the ionization 
produced by æ rays in hydrogen and helium. This result 
is of great interest, as it indicates, as presupposed, that for 
high velocities of the incident particles, and for violent 
collisions resulting in the removal of an electron from the 
atom, calculations based on the classical dynamical laws will 
give also the absolute value of the primary ionization. 

When the velocity of the particle becomes of the same 
order of magnitude as that of some electrons in the atom 
with which it collides, formula (3) loses all claim of validity, 
inasmuch as the assumption that the electrons are initially 
at rest is not even approximately fulfilled, while at the same 
time the experiments of Franck and Hertz show that it is 
precisely in this region that the peculiar deviations from the 
laws of ordinary mechanics become apparent. It will also 
be found that the formula of Thomson does not even 
approximately correspond to experiment in this region ; but 
it isafrer all interesting to note that it predicts a qualitatively 
right result, as is seen upon comparing it with the measure- 
ments of Kossel * and Mayer t of the ionization produced 
in gases by slowly moving electrons, as well as by a rays. 
The point is that both theory as well as experiment demand 
that the ionization shall increase initially to a sharp 
maximum and next decrease more slowly as the velocity 
of the particles is further increased. The exact position of 
the maximum is extremely difficult to determine experi- 
mentally, but it is found to occur when the velocity of the 
incident particles is a few times larger than that of the elec- 
trons in the atom, The ionization curve given by Thomson’s 
formula rises much more rapidly to a maximal value than 
the experimental curves. Considering the experimental 
difficulties associated with the determination of the elemen- 
tary ionization on this part of the curve, this disagreement 
is probably not larger than might be expected already on the 


* W. Kossel, Ann. d. Phys. xxxvii. p. 393 (1912). 
T F. Mayer, Ann. d. Phys. xlv. p. 1 (1914). 
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basis of the classical system of mechanics, when we remember 
that the eleetrons in tlie atom are revolving with velocities 
which on this part of the curve are of the same order of 
magnitude as the velocity of the incident particles. 


$ 2. Multivalent tons produced by a single impact, 


Consider a particle penetrating through an atom of some 
substance. Around the path of the particle as an axis, 
supposed to be a straight line, Imagine a cylindrical surface 
with a radius equal to the radius of ionization of a definite 
electronic group. Suppose, for simplicity, the electrons of 
the group independently distributed on the surface of a 
spherical shell with radius r. Let c denote the ratio of the 
part of the spherical surface situated within the cylinder to 
the area of the whole sphere. 

The probability that out of the n electrons of the group a 
number m shall at a time be situated within ø is then 


n g 


P= - A E s s 4) 


' Let 4 be the distance from the centre of the group to tlie 
axis of the cylinder. The mean uumber of collisions per 
unit path in which g lies between g and g+dq is 27 Nqdq, 
where N is the number of atoms per cm. The number of 
m multiple ions produced is accordingly 


"tp 


Nna! C 
<7 ? g"(1— g)" ""9gdq. "RN (5) 


I= m'(n— UE. 


Let us fix our attention on p case in which the elec- 
tronic group contains two electrons, corresponding to the 
neutral helium atom or the K-group of the other elements. 
The exact value of I, even in this case is seen to be very 
complicated. We shall therefore be satisfied with approxi- 
mate expressions. When p is small compared with v, the 
ratio o will be small and we may approximately put 


1 2T pu? Nd i 
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and take the limits of the integral to be O and r—py. The 
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number of doubles is 


and of singles 
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From the experiments of Franck and Knipping * it is 
known that the ionization potential of helium, when both 
electrons are removed at one time, is more than double of 
the ionization potential of one electron. The values of p 
in the formule (9) and (10) are therefore marked with 
different indices. The percentage of doubles is approxi- 


mately 
l př 2p př 
= [2 x Ns 9 
€ 8 ptr logs( aput" ) see YD 
When, on the other hand, p, is larger than r we may put 


o=1 for q<p—r and o=4(1 F E when p—r<y<p+r. 


The number of doubles, singles, and percentage of doubles 
are found by an easy calculation to be 


h=rN[p? +3} — gpr]; L=4rNpr; 
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In the region where p and »r are of the same order of 
magnitude neither (9) nor (10) will apply. However, 
drawing a diagram by means of these formule for large and 
small values of p/r, the probable course of the curve for 
moderate values of p/r will be given within narrow limits by 
an interpolation as shown in fig. 1, used in the next section. 


$3. Dimensions of the Helium atom. 


The preceding calculations are capable of direct appitca- 
tion to the experiments of Millikan f and Wilkins f on the 
production of divalent ions in helium. It was found that 
the percentage of divalent ions varied roughly in the same 
manner with range as the total ionization iu the ordinary 
Bragy curve, and increased from about 8 per cent. at the 

* J. Franck and P. Knipping, Phys. Zeitschr. xx. p. 7 (1919). 

+ R. Millikan, Phys. Rev. xviii. p. 456 (1921). 

I T. R. Wilkins, Phys. Rev. xix. p. 210 (1922). 
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middle of the range of the alpha particle to about 16 per 
cent. at the top of the ionization curve, after which the 
percentage decreased rapidly to zero. As the only unknown 
quantity in the above expressions is r, these experiments will | 
vield a value for the radius of the helium atom, 

In order to calculate the radius r from the experiments 
we must first calculate the values of p, and pe. Limiting 
ourselves to a region where Thomson's formula may be 
considered to he valid, we first notice that the ratio p” p is 
early equal to the ratio Pa P}. where Pj. Pz are the ioniza- 
tion potentials for one electron of helium, acecerding as one 
electron or both are removed from the atom in one collision. 
From the work of F. Horton and A. C.. Davies * and 
J. Franck and Knipping t it is known that P, is close to 
254 volts. When this value is taken for granted the 
value of P, is unambiguously given by Bohr’s theory as 
1(4.13:5 + 254) 2 3078 volts. In: fact, the experimental value 
given by Franck and Knippmg is in complete accord with 
tliis value. 

We now calenlate the percentage of double catches for 
simal] and large values of pj/r by means of the formule (9) 
and (10) and interpolate for intermediate values. Knowing 
the radius r, the absolute values of the percentage may be 
obtained by introducing the values of p, aud pg calculated 
from Thomson’s formula at a part of the range where this 
formula may be assumed to be valid. However, we shall 
prefer by reversing the argument to calculate the radius 7 
and compare the result with the values given by the kinetic 
theory of gases and the quantum theory. 

The velocity of ino alpha particles from polonium is 
Vzp55.10* em. sec.7!. At the middle of the range it has 
decreased to ED NE em. sec. 1, From the observed 
'alue of the ionization potential we then calculate the corre- 
sponding p; to be 203.107? cm. Millikan f states that at the 
middle of the range the percentage of doubles is about 
8 per cent. From the curve (fig. 1) the corresponding ratio 
pir is seen to he close to 1:25. By means of the caleulated 
value of py, this gives r—275. 107? em. This value is four 
times smaller than the value afforded by the kinetie theory 
of gases (ea. 1075 em.) $, but it will be scen to be of the 
same order of magnitude as that predicted by Bohr's theory. 
If the two electrons revolve in cireular one-quantum orbits, 

* [. Horton and A. C. Davies, Proc. Roy. Soe, xcv. p. 405 (1919). 

t J. Franck and Knipping, Phys. Zs. xx. p. 5 (1919). 

f R. Millikan, Phys. Rev. xvii. p. 458 (1921) 

$ Jeans, Dynamical Theory of Gases,’ sec. ed, p. 341. 
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the radius of the orbits will on this theory be close to 
3.107? em.* This figure will be only little affected, whether 
we assume the orbits to be coplanar or inclined to each other. 
Conversely, assuming the value of r to be that given by the 
quantum theory, the percentage of doubles at the middle of 
the range comes out about 5 per cent. This value differs 
from that given by Millikan by scarcely more than the 
experimental error. These calculations thus seem strongly 
to suggest that the dimensions of the electronic orbits in the 
helium atom really are as small as demanded by Bohr's 
theory. Experiments of this kind seem to be of special 
interest, since we are here more directly concerned with the 
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dimensions of the electronic orbits, and need not take 
account of the complicated phenomena associated with a 
collision between two neutral atoms. 

Our calculations are ef course to some extent affected by 
the special distribution of electrons assumed. For the most 
unfavourable case when the two electrons constantly are 
placed at the opposite ends of a diameter through the 
nucleus, the probability of double ionization is easily seen to 
be of the order 


1 pa 
= ——- e AP) wu uw 

16 p???" (11) 
it p, is not larger than r. For the present case the per- 
centage of doubles predicted by this expression will be about 
half as large as that predicted by the combination of (9) 
and (10). Although this result at present hardlv permits of 
drawing any definite conclusions, it indicates that accurate 

* N. Bohr, Phil. Mag. xxvi. p. 476 (1913). 
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experiments of this kind may be of value for an investigation 
of the configuration of the electrons within the group of the 
helium atom. The possible bearing of thexe experiments on 
the electronic configurations in helium was pointed out by 
Millikan *, but it is to be emphasized that his arguments are 
not conclusive without fixing the value of the atomic 
dimensions, and especially that no conclusion of this kind 
can so far be drawn from the observations near the optimal 
ionization. In fact, in this place the velocity of the 
a particles has become of the same order of magnitude as 
the velocity of the electrons in the atom. The motions 
of the two electrons during a collision cannot then be treated 
separately, and it is not certain that differences in the initial 
motion of the two electrons of the kind considered by 
Millikan will have any sensible influence on the probability 
of double catches. 


II. INTENSITIES OF CHARACTERISTIC X-RAYS. 
$ 1. Production of X-ray spectra on the quantum theory. 


According to Bohr’s theory of atomic structure f the 
electrons in an atom in the normal state are divided into 
groups in such a way that the orbits of the electrons in 
each group are characterized by a principal quantum number, 
the value of which is equal to one for the innermost group 
and increases by one unit when we pass from group to 
group in the direction from the nucleus outwards. 

When a high speed electron is projected through the atom 
electrons may be ejected from the different groups. The 
rest of the atom reorganizes provisionally into a stationary 
state, in. which, however, the number of electrons in the 
different groups is now different from that corresponding to 
the most stable arrangement of the remaining electrons. 
The atom reorganizes ultimately into a final stable state 
through a series s of successive processes of transition, during 
each of which an electron is transferred from an outer to an 
inner group characterized by a smaller principal quantum 
number. Each of these processes is accompanied by the 
emission of a train of harmonic waves of fr equency v given by 
the relation hy = E'— E^, where E! and E' are the values of 
the energy of the atom in the initial and the final states. 

The intensities of the characteristic X- -rays will primarily 
depend upon two circumstances. Firstly upon the number 


* R. Millikan, Phys. Rev. xviii. p. 459 (1921). 
t See for instance N. Bohr, Zs. für Phys. ix. p. 1 (1922). 
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N; of atoms in the anticathode in a particular stationary 
state i prepared for X-ray emission ; and secondly upon the 
probabilities Aj! of spontaneous transition * from the given 
stationary state / with a given distribution of the electrons 
in the ditferent groups, to another stationary state k with the 
same total number of electrons in the atom, but where one 
electron has been transferred from an outer to an inner 
group. If va is the frequency of the radiation emitted by 
a transition between the stationary states i and k, the energy 
emitted in the form of radiation of this frequency in the 
time interval dt from the atoms of the anticathode 1s 


dI = N,Axhyv4dt ; e > . e ( l 2) 


In this expression the A,‘ are constants of the atomic 
configurations, which, on account of the fundamental assump- 
tions underlying the quantum theory in its application 
to atomic structure, are necessarily independent of the 
manner in which the stationary state in question is brought 
about, 2. e., in the case of the excitation of characteristic 
X-rays, independent of the voltage applied to the X-ray 
tube. 

Whatever function N; may be of the voltage applied to 
the X-ray tube, the form of expression (14) involves an 
immediate conclusion concerning the relative intensities of 
all X-ray lines emitted when atoms in a specified stationary 
state 2 suffer spontaneous transitions into a series of sta- 
tionary states k. For since Nj is the same for all these lines, 
the relative intensities of these lines will depend only upon 
the different products Aj. v4, and thus will be independent 
of the voltage applied to the tube. This conclusion is 
generally confirmed by experiment. 

In the general case N; signifies the number of atoms with 
an arbitrary number of electrons absent from the different 
electronic groups. From the actually observed X-ray 
spectra it is seen that the majority of the lines are emitted 
from atoms that have lost but a single electron from the 
inner groups. However, as pointed out by Wentzel f, a 
number of satellites appearing in the lightest elements, 
which hitherto have escaped classification, may he explained 
by assuming that they are emitted by atoms that have lost 
two or more electrons from the inner groups. But since the 
intensities of these lines are small compared with that of 
the principal lines of the spectrum, and as they preferen- 
tially appear in the spectra of light elements, we shall in the 

* A. Einstein, Physikalische Zeitschrift, 1917, p. 122. 
T G. Wentzel, Ann. d. Phys. lxvi. p. 497 (1921). 
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discussion of the dependence of intensity of the charac- 
teristic X-ravs upon voltage provisionally neglect the 
distinction between single Aa multiple ionization. 


$2. Dependence of intensity of X-ray lines upon the voltaae 
applied to the ACID tube. 


Consider an electron moving an element of path dz in the 
antieathode. During the motion it will collide with the 
atoms lying close to the path and lose energy to the electrons 
of the atoms. By far the greater part of the loss of 
energy will be due to collisions with the numerous loosely 
bound electrons belonging to tlie outer groups of the atoms. 
But there will also be a number of collisions with the 
strongly bound electrons of the inner groups. Let I(E) be 
the number of collisions with electrons of some inner group 
experienced per unit path by an electron moving with a 
kinetic energy E, in which these electrons are actually 
ejected from “the atom. The total number of electrons rè- 
moved from the group in question is then obtained by 
integrating T dx along the path of the particle until the 
energy of the particle is just equal to the energy of ioniza- 
tion of the group in question. The mean decrease of energy 
per unit path of a swiltly moving electron is known from 
theory as well as from experiments to be of the form * 

5 M 
E e dE (13) 


de m 


where £ is a function of E increasing slowly with decreasing 
E, but which for the present purpose may be treated as a 
constant. V is the velocity of the electron and E is for all 
velocities given by the relativity formula 


E= jud > i —1 


2 
efit, 


where e is the velocity of light. 

For voltages of the same order of magnitude as W the 
path saselleda in the anticathode will be so small that it is 
unlikely that the absorption of the, X-rays in the anticathode 
will influence the intensity of the emitted radiation to any 
appreciable extent. Similarly, the scattering of the elec ‘trons 
within the anticathode is TEE in this connexion as 


* See the discussion by Bohr, Phil. Mag. xxx. p. 694 (1915). 
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long as we can neglect the effe:t of the absorption of the 
emitted radiation in the antieathode. From experiments, 
however. the scattering is known to be so large that an 
appreciable number of electrons is actually reflected from 
the target. The velocities of these electrons have been 
measured and found to be essentially smaller than that of 
the incident electrons. For our purpose all electrons 
moving with a kinetic energy smaller than the ionization 
energy W, are of no consequence. This circumstance is of 
essential importance, and we must expect to obtain results 
of the right order of magnitude when neglecting the frac- 
tion of the incident particles reflected with an energy greater 
than W;. The number of electrons thrown out from the 
electronic group considered per unit time is 


z(I(E)dz. . . . . . . (144 


where ze is the current. passing through the tube. Intro- 
ducing E as an independent variable from (12), we obtain 


== a (E)1m V2dE 5 
INSA J \. I(/E)imV*dE. . (15) 
where 3,A,' is the total probability of spontaneous transition 
from the state ;. From (15) we obtain 


kNZ,A,; ON 
dmV? ^ OE . . . " 


The intensity of a certain X-ray line corresponding to the 
state of ionization characterized with the letter i is 


N; 


I(E)= (16) 


REASONS n we old & a: bo) 
We may therefore write 
kN | OF, 
= " 
KE)— auch. lm V? dE `’ C 
where a= ca is the, relative probability of spontaneous 


transition from the state 7 to the state X. 

By means of this equation we can deduce I(E) from the 
experimental voltage-intensity curves, as long as E is not so 
large compared with W; that the absorption in the anti- 
cathode of the excited radiation must be taken into account. 

Experimental voltage-intensity curves have been obtained 
bv D. Webster * for the K, and Kg lines of rhodiam, by 


* D. Webster, Phys. Rev. vii. p. 599 (1916). 
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Webster and Clark * in the case of the L.-lines of platinum, 
and bv B. A. Wooten f in the case of the K, and Kg lines 
of molybdenum and palladium. These curves can be re- 
presented by functions of the form F=const (E— W)", 
where m lies between 3/2 and 2, as is shown in fig. 2 for the 
experiments of Wooten. The corresponding functions I(E) 
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present case the variability of the mass of the electron with 

speed will not make any essential difference. Putting 

mV?=E we find that I(E) will increase rapidly to a 


Y 


i: . E ; 
are then of the form Pryce . For the 


maximal value at E= -— . after which it deereases with 


awa 
increasing B. This is a characteristic feature exhibited by 
all ordinary ionization curves. However, the experimental 
material presently at hand covers so small a range of 


* Webster and Clark, Proc. Nat. Acad. Sc. iii. p. 181 (1917). 
T B. A. Wooten, Phys. Rev. xviii. p. 71 (1919). 
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voltage that even the existence of a maximum in I(E) 
cannot be inferred with certainty. It would therefore be 
very interesting to have the experiments extended to other 
elements and to a wider range of voltage covering also the 
gradual falling off of the ionization behind the maximum 
value. 

In the main the function I(E) may, apart from a differ- 
ence of linear scale, be expected to exhibit the same 
qualitative properties independent of the element and the 
X-ray lines which have been employed in the experiment. 
In detail, however, differences may occur, as for instance in 
the relative height and position of the maximal point. For 
values of E which are large compared with the ionization 
energy of the electron in the group in question I(E) may 
he expected to be given by the simple expression (3). The 
expression I(E) may in general be considered to be the 
product of the number n of electrons, contained in the group 
in question, and an individual ionization function which 
principally will depend upon the energy of the incident 
particle and the ionization potential of the electron in ques- 
tion, and only to a minor extent on the special kind of the 
interaction with the other electrons in the group. It might 
therefore be expected, that experiments of this kind will 
afford a direct manner of determining the number of 
electrons in the different electronic groups of the atom. 

On the whole, experiments on characteristic. X-ray in- 
tensity seem to offer a method of studving the process of 
ionization under various conditions. This method seems to 
possess several advantages, since each X.ray line is asso- 
ciated with the primary ionization of a definite electronic 
group, while in ordinary experiments on ionization in gases 
we have, apart from hydrogen and helium, to do with more 
complex phenomena. The experiments can further be ex- 
tended to a much wider range of ionization potentials, and 
finally the part of the ionization curve accessible by this 
method is just the part which offers the greatest experi- 
mental difficulties in the case of experiments on ionization 
in gases. 


$3. Efficiency in producing characteristic X-rays. 


As we do not know the absolute value of the ionization 
performed by electrons in inner atomic groups, we cannot 
calculate the absolute value of the intensities of X-ray lines. 
An upper limit for the intensity should be expected to be 
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obtained by introducing I(E) from formula (3) in (15) and 
(16). Neglecting the relativity modifications we obtain 


F= p 1 EE -log W } Xa hr. 03) 


In tle experiments referred to above the absolute value of 
the intensity is in no case recorded. An estimate of tlie 
ratio of the intensity of the X-ray lines to that of the con- 
tinuous radiation in the case of molybdenium and palladium 
can be obtained from the measurements of Clayton Ulrev *. 
From Ulrey's diagrams it appears that this ratio for the 
characteristic K-lines is about 1/2 for Mo and 1/4 for Pd. 
The voltage applied was 35,000 volts. 

The efficiency in producing general radiation can be cal- 
culated from the formula 


n=2:7.10°-M AV, V=voltage, A=atomic weight. . (20) 


which is shown by Beatty f and Rutherford and Barnes 1 to 
hold for a wide range of voltages and for a large nubes 
of elements. The constant factor corresponds to that found 
by Rutherford and Barnes §. Proceeding in this way we 
tind for the efficiency in producing characteristic X-rays in 
Ulrey’s experiments, 65.1074 and 3:5.107* for molv- 
bdenum and palladium respectively. 

From formula (19) we can cleulate an upper limit for 
the efficiency F/Ez. The sum Layhvy will be of the order 

k 


of Wi, while $ can be interpolated from Whiddington’s | ex- 
periments on the decrease of velocity of cathode rays in Al 
and Au. The value adopted is k—3.107 9$» or? sec." * for 
both Mo and Pa. With the values of the critical potentials 
found by Wooten and Ulrey the efficiency calculated from 
(21) is about 12.1074 and 6.10-7* for Mo and Pa respec- 
tively, when assuming n=2 for the K-group. These values 
are twice as large as those deduced from experiment, 
but the difference is probably not larger than was to be 
expeeted from the nature of the caleulation, and the large 
experimental errors involved in the determination of the 
efficiency of producing general X-radiation as well as in 
the determination of the stopping power of the different 
elements for cathode rays. 


* C, Ulrey, Phys. Rev. xi. p. 401 (1918), 

t Beatty, Proc. Roy. Soc. Ixxxix. p. 314 (1913). 

t Rutherford and Barnes, Phil. Mag. xxx. p. 861 (1915). 

$ Compure also Rutherford and Barr res, l. e. p. 367, footnote. 
| Whiddington, Proc. Roy. Soe. Ixxxvi. p. 360 (1912). 
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$ 4. Enhanced lines in N-ray spectra. 


As mentioned above, Wentzel has pointed out that some 
X-ray lines which do not fit in the ordinary scheme of 
classification can be explained on the assumption that they 
are emitted by atoms which have lost more than one electron 
from an inner group. Wentzel supposes that this double 
ionization of the atom is due to successive impact. On 
account of the probably very short life-period of the excited 
state of an inner electronic group, this assumption can hardly 
he maintained. It will appear that the multiple ionization 
in question can to a measurable extent onlv be due to 
simultaneous action by a single impacting particle. 

Consider the probability. of successive collisions in the 
simple case when an ionized atom having lost a single elec- 
tron from an inner group loses a second electron from the 
same group before reorganization of the atom has taken 
place. The probability that the ionized atom in question in 
the time dt will experience collisions with impacting particles 
resulting in a second ionization of the same group is 


dE =nmpy? ^ d, ae ee vw deb 


where n is the number of electrons in the group considered, 
s the current density of impacting particles, and jw tlie 
radius of ionization. The probability that the atom in 
the time dt will suffer a spontaneous transtiion from the 
state considered under emission of radiation is À dt, where 
À isa constant. The ratio of the number of doubly ionized 
atoms to the number of singles is 


2 
A Ae l . (22 


Ae 


This ratio will be seen to be vanishingly small for all cases 
when electrons are removed from inner groups of the atom 
where the probability of spontaneous transition is conditioned 
only by the state of the atom itself. Considerations based 
upon the principle of correspondence indicate that A ought 
to be of the order 105.Z*, where Z is the effective nuclear 
charge of the group. On the other hand, py? will be of the 
order 10-"°Z~*, For a current density of 1 ampere se is of 
the order 10, and consequently it is seen that 7 is very 
small in all cases involving the ionization of inner groups. 
Similar considerations apply also when the collisions do not 
result in the removal of an electron frum an inner group, 
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but only in a transference of an outer electron from its 
normal orbit to an orbit characterized with a quantum 
number some units higher. This problem has been dis- 
cussed by Compton*. As the life period of these states 
must increase rapidly with increasing quantum number, the 
part played by successive collisions will also increase rapidly, 
until when complete ionization of an outer group is obtained 
it may under favourable conditions play a preponderant 
part. While thus successive impact may be the essential 
cause of the multiple ionization responsible for the appear- 
ance of the optical spark spectra, we must assume that the 
multiple ionization giving rise to enhanced lines in X-ray 
spectra must be due to simultaneous action by a single 
impact. 

The double ionization performed by a enriched in helium 
has been shown to be intimately connected with the dimen- 
sions of the electronic orbits and the number of electrons in 
the helium atom. In the same manner the intensities of 
enhanced lines in the X-ray spectra are directly connected 
with the dimensions of each electronie group and the number 
of electrons contained in it. As no systematic measure- 
ments of this kind have been performed, we shall be content 
with showing in broad outlines that the experimental 
material at hand is consistent with the assumption that the 
multiple ionization is due to single impacts. 

Assume for simplicity, as before, that the electrons are 
independently distributed on the surface of spherical shells. 
This special form of the distribution will not seriously 
influence the result, as an alternative assumption of uniform 
volume distribution within a sphere will lead to practically 
the same dependence upon rand p apart from a slowly varying 
factor. Consider the general case when an incident electron 
removes n, electrons from a group containing n, electrons 
... and m, electrons from a group containing n, electrons. 
Using the same notation as in $2, section N we obtain in 
analogy to the formulæ (4) and (5) for the probability of 
a particular arrangement of the electrons when s groups 
are concerned, 

ize nilo” 


PH A ll (0—eye*.. . (23) 


i=1 Mi ! (n;—m;)! 


* Compton, Phys. Review, xv. (2) pp. 130 and 476 (1920). A signi- 
ficant exception occurs when the state in question is of the metastable 
kind, where A is equal to zero. In this case successive collisions with 
other atoms of the gas or with the impacting particles will necessarily 
occur. The importance of this point is mentioned by J. Franck, Phys. 
Zs. xxii. p. 443 (1921). 
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and for the number of collisions of the type in question 
experienced per unit path by the incident electron 


I,—2"N(Pgdg, . . . . . . (24) 


where the integration is to be extended to all values of P 
different from zero. The expression for the intensity of a 
particular line with frequency va will be of the form 


shy., (^ He 
Fn = GANTO w I4 EdE. e " e . (25) 


As before, a; is the relative probability of the transition 
giving rise to the line in question, and W, is the critical 
potential of the line. This potential will be different from 
the eritical potential of the corresponding line, which is due 
to single ionization, and roughly equal to the sum of the 
potentials necessary to remove each electron separately from 
the neutral atom. According to (24) the intensity of en- 
hanced X-ray lines will be expected to increase according to 
a law different from that which is valid for ordinary lines. 

Consider for the sake of illustration the simple case of 
P 
» 
case of elements with higher atomic numbers will be small, 
we can use the simple expression for I, given hy (9) and 
Pr 
r? 
tion between p, and pe. Introducing further p? from (2) we 
thus obtain 


double ionization of the K-group. As the ratio ^-in the 


neglect in the logarithmic term as well as the distinc- 


hvm e 


na AX Put BL 
ee B SW JS PAE W) 
ARE 2 
x aie dE. . . . (26) 


The critical potential W. is approximately equal to 2W. 

The relative intensity of an enhanced line to the corre- 
sponding line due to single ionization is seen, by using the 
expressions (19) and (26) for a constant ratio Ej/W, to be 
sensibly inversely proportional to (2rW)?, which in this case 
will again be nearly equal to Z*e*. The enhanced X-ray lines 
in the K-series due to double ionization of the K-group 
may thus be expected to decrease rapidly with increasing 
atomic number of the element. 

A similar conclusion will hold for the relative intensities 
of the other enhanced lines in the K- as well as in the other 
series, which, as may be inferred from (24), will decrease 


Phil. Mag. Ser. 6. Vol. 45. No. 265. Jan. 1923. G 
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with increasing Z. Further, as may be seen from (22), the 
, relative intensities will decrease with increasing value of s. 

These considerations are in accordance with experimental 
facts. First, the strongest enhanced lines observed corre- 
spond to double or triple ionization, and the lines which are 
due to double ionization are stronger than those due to triple 
ionization. Secondly, the intensity of enhanced lines de- 
creases rapidly with increasing atomic number, so that in 
the K-series these lines have not been observed systematically 
for elements with atomic number higher than 30. It is 
further shown in a paper by Coster * which has just appeared, 
that the intensity of some lines in the L-series, which 
probably belong to the enhanced lines, inereases in a different 
way with increasing voltage from the ordinary L-series lines 
and in a manner which qualitatively conforms to (26), 
although the measurements did not give an accurate 
measurement of the critical potential. This is of great 
interest in this connexion, and measurements especially on 
the critical voltage of the ordinary enhanced lines will atford 
a crucial test of this theory and a reliable means of dis- 
entangling the lines due to multiple ionization from those 
due to single ionization. 

In the K-series in the elements from sodium to zinc one 
of the strongest enhanced lines observed is K,, which 
corresponds to a transition of an L-electron into the doubly 
ionized K-level. Accurate measurements on the intensity 
of this line compared with that of the principal K, lines for 
different voltages may, as seen from equation (25) or (26), 
offer direct test of the theoretical values for the dimensions 
of the K-group. In the same manner measurements on the 
intensity of the enbanced line L,, in the L-series mav yield 
information about the dimensions of the L-group, and so on. 
It is, however, to be remembered that lines resulting from 
different processes of ionization may have the same fre- 
quency. Consider thus the line K,,, which appears when 
an electron from the singly ionized L-group passes into the 
singly ionized K-group. The state in which one electron 
is missing from the I&-group and one from the L-group can, 
however, either be produced directly by a collision or 
indirectly from a state in which both K-electrons are 
removed. 

In the same paper Wentzel, in support of his assumption 
that the enhaneed X-ray lines were due to collisions by 
successive impact, refers to the complex structure of the 
absorption edges, observed by Fricke, Hertz, and Stenström, 

* D. Coster, Phil. Mag. xliv. p. 546 (1922), 
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which he explains as due to absorption of atoms having 
already lost an electron by a previous process of absorption. 
This assumption, however, can scarcely provide the right 
explanation of the phenomenon. The relative intensity “of 
the ditferent ** components" of an absorption edge must, 
namely, on this hypothesis be expected to be nearly "equal to 
the ratio of the number of atoms with electrons absent from 
some inner group to the total number of neutral atoms in 
the material used in the experiment ; but under the ordinary 
experimental condition this ratio will probably be far too 
small to yield any satisfactory explanation. The problem is 
examined in detail in the above-mentioned paper by Coster, 

where also a different explanation of the complex structure 
of the absorption edges is discussed. 


Summary. 


The theory of ionization by swiftly moving electrical 
particles is discussed in its relation (1) to the experiments 
of Millikan and Wilkins on the production of divalent ions 
in helium by a-rays, (2) to the increase of intensity of 
characteristic X-rays with increasing voltage, and (3) to the 
occurrence of certain lines in the p n series which are 
due to multiple ionization of the inner electronic groups 
(enhanced lines). 

It is pointed out that the phenomenon of multiple ionization 
of an atom produced by the action of a single particle is 
directly connected with the dimensions of tho different elec- 
tronie groups. In this manner the dimensions of the 
electronice orbits in helium are calculated from Millikan’s 
experiment, and found to be of the order predicted by 
Bohr’s theory. [t is also shown that experiments on the 
dependence of intensity of characteristic X-rays on voltage 
afford a direct means of investigating the number of elec- 
trons in the inner electronic groups of "(he heavier atoms and 
the dimensions of these groups. In this connexion the 
appearance of X-ray lines originating from doubly ionized 
atoms is diseussed, and it is concluded that these lines are 
excited by a single impact of an electron on the atom and 
not by successive impacts. 


In conclusion I wish to express my best thanks to 
Prof. N. Bohr for his kind interest and help throughout 
tlie work. 


Institute of Theoretical Physics, 
University of Copenhagen. 


G 2 


[ 84 ] 


IV. Application of an Optical Manometer to the Measure- 
ment of the Viscosity of Gases. By J. E. P. WAGSTAFF, 
M.A., Lecturer in Physics at the University of Leeds *. 


A DELICATE form of optical manometer, recently 

described in the Proceedings of the Camb. Phil. Soc.f, 
has been used as a pressure-gauge for measurements of the 
viscosity of air. This method of measuring small changes 
of pressure has been found to possess considerable advantages 
over the usual method adopted in this type of experiment of 
taking two simultaneous readings of a moving mercury 
column. A thin slip of glass A (diameter 2 em.), whose 
modulus of elasticity is known, is made to rest on the top 


Fig. 1. 
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of a pressure-chamber B (ride fig. 1), in the upper surface of 
which is a circular hole of diameter 1:93 em. In order to 
clamp the edges of the slip, a brass plate C, having a hole of 
diameter 1:97 em. concentric with that in the upper surface 
of the chamber, is serewed down on the top surface of the 
glass slip. A small plate of glass D (diameter 1:95 cm. 


approx. and thickness 1 mm.) is made to rest on the top of 
the slip, care being taken that the air in the space between 


* Communicated by the Author. 
T Wagstaff, Proc. Camb, Phil. Soc. vol. xx. Part 1, 
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the slip and the plate remains at atmospheric pressure. The 
chamber is connected to a reservoir E, which can be partially 
exhausted by means of a filter pump. Air can be allowed 
to enter the apparatus very slowly through a fine capillary 
tube of known dimensions by opening the tap G. The film 
between A and D is illuminated by a parallel beam of 
monochromatic light, and is viewed by a microscope at H. 
The time taken for a given number of circular fringes to 
close in towards the centre is observed, from which the 
change in pressure in the chamber E in a given time can 
be calculated, and the viscosity determined. 


Theory. In the case of a gas of viscosity 7 flowing through 
a tube of length l em. and radius a cm., the rate of flow is 
determined by the equation 

7a*( p, — p? 
P= ma" iod 1 ) 
where p, and p are the pressures of the gas at the two ends 
of the tube, and v, is the volume of the gas flowing through 
the tube per sec. at pressure p. 

If S 2 combined volume of the vessel E and of the 
pressure-gauge D, p, the pressure of the external atmosphere, 
and T the time taken for the pressure inside the apparatus 
to rise from p to ps, it has been shown that * 


ge hip un 


2)" *pa—p a 16n/S° 
Write P3 = Pitpys 
! f rp 
then log, (1 $ p -) A log, ese "n ) = 2 Lpa 
2 pit pe pe— pn eyls 


where pi’, corresponding to the disappearance of a given 
number of fringes for light of wave-length A, can readily be 
calculated from the formula 
, 256EPNX 
hoc am? 
for a plate ef radius R, thiekness t, and Young's modulus E, 
which is clamped at the edge. Several sets of observations 
were made for various values of pi, the initial pressure 


inside the apparatus, which can be observed quite accurately 
with a eathetometer ; the results are tabulated below. 


* Searle, Camb. Phil. Soc. vol. xvii. Part 2, p. 183. 
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SERIES I. 
Length of capillary tube — 61:6 em. 
Barometric pressure = p;— 75:89 cm. 
Temperature = 18?:5 C. 


| N — number of fringes : T — time taken for N | 
Pa= Pi. | that disappear. fringes to disappear. | 
| | 
i 10 33:6 sec. 
i 20 68 » 
af on): 30 1005 ^ 
40 1307 ,, 
| S "M 
| 10 30 , 
: 20 ro ' 
| 22] cin. 30 | 1093 7 [ 
| 40 | 147 ,, | 
| ee MEM | 
| | 
| | 10 43 y, | 
20 87 n | 
18:1 em. | 30 | 130:5 i 
l 40 | 1739 ,, | 
Fig 
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When N is plotted against T as in fig. 2, a straight line 
relationship is indicated. 
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In a second series of experiments, the time taken for a 
given number of fringes to disappear for different initial 
pressures is observed ; the results are given below. 


Serres II. | 


Volume of reservoir E and chamber B = 4,800 c.c. 
0 = 18? 5€. N = 10. 


lo (1 ft) 
ponen | “Oring to | piman] A Pt, 
disappear. —log, (1- Pv ). 
Pa Pi 
28-0 sec. 06310 
29:5 ,, ‘06631 
313 ,, 1:49 07023 
336 ,, 07585 
360 , 08104 
39-0 ,, 08818 
43°0 ,, 09670 


TTT 
ool "4 
LEELA 
" 
ULT 
P 
HAU 


*06 
20 22 24 26 28 30 32 34 36 44 46 


. Columns 2 and 4 of the above table have been plotted in 
fig. 3, and a linear relationship between the quantities is in- 
dicated. The best fitting straight line through the observations 
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gives a mean value for 


/ y ! 
log. (1 bois )- log. (1— i) 

P3 t n p — [A I 4l. 

T ~ 4406 
The radius of the tube is found in the usual way by 
inserting a thread of mercury and finding its length and mass. 
The mean value of the viscozity of air, under the conditions 
of the experiment, is now easily deduced and is found to be 
1-811 x 10-4 dyne per em.? per unit velocity gradient. 
This is in very close agreement with determinations by other 

methods. 


Finally I wish to thank Mr. A. Hare, B.Sc., for his 


assistance while carrying out the investigation. 


V. The Shape of the Capillary Curve formed between a. Flat 
Glass Plate and a Uniform Circular Cylinder, and the 
Accurate Determination of the Surface Tension of Liquids. 
By J. E. P. WAGSTAFF, M.A., Lecturer in Physies at the 
University of Leeds *. 


Introduction, 


N the determination of surface tension by means of a 
capillary tube, one of the difficulties is the accurate 
measurement of the diameter of the tube at the point to 
which the liquid rises. Such measurements are always open 
to considerable inaccuracy. In the following paper I have 
attempted to eliminate this source of error by forming tlie 
meniscus between a uniform = circular evlinder containing 
liquid, and a plate dipping into the liquid and cutting the 
cylinder along two generators. The problem then resolves 
itself into the determination of the diameter of a wide tube 
(say 5 era.) and of the width of a plate (say 2 em.). More- 
over, the method permits of a number of observations being 
made on the same liquid during one experiment, and from 
these the value of the surface tension can be accurately 
determined. 
Description of E:periment. 
A plate and a thin-walled circular cylinder, of uniform 
section, both of glass, are first carefully cleaned by washing 
with potassium dichromate and concentrated sulphuric acid, 


* Communicated by the Author. 
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and rinsing with distilled water. The cylinder, containing 
the plate, is then placed on a levelling-table. The liquid 
under observation is then introduced into the cylinder and 
the plate is pressed against the wall of the latter so that its 
edges are vertical, by means of two small glass rods with 
rubber tips inserted horizontally between the plate and the 
opposite wall of the cylinder. This is insured bv viewing 
the plate through a microscope with a vertical travel, making 
a scale-division in the eyepiece coincide with the edge of the 
plate, and adjusting the screws attached to the table until 
the scale-division coincides with the edge at all heights. The 
measurements are made by means of a travelling microscope 
having a vertical movement which rests on the bed of a 
measuring machine capable of horizontal motion. 


Theory. 


Let the curved surface ABEDCF be a portiou of the 
cylindrical vessel of radius R, and ABCD the glass plate of 
width 2a which intersects the cylinder along the generators 
AD and BC, and suppose that the bottom of the meniscus of 
the liquid confined between the plate and the cylinder assumes 
the shape QSPR as indicated in fig. 1. Take a system of 
rectangular axes at a point O, the intersection of the line GH 
joining the mid points of AB and CD with the level of the 
surface of the liquid in the outer vessel, such that OY lies 
along HG, and OX is in the plane of the plate. Supposing 
the principal radii of curvature at P(7,y;) are Ri and Rə, 
R, being parallel to the plane of the plate, the difference of 
pressure p between the two sides of the meniscus is given 


by 


41,1 
p=ypg=T (qe ta) 


for a liquid of density p and surface tension T. Neglecting 
l. zx l | 
p, P comparison with a, 

1 


2 R 


T 
I =, 
PI R, | 
The equation of the normal to the meniscus at P is 


cei 
Zo tang’ 
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and the distance from P of any point T (z, y) on this line is 


"n a , Qu 2 
TP?2 (x=) + (yy) = on Ts 
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Let z be the distance between the two glass surfaces at S, 
and z the corresponding distance at T, then 


(zo — z) (2R —z, 4 z) euo e.> e o 5. œ (II.) 
and z4(2R — 2,) =a’. . e . 2 œ (IIL) 


Moreover, if TP is the depth of the section of the surface of 
the meniscus at P, by a plane through TP drawn perpen- 
dicular to the plane ot the figure, 


TP=R,(1—siny) and z=2R, cosy, 


where y is the angle of contact between glass and the liquid. 
In the case of water and glass Y — 0. 


Thus (co —2R,)( 2R — z, + 2R,) =2? for p=, 


T 
and R, 719. 


Rs 


Bee? of mco BE use 
Substituting for R,, and writing a =k, 


K K K sin 6)? 
eS 2R —: =)=( e ) e 
(^ »X d yı a 2y, : 


Inserting Pu 


l1 1 1 1 K sing | 
(1-36. -:3)- 6-55) 
Jo Yı Yo 2] d 2A ) 


which is the equation of the projection of the bottom of the 
meniscus between the two surfaces on the plane :=0. This 
equation suggests a method of determining T. The quan- 


6 K 1 . bd 
tities K (- m and ny are small in comparison 
Jo Yı 2yi 


with 2R and «x, respectively, so that an approximate value of 
K will be sufficient to estimate these terms, This approxi- 
mate value of K is given by 


K = 4090, 


where z(2R — 29) =a?. 

The angle $ is measured directly from the graph showing 
zı for different values of y, (vide fig. 2). In practice 2. is 
observed at different heights y,. If now, in the case of any 
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liquid, | 
( 1 —~)(2R-K E x |) 
Jo Yı Yo Yı 


be plotted against 
Q-K ay 
Xi 2y, , 
the points obtained are found to lie on a straight line as 


indicated by the theory, and the slope of this line gives the 
surface tension. 


Fig. 2. 


Several sets of observations have been taken for different 
liquids. Tabulated below are the results obtained with 
distilled water at 18? C. 


Digitized by Google 
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TABLE I. 
2a =17°6765 mm. 2R = 4726 cm. Yo =  :825 em. 
Approximate value of K = 1/7. Temperature of water = 18? C. 

| | —1 | | — E — | i (d i i | — K sin oV? | 
2x, (em.). x, (cm.). | y, (em.). we Ide, mee soe Vn rene $. "nr ns "ME (=- " D 
es UTERIS NE eH DPF DENEN, Pe een SONS. eR c US E EE | 
0 0 |y-85| 0 0 4/726 0 ! 0 : 0 | 0 T ! 
87898-13949 | 1-005 | 2171 | 03101 4695 1:020 | 409 | -04568 |  :39381 1551 | 
110583: 58202 | 1906 | 3823 | -05461 | 46714 1-785 a | 05458 | —-52834 "2790 | 
14959 | 71995 | 1705 | :6258 | 08940 46366 — ! 2:902 | 80? | 04198 | 67167 4512 | 
1:5265 , 76325 | 2205 | "7586 | 10837 | 46176 3:502 85° | 03227 | 73008 5343 | 
158408 79249 | 2705 | :8424 | -12034 ! 46057 3:881 87° | 02637 | 76612 5869 | 
162088. 81194 | 3:205 | -9001 | -12800 | 45974 4137 875^ | 00098 | 7808 (297 | 
L05108, 82599 | 3705 | 9421 | 13459 | — 45014 4-395 Lis annt cans 2 | 
L06808 -83404 | 4205 | -9743 | 13919 4-5868 4470 | n bk bi 2 i lj | 

168613 84307 | 4705 | 9903 | -14276 ' 45832 4581 o 895° | oisis : ban 

1:060725 84862 5:205 |1:020 °14571 4:5803 41:672 i 89.5o 01373 


"3480 28072 
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If 8 is the angle of. inclination of the straight line drawn 
through the observations (fig. 3), 


Tig. 3. 


Hence the surface tension of water at 18°C. = 74 dynes 
per em. 


VI. A Critical Review of Trouton’s Law, and its Appli- 
cability at the Triple Point. By asi Buusan Maui, 
M.Se.,. Research Assistant, University College of Science, 
Caleutta*., 


CCORDING to the well-known law propounded by 
yi Trouton, the ratio of the molecular latent heat of 
vaporization of a substance to the temperature of vaporiza- 
tion is a constant for all substances, and the value of the 
constant is approximately equal to 21. It was shown later 
that the Trouton law is applicable not only in the case of 
vaporization but also in the ease of fusion of substances, the 
value of the constant being of course different in. the latter 
ease, Hence, the generalized Trouton law may be expressed 
by saying that the latent heat of change of state of a substance 


* Communicated by Prof. Megh Nad Saha. 
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is proportional to the temperature of the change of state, and 
the ratio of the two is approximately the same for all 
substances provided the same kind of change of state is 
involved. | 

By considering the case of a large number of simple 
substances, Nernst* has shown that the original Trouton 
law for vaporization does not hold generally, and he there- 
fore connects the latent heat of vaporization with the 
temperature of vaporization by an empirical formula of the 
type 

MA 


"à = A log 0 — B6, 


where A and B are constants. 
The object of the present paper is to examine critically the 
validity, and the theoretical foundation, if any, of the 


Trouton law. It is obvious that the quotient 7 denotes 


Molecular Change of Entropy during a discontinuous 
physical change. Thus, if we confine our attention to the 
phenomena of vaporization, we have 
MA _« S 
6 cp hee 
where S= gram-molecular entropy of the vapour phase, and 
S- gram-molecular entropy of the liquid phase. 

The value of the quotient is generally calenlated at the 
luiling-point, i.e., at the temperature at which the substance 
bils under a pressure of one atmosphere. Now, this par- 
ticular pressure is a totally artificial point. It has no 
physical significance such as the triple point, the critical 
pint, or the inversion point has. It varies enormously 
with the external pressure, while the latent heat varies 
neither in the same direction nor to the same extent. Thus, 
lt us take the case of water. We calculate the Tiouton 
quotient for water boiling under different pressures. 


P. B.P. Latent Heat. Trouton Quotient. 
416 mm. 0? C. 606°5 40 
T60 mm. 100°C. 535:9 35:0 
20950 mm. 230? C. 446 16 


* W. Nernst, Wärme Satze, p. 117. 


96 Mr. S. B. Mali: Critical Review of Trouton’s Law, 


At the critical point the Trouton quotient becomes zero, 
beeause the latent heat vanishes there. Thus, the Trouton 
quotient varies from 0 to 40 as we pass the range downwards 
| from the critical point to the triple point. 

An attempt has been made to show that the Trouton 
quotient may have the same value for all substances, when 
we caleulate it at the corresponding temperatures of these 
substances. Guldberg * and Guye f tried to show that the 
boiling-point under atmospheric pressure is two-thirds of the 
critical point for many substances, which, if true, would 
afford a theoretical basis for the Trouton law. But unfor- 
tunately the relation is very rough as the following table 
shows. 


Substancet. Critical point in Boiling-point in Quotient. 


absolute temp. absol. temp. 
Ethylether | ................. 466-8 307:6 0°66 
Ethyl aleohol.................. 516:1 30 lt 0°68 
Ammonia oo... eee cece eee eee 405°53 240 0:59 
Argon  ....... —— 152 86:9 001 
Benzol sisi one RE 561:5 35033 0:63 
Bromine  ..................... 5752 33 L6 0:58 
Hydrobromie acid............ 364-3 204:5 0:56 
Chlorine .................. 419 306:7 0:73 
„Chloroform  .................. 531:8 3342 0:63 
Hydrochloric acid............ 321 190 0:59 
Carbon dioxide ............... 304 19558 061 
Methyl alcohol ......... sta 913 3977 0°66 
CNN Bel Ag dores edges Um 155 90:1 0:58 
Sulphuretted hydrogen ... 3i44 213 0:57 
Sulphur dioxide.. ..........7. 430 263 0:61 
Nitrogen -icsbdecies ers ins 126°5 71:33 0:61 
Water 2222. 647 373 0:58 
Hydrogen ...................-. 32 20:22 0:603 


It appeared to the present writer that the Trouton quotient 
might be found to be constant at the triple point. But 
caleulations which are given below do not support this view. 
The triple point is ouly slightly different from the melting- 
point, therefore the data at the latter point have been used 
throughout the calculations. We can calculate the latent 
heat at the melting-point from that at the boiling-point with 
the aid of these data, making use of Planck’s equation 


dL, „dP 8(V,— V») 
f Tn TO) T Tp gp. 


* Guldberg, Zeits. Physik. Chem. v. p. 374 (1890). 
T Guye, Bull. Soc. Chim. iv. p. 262 (1290). 
1 Landolt and Bornstein, T'abellen, pp. 439, 190, and 373. 
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The last term on the right-hand side is approximately 
equal to : provided we neglect V, in comparison with V, 
and apply the perfect gas laws. Then 
dL ,. 
dT = Cp, — C», 
and 
Ly Ls — (Cp, —Cp,)(Ts—Tm) approximately, 


where 


Lu = gram-molecular latent heat at melting-point, 

Lg =gram-molecular latent heat at boiling-point, 

Cp, = gram-molecular specific heat of the vapour phase, 
Cp, — gram-molecular specific heat of the liquid phase, 
Ts =temperature of boiling under one atmosphere, 

Ty =temperature of melting. 


The results of calculation for a few simple substances are 
given in the following table :— 


Ly- 

Substance *. Ly Cp 1 Cp; Tp. Ty. Ly. Ty. 
Nitrogen ...... 1363 64 133 77° K. 6295 K. 1434 23 
Hydrogen .. 229 8 437 2094K. 14°K. 2378 17 
Argon ......... 1501 3 10:5 879 K. 85? K. 1516 18 
Oxygen ...... 1640 7 1274  909-1K. 64° 23K. 1846 34 
"Water ......... T ee de as 273° K. 10917 40 
Bromine ...... 6960 845 1616 331°6K. 2059 68K. 7462 28 


It thus seems to be fairly well-established that there is no 
particular point of temperature at which the Trouton law 
hold. Neither does the law seem to have any theoretical 
significance. The fact that the law approximately holds 
good for a few selected substances when the vaporization 
considered is under one atmospheric pressure is of the nature 
of an accident, rather than of a law. 


* Eucken, Ber. d. Deut. Phys. Ges. xviii. p. 4 (1916); W. Nernst, 


Warme Satze, p. 117. 
Lendolt and Bórnstein, Tabellen, pp. 185, 750, and 190. 
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VII. Cathode Disintegration. By The Research Stafi of 
the General Electric Company, Ltd., London * 


Summary. 


HE disintegration of a tungsten cathode struck by 

positive ions of various gases at various speeds has 

been investigated by using as the disintegrated cathode the 
** grid " of a triode. 

(1) The rate of disintegration is independent of the 
temperature of the cathode. 

(2) It increases regularly with the energy of the positive 
iens and is appreciable when the energy does not exceed 
greatly that required to ionize the gas. There is no 
irregularity in the neighbourhood of the normal cathode 
fall. 

(3) It varies with the nature of the gas. The gases 
havea pen’ could be arranged in the following se a of 
increasing rate of disintegration :—Hy drogen, helium, 
nitrogen, neon, mercury vapour, argon. 

No theory of disintegration is offered at present, for the 
results are professedly preliminary. But itis suggested that 
the facts as they stand throw some light upon unsettled 
problems of the unsupported electric discharge. 

Incidentally some observations of the disappearance of the 
gas in the discharge are recorded; and it is pointed out 
how well the loss of mass of a wire may be measured by 
means of its decrease in conductivity. 

Conclusions 1, 2, 3 confirm those of a more limited 
investigation described by Kingdon and Langmuir in a 
paper published since this work was completed (Phys. Rev. 
vol. xx. p. 107 (1922)). 


Introduction. 


l. Our knowledge of cathedic disintegration f is based 
chiefly upon experiments made on the unsupported discharge 
between cold electrodes. It has been established that 
with the same cathode in the same vas, the rate of disin- 
tegration is proportional to the current and increases with 
the cathode fall ; so long as the cathode fall is “abnormal ” 
the pressure of the gas is ‘important only in so far as it affects 


* Communicated by the Director. 

t The work published before 1912 is summarized by V. Nollschiitter 
(Jahrb. d. Rad. u. Elek. vol. ix. p. 855 (1912)). References will there- 
fore be only given to work subsequent to that date. 
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these two factors. In general the loss of mass with the same 
current and the same cathode fall increases with the 
molecular weight of the gas and the atomic weight of the 
metal, The relation between the disintegration and the 
electrical conditions obviously suggests that the action is 
dne to the impact of positive ions on the cathode and 
increases with their speed; but since there is as yet no 
complete theory of the cathode fall, it is impossible to 
translate in detail information about the effect of change of 
cathode fall into information about the effect of change 
of speed. Further, there are certain anomalies shown hy 
the inactive gases ; argon and, to a lesser degree, neon are 
known to be peculiarly active in promoting  disintegi “ation 
When pure, while the disintegration is very greatly reduced 
if they are mixed with very small traces, less than 1 per 
cent., of the common gases * ; even mercury is effective in 
reducing the disintegration, although its molecular weight 
is high. Now the inactive gases have peculiarly low normal 
cathode fall; it is uncertain whether their peculiarity in 
causing disintegration is due to a peculiar relation between 
La of the ions and the cathode fall, or whether it is really 

a peculiarity in the disintegration due to ions of a given 
speed 

These difficulties in interpretation are made much less 
serious 1f a form of discharge is used for which a more 
complete theory is available. Such a discharge may be 
obtained in a triode with thermionic cathode. The current 
to the grid, when the grid is negative to the cathode, is then 
a measure o£ the number of positive ions arriving at it, and 
the speed of the ions arriving is related comparatively simply 
to the potentials of the electrodes. No experiments on the 
disintegration of the grid in such a vessel appear to have 
been undertaken. The measurements described in this 
paper show that it is a powerful method of investigating 
disintegration. The results presented here are merely 
preliminary, but they are sufficient to indicate the scope of 
the method and to show that the study of disintegration may 
throw some light on the still unsolved problems of the 
unsupported discharge. It is because they open up several 
lines of research in which a knowledge of the laws of dis- 
Integration could be used to investigate other problems— 
lines which we may not be able to follow up ourselves 
immediately—that we give an account of our experiments in 
tliis stage. 

* J. Pintsch, Brit. Pat. 155783 ; D.R.P. Dec. 12, 1917. 
H 2 
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Experimental Methods. 


2. The discharge vessel employed in these experiments is 
shown in fig. 1. The cathode K is a tungsten spiral heated 
by a 6-volt battery, the anode À a nickel plate. (It would 
doubtless have been better to use a metallic coating on the 
inside of the bulb as anode, but as many observations had 
been made before this was realized, the apparatus was not 
changed.) The grid G is a close spiral of fine tungsten wire, 
such as is used in gas-filled lamps. The diameter of the 
wire was '05 mm., of the spiral :24 mm. The vessel was 
connected through a liquid air trap to a high vacuum pump, 


Fig.1 


a McLeod gauge and apparatus for filling and purifying the 
gases used. A and G were connected to the outside 
terminals of a potentiometer, between which a potential V, 
was maintained by a battery or generator ; K was connected 
to the movable contact of the potentiometer so that its 
potential relative to A (Va) and relative to G(V,) could be 
varied. 

A microammeter, shunted if necessary, could be inserted 
alternatively either in the grid or anode circuits, so as to 
measure the current i, flowing to the grid, or the current ta 
flowing from the anode; 7, was from 2 to 2:0 x 107*amp. ; 
i, from 15 to 200 times 1,. 

3. To determine the loss of mass of the wire its resistance 
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was measured. This method has often been used before for 
determining the thinning of a wire *, but it does not seem 
to have been pointed out how satisfactory it is ; it is fairly 
accurate even if the diameter is not reduced by the same 
amount at all points along its length. If r is the radius of 
the wire at distance x from its middle point, p the density, 
c the specific resistance, l the length, m the mass, R the 


resistance, and € the conductance, we have 


Y i) 
2 2 c 
m = paride ; R prias — 3 dæ. . " . (1) 
l ITT 
T2 E. 


If r is constant, 


mR=mC=poP? . . . . . (2) 


If r varies, but varies symmetrically on both sides of the 
middle (as is the ease here and in many other examples), 
we may write 

r=rj(Ltar+but+...), .... (3) 


and, as a first approximation, neglect powers of æ higher 
than the second. 
2]4 


so that if the correcting term in (3) for the extreme ends 
IN. 
(75) is as great as 4, that in (4) is less than ła- 


Aecordingly when, as in these experiments, we are dealing 
with changes in resistance the greatest of which never 
reaches 25 per cent. of the original resistance of the wire, 


we may assume that C does not vary by more than 1 per 


cent, and write with that degree of accuracy 
din z my, . dC, -—— n 


where my and C, are the original mass and conductivity. 

In order to be as free as possible from temperature 
Variations, the grid was balanced in a bridge against a 
similar spiral in a similar vessel through which no discharge 
was ever passed. ‘This spiral was taken throughout as the 
unit of resistance and conductivity ; its resistance at 18? C. 
was about 10 ohms, but it does not need to be known 
accurately. For if we measure in terms of this standard 


* E. g. I. Langmuir, Phys, Zeit. xiv. p. 1273 (1913). 
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the conductivity C' of various lengths of the wire of which 
the spirals are made and the corresponding mass m’, we 
shall find m'/C'2 constant « (say). Then in (5) ` 


| a : 
m iC = 7x9 e . $ (6) 

0/ ^0 VE D 
and dm= =. dC, m oum we SR ue 7) 


C 


whereby dm is determined in grams by means of measure- 
ments of conductivity in terms of the arbitrary standard. 
For the wire and the standard used in these experiments, 
a was ‘0216 when m is expressed in grams.- Cy was nearly 3. 
(The standard spiral was about 3 times as lene as the grids, 
being a survival from an earlier type of discharge vessel, 
which had been abandoned before these experiments were 
undertaken.) A change in conductivity amounting to 
1/1000 part of the standard or 1/3000 part of the grid in its 
initial condition could be detected ; this corresponds to a loss 
of weight of about ‘0024 mgm. The method is therefore 
sensitive as well as accurate. 

Owing to the residual changes of conductivity with 

temperature which were not completely eliminated, the 
possible error in an estimation of the loss of mass increased 
with the duration of the experiment and with the consequent 
chance of change of temperature. An apparent decrease in 
conductivity of 1 in 1000 occurring during an experiment 
lasting an hour might be dueto change of room temperature ; ] 
the shortest posxible experiment lasted 20 minutes, which 
was the time that the vessel took to cool after being heated 
by the discharge. Accordingly there was a limit to “the rate 
of disintegration which could’ be’ measured with accuracy, 
and the estimates of very slow rates, such as those character- 
istic of hydrogen, were unreliable. The values given for 
hydrogen or heliam may possibly be in error by as much as 
90 per cent. ; but since this source of error is absolute and 
not relative, the probable error of this nature with the 
remaining gases is not more than 2 or 3 per cent. It will 
be seen in the curves given below that the points vary from 
the mean line by a ‘far greater amount than this. This 
variation is not mere experimental error in making the 
measurements ; the larger discrepancies are due to some 
real yariation in the rate of sputtering, the cause of which 
is not yet completely understood. 

The limit of accuracy of the conductivity measurements is 
set by the heating of the grid and standard by the measuring 
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current: when the discharge vessel is evacuated, a heating 
current of 1 ma. changes the resistance by 2 or 3 parts in a 
thousand. While the grid and standard are of the same 
diameter this effect is largely compensated, but after disin- 
tegration has proceeded for some time the compensation 
becomes imperfect. Another source of error lies in the leads 
which. in the arrangement adopted, had a resistance of about 
] per cent. of the standard. Since these various sources of 
error would have made the absolute values of the loss of 
mass uncertain to 5 per cent., and since none of the con- 
clusions drawn depend upon absolute values, the work of 
reduction has been reduced by assuming C, the same for all 
grids. The absolute values of the loss may thus be in error 
bv as muchas 20 per cent., but the relative values in different 
experiments are correct to within 1 or 2 per cent. 

4. As might be expected, all observations showed that, 
when the nature and pressure of the gas, the condition ot 
the grid, and the potentials between the electrodes were 
unchanged, the loss of mass was proportional to the total 
quantity of electricity carried to the grid, i. e. n igdt, where 
T is the time of the discharge. It is therefore convenient to 
express the disintegration, as loss of mass per coulomb of 
grid current. An even more convenient metliod of ex- 
pression is by number of atoms of tungsten lost per positive 
lon striking the grid. The disintegration S expressed in 
this manner is given by 

e dm 


ur fie EE (8) 


where mw is the mass of the tungsten atom (at. wt. 184) and 
e tlie charge of an ion. Therefore 


dm 
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But one source of uncertainty should be noticed. It is 
here assumed that all the current i, is carried by positive 
lons; the current carried by the electrons liberated by the 
impact of the positive ions is neglected. Experiments are 
not available to estimate the fraction of the currents carried 
by these electrons, but there is good evidence that it is a 
small fraction. Cheney * found that the ratio of the electron 
to the positive ion current for a platinum cathode struck by 
Li. K, or Rb atoms with energies corresponding to a few 


* W. L. Cheney, Phys. Rev. x. p. 335 (1917). 
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hundred volts never exceeded 0:1. The fraction apparently 
increased as the atomic weight of the metal struck decreased, 
but, since for Al it was only about twice that for Pt, it 
would not be much greater for W than for Pt. If the 
fraction were independent of the nature of the positive ions 
and of their energy, the only effect of the secondary electron 
emission would be to make the apparent value of S smaller 
than the real value in a constant ratio; but as this condition 
is not fulfilled, the relative values of S estimated from (9) 
may be somewhat in error. However, it seems legitimate 
to conclude that this source of error will not invalidate such 
conclusions, mainly qualitative, as are to be drawn here. 

9. The adoption of the form of discharge vessel shown in 
fig. 1 does not wholly remove the uncertainty concerning 
the speed with whieh the positive ions strike the metal 
which they disintegrate; for the ions are produced through- 
out the volume of the vessel and the speed with which they 
reach the grid will depend upon the potential relative to the 
grid of the place where they are formed. But if the 
pressure of the gas is so low that the mean free path of the | 
ions is greater than the dimensions of the vessel, the relation 
of this speed to the nature of the gas and the conditions of 
the discharge will be comparatively simple, and probably 
much simpler than it is when the discharge is unsupported 
and the ions are travelling to the cathode through an 
abnormal cathode fall. For if the thermionic current is 
saturated (as it always was in these experiments) and the 
"space charge" neutralized, the distribution of potential 
throughout tho vessel will be determined almost wholly hy tlie 
geometrical form of the electrodes and of the walls. Further 
if collisions of the ions with molecules are rare, the speed of 
an ion reaching the grid will be simply that corresponding 
to the difference of potential between the grid and the place 
where the ion was formed. The distribution of these places 
will be almost independent of the nature and pressure of the 
gas, since, apart from small differences due to differences in 
the ionization potential, it will depend on the chance of an 
eleetron colliding with a molecule. Accordingly the mean 
energy of the ions reaching the grid should be independent 
of the nature and pressure “of the g gas and of the thermionic 
currenti. 

In these circumstances, if the disintegration of the grid is 
determined by the number and energy of the positive ions 
reaching it, S should be independent of the pressure of the 
gas and the thermionie current ; it should be a function ot 
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V; and the nature of the gas. Further, measurements in 
different gases in the same vessel and for the same V, should 
be strictly comparable, for they will correspond to the same 
value of the mean energy. The only uncertainty in inter- 
pretation will arise from the fact that the relation between 
this mean energy and Vo, being determined by the geometrical 
arrangements of the electrodes, will not be known. 

6. It was important to determine at the outset whether a 
presure low enough to satisfy these conditions could be 
attained and yet the rate of disintegration remain large 
enough to be measurable. Examination of the characteristic 
of the discharge, and especially of the ratio of the grid to 
theanode current, suggested that the necessary conditions 
coud be obtained; but the most conclusive evidence is 
obtained by measuring the disintegration with the same V, 
at different pressures and different thermionic currents. 


` Pressure (mm) 


Fig. ? 


ie shows the result of one series of measurements at 
a erent pressures, the gas being a mixture of atmospheric 
eon and helium containing about 25 per cent. of the latter. 
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It will be seen that at pressures below *025 mm., S is inde- 
pendent of the pressure, while at higher pressures S decreases 
as the pressure increases. That result is completely in 
accordance with expectation, for at the higher pressures the 
ions will collide with molecules on their way to the grid, 
and the mean energy with which they arrive will be corre- 
spondingly reduced. Similar results were obtained in other 
gases; the pressure below which S becomes constant varies ; 
it is greater for gases with long free paths (H,, He) than 
for those with short free paths (Hg). All the measurements 
recorded below were made at pressures on the flat part of 
the curve. Again, many experiments were made to deter- 
mine whether S was independent of the thermionic current. 
It was suspected that there might be some dependence 
because the ratio lala decreased “somewhat aS ?q Increased. 
This variation of 7/1; is doubtless due to recombination. In 
a vessel such as that used, with electrodes of area small 
compared with that of the walls, it is known * that some of 
the electrons follow very long paths, in the regions of weak 
field, so that the opportunities for recombination are con- 
siderable. This recombination might remove chiefly the 
ions which, if they arrived at the grid, would have little 
energy : amid: cause little disintegration, so that an increase of 
S with i, might have been anticipated. But no evidence 
of a dependence of S on ior ia could be detected ; the 
proportion of the ions of given speed disappearing by 
recombination must be approximately independent of that 
speed. 

Lastly, it appeared that S was independent within wide 
limits of the potential of the cathode. Indeed V, was of 
very little importance from any point of view so long as Vo 
was constant; it could often be varied from 0:95 V, to 
0:5 V, without a variation of more than a few per cent. in 
ig Or i. l his independence of the discharge of the cathode 
potential is to be expected. For as long as the field at the 
cathode is sufticient to saturate, the thermionie emission 
la (which is always large compared with ij) will be inde- 
pendent of V,. A gain, since the field 1s intense round tlie 
cathode, and V, is large compared with the ionization 
potential, the volume within which the electrons have not 
yet vained the ionizing energy will be a small fraction of 
the whole volume of the vessel ; consequently the number 
of ions formed per electron will not vary rapidly with V,. 


* Rescurch Staff of G.E.C. Ltd., Phil. Mag. xlii. p. 230 (1921). 
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Results. 


i. When these preliminary matters were settled and the 
method of investigation proved reliable, the factors deter- 
mining disintegration could be investigated. 

First it was shown that the impact of positive ions is 
necessary for disintegration. If V, was negative, so that 
the grid acted as an anode, there was no disintegration 
whatever. Again when, as in the normal arrangement, 
V, was positive, and the grid deflected from the cathode all 
but a very small proportion of the ions, very little disin- 
teyration of the cathode occurred. Definite measurements 
of the disintegration of the cathode were not made, but, by 
working with the grid sufficiently negative, it was possible 
to remove one-half of the material of the grid betore the 
resistance of the cathode had increased by 1 per cent. 

Second, it was shown that S is independent within wide 
limits of the temperature of the grid. Comparative experi- 
ments, made first with the grid relatively cold (it was always 
heated by the discharge to about 200? C.), and then with 
the grid heated by a battery to about 1200? C., disclosed not 
the smallest variation of the disintegration with the 
temperature. Higher temperatures were not used, because 
when thermionic emission from tho grid begins, i, is no 
longer a measure of the positive ions striking it. S was 
smaller thanzthe normal for a newly inserted grid, but became 
normal as soon as surface impurities were removed. 

Third, the rate of disintegration was determined for values 
of V; up to 700 volts in the following gases :—Hydrogen, 
helium, nitrogen, atmospheric neon-helium mixture, mercury 
vapour, argon. The results are shown in figs. 3 and 4. It 
vas not possible to examine all these gases fully in a single 
vessel ; for before sufficient observations have been made 
the disintegration of the grid has proceeded too far. But the 
observations in two vessels, which are shown in the figures, 
include between them all the gases mentioned. It is not 
to be expected that the absolute values of S in the two 
vessels will agree, because (see § 5) the same value of V, 
Will eorrespond to different values of the mean energv, 
owing to slight differences in the distances between the 
electrodes, But the relations between the lines for the 
four gases which appear in both figures (Ar. Hg, Ne-He, He) 
are in general the same in each. Accordingly, the following 
conclusions seem justified :— 

(a) The relation between S and V, is approximately of 


~ 


i 
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the form 


S=a(Vo—Vo), ©.’ (10) 
where V, is not much greater than 100 volts. There was 
some tendency for the lines in figs. 3 and 4 to be concave to 
the horizontal axis, but as the observations were not 

Fig. 3. 


sufficiently accurate to determine the curvature the lines are 
drawn straight. 

S may be greater than à. Since Cheney (loc. cit.), who 
presumably mensured the current carried by charged atoms 
as well as bv electrons, found the ratio of the negative 
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particles leaving to positive particles incident to be less than 
0'1, it seems to follow that the metal particles are initially 
uncharged. In accordance with this view is the fact that 
there was no concentration of blackening round the anode. 

(b) If the gases are placed in order of increasing magni- 
tude for a given Vo, the series runs H,, He, N,, Ne-He, Hg, 
Ar, the difference between S for the two extreme numbers 
of this series being of the order of 100 to 1. 

Fig. 4. 
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Attempts were made to measure S for potassium vapour. 
The discharge vessel was thoroughly evacuated and sealed 
off from the pump with a small quantity of the metal con- 
densed on the walls; it was maintained in a small oven at 
about 100? C. in order that the vapour pressure of the metal 
might be sufficient to give a value of i, of the same order as 
that given by the other gases. The experiments are difficult 
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and have not yet been carried to a successful conclusion. 
As far as they have gone they indicate that S for potassium 

vapour is of the same order as that for nitrogen—much more 
than for He, and much less than for Ar. "This vapour was 
investigated because of the remarkable fact, discovered Ly 
the General Electric Company of America *, that a discharge 
giving a strong luminous glow with thermionic emission 
from a tungsten. cathode can be maintained in sodium vapour 
(and apparently other alkali metal vapours) for many hours 
without serious disintegration of the tungsten. 

Since they were using a pressure of the vapour of *05 mm., 
the disintegration due to the discharge would be somewhat 
smaller than that calculated from S and the potential between 
the electrodes, because the mean free path would not be 
large compared with the distance between the electrodes, 
and the ratio of the mean to the maximum possible energy 
of the ions would be low. But our observations (if they are 
confirmed) agree with theirs in so far that S for metals 
(Hg, K) appears to be very much less than that for inactive 
elements of the same molecular w eight. 

8. In view of the remarkable decrease of disintegration in 
the independent discharge through the inactive pases pro- 
düced by the addition of small traces of impurity (see p. 99), 
some experiments were undertaken on mixtures of argon, 
and of neon-helium with hydrogen and nitrogen. Quanti- 
tative measurements were difficult because the ‘hy drogen and 
nitrogen disappear in the discharge much more rapidly than 
the inactive gases, so that after the discharge has lasted a 
short time the composition of the eas has changed. But the 
observations were sutticient to show that the effect found by 
Pintsch is not reproduced in the conditions of these experi- 
ments. (We do not mean to imply the smallest doubt that 
it is obtained in the conditions which he describes ; indeed, 
we have been able to repeat all his observations.) Thus 
when 25 per cent. of H, was mixed with Ar, no certaiu 
decrease of S was produced ; the absence of any decrease 
was doubtless due to the fact that Ar molecules were ionized, 
owing to their greater diameter, rather than the hydrogen. 
Similarly a mixture of 1 part (Ne-He) and 2 parts H, gave 
a value of S about half that of the (Ne-He) mixture. This 
mixture was known to contain at least 1 per cent. of impurity, 
probably Ns, and yet removal of this impurity by means of 
charcoal and liquid air produced no increase in S, but rather 
a decrease—which was doubtless due te the fact that the 
eooled charcoal removed more of the Ne than of the He. 
The points for the impure gas are shown on fig. 1. 

* Brit. Patent 175032. 
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It was found that when a mixed gas was used, the ratio 
of S for the mixture to that for the pure constituents varied 
considerably with Vo The explanation is doubtless that the 
proportion of the two constituents which are ionized varies 
with Vy. This observation explains why the line for the 
Ne-He mixture in figs. 2 and 3 cuts the lines for the pure gases. 

J. The discharge which causes the disintegration is always 
accompanied by a decrease in the pressure of the gas; the 
gas disappears slowly, being absorbed in, or on the surface - 
of, the metal deposited on the walls. This disappearance of 
the gas has been described by us in some detail in earlier 
papers. The experiments of this paper were not well adapted 
for studying the process, since the volume of gas in con- 
nexion with the discharge vessel was large and the measure- 
ment of pressure not very accurate. But some conclusions 
which are just worth record were reached. 

The only gases which cau be compared in this matter are 
argon, neon, helium, and nitrogen ; for the disappearance 
of hydrogen is known to be anomalous, and that of the 
vapours could not be measured easily. Further, since the 
neon used was mixed with helium, conclusions concerning 
it are doubtful. It was found that the amount of gas 
disappearing per coulomb of positive ions reaching the grid 
was of the same order of magnitude whether the gas was 
neon-helium, helium, or nitrogen ; a factor of + or less will 
cover all three gases. Nitrogen probably disappears most 
rapidly and helium least rapidly. The disappearance of 
argon is notably less than that of these three gases ; indeed, it 
could never be established certainly that it disappeared at 
all It follows that the gas disappearing per unit mass of 
metal deposited on the walls is far greater for helium than 
for the other gases, since the mass per coulomb is far less. 
It appears therefore that the rate of disappearance is deter- 
mined by the rate of ionization of the gas rather than by the 
rate of deposition of metal ; the disappearance cannot bo 
explained simply as a trapping of the gas by the deposited 
metal. Probably the rate of deposition as important only in 
so far as it provides fresh surfaces to which the gus may 
adhere in the manner suggested by us in a previous paper *. 


Conclusions. 


10. The conclusion we would draw from these experiments 
is that the rate of disintegration S is a definite function of 
the nature of the positive ions and of their energy, increasing 
with the latter. There is no evidence that S is zero for any 


, * Research Staff of the G. E. C. Ltd., Phil. Mag. xliii. p. 914 (1922). 
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value of V, less than the ionization potential—for the pro- 
longation of the lines to cut the axis cannot be relied on— 
and there is no evidence of any exceptional change in S 
when V, is in the neighbourhood of the normal cathode fall, 
which varies from about 140 volts for Ne to 330 for Hg. 
Further, there is no immediately obvious connexion between 
S for a given V, and the other properties of the ion. In 
genera] S increases with the mass of the ion, as other 
workers have found, but the order of Ar and Hg, and (pro- 
bably) of Ne and K are exceptions. Again, the inactive 
gases appear especially active in disintegration, but here He 
is an exception. On the other hand, it appears that the 
metals may be especially inactive. These relations are very 
puzzling, and as yet we offer no theory to explain them ; 
the next step in developing an adequate theory of cathode 
disintegration must be to correlate the disintegrating power 
of an ion witli some other of its properties. 

But it is ulready possible to see that information derived 
from such experiments as these will throw light upon the 
problems of the unsupported discharge. Thus, in that form 
of discharge, the loss of mass hy disintegration per coulomb 
carried between the cathode and the anode is proportional 
to V—V’, where V is the potential between the electrodes, 
and V' of the order cf the normal cathode fall ; e. g. Kohl- 
schütter gives V’=495 volts for air. There is practically no 
sputtering so long as the cathode fall is normal. Interpreted 
in the light of our experiments, this must mean that with a 
normal cathode fall, either the current at the cathode is 
conveyed almost wholly by electrons, or, more probably, that 
the positive ions arrive at the cathode with energies far less 
than that corresponding to the normal cathode fall. 1t is 
only when the cathode fall is abnormal that the positive ions 
strike it with any considerable velocity. 

Again, the reduction of the disintegration with abnormal 
cathode fall in the inactive gases due to the presence of 
small quantities of impurity must mean either that the energy 
of the ions arriving at the cathode is reduced or that ions of 
the impurity, rather than of the inactive gas, carry the 
current to the cathode. Since mercury is as effective as other 
impurities, the first alternative seems the more probable. 

Generally, measurements of disintegration will enable a 
distinction to be made between current conveved by positive 
ions arriving at an electrode and by electrons leaving it. 
In the hope of applving the knowledge gained to such 
problems, we propose to carry these problems further, and, 
in particular, to get a more definite relation between S and 
the energy of the ions. s 
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VIII. On the Molecular Scattering of Light in Dense Vapours 
and Gases. By C. V. Raman, M.A., Hon. D.Sc., Palit 
Professor of Physics in the Calcutta University ; and K. R. 
RAMANATHAN, M.A., Demonstrator in Physics, Maharajah’ 8 
College, T rivandrum, and University of Madras Research 
Scholar *. 


1. Introduction. 


A is well-known, the theory advanced by the late Lord 
Rayleigh t explaining the blue light of the sky as 
due to the molecular scattering of sunlight has of recent 
years been amply confirmed by accurate measurements of 
sky-radiation and of the attenuation of the sun's rays in 
traversing the earth’s atmosphere, and also bv the laboratory 
experiments of Cabannes f and of the present Lord Rayleigh § 
which have demonstrated the scattering of light by dust-tree 
gases and shown that its magnitude is in agreement with 
the theory. Apart from its special application to the ex- 
planation of the blue light of the sky, the subject of the 
molecular scattering of light possesses very great interest, 
standing as it does in intimate relationship with the funda- 
mental "problems of opties, such as the propagation of light 
and the reflexion, refraction, dispersion, and extinction of 
light in transparent media. Its study has already yielded 
information which is of first-rate importance in testing 
theories of atomic and molecular structure, and promises to 
prove even more fruitful in future in the sane direction. It 
is also not improbable that the study of the problems of 
molecular scattering of light may serve to elucidate the 
nature of radiation itself, that is, to determine whether it 
consists of some form of continuous disturbance moving 
through space, as contemplated by Max well’s electromagnetic 
theory, or whether it consists of discrete entities or “quanta,” 
as conceived of by Einstein. It is proposed in this paper 
to consider the very important problem of the scattering of 
light in dense media, such as vapours and gases under high 
pressure, in which circumstances, as was pointed out by the 
late Lord Rayleigh himself, the ‘simple treatment proposed 
by him is not applicable. Fresh experimental evidence 
hearing on the subject will also be referred to. 


* Communicated by the Authors. 

t Phil. Mag. xlvii. pp. 375—334 (1899). Scientific Papers, vol. iv. 
p. 397. 

| Annales de Physique, xv. pp. 1-150. 

$ Proc, Roy. Soc. xciv. p. 453 (1918) et seq. 
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As a preliminary to the discussion of the problem of 
light-scattering in highly compressed gases and vapours, it 
is useful to recall very briefly the principles on which the 
case of gases under ordinary conditions was dealt with by 
Lord Rayleigh. Reduced to its essentials, the treatment is 
on the following lines :— 

The individual molecules in a gas through which the 
primary waves of light pass are regarded as secondary 
sources of radiation, each molecule acting more or less as it 
would in the absence of its neighbours. There is, of course, 
a definite phase-relation between the primary wave when it 
reaches a given molecule and the secondary wave emitted 
from it. Jn the direction of propagation of the primary waves 
the secondary radiations emitted by all tle molecules in a 
given layer are in identical phase, for the differences in the 
phase of the primary wave when it reaches different mole- 
cules are exactly compensated by the acceleration or retar- 
dation due to the scattered waves liaving to traverse a shorter 
or greater path, as the case may be. Jn other directions, 
however, owing to the molecules being distributed at random 
within the volume of the gas, the phases of the scattered 
waves do not stand in any invariable relation to each other, 
and hence, in order to find the average expectation of 
intensity of the scattered light emerging from within the 
gas, the antensities, not the amplitudes of the waves scattered 
by the individual molecules, should be added up. In all 
ordinary cases there is very little difference of phase between 
the primary wave reaching an individual molecule and the 
secondary wave sent out by it so far as the direction of 
original propagation of the wave is concerned. When, 
however, the effect of all the molecules contained in a stratum 
parallel to the plane of the primarv wave is integrated by 
the usual method of subdivision of the stratum into Fresnel 
zones, and the resultant is combined with the primary wave, 
a change of phase appears which may be identified as the 
retardation associated with the passage of waves through a 
refractive medium. A relation is thus obtained between 
the scattering power of the molecules, their number per 
unit volume, and the refractivity ef the medium. Thus, 
taking the light-vector i in the primary waves to be represented 
by Ry cos (wt — Le), where x is measured from the position of 
the scattering molecule, the vector in the scattered wave 
arising from it may be written as 


A, cos (et —lr)Ro sin 0/r, . . . . (1) 


Scattering of Light in Dense Vapours and Gases. — 115 


when r is the distance from the molecule and @ is the angle 

between the vibration at the origin and the scattered ray. 

On carrying out the calculations indicated, the relation 

obtained 1s 

4T? (uy — 1)? 
no € 


nå = . (2) 
where n, is the number of molecules in unit volume, X is the 
wave-length of the light, and yw is the refractive index of 
the gas. 7 
The energy scattered by. the molecules in the interior of 

the gas must be derived from the primary beam, and hence 
the intensity of the latter must suffer an attenuation as it 
passes through the medium. The coefficient of attenuation 
may be readily evaluated by a simple calculation of the total 
energy scattered by an individual molecule, and then multi- 
plying this by the number n, of molecules per unit volume. 
We thus obtain the intensity of the transmitted light to be 
IzI4^", where & the coefficient of attenuation is given 
by the relation 

92m? (u — 1)? 

VENERE e Ca LI . . ° (3) 


This expression for the attenuation coefficient may also be 
derived directly by a more accurate investigation, which 
does not neglect the small difference of phase between the 
primary wave and the secondary waves originating at a 
molecule. It is then found that on compounding the effects 
of the primary wave with those of the secondary wave 
arising froma stratum of molecules, there appears, in addition 
to the alteration of phase of the primary wave, also a smal] 
diminution in its intensity which is exactly that expected in 
view of the lateral scattering of part of the energy. 


3. Justification of the Principle of Random Phase. 


It will be seen from the foregoing that the Rayleigh law 
of scattering depends for its validity on the principle that 
the phases of the waves laterally scattered by the individual 
molecules are absolutely at random. This point is clearly 
brought out in the detailed analyses of the problem which 
have been given H. A. Lorentz * and by the late Lord 
Rayleigh himself t, and it appears that the necessary random 
character of the phases of the scattered waves can only arise 


* * Proc. Roy. Soc. of Sciences, Amsterdam, xiii. p. 92 (1910). 
t Phil. Mag. xxxvi. pp. 429-449 (1918). 
12 
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from a random urrangement in space of the molecules under 
consideration. If we deny the random character of this 
distribution of phase of the scattered waves, we must also 
deny the applicability of Rayleigh’s law expressing the 
intensity of the scattered light in terms of the refractivity 
of the medium. The fact that even in a gas at atmospheric 
pressure there are about 10° molecules in a cube of the size 
of a wave-length of light, so that the scattered waves arising 
from adjacent molecules differ in phase by only 107? of the 
period, has been felt as a difficulty by some writers in this 
connexion. In fact, Larmor* has raised the question 
whether in view of this closeness of packing we are really 
justified in considering the phases of the individual scattered 
waves to be distributed entirely at random. It may be 
easily shown, however, that no appreciable deviation from a 
random distribution of phase, and therefore, also, from the 
Rayleigh law of scattering, can arise so long as the pressure- 
volume relation of the gas does not sensibly deviate from 
Boyle’s law. For, all that is necessary is that the chance 
that a given molecule finds itself in a specified finite element 
of volume should be a random one, that is, is sensibly un- 
influenced by the other molecules in the gas. This is true 
provided the total volume occupied by ail the molecules, or 
rather by all their spheres of mutual action, forms a small 
fraction of the total space in the containing vessel, which is 
obviously also the condition that the compressibility of the 
gas should not appreciably deviate from that given by Boyle's 
law. 

Larmor has made the suggestion t that Rayleigh’s principle 
of random phase is not correct in the form in which it is 
stated, but that the random character of the phases of the 
scattered waves when they reach the observer is secured by 
the Doppler eflect, due to the motion of tlie scattering 
molecules. The view he proposes is, in fact, that the phases 
of the scattered radiations emerging from the column of gas 
may be correlated at first, but after traversing 105 wave- 
lengths, or 50 ems., they would have become fortuitous and 
the energy-effects thus additive. Larmor’s suggestion is, 
however, not acceptable. For, if it were correct, we should 
find that the av greyate intensity of the scattered light should 
be small immediately after emergence from the column ot 
gas, that is, when it 1s observed within a distance of a centi- 
metre or two from the track of the primary beam, and should 
Increase at a greater distance from it. Such a result is 


* Phil. Mag. xxxvii. p. 161 (1919). ` 
t Loc. eit. 
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obviously quite inadmissible, besides being contrary to 
experience. The fallacy lies in. Larmor's assumption that 
the change of wave-length (Doppler effect) has an effect on 
the relative phases of the scattered waves, whereas in reality 
it has none. To make this clear, we may consider two 
neighbouring molecules A and B. The scattered waves 
originating ‘from them travel outwards with an identical 
velocity which is quite unaffected by any movements of 
these molecules. The phase-difference at any epoch there- 
fore remains unaffected as the waves move out, being exactly 
the same as when the portions of the wave- train. under 
consideration left the molecules. In other words, the phase- 
difference at each stage is exactly the same as if the molecules 
had remained fixed from the instant of emission of the 
seartered light. The scattering from any appreciable volume 
of gas would thus remain unaffected if all the molecules 
were assumed suddenly to be fixed in their instantaneous 
positions, and the Doppler effect due to their movement 
exerts no influence whatever on the observed results. 
Larmor’s suggestion, therefore, clearly fails, and we have to 
fall back upon the view already expressed that the princtple 
of random phase of the scattered waves rests upon the random 
character of the distribution of the molecules in space in a gas 
obeying Boyle's law. 


4. Application of Boltzmann's Distribution Law. 


It is clear from the preceding discussion that if the dis- 
tribution of the molecules of a gas or vapour in space is not 
a random arrangement, the intensity of the light scattered 
would not be given by the Rayleigh law, that is, would 
cease to be simply proportional to the number of molecules 
per unit volume. In the usual treatments of the kinetie 
theorv of gases, the molecules are conceived to exert forces 
on each other, and if the time during which the forces acting 
on any individual molecule are sensible forms an appreciable 
fraction of the whole time, the arrangement of the molecules 
would not be a random one. The influence of the molecules 
on each other would not then be negligible, and the energy- 
effects of the individual molecules could not be added up to 
find the total light scattered in the manner contemplated by 
the simple theory. It is, however, possible ie make a caleu- 
lation of the altered scattering power of the p: Let d(7) be 
the law of repulsive force between any two iur ules whose 
centres are at a distance r from each. other. By a suitable 
assumption regarding the nature of $(»), it is possible to 
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include in this function the cohesive or van der Waals’s forces 
which act when the molecules are not in collision with each 
other, and also the large repulsive forces occurring during 
actual impact. According to a well-known theorem due to 
Boltzmann*, the chance that two molecules find themselves at 
a finite distance 7 apart is less than the chance that they are 
ata very great distance apart in the ratio 


- ni. Q(rdr 
. x xe cx te ase, d) 


where $(r)dr obviously expresses the potential energy of 


: 
the configuration. The probability of groups of three, four, 
or more molecules being found at specified distances apart 
may be similarly expressed i in terms of the potential energies 
of the respective configurations, It we assume that ihe 
deviation from Boyles Taw is not very large, expression (4) 
will suffice to enable us to take into account the mutual 
influence of the molecules in determining their ordering in 
space. Consider a sphere of radius l drawn round the 
instantaneous position of a given molecule as centre. If n be 
the whole (actual) number of molecules in the volume of the 
gas or vapour, the number to be expected within this sphere 
of volume fT is 


l —-l(" gdr 
l A .4rr? dre zu . (5) 
0 


where A is a constant to be presently determined. Inte- 
grating by parts (5) reduces to 


A EZ T = pr "UE 37 $(r) )dre . (6) 


To enable this expression to be reduced, we will assume 
that the force $(r) between two molecules vanishes sensibly 
when rz c, where æ is the range of molecalar action. The 
expression (6) then reduces to 


E(r)dr ES b Md l 


-0 


4 A ('* : T w podre 
A a! shy dar d(r)dre KT E (1) 


provided (So. When / is very great, the first term in (7) 
will be very large in comparison with the second, and since 
(7) must then vive the total number of molecules, we find 


n 2 AES 
at once Acc. We may denote the integral in (7) by C; 


* Vorlesungen über Gastheorte, IT. See also Jeans’ ‘Dynamical Theory 
of Gases, 3rd ed. p. 132. i 
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and putting l=o, we find that, on the average, the number 
of molecules which we may expect to find within the sphere 
of action of tlie specified molecule is 


n 4 3 NM, 
—. z NO 


23 -zagr 500000 0 
and is thus smaller than the number corresponding to a 


random distribution of the molecules by Ee (If C be 
negative, the number will be greater.) A 

In order to evaluate the intensity of the scattered light, 
we may now apply the general method developed by the 
late Lord Rayleigh *. The disturbance due to the scattered 
waves may be represented by the summation 


XZcos(pte) . . . . . . (9) 


where e, represents the phase of the scattered wave arising 
from a molecule and is easily expressed in terms of the 
position of the molecule and the directions of the incident 
and scattered rays. The intensity of the scattered light is 
obviously represented by 


[cos e+ cos e+ cós e 4- ....]? 
+ [sin e + sin e+ sine; ....]* 
—n422Zcos(eq—e€),.. . . . . . . (10) 


where 2n is the number of molecules and the summation 
È cos (€,—€,) has to be made for all the 1n(n— 1) pairs of 
molecules contained in the volume. For a random distri- 
bution, X cos (e}— ez) vanishes, as has been shown by Lorentz 
and by Rayleigh. In the present case, the distribution 
differs from a random one in that the average number of 
molecules present within the sphere of action of a molecule 


is smaller by = Ty The summation indicated in (10) will 


not therefore reduce to n simply. Since the radius of 
action ø of the molecules is much less than the wave-length 
of the light, the value of (e, —€;) for the missing molecules 
may without appreciable error be taken to be zero, and hence, 
when the summation is carried out for all the molecules in 
the volume v, (10) will reduce to 


n C 
(1-75. sen). eo lS à . (11) 
* Phil. Mag. xxxvi. pp. 429-449 (1918). 
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From this it is seen that if C be positive, the intensity of 
the scattered light is less than that given by the Rayleigh 
law, while if C be negative, it is greater. 

In order to interpret the result contained in (11), we 
notice that the integral in the second term of (7) which we 


» 
have denoted by C when multiplied by 2 represents the 
virial function for the gas or vapour. The virial equation is 
in fact simply * 


In? 
peaRT4 = >C. cvs x xc LQ) 


By differentiating (12), the compressibility 8 of the gas 
or vapour may be written as 


Po sd” Bn T E. ve (13) 
v v air) 


v n C 
= kr- RTh - Bt ge Ss ae E 


to the same degree of approximation as used previously. On 
comparing (14) with (11), it is seen that the intensity of 
the light scattered per unit of volume, instead of being pro- 


portional to ^ as required by the Rayleigh law, is propor- 
tional to 


n? 


a Ee ur a @ ee a 


and thus varies directly as the absolute temperature, the 
square of the density of the substance and its compressibility. 


In the case of a gas obeying Bovle’s law, B= ; and pr=nRT, 


n 
and (15) becomes simply — in agreement with the Rayleigh 
law. j 


5. The Theory of Density Fluctuations. 


The result deduced by us in the preceding section from 
the principles of the kinetie theory for the case of moderately 
compressed gases agrees with the general formula obtained 


* This agrees with Keesom's approximate equation of state, containing 
only the first two terms in the expansion of the virial function. Proc. 
Roy. Acad. Sciences, Amsterdam, vol. xv. p. 204. 
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in an entirely different manner by Einstein * in developing 
an explanation given by Smoluchowski t of the phenomenon 
of opalescence exhibited by fluids in the vicinity of the 
critical state. Hinstein’s reasoning is of a very general 
character and makes no use whatever of the molecular 
hvpothesis. It is based on the following train of ideas. If, 
in the condition of equilibrium, the medium is conceived of 
as a completely uniform homogeneous system, there can be 
no scattering of the light-waves passing through it. Actually, 
however, as Smoluchowski showed from thermodynamical 
considerations, the density of the substance must vary from 
point to point, and also fluctuate from instant to instant, the 
density as measured by our ordinary appliances being merely 
a statisticalaverage. Hence, in framing the electromagnetic 
equations, the dielectric constant (w hich is assumed to vary 
with the density in the manner contemplated by tlie Lorentz- 
Mossotti formula) must be regarded as varying from point 
to point, and the solution of the equations for wave-propa- 
gation contains, besides the regularly transmitted waves, 
also an opalescence radiation which is a volume-effect and 
represents the scattered light resulting from the local 
inequalities of density. Trinstein's treatment naturally 
therefore falls into two parts: firstly, the determination of 
the magnitude of the fluctuations of the dielectric constant 
for the elements of volume, secondly, the calculation of the 
opalescent radiation. 

The magnitude of the density-fluctuations is calculated by 
Einstein in the following manner :—Boltzmann's well-known 
thermodynamical principle connects the entropy 5 of a 
system with the probability W to which the entropy 8 
relates by the equation 


S=R log W +constant, . . . . (16) 


where R is the gas-constant. Einstein points out that the 
entropy S of the whole systeg does not completely define 
the physical conditions of the small individual parts of the 
svstem at any instant, and hence (16) should be understood 
as referring to an ensemble of different possible conditions of 
the system in each of which its entropy is S. 1f we consider 
particular parts of the system and particular instants of 
time, fluctuations from the ideal thermodynamic equilibrium 
must appear, the magnitude of which is determined by the 
corresponding changes of entropy of the parts of the system. 
For an isothermal compression or rarefaction, the change of 

* Annalen der Physik, xxxiii. p. 1294 (1910). 

+ Loc. cit. xxv. p. 205 (1908). 
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entropy is simply the work done divided by the absolute 
temperature. Boltzmann’s theorem may be written in the 
form 


Wes uil Lgwx GD 
where S, is the entropy in the state of thermodynamic 
equilibrium. ‘Taking v to be the deviation of some observable 
physical variable, e. g. in this case the density, from the 


value eorresponding to thermodynamic equilibrium, Einstein 
writes (17) in the form 


L 2 
W(vdv-Ae "" dy . . . . (18) 


where W(v)dv is the probability that v lies between v and 
v -- dv, A is a constant, and av? is the work done in altering 
v from O to v. (18) evidently has the same form as Gauss's 
error-law, and it follows that 


hav=1RT, . . . . . . (19) 


where the bar indicates the mean value of the quantity under 
consideration. If we identify v with (Ap) the fluctuation of 
density, its mean square may be evaluated from (19) and 
written in the form 


n '9 9,2 | 
VS ERUIT SN 2... . (20) 
$ 
where 8 is the isothermal compressibility, $ is the small 
element of volume under consideration, and pọ is the mean 
density. 

For the deduction of the light-scattering from (21) with 
the aid of Maxwell's electromagnetic equations, reference 
should be made to Einstein's original paper. We may 
follow here an abbreviated treatment which gives an identical 
result. 

At right angles to the incident light the intensity of 
scattered light is given by tlie expression * | 


T^Q(Ae)? 1 
LE suos a» S edil) 


(Ae) being the variation of the dielectric constant. 
Now,astheindividual local variations of the dielectric con- 
stant are irregularly distributed, the phases of the various 
scattered beams are also quite arbitrary, and hence for 
calculating the total intensity of seattered light we have 


* Rayleigh, Phil. Mag. p. 81 (1881); Sc. Papers, vol. i. p. 526. 
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merely to sum up the above expression over the total 
volume v. The expression contains a factor 

X(Ae)!Q?, 
which may be evaluated by use of the Mosotti-Lorentz law 
e—1 
e T2 
Differentiating, we obtain 
—1)Xe-2) /Apy? e 
(jg e Ae) (^^) 2... (22) 
9 po 
Substituting in this the value given above for fluctuation 
of density, we obtain 


— const. p. 


(e—1 ne +2! pres g=RTg ee, v. (23) 


Thus the intensity of light scattered by a cubic centimetre 
of fluid at right angles to the incident rays is 
n? (e—1)?(e+2)? x? : (u* — 1)?( yu? + 2)? 
ge ye ge ae 
In the cases of yases and vapours, whether obeying Boyle’s 
law or not, the formula (24) may be appreciably simplified 
by assuming (w?+2)=3, and (w?—1)?=4(p~—1)? approxi- 
mately, and it may then be written in the form 
2mr?(p — 1P RTS : 
S ee — "E uuu (25) 


(21) 


If the gas or vapour obeys Boyle'slaw, B= : and py=nkT, 


and (25) becomes identical with the Rayleigh law. — In 
other cases, (25) is seen to agree with formula (15) when 
the omitted multiplying factors are restored. 

It may be pointed out that the expression giving the 
magnitude of the density-fluctuation might have been derived 
immediately from the principle of equipartition of energy, 
as is indeed evident from the form of the relation (19). In 
the case of a gas obeying Boyle’s law in which the 
molecules are distributed at random throughout the space, 
the mean square of the censity-fluctuation may also be 
derived by direct application of the theory of probabilities, 
and the intensity of the scattering calculated therefrom. 
This has been done by Lorentz *, and the result naturally 
agrees with that obtained by Rayleigh. 


* Proc. Roy. Soc. Amsterdam, xiii. p. 92 (1911). 
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6. Experimental Tests of the Linstein-Smoluchowski 
Formula. 


The expression given by Einstein for the light-scattering 
in a direction transverse to the primary beam, viz. : 


7? luT8 (4—1)(2 t 
18 N; r* 

where R, and N, represent the gas-constant and the 
Avogadro-number respectively for a a gram-molecule, was 
originally developed by him to explain the opalescence 
exhibited by fluids in the vicinity of the critical state. It 
should, however, possess a far wider and general application, 
and indeed he regarded as superseding the Rayleigh law 
of scattering, which should only be valid in the ‘special 
case of gases accurately obeving Boyle's law. Itis thus of 
great import ance to test the "validity of the Einstein- 
Smoluchowski formula over a very wide range of cases. So 
far as the authors are aware, the only experimental tests 
that have so far been made of it for the case of a single 
substance in the gaseous state are those of. Kammerlingh 
Onnes and Keesom * on the opalescence of ethylene vapour, 
but the work of these investigators was confined to a range 
of only 2:5 degrees of temper ature above the critical tem- 
perature of this substance. A far more comprehensive and 
general test of the formula for several substances over the 
widest possible range of temperatures and pressures is 
obviously desirable, and researches with this object have 
been undertaken in the authors’ laboratory. The first 
substance chosen was ether, This substance has a high 
refraetivity and therefore a large scattering power in the 
state of vapour, and its critical” temperature and pressure 
are moderate, and it also possesses a high degree of chemical 
stability under the action of heat and light. It is therefore 
very w eil suited for quantitative work. The detailed account 
of the determinations carried out with it by one of us (K. R. 
Ramanathan) will be published in a separate paper, and it 
will suffice here to indicate the general scope of the work 
and the results obtained. The light-scattering power of 
ether has been determined separately for the substance i in 
the saturated vapour and in the liquid phases for temperatures 
from 30? C, to the critical temperature 194? C., and for the 
gaseous phase from 194? C. to 217? C. The vapour and 
gaseous phases deviate very largely from Boyle’s law, the 
compressibility being larger than the reciprocal of the 
pressure, especially at the higher temperatures, and the 


* Loc. cit. (1905). 
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measurements throughout the whole range show that the 
Rayleigh law of scattering completely breaks down and 
strikingly confirm the correctness of the Einstein-Smolu- 
chowski formula. The scattering power of the vapour when 
it is dense is in fact several times larger than that given by 
the Rayleigh law, and this feature is more and more pro- 
nounced as the critical temperature is approached from either 
side. The Einstein-Smoluchowski formula also shows itself 
to be equally applicable to the case of liquids over the whole 
range of temperature tried. 


7. Polarization of the Scattered Liyht. 


It should be noted that, according to Einstein's investi- 
gation, the light scattered in a direction transverse to the 
primary beam should be completely polarized. Actually, 
however, this is not the case. The imperfectness of the 
polarization of the light scattered by gases was first discovered 
by Strutt (the present Lord Ravleigh), and measurements of 
the magnitude of the effect have been made by a photo- 
graphie method by him * and by Cabannes f and also by 
Gansł. The imperfect polarization can be detected visually 
even in the case of dust-free air at atmospheric pressure $, 
and with the gases at high pressure, the increased intensity 
enables visual measurements to be carried out. In the case 
of ether vapour, the effect is very fecble, the polarization in 
the transversely scattered light being nearly complete (about 
98:5 per cent.), but the great intensity of the scattered light 
enables visual measurements to be carried out, and it is 
found that with increasing density of the vapour, the per- 
centage of polarization does not appreciably change. In tlie 
ease of the liquid, specially interesting effects are observed 
which will be dealt with in a separate paper. 

Cabannes|| has shown that owing to the imperfect 
polarization, the intensity of the transversely scattered light 
is increased and is greater than that given by the Rayleigh 


: . 6(14 : "A 

law in the ratio tel p , where p is the ratio of the weaker 
to the stronger component of polarization. It is found that 
the Einstein-Smoluchowski formula should be modified by a 
similar correcting factor in order to give results in agree- 
ment with experiment. The correction becomes very 
important when p is large. 

* Proc. Roy. Soc. xciv. p. 453 (191). 

t Ann. de Physique, xv. pp. 1- 150. 

t Ann. der Physik, lxv. p. 97 (1921). 

§ ‘Nature,’ Jan. 19, 1922. 

|| Loe. cit. 
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8, Relation of Molecular Scattering to Critical Opalescence. 


As we have already seen, the Einstein-Smoluchowski 
formula shows that there is a perfect continuity between the 
comparatively feeble light-scattering shown by gases and 
vapours under ordinary conditions and the extremely large 
scattering or opalescence which develops as the critical 
state is approached. At the critical point itself, the com- 
pressibility of the substance is infinite, and it follows that 
the Einstein-Smoluchowski formula gives an infinite value 
for the scattering power. This is obviously inadmissible, 
and Einstein * himself has pointed out that for a very minute 
region at and round the eritical point, the neglect of second- 
order terms in the expression for the work done in altering 
the density is not permissible and the formula requires modi- 
fication. This point has, however, not much importance for 
our present purpose, as the range of temperature over which 
the neglect of the second-order terms is not permissible is 
exceedingly small. It may be mentioned that the matter 
has been further discussed by Ornstein and Zernike t who 
have proposed an amended formula applicable in the 
immediate neighbourhood of the critical point which leads 
to a finite value for the scattering at this point. The bearing 
of Ornstein and Zernike's results on the phenomena observed 
with ether will be dealt with separately. 


9. The Case of Carbon Dioxide and the 


permanent gases. 


The experimental confirmation of the Einstein-Smolu- 
chowski formula for the case of ether vapour, and also in the 
case of various ordinary liquids, shows that its theoretical basis 
is thoroughly firm and that the formula may be justly expected 
to apply equally well in the case of other gases and vapours. 
It is therefore very important that the case of carbon dioxide 
and the permanent gases, e. g. oxygen, nitrogen, argon, &c., 
should be thoroughly investigated. The scattering power of 
saturated carbon dioxide vapour at 21? C. (that 1s, ten degrees 
below the critical temperature) has Keon determined by the 
present Lord Rayleigh, and found to be 102 times that of the 
gas at atmospheric pressure. The compressibility of carbon 
dioxide at this temperature 1s very great, and the Einstein- 
Smoluchowski formula shows that the scattering power of 
saturated carbon dioxide at 21? C. should have been about 855 
times that of the gas at atmospheric pressure. The observed 
result thus apparently supports the Rayleigh law of scattering 
(the density of carbon dioxide at this temperature being about 


$ Ann. der Physik, xxxii. P. 1275 (1910). 
T Proc. Amsterdam, xvii, p. 793 (1914). 
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110 times the density of atmospheric pressures), and not the 
Einstein-Smoluchowski formula. The experimental result 
is however open to question, as Rayleigh mentions that his 
observation tube had a leak, and the density of the gas 
was therefore probably much less than that corresponding 
to the saturation pressure. Some observations made in 
a Cailletet tube containing CO, liquid and vapour by the 
authors show that both carbon dioxide liquid and vapour 
scatter light very strongly at and for a few degrees below 
the critical temperature, but the scattering power falls off 
very quickly with decreasing temperature. It is hoped to 
carry out a series of measurements at different temperatures 
with improved apparatus, and to obtain data in order 
decisively to settle the question whether the Einstein-Smolu- 
chowski formula does really break down for carbon dioxide. 
Probably standing in very close relation to this is the fact 
that has been observed by Kammerlingh Onnes and his 
co-workers at the Leiden Laboratory, that pure oxygen, 
nitrogen *, and argon do not show the phenomenon of 
critical opalescence. It is obviouslv of the greatest im- 
portance to investigate whether in these cases the Einstein- 
Smoluchowski formula is applicable or not. 

Till further data are available, it is probably not safe to 
venture an opinion, but it seems clear that the applicability 
of the thermodynamic reasoning of Einstein and Smolu- 
chowski stands on an unchallengeable basis at least at ordinary 
temperatures and so far as gases and liquids are concerned. 
It will be noticed that the formula was derived on the basis of 
the classical theory of light in which it is assumed to consist 
of some form of continuous wave-propagation. In view of 
recent work in various modern fields of physics, and the 
known failure of the classical theory in explaining tlie facts 
regarding the emission and absorption of light, the question 
arises whether we are justified in assuming that the classical 
wave theory is necessarily capable of giving a strict quanti- 
tative explanation of the facts regarding the molecular 
scattering of light? Is it not possible that in the case 
of substances whose molecules have a relatively small 
light-seattering power, the infinite sub-divisibility of the 
energy of the incident waves which the classical theory 
assumes might break down? Then again is it not possible 
that the siatistical-mechanical considerations on which 
the validity of Boltzmann’s principle rests might require 
modification in the sense of the quantum theory, particu- 
larly in dealing with fluids at low temperatures? The 
answer to these questions can only be given when a more 
thorough experimental investigation of the facts of molecular 


* Proc. Amsterdam Academy, xviii. p. 950 (1915). 
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scattering in dense vapours has been carried out. Such 
investigation has been undertaken by the authors, and it is 
hoped that before long the necessary data will be available. 


10. Summary. 


The paper considers the problem of the molecular scattering 
of light in dense vapours and gases not obeying Boyle's law. 
The following are the principal results :— 

(1) It is shown by a discussion that the Rayleigh law of 
scattering, which is based on the assumption of a random 
distribution of the molecules in space, should not be applicable 
in these cases. 

(2) Assuming the non-random distribution of the molecules 
in space to be given by Boltzmann’s theorem, a calculation 
is made of the scattering power of the medium. The result 
obtained is interpreted with the aid of the virial equation, 
and it is shown that the scattering power per unit volume is 
proportional to the absolute temperature, to the square of 
the density of the substance, and to its compressibility. If 
the gas obeys Boyle’s law, the expression reduces to the 
Rayleigh law. 

(3) The result thus deduced directly from the principles 
of the kinetic theory agrees with the general formula derived 
from the thermodynamizal theory of density fluctuations, 
developed by Einstein and Smoluchowski, of which a brief 
account is given. 

(4) Experiments carried out with ether vapour and liquid 
over 4 large range of temperature both below and above the 
critical point completely confirm the Einstein-Smoluchowski 
formula for this substance. 

(5) The corrections of the formula necessary in view of 
the imperfectness of the polarization of the transversely 
scattered light, and also in the immediate neighbourhood of 
the critical point when the compressibility becomes exces- 
sively great, are indicated. 

(6) The eases of carbon dioxide and of the permanent 
gases are referred to and the possible significance of the 
results obtained in their cases is discussed. 

Calcutta, India. 

April 22nd, 1922. 

Note added in proof (bth August): Since the paper was 
sent in, experiments on the light-scattering in the vapours of 
benzene and pentane at different temperatures and also in 
carbon dioxide at high pressure contained in sealed bulbs 
have been carried out, and these definitely confirm the 
Einstein-S8moluchowski formula and show that the Rayleigh 
law of scattering is not valid except in gases obeying Boyle’s 
law. 
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IX. On the Anomaly of Strong Electrolytes with special 
Reference to the Theories of J. C. Ghosh. By HENRY J. 
S. Sanp, D.Se., Ph.D., F.I.C.; Sir John Cass Technical 
Institute, London *. 


Synopsis: —PART I. Introduction. — Application of Boltzmann's 
theorem to obtain an estimate of the degree of association of & com- 
pletely ionized electrolyte immersed in a medium of uniform dielectric 
constant.— Application of Born & Landé’s formula to obtain an estimate 
of the probability that an ion obeys the inverse square law.—Ghosh’s 
virial formula, —Thermodynamical deduction of an equation for the heat 
of dilution of an electrolyte whose osmotic preseure obeys a law such as 
that of Ghosh or Milner.— Test of Ghosn's and of Milner's osmotic pres- 
sure formule by experimental results. Parr II. Ghosh's theory of 
electrolytic conductivity.—Adjustment of the subsidiary hypotheses so 
that they yield Ghosh's conductivity formula.— Discussion of constancy 
of conductivity under varying electrical conditions in its relation to a 
theory of complete dissociation with uniform dielectric constant of the 
medium.— Rejection of the hypothesis of uniform dielectric medium, 
reference to similar conclusion by Milner.—Discussion of the role of 
molecules of solvent and of solvated ions.—Test of Ghosh’s conductivity 
formula by experimental results, effect of substituting Milner’s virial 
values into Ghosh’s formula. 


Part I. 


T problem of the anomaly of strong electrolytes has 

for the last thirty years or more,-been one of the most 
bating in physical chemistry. Some years ago J. C. 
Ghosh t put forward a theory which at the time appeared 
to go a long way towards the complete solution of this 
problem. The theory is based on the fundamental assump- 
tion that the solutions of strong electrolytes are completely 
lonized at all dilutions and that the ions attract each other 
according to the inverse square law as point char:es placed 
ina continuous medium having the dielectric constant of the 
solvent. A very large amount of experimental evidence is 
adduced in support of the formule put forward. To arrive 
at these, Ghosh introduces a number of subsidiary hypotheses 
which would have to be proved to make the theory complete. 
The same formule are claimed to govern the variations of 
molecular conductivity with dilution in the case of all elec- 
trolytes of similar type, and these formule contain only 

* Communicated by the Author. 

t Chem. Soc. Journ. cxiii. p. 449; ibid. p. 627; ibid. p. 707 ; ibid. 
P. 790 (1918). | | 

Phil. Mag. Ser. 6. Vol. 45. No. 265. Jan. 1923. K 


130 Dr. H. J. S. Sand on the 


constanis that are independent of the conductivity measure- 
ments themselves. The validity of this claim was disputed 
by J. R. Partington *, who also criticised the theory in other 
respects. A much more serious objection was raised by 
D. L. Chapman and H. J. George f, who pointed to the 
large number of subsidiary hypotheses and showed that one 
of Ghosh's principal formule was in contradiction with the 
hypothesis stated. This fact had been noticed by me about 
nine months previous to the publication of Chapman and 
George's note. On referring the matter to Dr. Ghosh, I 
was informed that the formule were modelled on the well- 
known equation of state of Dieterici f. I have since that 
time been engaged in a careful study of Ghosh’s theory in 
the hope that it might be possible to viudicute it completely 
by a slight adjustment of the subsidiary hypotheses and 
perhaps to establish these more firmly. As will be seen the 
hypotheses may be adjusted to fit the formule. and on 
the whole the hypotheses are strengthened thereby. The 
attempts, however, to establish these have not been suc- 
cessful, and the conclusion has been reached that it is 
necessary to abandon the hypothesis of a uniform dielectric 
medium. Since the present study was undertaken a con- 
siderable number of papers has been published dealing with 
Ghosh's theory §. As, however, these treat the matter from 
different points of view from those adopted in this paper, it 
will be sufficient to refer to them, where their conclusions 
touch those reached jn the present instance. 


Degree of association of a completely ionized electrolyte 
in a uniform dielectric medium. 


The fundamental assumption of the complete dissociation 
of strong electrolytes is not new. It has formed the basis of 
theoretical work by W. Sutherland ||, by S. R. Milner, by 
P. Hertz **, by N. Bjerrum ff. A clear distinction between 


* Trans. Faraday Soc. xv. pp. 110 & 162 (1919). 

t Phil. Mag. xli. p. 799 (1921). 

t Ann. Phys. (4) v. p. 51 (1901). 

g J. Kendall, Am. Chem. Soc. Journ, xliv. pp. 717-738 (1922); Sv. 
Arrhenius, Zeit. Phys. Chem. c. pp. 9-26 (1022); C. A. Kraus, Amer, 
Chem, Soc. Journ. xliii. p. 2514 (1921); H. Kallmann, Zeit. Phys. 
Chem. xcviii. p. 433 (1921) ; and others. 

| Phil. Mag. iii. p. 161 (1902); did. xii. p. 1 (1906) ; ibid. xiv. p.l. 
(1908). 

«| Phil. Mag. xxiii. p. 551 (1912); ibid. xxv. p. 742 (1913) ; ibid xxxv. 
pp. 214 & 352 (1918). 

#* Ann d. Physik, xxxvii. p. 1 (1912). 

Tt Zeit, Elektrochem. xxiv. p. 321 (1918). 
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complete ionization and complete dissociation should be 
made. As the result of modern work on crystal structure 
the view has become very generally accepted that crystals of 
salts such as sodium chloride consist of ions which are held 
together by electrical forces. When such crystals are dis- 
solved in water no reason is apparent why any other mode 
of combination than holds in the solid state should come into 
play, i. e. the substance would remain completely ionized. 
The question would, however, still be open whether any con- 
siderable fraction of oppositely charged ions would be held 
by their charges in such close proximity that they would form 
doublets which would be indistinguishable from molecules. 
If this were so, as we have every reason to believe is the 
case with salt molecules in the condition of vapour, most of 
the properties of the substance, such as its gaseous pressure 
and the absence of electrical conductivity under the action 
of moderate potential gradients, will be the same as those of 
an undissociated substance. We should therefore term it 
" undissociated," and yet it would be completely ionized in- 
asmuch as the mutual attraction of the ions would obey 
comparatively simple electrical laws and its properties would 
follow from general considerations based on such laws. 

The question can be quantitatively approached by means 
of a theorem of the dynamical theory of gases due to 
Boltzmann, which Milner has also made the basis of his 
work on the anomaly of strong electrolytes in the papers 
referred to. We employ the theorem in the form in which 
itis stated by Milner, loc. cit. 1912, p. 558, viz. if py and py’ 
stand for the probabilities of the occurrence of configura- 
tions of which the potential energies are W, and W, 
respectively in a system of molecules where intermolecular 
forces exist and p, p' stand for the probabilities of the 


occurrence of the same configurations in the same system of- 


molecules if there were no intermolecular forces, then : 


Wi- W2: 
Pw ) -—-- COME R 
=F] = P e 9 . e. . ° . (1) 
Pw 
where w stands for the most probable value of the kinetic 
energy of a molecule. If R is the gas constant, T the abso- 
lute temperature, and N the number of molecules in a mol 


( Avogadro'3 constant), then 
w = N éco Io ee ee (w^ oc (2) 


This theorem may be made the base of an approximate 
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calculation to determine to what extent the probability that 
oppositely charged ions should be found in close proximity 
to each other, is affected by their charges, if we confine our 
attention to one pair of ions. We imagine the volume 
available to be equal to the average volume occupied by a 
pair of ions in the solution and assume the space to be of 
spherical shape with one of the ions fixed in the centre. 
Further, we assume that in the absence of any attractive 
force between the two ions all positions in small volumes 
of equal size in the sphere are equally probable for the 
second ion. 

Before proceeding further it will, however, be necessary 
to consider more carefully the law according to which ions 
in a solution attract each other. We shall provisionally 
assume a uniform dielectric constant of the medium as was 
done by Ghosh, returning to the discussion of this assump- 
tion later on. As regards a comprehensive law according . 
to which io!s attract each other, we have particularly the 
researches of M. Born and A. Landé on the compressibility 
of salt crystals to refer to *. On these Born bases a theory 
of ionic structure leading to an expression for the potential 
energy W of a pair of attracting ions, of the form : 


W= ata e 8) 


Herein v is the distance between the centres of the two ions ; 
the constant a has the value which would make the first term 
express the potential energy of the pair of ions if they were 
point charges, 2. e. 


E | 
q = € . e. e. . ry e . (4) 
where E is the elementary ionic charge and e the dielectric 


constant of the medium. The second term is small, and may 
be neglected so that we may make | 


jue. ox wu xc d) 


and the third may be expressed in terms of the distance 
which the centres of the ions would have if they were in 
equilibrium. This distance, which equals approximately the 
sum of the ionic radii in the crystalline state, we indicate 


* Verh. d. D. Phys. Ges. xix, p. 210 (1918) ; ibid. xx. p. 232 (1918). 
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aW a 
ds = dè 97 Io 77 0 (r € 


or Cee SO a a Ae xm ow A9) 


Substituting (4), (5), and (6) into (3) we obtain 


E? E?d ï 

W=— eh + Ü9ej3 * i . . E . (3 a) 
The diameters of various ions have values for which we 
may refer to a table given by W. L. Bragg *. For our 
present purpose it will be sufficient to take as a representa- 

tive value say d=3 x 107* em. 
We now come to the consideration of a concrete case. 
We imagine the solution to be of tenth normal strength. 
In this case the average volume occupied by a pair of ions 


) " 
will be p c.c, N being Avogadro’s number, and this 


would be the volume of the sphere referred to above. The 
radius of such a sphere is 15:85 x 107? em. If no forces 
existed between the ions, but the other conditions we have 
postulated held, we calculate for the ratio of the two proha- 
bilities (1) that the ions are in contact, that is that their 
centres have a distance *,;=3x 10^" cem., and (2) that the 
second ion is somewhere near the circumference of the 
sphere, say that the distance of its centre from the centre 
of the sphere is r= 14 x 1075, the value : 


Pal equi 7 

BUM D wes em ode Hd 
po 4? ( ) 
If, however, the ions attract each other according to Born 
and Landés law (3a), we find their potential energies, 
making da=3 xX 107 em., Ez47x 107" e.s.u., e—50, to be 
according to equation (3 dj respeetively 


W;2-—tS8l1818xl107!$erg; . . . . (8) 


W= — 1:9723 x 1071 erg. . . . . (98) 


Making R— 5:317 x 107 ergs per degree and mol, T=17°C. 
= 290° abs, 4 N=616x 10, and substituting the values 
given hy (2), (7), (8), and (9) into Boltzmann’s equation (D; 


* Phil. Mag. xl. p. 179 (1920). 
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we now calculate for the relative probabilities of the (wo 
configurations considered the ratio : 


! [] 9) 7^5 
PwiPw = 0225, 


i.e., the probability that the centres of the ions are in 
contact, i. e. at a distance of 3x 107? em. is in spite of the 
attractive forces only a little more than one-fifth of the pro- 
hability that they are at the limit assumed, ?. e. at a distance 
of about 14 x 107* em. from each other. In this case the 
probability that the seeond ion is present in a given small 
volume in contact with the first is only 4/9 times as 
great as that it is in an element of volume of the same size 
near the circumference of the sphere e nsidered. By making 
W, =0 we ean calculate that in : n unlimited space the pro- 
bability of tlie second ion being in contact with the first in a 
given small volume is 81 times as great as that it is in 
a small volume of equal size at such places where the attrac- 
tion is negligible. On the other hand, if we make e=1, and 
give to T so hish a value even as T 1273? corresponding to 
the case of NaCl vapour at 1000? C., we find for the above ratio 
the value 2:4 x 10/5, From this we conclude that even for 
very large volumes, i.e. at low pressures, the probability of the 
ions being in close proximity is overwhelmingly much greater 
than that they would he free from each other, and we should 
expect NaCl vapour to behave as an undissociated substance 
even although we assume it to be completely ionized. The 
absence of dissociation in the sense generally understood 
cau therefore in this case not be employed as an argument 
against complete ionization as has been done in a recent 


discussion (It. M. Caven, Nature, cviii. p. 210 (1921)). 


Approximate range of simple inverse square law for 
attraction of ions. 


Another matter which is of interest is to know to what 
extent a law such as that of Born and Landé invalidates the 
use of the inverse square Jaw. | A simple caiculation yields 


the result that if the ions are distributed uniformly in a 
T 


ON 
solution of -- strength the volume of that part of it, in 


10 


which the potential ealeulated according to Born and Landé 
differs by more than one per cent. from the value given by 
the inverse square law, is only 1°67 per cent. of the total 
volume of the solution. If we wish to find the probability 
that the attraction in the case of a given pair of ions does 
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not show a greater deviation from the inverse square law 
than that mentioned above, we should have to allow for the 
fact that positions of proximity are more probable than 
others according to Boltzmann’s law. Here again as above, 
we can only arrive at an approximation by considering one 
of the ions fixed at the centre of a sphere the volume of 
which is equal to the average volume available for the pair 
of ions in the solution and the other ion free to move in this 
sphere, Even in this comparatively simple case the calcula- 
tion is long and troublesome and leads to the result that the 
probability that the potential of the pair of ions would differ 
bv more than one per cent. from that following from the 
inverse square law is about 377 per cent. 

We may summarize the preceding considerations by 
saving: On the assumption that the solvent separating 
ions has a constant specific inductive capacity equal to that 
of the liquid in bulk, the hypothesis of complete ionization 
in the case of salts such as sodium chloride is well established, 
electrical association say in N/10 solution would be small, 
and the preponderating proportion of ions would be subject 
to the inverse square law of electrical action. 


(rhosh’s virial formula. Heat of dilution of an electrolyte 
conforming to Milner's or Grhosh’s osmotic pressure formula. 


As already stated, Ghosh requires for the purpose of his 
theory to evaluate the work which must be done to remove 
the ions arising from say a mol of salt in solution, from the 
sphere of each other's action. Milner (loc. cit. 1912) has 
calculated this quantity on the basis of Boltzmann's theorem 
fora binary electrolyte subject to the assumptions we have 
made above. In the case of forces obeying the inverse 
squire law, this function is the same as the negative value 
of the one introduced into theoretical physics by Clausius 
under the name of the virial, and Milner terms it the attrac- 
live virial of the solution. The calculation is an extremely 
long and difficult one. Milner has applied the result to 
caleulate the osmotic pressure, and hence the lowering of 
freezing points of binary electrolytes by making use of the 
Clausius’ Virial theorem, according to which pressure times 
Volume equals two-thirds kinetic energy minus one-third 
attractive virial. Milner discusses the application of this 
theorem to the osmotic pressure of a solution and supplies a 
new proof based on thermodynamical reasoning (loc. cit. xxv. 
|. (47). This proof however, like the dynamical one of 
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Clausius, applies only to gases for it contains two assump- 
tions which do not hold for liquids. First, the temperature- 
coefficient of the dielectric constant is assumed to be zero, 
and Milner himself draws attention to the fact that this does 
not hold for liquids. Secondly, it contains the assumption 
that the difference in internal energy brought about in a 
solution by dilution is the result solely of overcoming the 
electrical forces between the ions, and that therefore. 
the cooling of the solution should be the exact equivalent 
of this work. It is, however, doubtful whether the process of 
dilution in the case of an electrolytic solution does not e-sen- 
tially combine with the cooling effect just referred to, a 
production of heat of a similar order of magnitude. The 
matter is most readily understood by proceeding in the 
opposite direction to that adopted by Milner. 

For the virial W of a solution Milner deduces a result of 
the general form: 


W-RTAf(h) . .. . . (10) 


where fis a function of A for which values may be obtained 
from a table supplied (p. 749, doc. cit.) and A is a simple 
function of the product V!?Te, V being the dilution 
(i.e. volume per mol solute), T the absolute temperature, 
and e the dielectric constant. The result may therefore be 
still more simply expressed as 


aW ede. uud o9 CLE) 
where § is a function of the product 
=e. oh uh & (12) 


€ being considered a function of T onlv. In conjunction 
with the Clausius? virial theorem, Milner's result (10) 
applied to two mols of ions thus yields the relation : 


PY = 2RT— 4 RTA fO), . . . . (13) 
or more simply according to (11), 
PVZz2RHRT-—-23TS5. ... (134) 
As explained above Milner further assumes that 


dU oW 
VT T OR? oo uw b 


where U is the internal energy of the solution. The two 
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equations (13 a) and (14) combined are, however, compatible 
with the thermodynamical relation also utilized by Milner : 


oV — T oT — P e . e. ^ e (15) 
de 


ouly when JP 0, for, substituting the values for P and 


ST which follow from (13 a), into (15), and comparing the 


result with that following from equations (11) and (12) for 


i5 we fiud after some transformations : 
' QU oW XT dide 
oV B oV 3V?? do dT? 


and ultimately : 


- (16) 


av= av (I+ car) 


in place of the relation (14), assumed by Milner, which it 
would thus become necessary to drop in any attempt to 
apply his result to solutions. By integrating equation (16) 
we obtain for the heat of dilution H to zero concentration, 
the result : 


. : T de 
H=U-U,=-W(14 14). EE 


À test of this formula by available heat data does not lead 
to satisfactory agreement, and we conclude therefore that an 
expression for the osmotic pressure of a solution. of the 
general form given by equation (13), in conjunction with 
(12), which, as will be seen shortly, is common both to 
Milner and Ghosh, can have only approximate validity. 


* [n a recent paper (Phil. Mag. xlii. p. 625 (1922)) B. Cavanagh 
criticises Milner's application of the virial theorem to solutions. He 
further remarks, evidently with reference to Milners use of the above 
thermodynamical equation (15), “The demonstration is open to grave 
doubts, for it depends on treating the solute thermodynamically as an 
Independent syste:n whose external pressure is the osmotic pressure of 
the solution." This latter criticam can however not be admitted, for 
equation (15) is a direct consequence of the quite general Gibbs- 


Helmholtz equation and the very general relation = — P, where A 


Q 
is the free energy, P the osmotic pressure, and V the dilution of a solu- 
tion containing a given amount of solute and separated from pure solvent 
by a semipermeable membrane. 
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Ghosh’s Virial Ewpression—Like Milner, Ghosh applies 


the Clausius virial theorem, but in place of the virial deduced 
on the basis of the kinetic theory makes use of an energy 
term of an altogether different kind. He assumes that a 
mean disposition of the oppositely charged ions exists in 
solution and, further, that this disposition conforms to some 
simple pattern in space, analogous to the arrangement of the 
atoms in a solid ervstal. Thus, in the case of a univalent 
binary salt, the mean positions of the ions are supposed to 
form a cubic space lattice, the distance r between two 


. 3 NT 
adjacent ions being calculated to be r = a , where V 


is the dilution and N Avogadro's number. In the case,of 

salts such as barium chloride a disposition such as that 

of the atoms of a fluorspar crystal is assumed ; the distance 

between a barium and a chlorine ion is calculated to be 
3 | | 

wh r, where r has the same value as in the case of binary 


salts. With salts such as magnesium sulphate adjacent ions 
are supposed to approach each other more closely than in the 
case of univalent salts, the distanees in the latter and former 
cases standing in the ratio V4. In every case Ghosh calcu- 
lates the work that is necessary to separate adjacent ions 
constituting an original molecule from each other and multi- 
plies the result by the number of original molecules in the 
solution. If we indicate this work per gram-molecule of 
solute by G, Ghosh obtains in the case of a univalent binary 
electrolvte o " 
Ga NE? V2N ES v2 F 
€ V 10 eN?? 
where N is Avogadro's constant, E the electronic charge, 
e the dielectric constant, F Faraday's constant 9654 x 3 x 10!9 
e.s.u, per g-equiv., and C the concentration measured in mols 
per litre. l'or an electrolyte such as barium chloride the 
result is put forward : 


VC, . . (18) 


D. 


BNE? 9 2N (9 
MARS a e pe í : . " e 19) 
eva VV | 
This result would, however, correspond to an arrangement 
in which the distance of the chlorine atoms from each other 
is the same as their distance from the barium atom and is 
about four per cent. smaller than the value following from 
the arrangement postulated by Ghosh. (Ghosh also erro- 
neously defines the quantity which we have indicated by G 
as the work which is necessary to separate completely the 
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ions constitnting an original gram-molecule of solute, 
i.e. nX N ions, n being the number of ions into which a 
molecule dissociates. This definition does not, however, 
agree with the arrangements of ions assumed, G being 
considerably smaller in every case. Thus for the lattice 
postulated for a univalent binary electrolyte, the energv 
necessary to separate the ions has been calculated by 
Madelung * in connexion with other researches, and is 
nearly 75 per cent. greater than G. The discrepancy 
hetween the values of G assumed by Ghosh and the inter- 
pretation given to them has also been pointed out by 
Kraus f, and a value agreeing with that previously given 
by Madelung has been quite recently calculated by 
Kendall f for “univalent binary electrolytes. 

In further dealing with Ghosh's theory it is thus evident 
that we must drop altogether the idea of an actual arrange- 
ment of the ions in the solution like that of the assumed 
space lattices. Indeed, it is plain that if a literal interpre- 
tation were given to these space lattices, the electrolytic 
solution or parts of it, should have axes, that is definite 
directions in space in which its properties were different 
from those in other directions. Two alternatives appear to 
be open to us. We may either consider the quantities G 
to be purely empirical energy expressions which when sub- 
stituted into the Clausius virial equation yield an expression 
for the osmotic pressure agreeing, as will be shown below, 
within certain ranges with deductions from experiment; or 
else we may adhere to the interpretation of G as the work 
necessary to separate completely one gram-molecule of ions. 
This could be done, for example, by assuming that groups of 
iens constituting an original molecule were “arranged i in the 
manner required by Ghosh’s space lattices, but that these 
groups had a random distribution among themselves. The 
artificiality of such explanations may justly be urged as an 
objection to them, and before proceeding further along the 
lines opened up by such theories, the róle of the drelectiic 
to which reference will be made below will no doubt have to 
he more closely scrutinized. In the meantime we shall pro- 
bably do best to consider Ghosh’s space lattices merely as 
theoretical “distributions of reference” the axes of which 
may be placed in arbitrary directions and which serve to 
vield units of length that are empirically important in the 
presentation of ihe free energy and conductivity relations of 
an electrolytic solution. 

* Phys. Zeit. xix. p. 524 (1918). 
+ Loc. cit. t Loc. cit. 
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Comparison of the deductions from Ghosh’s and Milner's 
osmotic pressure formulw, with experimental results. 


Ghosh’s expression for osmotic pressure has the same 
general form as Milner’s, which is represented by equations 
(13a) and (12), and the disagreement between equation (17) 
and experiment referred to above thus shows that both can 
at best only claim limited ralidity. This validity we now 
come to examine, A comparison between theory and experi- 
ment is best made by utilizing van't Hoff’s factor 2 which is 


defined by 
| PV = iRT. 


By the aid of this equation we find on making the virial 
in the Clausius theorem applied to an original mol of electro- 
lyte respectively equal to RTA/(4) according to Milner, or 
equal to G according to Ghosh, that according to Milner : 


9—i2 M): a . (20) 


whereas according to Ghosh : 
4q 
a G 


ung jo 9 
2 RT 00 ccc CD 


This equation (21) yields for univalent binary electrolytes 
(on substituting the value (18) for G and making e— 51:5 
at 07, T—213?, R2 8:32 x 10* ergs per degree per mol) 


9—i 02440 VC, 


C being the concentration in mols per litre. 

The foilowing Table I. shows in the second and third 
lines the values of 2—¢ at various concentrations calculated 
‘according to Milner and to Ghosh respectively, and in the 
fourth line the ratio between the two. It will be seen that 
at about N/100 concentration the two are practically identical, 
whereas at lower concentrations Milner’s values are smaller, 
and at higher concentrations greater than those of Ghosh. 
Milners table (p. 749, loc. eit.), giving values for dhf(h) 22— i 
at varying concentrations, may also be applied to binary 
bivalent eleetrolytes such as CuSQ,, for a study of Milner's 
expression for A shows that binary bivalent electrolytes 
should, according to the theory, have the same value for 
2—1i as univalent ones, if their concentration is one sixty- 
fourth of the concentration of the univalent electrolyte. 
For bivalent electrolytes Milner's virial is the same as 
Ghosh's function at a concentration of about 3:1 thousandth 
normal and is smaller at lower concentrations. 


z TABLE I. 

Concentrations (mols per litre) ............ 0:002 0:005 0:01 0:02 0:05 0:1 0:2 0:5 

2—i—34f(A), acc. to Milner... 0-0945 0038 0-053 0-074 0115 0162 0-224 

2—i—4G/RT, acc. to Ghosh  ............... 0:031 0:042 0:0527 0:0064 0:090! 0:1135 0:1431 0:1942 
$ Ratio (2— i) Milner to (2— i) Ghosh ...... 0:78 0:89 0:99 1:094 1:255 1:40 1:51 
= Percentage error in 2—i for | 1/1000° ... see ist . 93 42 11 4 2 j 
E an observational error of | 1/10,000°... — 84 29 9 4 ] 04 
n (2-1) Experimental mean acc. to Ghosh { es PC (02) ps (37) ( es 47) 2 
FA coded: MET e 003 —— 00755 — 013 0135 — 0163 — 0196 
G (2 - i) for KOI (Adams) ..................... 0:032 0:039 0:057 0:078 0:112 0:159 um 
3 (2—i) for KNO, (Adams) ..... 0083 0:042 0063 0-092 0-152 0-213 
> 
= . TABLE II. 

Values of a for KIO; calculated from experiments by Hall and Harkins. 
Theoretical value according to Ghosh equal 0°2446. 
Concentrations (mols per litre )..........-- 000274 000500 000903 001358 003244 0-090380 
nie 0-306 0:322 0:356 0:303 0419 0:500 


ess. ín 6 9 $9 2. ith o. of c] | 1| 2] 1] | | n 91 8 6 n |n ng 


"YO 
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As regards the experimental determination of 2—/ we are 
restricted almost entirely to the results of cryoscopic measure- 
ments. Even here the results must be considered doubtful 
at low concentrations. Recent American workers have 
claimed an accuracy of 1/10000 degree for their measure- 
ments. We give accordingly in the fifth and sixth lines of 
Table I. the percentage variations in 2 —: that correspond to 
an observational error in the eryoscopic measurements of 
1/1000 and 1/10000 degree respectively. It will be realized 
that the test as here applied i is a severe one, and also that 
there is little purpose in applying it to concentrations much 
below one-hundredth normal. Starting from the assumption 
that the values of ¿ are the same for all uni-univalent electro- 
lytes, Ghosh has calculated the mean of the principal available 
data for halogen salts, and his results are given in line 7 of 
Table I. Underneath each figure is given the maximum per- 
centage variation from this mean in the case of the mean of 
anv one given salt. In line 8 are given similar results that 
had been previously tabulated by Noyes and Falk*. In 
line 9 are given some more recent values for 2—: for KCl 
determined by L. H. Adams, and in line 10 similar values 
for KNO; T. In all calculations the molecular lowering 
for water has been taken as 1:858 (degree, litre, mol). 

In Table II. some results are given for 2—i/ VC which I 
have calculated from experiments by R. E. Hall and W. D. 
Harkinsł on KIO; and which may be compared with, the 
value 0:2446 following from Ghosh’s formula. The con- 
clusion to be drawn from these results 1s that there are 
considerable differences between the : values of various 
univalent binary electrolytes, but that in the case of the 
halogen salts, the differences are comparatively small and 
some of the values agree well with the formule of Milner 
and of Ghosh. ` 


When we come to binary bivalent electrolytes the formula 


of Ghosh gives the result (2-7): / C21: 553, and as already 
explained "Milner's formula yields practically the same value 
for a concentration of about three thousandth normal. The 
table supplied by Milner does not give values for 2— i at 
higher concentrations, whereas at lower concentrations the 
above expression would be smaller than 1:553. 
In Table III. are given some values for (2—7) / VC for 
various salts, most of which have been calculated trom data 
* J. Amer. Chem. Soc. xxxii. p. 1027 (1910). 


t Ihid. xxxvii. p. 481 (1915). 
i Ibid. xxxviii, p. 2658 (1916). 
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collected by G. N. Lewis and G. A. Linhart *. The experi- 


ments are mainly due to Hall and Harkinsf and to 
Hausrath $. 

For ternary electrolytes such as BaCl; Ghosh’s formula 
leads to the result (3-)[46- 0:8475. Values for this 
quantity are assembled in Table IV. which have been calcu- 
lated from experiments by Hall and Harkins and also from 
numbers given by Ghosh as representative mean values for 
various electrolytes 

Most of the results in Tables III. and IV. can only be said 
to agree with Ghosh’s formule as regards order of magnitude, 
though the agreement between the mean of experimental 
values calculated by Ghosh for ternary electrolytes like 
BaCl, and lis fonds is elose. 

For electrolytes such as K,SQ, the values for (3— i) / VC 
differ considerably from the number 0°8475. They vary 
from about 1:3 to 17. 

In conclusion, the application of Ghosh's formula to ebul- 
lioscopie results must be referred to. Confining ourselves 
to aqueous solutions of univalent binary electrolytes and 
therefore making T=373°, e— 52:6, Ghosh’s formula leads 


to (2—1)/ YU=0 306 ; whereas a selection of results calcu- 
lated for the same quantity from various experiments was 
found to vary from about 0°18 to about 0°58. 

We may summarize the conclusions to be drawn from the 
results given by suying that the figures do not support 
the contention tlat van’t Hofs factor is solely dependent 
on the influences we have considered, and it cannot be main- 
tained that it has the same value for all equimolecular 
solutions of eleetrolytes of similar type. In the cases 
reviewed the values following for (n—1) from Ghosh’s 
formule agree in order of magnitude with the available 
experimental data. As regards mean values for univalent 
binary chlorides in aqueous solution, the agreement between 
(2—1i) calculated from cryoscopic measurements and the 
sume quantity derived from Ghosh's formula is good. 
Particularly at higher concentrations the agreement is 
better than that attained by Milner’s formula, and empiri- 
cally Ghosh’s formula will therefore probably be preferred 
to the more elaborate theoretical one of Milner. 


* J. Amer. Chem. Soc. xli. p. 1951 (1919). 
+ Ibid. xxxviii. p. oU. (1916), 
I Ann. Phys. ix. p. 022 (1902). 
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X. On the Problem of two Moving Charges in its connexion 
with the Atomic Theory. By S. BoGUSLAWSKI, Professor 
at Moscow University *. 


I. Motion of two Charges with Masses varying according 
to the Lorentz- Einstein Law. 


l. HE investigations of A. Sommerfeld have shown 

that the variation of mass of an electron with its 
velocity explains the structure cf spectral lines of hydrogen 
and helium. Thus the facts observed in spectroscopy ha 
come to support the accuracy of the Lorentz-Minstein 
formula for the variation of mass with velocity. 

On the other hand, C. G. Darwin f and A. Sommerfeld 1 
carried out a closer investigation of the orbits of electrons 
moving according to this law under the attraction of a 
fixed positive charge, which shows that in certain cir- 
cumstances the electron ought to describe spiral trajectories 
round the positive nucleus. There is no experimental 
evidence iu favour of these orbits, and there is a con- 
siderable amount of indirect evidence which leads one to 
believe that these orbits.do not occur in reality. A purely 
formal explanation of the unreality of those orbits is readily 
supplied by the quantum theory, the angular momentum for 
them being so small as not to be admitted by Bohr’s theory 
of atoms. But it is doubtful how far this explanation may 
be considered as sufficient. It may be claimed that the 
quantum theory selects only those orbits which are in a 
certain sense stable, and does not deny altogether the 
possibility of other unstable orbits. From the latter point 
of view, the investigations of C. G. Darwin and A. Som- 
merfeld dealing with spiral orbits have not lost their 
interest. 

There is a point in these investigations which makes them 
appear incomplete, and their result not so convincing as is 
desirable: I mean the fact that both these authors consider 
the central charge as fixed in space. This supposition gives 
a result of a high degree of accuracy so long as the mass of 
the central charge is large compared with the mass of the 
charge revolving round it. But this last condition ceases 
to be fulfilled trom a certain moment while the charge 


* Communicated by the Author. 

t C. G. Darwin, Phil. Mag. (6) * 0l. xxv. p. 201 (1913). 

t A. Sommerfeld, Ann. d. Phys. 1916; also *.Atombau und Spektral- 
linien; 2nd edition, p. 824 (1921). 


Phil. Mag. Ser. 6. Vol. 45. No. 265. Jan. 1923. L 
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is approaching the central kernel along a spiral trajectory. 
As the distance between them decreases, the velocity and 
the mass of the moving charge must both Increase so 
that the latter may become comparable with that of the 
central charge. It is true that this will only occur when 
the distance between the charges is comparable with the 
diameter of the electron. In this case our knowledge of 
the dynamics of any masses becomes uncertain. As far. 
as experience on scattering of a-rays goes, Coulomb's law 
seems to hold good even for.distances of this order of 
magnitude. At lower distances, however, this law probably 
ceases to be true, as is shown by later experiments of 
Sir E. Rutherford on the production of. H-rays by collision 
of a-particles with atoms. For this reason it is doubtful 
whether theoretical orbits which, like the spiral ones, 
approach very closely the central nucleus give an aecurate 
description of real facts. But all the same, even if the 
theory does not here find immediate application, the theo- 
retical investigation of an idealized problem does not lose 
its interest, and may help in some way to find the correct 
solution. From this standpoint, I thought it useful to study 
the motion of two charges whose masses vary according to 
the law given by the theory of relativity. I could not find 
out whether anybody has already studied this problem. But 
owing to the state of things in our country, we were so 
badly supplied with literature that possibly I am ill- 
informed. 

The result of this study will be to confirm the results 
previously obtained by C. G. Darwin and A. Sommerfeld, 
in the sense that by taking into account the motion of the 
central nucleus, we still obtain spiral trajectories in relative 
motion of the two charges when the relative angular 
momentum is sufficiently small. 


2. To find the solution of our problem we shall apply the 
method of the differential equation of Hamilton-Jacobi. 
This method seems to be the most appropriate for purposes 
of atom dynamics, because it gives the result in a form 
to which the principles of the quantum theory can be 
immediately applied. But also in cases where no use of 
quantum theory is made, the method can be recommended 
fur its compactness. | 

Let e, and e, denote two charges, whose masses for 
infinitely small velocities are respectively mı and m;.* Let 
Xi, Yı be the coordinates of the first charge; x, ys, ze 
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those of the second. We put, according to the general 
use, 


) ] LI * * 1 * . : 
B= a (Eg. Be = n (i? + Yo" + <2”), 
where c is the velocity of light. 

The Lagrangean function of our problem is 


L=— mye? VI=BP—mge? VI pi-i (1) 
with 
r= (4; — z)? + (yi — y2)! + (21-22). 
The impulses of the two masses will be 
oL e. nad oL = o mgb (2) 


Pa = ài = v1—8,? P Pr = ys V1-8; s.. 


The Hamiltonian function of the problem which expresses 
the total energy of the system is 


H = Bipa Xp, — h, : x " s (3) 


where the symbol € means a summation over the three 
coordinates. Making use of (1) and (2), and expressing the 
velocities in terms of the impulses, we bring (3) in the form 


H = e ym’? +p +e mc Epi. . (4) 
If, now, we suppose p,,..., p, to be the six partial 
differential coefficients of a function W corresponding to 
the six independent variables cj, ... 22, and put the right side 
of (4) equal to a constant æj’, we shall obtain the partial 
differential equation of Hamilton-Jacobi, on whose solution 
depends the solution of our problem. The constant œ,’ is 
the total energy of our system, consisting of the kinetic 
energy of both masses,stheir mutual potential energy as 
expressed by the last term in (4), and of the internal 
energy stored in both masses, which according to the 
theory of relativity amounts to mjc? and msc? respectively 
tor the two inasses. 
Transforming the differential equation in order to get rid 
of the irrationalities, we can write it in the form 


e(n o mj + Xjy3—2p39-208(n?—mj?)(Xp?—Xp?) 


l ee 3 1 , 01082 : 
tal-2) {a (21-2) 


-2 (mè nf) ~2(Sp2 + 3p2) | =. . (5) 


This is the equation that we have now to solve, 


L 2 
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9. We introduce new variables by putting 


& = tytn Ë= rtz, 
Y = Yı yn N=Ytys & dee (0) 


^ —— 0 00v 


$e = ém <2 E 


214 29, 


where x, y, z are obviously the relative coordinates of the 
first mass as ,eferred to the second. The partial differential 
coefficients p, , ... p, Will then be expressed in terms of the 
new ones p, ... pe as follows :— 


* 


Pe C PptPm Pr, = PEAT Ps 
Py SEPP Py, = Pg—Dy | sow ge (7) 
P= PtP Pe, = PEP? 
Solving these equations, we shall have 
P= EPa Pop PaPa TIe) > . . (8) 


and similarly for the two other axes. 
It follows from (7) 


=P ee p. Hp, PFI, Py + Pe Pa) 

Since the equation (5) does not contain explicitly the 
variables Æ, 7, , the distance r depending only on a y, 2, 
the differential coefficients p, pp p, may be regarded as 
constants. The physical meaning of this is, as is shown 
by (8) and (2), that the total momentum of the system 
is constant during the motion. 

Substituting (9) in (5), we obtain a quadratic differential 
equation in the three variables c, y, z. This equation 
describes the relative motion of the two masses. 

We shall confine our investigation to the case when the 
total momentum is equal to zero, and put aecordingly 


Pe =P, =Pe= D. e ae xov (19) 


Then the second and third terms of equation (5) dis- 
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appear, and the result is 


2 à 2 35.2? 
pio g(a - 0) ont rmt Om mEY a) 
te r 4 ( a! aa) 
EIL 
T 


Tris easily seen that the relative motion is a plane one. 
Therefore we can describe the motion by using polar co- 
ordinates in the plane of relative motion. We can do that, 
for instance, by choosing the z-axis perpendicular to the 
plane of motion and by putting furcher i 


“v=reosd, y= rsinġ. 
Then we have 


p? 
Xp? = pit jw WD owe de ue d) 


where p, and pg are the partial differential coeflicients of 
the function W corresponding to the variables r and ¢. 
Substituting (10) into (11), we see that our equation 
does not contain explicitly $, and that accordingly pg may 
be considered as a constant. This means physically that 


the relative angular momentum is constant throughout the 
motion, We put 


Pe = (X9. 
Equation (11) becomes 


l 


2 9(mj—m;5?) a% 
? 1_ E182 2 vy 2, © pl 4 zw 
lr = isla - 5) —4(m? + m) + 


4 Ci 9) pat 
(13) 


Having thus found the value of p, in terms of r only, 
and knowing pg to be constant, we can write the solution of 
onr equation. l , 

For brevity’s sake we shall write P(1/r) for the right side 
of (13). Then the solution is 


W = | VPT dee nt ae a d 
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The equation of the orbit being 


where 8, is another constant, we obtain from (14) the 
equation of the orbit in relative motion in the Form 


$—8 " ag d ( 17v) 
eum 3 = — ee 
e vV P(1lfrj 
which we have now to discuss. We shall choose the 
particular values of 9; so as to make an apex of tlie curve, 
if there is any, to correspond to $—0. 


4. We shall put 
a = a+ (mtm), 


where a; is a constant expressing the sum of the kinetic and 
potential energies of our system. 

If we confine our attention to cases which are of greater 
practical interest, we may consider the kinetic energy as 
small compared with the energy accumulated in the masses 
when at rest. This comes to supposing that 


Ce? 
ay —— 
T 


— À A PED: 

(m+ m)c* (F9) 
is small compared with unity. If the expression (13) for 
P(1/r) is developed in powers of (16), and the powers higher 
than the second are neglected, then it assumes the form 


2mm Pye 1 3. z 

aa 1 2 1€» DIN My e e» 

P(1/) == (4, 0 )-i [1- aoe s] («75 
my ms \ r e (m + mg) r 


ay? 


ze ook 4195 


7 


This expression being quadratic in 1/r, the integral 
In (15) is of elementary kind, and the form of the orbit 
can be easily discussed. 
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If we put 
mj?— mmm; + m, 


3 
Clg Up — n Mg 2 
Za (m, + mg) E to3 mm, + mm, )] f as | 


eeN” [1 3mm, ] ! 
2] c (m+ my)? | 
-| = xd WEM GNE uc C LAC 5 J 
a a, ( m —mqm,-- m? y]? 
mme, eg | 1+ | ————— ——;- 
V mêm Tr nm; 


43 (6 2 [ie mim, | 
2 c (ini + my)? 


(18) 


) Æ —_- — 


MyM, bes [ a, (my?— mMm + 3] : 
J 


m; +m CN mm T mm? 
21 (6 d 1 àm,ms 
Y z1-(- 2 —— — —u |, | 
agt (mı + mg) J 


then for positive values of y? equation (15) will take the 
form 


P= 149 cos (yẹ). > + 5. 5. . (19) 


7 


It, however, y? is negative, we shall have to put 
y = 16, 
and shall obtain instead of (19) 


= 1—ncosh(dg). . . . . . (20) 

The intermediate case y?=0 leads to an algebraic quadratic 
equation between r and $, which need not be written down, 
because the properties of the corresponding orbit as the 
Intermediate orbit between the orbits (19) and (20) are 
sufficiently obvious. 

We see that the equations (19) and (20) are exactly the 
same as in the case of a fixed centre of force. The whole 
difference lies in the values of the three constants 7, p, and y, 
which are modified by our supposition that both masses are 
moving under their mutual attraction or repulsion. We 


. R s mM 
obtain the formule: for a fixed mass m; by putting — —co. 
> mı 


If, on the other hand, we put in (18) c=, we obtain 
the formulze of the classic problem of two bodies. In this 
case we have y=1, and the relative trajectories are conics. 
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It is hardly necessary to discuss the equations (19) 
and (20) in full detail. 

The curve (19) may be described as generated by the 
superposition of a motion in a conie and a rotation of 
the perihelion. The constant sy? being smaller than unity, 
the rotation is in the same direction in which the mass moves 
along the conic. 

The curve (20) is in most cases a spiral (and so is the 
intermediate curve y=0). If 7>1, both ends of the curve 
are spirals winding round the origin. This can obviously 
happen only in the c.se of attraction, as it requires that 
a, should be negative. The value of p in (20) being 
negative, the curve is real for all values of 4 between 
—oo and +æ. But if <1, only one end of the curve 
is a spiral if e; and es are of different sign, the other one 
stretching to infinity. In this case a, must be positive, 
which does not lay any restriction on the signs of the 
charges. If there is attraction, p is negative and the curve 


2 l 
is included between the asymptote $ = + garecosh » and 


$-— to, where the signs have to be taken either both 
positive or both negative. In the case of repulsion, p is 
positive and the curve is included between the two 


1 1 ' . . [I e . 
asymptotes $ = sarccosh e This time it is not a spiral, but 


a distorted branch of an hyperbola. 


The critical value of the angular momentum corresponding 
to y=0 is in our case 


2 [W Ont ni» | 9 
s zi pe (mtma? Co oy) 


compared with 


2 
a? = (2%) oe ee s s. (22) 


in the case of a fixed centre. Thus for a moving centre 
the critical value is smaller than for a fixed one. The 
effect is largest for my=m (21) giving then a twice 
smaller value than (22). Fora hydrogen atom the effect 
is a negligible one, roughly 1 in 1200; for a helium ion, 
nearly 1 in 5000. 

We come to the conclusion that on the theory of relativity 
the relative motion of two charges is of much the same kind 
as the motion round a fixed centre of attraction. In cases 
of practical importance the quantitative difference between 
them is only small. 
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Bat we must not forget that the conclusions of this 
paragraph are only valid so long as the kinetic energy is 
small compared with the energy stored in the masses. This 
means that our equations give an approximately accurate 
description of those parts of the orbits where 7 is not too 
small. Thus equation (20) describes accurately only the 
outer parts of spiral trajectories. Knowing nothing about 
the inner part of it, we cannot even decide whether for 
given value of a; the real orbit will be a spiral one or not. 
The critical value (21) determines only the analytical form 
of the equation for the outer part, but, as we shall see in the 
next paragraph, does not provide a criterion which would 
allow us to decide whether the orbit is a spiral one or not. 


ó. The investigation of the last paragraph was based on 
the assumption that the sum of the kinetic and potential 
energies of the system is small compared with the energy 
stored in the masses. | 

The solution of the problem for the exact value (13) 
of P(1/r) is far more difficult. But if we do not attempt 
to diseuss the form of the trajectorles in full detail, but 
limit our attention to the question whether spiral trajectories 
still occur and under what condition, the problem is a very 
simple one, and the form of P(1/r) provides us all the 
information that we want. According to (13), P(1/r) 
must be positive for any real motion. Spiral trajectories 
will accordingly be possible whenever the right side of (13) 
I5 positive for infinitely decreasing values of v. In other 
words, we may have spiral trajectories if the coefficient 
of 1/7? is positive, but not if it is negative. This leads 
avain to a critical value for a. The coefficient of 1/»? 


1*9 


| 2 
. e * . . LJ . *. 
being (52) — az, the condition for spiral trajectories is 

. 2c 


2 zt 9: 
ast « (75). 2... (23) 
This is the value which we obtained in the previous para- 
graph for the case of equal masses, using an approximate 
method. 

The physical meaning of the constant a, may not be 
obvious from the above formule. We can easily show 
that it really is the quantity which must be called the 
angular momentum of relative motion on the Einstein 
theory. It follows from (7), (10), and (12), 


2 


| p 
Xp) = Zpt o—Xpp-pbbi. 
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Substituting this into (4), we have one of the canonical 
differential equations : 


1 1 
=. : "— Rod dim e 
OP, p V mj, ?c? +5 Xp. V myc? + Ipi r 


As in the classical problem of two bodies, the rôle of 
the reciprocal value of the mass is played by the sum of the 
reciprocal values of the two masses, both expressed in 
terms of their velocities. Thus a, really deserves the name 
of the angular momentum of relative motion. 


6. The results obtained in the previous pages may be 
summed up as follows :— 

The Hamilton-Jacobi equation for two charges moving 
under mutual attraction or repulsion with masses varying 
according to Einstein's law ean be easily solved, when the 
total momentum of the system 1s equal zero. 

The exact solution of the equation shows that, if there is 
attraction, for small values of relative angular momentum 
the relative trajectory is a spiral, as in the case of fixed 
centre of attraction. The critical value of angular momentum 
is half of its value in the latter case. 

The discussion of the exact solution in detail is not 
attempted. For practical purposes it is sufficient to discuss 
the approximate solution, which is obtained by supposing 
the kinetic energy of the system small compared with the 
energy stored in the masses. On this assumption the 
explicit equations of the trajectories are the same as for a 
fixed centre. Only the values of the constants in these 
equations are modified. The effect on the hydrogen or helium 
spectrum brought about by this modification is, however, so 
small that it could not be observed. 


IT. Study of the mutual Magnetic Action of two 
Moving € "haraes. 


. There is another problem which is in many ways 
related to the one studied above, and which ean easily be 
solved by the same method. The atomic theory in its 
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simplest form takes no account of the magnetic forces 
arising from the mutual displacement of charges in the 
atom; in fact, these forces in an atom of hydrogen or in 
a helium ion are so small compared with electrostatic ones 
that they have to be neglected. 

In atoms containing more than one electron these forces 
probably cannot be neglected. D. Roschdestvensky and 
G. Krutkow *, and independently myself, some two years 
ago came to the conclusion that these forces account for 
the doublets in the arc spectra of alkali metals. A. Som- 
merfeldf, in the 3rd edition of his excellent book * Atombau 
und Spektrallinien,' gives a theory of doublets and triplets 
based on the same idea. But these are not the facts with 
which we propose to deal in the present paper. 

As in the previous section, we are going to study the 
movement of a system consisting of only two charges ; so 
that our result will bear only on the theory of the hydrogen 
atom and the helium ion. We intend to find out in what 
way the relative trajectories of two charges are modified by 
the magnetic field arising from their motion. We shall be 
able to compute the influence of these forces on the spectra 
emitted hy such systems. However small this influence 
may be, it is not uninteresting from a theorctical point of 
view. 


8. We must confine our attention to cases of quasi- 
stationary movement of the charges. This means that 
the changes in the state of the system are supposed to 
be so slow that we may neglect the time necessary for the 
propagation of the electromagnetic disturbance from one 
charge to the other. In atomic theory we are certainly 
entitled to do so. Then the Lagrangean function of our 
system has the form 


mu? ms JL M "m é 
L= 3 pe + (bike t j+ ZZ.) —ey, . (24) 


where we put for brevity’s sake 
ae = fy: . . . . . Py e. (25) 


* D. Roschdestvensky, * Verhandlungen des Optischen Instituts in 
Petersburg,’ Berlin, 1921. 

+ A. Sommerfeld, ‘Atombau und Spektrallinien,’ Braunschweig, 
1922, 
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The third term on the right side of (21) accounts for 
magnetic forces. We consider the masses as constant. 
The momenta of the masses are: 


oL ; , 
Pa = od = nui T Yt, 
20. . (26) 
oL 


Pro = Od, = Yli + Malog 


and similarly for the two other axes. 

The Hamiltonian function as computed by (3) differs 
from the Lagrangean function (24) only by the sign of the 
last term. Solving ( (26), we find 


zu Ma Pèr ps 
Mima — y? ^? 
wo we PPn Y Pn 


mms — y? 


Substituting this and the analogous expressions of the 
remaining four components of velocities in the formula 
for the Iunnltonien function, we find 


1 J me, 


m 5 mno" 
Hee od t TQ du T 


mma — y? | 
= p + Py, Py +P...) } Ty. (27) 


Putting the right side equal to the total energy a, we 
obtain the differential equation of Hamilton-Jacobi. 


We proceed to solve this equation by the same 
o as we used in $3. Using the variables (6) and the 
formule (7), we bring the equation to the form 


1 m, + ms \s >, [m +m UN. 
ns 9 7 YJ-t (CHEM +y) =p; 
+ (m — mı) E») +y =a. . (28) 


We see again that the total momentum whose componente 
are pe, p,, py 18 constant throughout the motion. 


If, again, we limit our attention to the case 


Pe = Py F Pe = 0, 
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and introduce polar coordinates in the plane of relative 
motion, (28) takes the simpler form 


nu +m P : 
($t ey) (2-28) = (imus). (22) 


For practical purposes we may consider y as small 
compared with mı or ms. Indeed, we see from (25) that 
the absolute value of y is the amount of mass which on 
the theory of relativity corresponds to the mutual potential 
energy of the charges. This amount is always small 
Compared with the masses themselves. Thus we can further 
simplify (29) and obtain the equation 


9mm 6164 2e,e; ‘| a? : 
pia "m. (fs. 7668 — l) « 0 (ug 

Pr mj T nig (s r ne (mi mc v 7? tom) 
Here we have substituted for y its value (25) and put 
Ps. Putting S(1/r) for the right side of (30), we 
lave the solution of the differential equation of Hamilton- 
Jacobi : 


W = [S754 ad. 2. . BD 


The equation of the orbit in relative motion is 


Bo = 3 B UN 

VS U/r) 

Since S(l/r) is again a quadratic function of 1/7, the 

explicit form of the equation of the trajectory is again 

(13) or (20) if the value of B, in (32) 1s chosen so as 

to make an apex of the curve to correspond to $—0. The 
constants in these equations have the values 
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But again, as in the former case, we must heep in mind 
that our formule apply only to orbits or to parts of orbits 
where the two charges do not come too close together. No 
if for a given very small value of a5 a part of the orbit 
can he with sufficient accuracy described by equation (20), 
we cannot conclude that this orbit will be a spiral throughout. 
The accurate equation (29) shows rather that spiral tra- 
jectories in this case are impossible. But we need not dwell 
on these details. 

Formule (33) describe the disturbance of the motion 
caused by the magnetic field which it produces, They show 
that, for an originally elliptic orbit, both the greater semi- 
axis and the excentricity are slightly altered by the magnetic 
forces. And, what is more important, the orbit is no longer 
a closed curve, but there is a slow progression of apses, 
because y differs Erom unity. <All these disturbances are 
very small. It is easily seen from (33) that they are largest 


for my =m, and disappear as well for 21-0 as for =x. 
Mg Mg 
This result could be easily anticipated. Indeed, if one of 
the masses is large compared with the other, its velocity i- 
small, and so is the magnetic field produced | by its motion. 
The order of magnitude ‘of the disturbances is the same as 
the order of the corrections to the relativity eHect found in 
the first part of this paper. If ji is the mass of an electron 
and at, the mass of the nucleus of a hydrogen or helium 
atom, and we call æ the order of the disturbance produced 
by the relativity variation of mass, then the order of the 
0. maa 
disturbances under consideration is : 
à 2 


It is interesting to compare the last formule of the 
sets (18) and (33). I£ we measure by 1—9? the rotation 
of apses, we see from (18) that the rotation produced by the 


dis : mMm (eye 
relativity effect is decreased by 2201"? (9% 
~ (mim |as 
take into account the motion of both masses. On the other 
hand, (33) shows that the effect of the magnetic forces is to 


increase it by $ of the same quantity. 


2 
) when we 


10. From what has been stated already, we gather that 
the magnetie forces must eause a structure of spectral lines 
of the same kind as is produced by the relativity effect, 
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Ni s à * 
only on a scale — times smaller. This ratio for a hydrogen 
= Mo 


atom being 1/1840, the effect cannot be observed experi- 
mentally. We give a brief computation of its value. 
The quantum equations determining the values of a, 


and a, are: : 
f Í V S(1]r)dr = nih, 


| "ad = nh, 


where r, and rz are the roots of the equation S(1/r) z 0. 
This gives 


_9 BUR e cms] } 
2rd ve — 2a (M; + mə) did (mi +m)? | 
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(m, + mg)? c? 
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The constant a, measures the sum of kinetie and potential 
energy of the system, and is very small compared with 
e-(m +m), which is the amount of energy stored in 
the masses. Thus the second term in the square bracket 
of the first equation (34) is very small compared with unity. 

4mmsej,?e;? 
a3! (m, + mg)? 
them, we find in first approximation for a, the value 


And so is the expression If we neglect 


o— 2Ammsm ejfe, 
|o Qn ma) h? (n4 4- na)? * 


(35) 


This is the value of a, when magnetic forces are neglected. 
Substituting this approximate value in the small term 


0 
of (34), and. neglecting the powers of ^ which are higher 
than the first, we find easily 


PA! ; 
-a = -an[1-5 (34). . « (86) 
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The corresponding formula for the relativity effect * is 


0 
—a, = —a,° [i- “3 i+”)), . . . (37) 


4 n» 


where e'm;c? is the amount of energy stored in the 
electron. We see that both effects are of much the same 
kind : the spectral lines are shifted and split into a number 
of components. But the relativity effect is by much the 


i : mie 
larger, since we have approximately e= Thus the 
2 


shifting eftect of the magnetic action is c times that of 
2 


the relativity, and the splitting effect Eo times. For a 
nio 


hydrogen atom tlie figures are 1/230 and 1/460. 

For the Balmer series of hydrogen, the end trajectories 
correspond to »;4-n,—2: a circular one with n,—0, n,—2, 
and an elliptic one with »,—»5-—1. On account of 
the relativity effect, the lines are doublets for which the 
theoretical value of difference of wave-numbers is 0°365. 
The last decimal of this figure is already beyond the 
limit of accuracy of modern wave-length measurements. 
Accordingly the 430 times smaller effect of the maguetic 
forces can in no way be checked experimentally. 

The effect of magnetic forces is to increase slightly the 
relativity effect. But from the formulz of the first part of 
this paper we can easily show that the relativity effect is 
on the other hand slightly decreased by the fact that the 
nucleus is not fixed, as it is assumed to be in Sommerfeld’s 
theory. The correction is of the same order as the one 
just ‘computed. Thus both corrections partly cancel each 
other. 


* See, for instance, J. H. Jeans, ‘The Dynamical Theory of Gases,’ 
3rd edition, p. 424. 
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AI. On the Theory of Metallic Conduction. By Tc. 
BiaLopsesk!, Professor in the University of Cracow 
(Poland) *. 


IMHE electron theory of metallic conduction, notwith- 

standing some serious objections raised against it, is 
still in favour at the present time as giving the best inter- 
pretation of facts in this field of physical inquiry. But the 
investigations of Kamerlingh Onnes on the electrical con- 
ductivity of some pure metals in the proximity of absolute 
zero (0° K.) showed that insurmountable difficulties stand 
here in the way. Kamerlingh Onnes discovered that at the 
temperature of liquid helium (about 4° K.) some metals pass 
into a state of super-conductivity, their specific resistance 
being less than one 10-1! part of that at 0° C. The super- 
conducting state appears abruptly at a definite temperature. 
On the free-electron theory the electrical conductivity of a 
metallic body is given by the formula 


nerlr 


°= 6RT ” 


where n denotes the number of free electrons in unit volume, 
e is the elementary charge of electricity, / the mean free 
path of an electron, v the mean velocity of thermal agitation 
of electrons, R the gas constant calculated for one molecule, 
T the absolute temperature. An enormous increase of con- 
ductivity at 0° K. might be attributed to an increase of the 
free path; but such an almost unlimited lengthening is 
hardly conceivable. Other attempts aiming at reconciliation 
of the theory of free electrons with experimental data cannot 
be regarded as satisfactorv. 

In the year 1915 Sir J. J. Thomson restated his theory 
which had been considered in the book on the * Corpuscular 
Theory of Matter’ as the second theory of metallic conduc- 
tion, the first being that of free electrons 1. 

According to this theory atoms of metals contain electrical 
doublets, i. e, pairs of equal and opposite charges at short 
distance one from the other. In the absence of external 
electric force the axes of doublets are uniform! y dis- 
tributed, having all directions in space. When an electrical 
force acts on the body the axes of the doublets tend to point 

: Communicated by the Author. 

i PE for instance, Jeans, ‘ Dynamical Theory of Gases,’ 2nd edition, 


t Phil. Mag. xxx. p. 192 (1915). 
Phil. Mag. S. 6, Vol. 45. No. 265. Jan. 1923. M 
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in the direction of the force and the moments of the doublets 
acquire a finite resultant, whose direction of course coincides 
with that of the force. If no disturbing influences were at 
work, the smallest electrical force would be sufficient to pro- 
duce the maximum polarization, 7. e. to arrange the axes of 
all doublets in one direction. The thermal agitation (and 
perhaps some other influences) put a limit to the polarization 
produced by a given electric force. 

A characteristic feature of the new aspect of Sir J. J. 
Thomson's theory is the introduction of an intermolecular 
field of force; this makes the view of the conductivity of 
metals similar to that by which Weiss explained ferro- 
magnetism. It is assumed that, when the external force 
is applied, a new force arises acting on the doublets and 
proportional to the polarization of the body. If N is the 
number of doublets in unit volume, M the electrical moment 
of a doublet, I the polarization of unit volume (that is, the 
resultant of all moments in the direction of electric force), 


T P I : i 
we might imagine that M doublets have their axes pointing 


in the direction of the force and forming atomie chains, 
while the axes of the other doublets are distributed uni- 
formly in all directions. The peculiarity of metals among 
other substances is that some electrons are very loosely 
connected with the atoms. Consequently along atomic 
chains an interchange of electrons between atoms is going 
on continuously. Let us suppose that p electrons pass along 
each chain per second. Denoting by d the distance of the 


LJ e *. Id [1 
adjacent atoms in the chain, we have = chains crossing 


M 
unit area at right angles to the electric force. The current 
through unit urea is then 
Id 
1 = ep M e co e o Ww. We 4e (1) 


The relation between I and the extraneous electrio force 
is very complicated ; indeed, the disturbing effect of mole- 
cular motion and the action of intermolecular forces must be 
taken into account. The explanation of super-conductivity, 
however, presents no difficulty. The rôle of electric force in 
metallic conduction is mainly to form chains; at low tem- 
peratures the disturbing effect of thermal energy vanishes, 
so that intermolecular forces become preponderant: the 
chains persist after the electric force is removed and 
electrons are transmitted continually along them. 


gc EEUU 
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The form given to the theory by Sir J. J. Thomson seems 
to be open to objection. The recent progress of our views 
on the dependence of various phenomena upon temperature 
has led to the conviction that Planck's quanta should be 
introduced into all problems concerning partition of energy. 
As the thermal agitation plays a prominent part both in 
electrical and thermal conductivity, the introduction of 
quanta Into the theory of these phenomena seems unavoid- 
able. Therefore Thomson's theory, resting on the rule of 
equipartition and taking no account of striking departures 
from this rule at the proximity of 0? K., must be regarded 
as insufficient. Moreover, the assumption of intermolecular 
fields of force is of a somewhat vague character. It is the 
object of this paper to show that the hypothesis of inter- 
molecular fields of force, considered as an important agent 
of conductivity at low temperatures, becomes unnecessary if 
we Introduce energy quanta. It will be seen that combining 
Sir J. J. Thomson's hypothesis regarding the interchange 
of electrons between atoms with the fundamental relations 
of the quantum-theory, we are led to an interpretation of 
essential features shown by the conduction of electricity 
through metals. 

Let X stand for the extraneous electric force acting on a 
metallic conductor. Applying the well-known formula of 
Boltzmann, Langevin has obtained in his theory of para- 
magnetism an expression for the polarization of unit volume, 


which may be used in our case without any change. We 
have 


=NM (<= - 5), 


@t—e-F x 
MX — 
where x = RT According to classical statistical theory, 


¿RT represents the mean energy corresponding to one degree 
of freedom in a system, which is in thermal equilibrium with 
a gas at T? K. At present the opinion has prevailed that 
this statistical inference is only true at high temperatures 
and is utterly inapplicable at very low temperatures. An 
expression for the mean energy belonging to one degree of 
freedom has been given by Planck in the first form of his 


theory as 
1 hv 
J w —? 
eRT —] 


h being Planck's universal constant, v the frequency of 
M 2 


- 
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oscillations corresponding to the degree of freedom under 
examination. We assume the thermal agitation to be 
resolved as an assemblage of homogeneous vibrations having 
a definite scale of frequencies. It is known that Debye, and 
independently Born and Karman, have analysed in this 
way the thermal vibrations of bodies with crystalline struc- 
ture. It will be natural to suppose that the atoms of metals 
containing doublets are performing similar vibrations, by 
which the directive action of electric force is disturbed in 
accordance with Boltzmann’s rule giving Langevin’s formula. 
Consequently we retain unchanged the expression of I 
putting herein 


In order to obtain simple relations let us admit only one 
frequency of atomic vibrations. Although this assumption 
might be deemed a too great simplification, the general 
features of the phenomena under consideration will not be 
essentially mod fied. The electric current will now be 
represented by the express:on : 


g epdI 1 
i= are Nepd (coth «— 1), Pow wk od) 
Ap 
hv ° 
Let us call Langevin's function and denote by L(x) the 


expression in brackets. Expansion of L(x) in an ascending 
series gives 


where r= 


v æ 


aus edes 


L (x) = 


At high temperatures we may use approximate formulas: 


XM x XM 
RT and L (x) = 3 = 3RT " 


c= 


In this case 
: N Mepd : 
=~ ^3RI e X 9 . . . ° . P (3) 


the conductivity at high temperatures will be expressed by 


_ NMepd " 
c= 3RT " &. ne ee . (3 ) 
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More precise results can be obtained by using the results 
of Dehye's calculation relating to the spectrum of thermal 
vibrations *. When N molecules participate in the elastic 
vibrations (identified with the thermal energy of the body), 
then the number of vibrations with frequencies contained 
etween y and v 4- dv is 


2 
ax V dv 
3N — ; 
Vm 
the maximum frequency of the vibrations is here denoted 
Y Yas Thus 


j= SNepd (p ous, se ow A) 
0 


Va ux 
We do not endeavour to investigate this equation exactly 

and shall content ourselves with the examination of con- 

ductivity at higher temperatures. Writing approximately 


e*zl-4zriz 


We get 
1 hv 


and by integration 


. NMepd 0 
i= “ser (185) X e > oè œ (5) 


Introducing Debye’s characteristic temperature by the 
equalit y 
hy,, 


0 =y. 


Thus the temperature coefficient of conductivity is greater 
than that of perfect gases. This conclusion is in accordance 
with experimental data concerning pure metals. [ron and 
nickel on. Debye's theory of specific heat are distinguished 
by an exceptionally high value of the characteristic tempera- 
ture (6Fe= 467, ONi= 435) ; the same metals have particularly 
considerable temperature coefficients of conductivity which 
agrees with (5). 

Using the simplest expression (3) for conductivity at 
comparatively high temperatures we proceed to calculate 


* Annalen d. Physik, xxxix. p. 789 (1912). 
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the value of p. the number of electrons which pass per 
second along the atomic chain : 


= 3RTc 
=X Med’ 


We will apply this equation to the case of silver 
(c= roo E.M.U. at 0? C.). For the values of constants 
R, N, e we take: 


6:1 . 10”. 10:5 
log  "' 


N= e=16.10°% R=14.107", 

The moment of a doublet M66, where 6 is the distance 
of two oppositely charged constituents, we take to be equal 
to 1:6.107*.10-7*, For the distance of two neighbouring 
atoms we put d—3.10^7? (equal to the linear constant of 
the crystalline lattice of calcite). The two last numbers do 
not pretend to give more than the true order of magnitude. 
We obtain thus p=17.10'*. It wili be observed that this 
number corresponds to frequencies of electromagnetic vibra- 
tions in the region lying between the ultraviolet and the 
softest X radiations. 

From what has been said it follows that the crucial test of 
the theory will be its application to the conductivity at very 
low temperatures. We note that at 0? K., x is equal to 
exponential infinity and L( œ )=1. Then 


: í p= Nepd, 4o 3 Geox ox X0) 


which gives for silver 4°3.10" E.M.U. This monstrous 
current arises if all the atoms of a piece of metal are 
arranged in parallel chains nnd may be started by an 
arbitrarily small electromotive force. It should not, how- 
ever, be inferred that such a current can be excited almost 
spontaneously and instantly. In order to accumulate the 
enormous energy of magnetic field a corresponding amount 
of work must be done. As soon as the current has arisen, 
the smallest electric force would be sufficient for maintaining 
it: we have, therefore, super-conductivity. At the sane 
time io represents maximum or saturation current. 

We shall now give the formulas expressing changes of 
current as a function of temperature and electromotive 
force. From (2) we deluce: 


ARG ety eue) m 
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At the proximity of 0° K., commencing, say, from 8° K., 
when x acquires very great values, the differential coefficient 
becomes exceedingly small; we have then a saturation cur- 
rent, independent of electromotive force and equal to i. At 
these temperatures the thermal agitation ceases to destroy 
perceptibly the directive action of electrical forces. We 
have also : 


d .XM & 4 1 
= RP (Goya) 0 


The value of this derivative is also infinitely small near 0° K. 

It seems that not all metals are able to pass into a super- 
conducting state; some of them, at very low temperatures, 
tend to acquire a constant conductivity, enormous but finite. 
This behaviour is proper to metals containing foreign ad- 
mixtures and especially to alloys. For the purpose of 
extending the theory to these cases, Sir J. J. Thomson 
introduces an additional restoring couple, which tends to 
make the axes of doublets to take up a definite direction, 
determined by the structure of the body. 

This supposition may be immediately adapted to the form 
of theory here developed. Let us consequently admit that 
besides an electrical force and disturbing action of thermal 
energy there exists a couple D acting on the doublets. The 
equations (2) or (4) maintain their form, but the quantity 
denoted by x will be changed ; we now have 


z=XM: DE +D) 
e?T —] 
not only the thermal agitation, but also the couple D opposes 
the directive action of the electric force. It is evident that 


the limiting value of Langevin’s function in the proximity 
0° K., instead of unity will now be 


| XM\ XM 
lim L(z) =coth (D) -J 


the current tends to the value 


i =Nepd L(A). 2... ee (9) 


If D is not vanishingly small, ip’ will appear considerably 
less than ij and a elearly expressed saturation will not come 
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into existence. At higher temperature by using (4) and 


putting 
pal d 
3 RT -D 
we get 
= _NMepd X; 
3(RT D) 


therefore in the equation 
C= o, (1 ta) 


giving the resistance c as a function of temperature, the 
coefficient 
— a 
P ES. 


lta 


where « denotes the temperature coefficient of perfect gases. 
We see that a, « a, which is in agreement with experimental 
results in the case of alloys possessing probably a relatively 
strong restoring couple D. 

We add in conclusion that by accepting the above deduc- 
tions one must adopt a definite attitude with respect to the 
problem of existence of energy in a body at 0? K. In 
the second modified version, which Planck gave to his 
theory, a degree of freedom possesses a mean energy 


equal to 
1 a hv 
(5x 


If we had to put this value in the Langevin's function, 
we should obtain at 0° K. 


hy 


eL 


which in the case of not very high electromotive force is 
far less than unity. The super-conductivity could not be 
observed and even there would not exist a rapid increase 
of conductivity at low temperatures. We must therefore 
conclude that either metals do not possess energy at all 
at the absolute zero of temperature or the corresponding 


hy , 
amount of vibratory energy 9 !8 not heat energy. 


. Cracow (Poland). 
June 24, 1921. 
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XII. The Evaluation of the Colours of the Spectrum in Terms 
ofthe Three Primary Colours. By Dr. R. A. HovsToUN, 
Lecturer on Physical Optics in the University of Glasgow, 
and Eric Dow, B.Sc. * 


F we take three colours—a red, a green, and a blue,—and 
represent them by the corners of an equilateral triangle, 
then any eolour whatever can be represented by a point in 
the plane of the triangle. "The three colours at the corners 
are referred to as the primary colours. Any colour obtained 
by mixing the primaries is represented by a point inside the 
triangle,an any colour, such as violet, that cannot be obtained 
by mixing the primaries, is represented by a point outside 
the triangle. Any colour obtained by mixing two colours is 
represented by a point on the straight line joining these two 
colours which divides the distance between them inversely 
in the ratio of their intensities. That is, to find the position 
of the mixture we regard the colours as particles the masses 
of which are proportional to their intensities, and proceed to 
find the centroid of these particles. 

The laws of colour-mixing as expressed in the triangle 
diagram are facts of experience independent of all theories 
of colour-vision, and they are accepted by all theorists. It is 
the additional assumption, that to each of the primary 
colours there corresponds a primary-colour sensation, that 
has been a matter of dispute. The colour diagram was 
introduced by Newton in his ‘Opticks? and was fully 
ed bv Helmholtz and Maxwell a century and a half 
ater, 

The position of the colours of the spectrum on the triangle 
diagram has been determined by Maxwell f, by Kónig and 
Dieterici }, and by Abney $ (twice); and the results of these 
olservers have obtained considerable publicity, the curves of 
Konig and Dieterici in particular having been copied into 
many text-books. The different observers expressed their 
results in different units ; in 1919, Dr. Houstoun || calculated 

them into the same units, and found that the agreement was 
not good, also that in no case were all the necessary parti- 
culars of the determination recorded. It was decided, 
therefore, to investigate the matter afresh. 

Considerable care was bestowed on the selection of the 


+ Communicated by the Authors, 

+ Phil. Trans. 160, p. 57 (1861). 

t Berl. Ber. p. 805, 1886. 

$ Phil. Trans: 193A, p. 259 (1900), and 205A, p. 333 (1906). 
|| Phil. Mag. xxxviii. p. 402 (1919). 
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method. First of all a method based on Maxwell's colour 
box was tried. Thirty-two adjustable slits were set up at 
one side of a room in two rows of sixteen, and illuminated 
by tungsten- filament lamps; these were viewed through a 
prism and a telescope which had its eyepiece removed and a 
slit substituted. A biprism was mounted behind the prism. 
A preliminary determination by this apparatus was made by 
Mr. James Hyslop in the first months of 1920. The method 
was, however, See as it did not seem any better than 
Max well's. 

The next attempt was based on König and Dieterici’s 
method, and involved a quartz prism and mcol eyepiece, and 
was made in the autumn of 1920. This method was, how- 
ever, little more than explored, as it seemed neither easy nor 
accurate Finally, during the past winter a method was 
evolved which was both elegant and simple, and a great 
advance on the methods hitherto used. It does not make 
the determination easy ; the actual matching of the colours 
will always remain a tedious business and require great care. 
But it removes all adventitious sources of error and worry 
connected with the apparatus, and leaves one with nothing 
but the actual difficulty of matching the colours itself And 
as it does not require the intensities to be equal when the 
colours are matched, the matching is easier than by the 
other methods which involve heterochromatic photometry. 
Another advantage of the new method is the simple geometric 
procedure for evaluating the results. 

Fig. 1 represents the apparatus. A is a ground-glass 
plate, called the comparison field. T is a 40-watt Osram 
lamp in a box with a square ground-plass window. Except 
for the window the box was light- tight, but at the same time 
adequate provision was made Tor its ventilation. The lens L 
focussed un image of the window on A. In front of the lens 
L was the colour mixer M ; this consisted of a rectangular 

opening, across which one of three colour filters could be 
screwed. These filters were made of Wratten and Wain- 
wright standard tricolour film mounted in B quality glass ; 
the first was half red and half green, the second half green 
and half blue, and the third half blue and half red. If the 
first filter was screwed across the aperture, the film covering 
the latter changed from red to green, and the colour of the 
image on A changed simultaneously from red to green. 
For intermediate positions of the filter the colour of the 
image on A was a mixture of red and green, the amount of 
each component in the misture being proportional to the 
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areait covered on the lens. The colour of the image on A 

was of course always perfectly uniform. The area of the 
lens covered by each COURS could be read off on a scale. By 
means of the three filters the colour of the image on A could 
be changed from red through orange, yellow, and yellowish- 
green to green, from green through peacock-blue to blue, 
and Mn blue through purple, magenta, and carmine back 
to red. 


Fig. 1. 


A 


The ground-glass A stands on the table of a spectrometer, 
the telescope and collimator of which had been interchanged. 
In front of the collimator slit is a light-tight box U, with ü 
ground-glass window containing a 40-watt Osram Jump. 
The prism is a 60^ dense flint one, the faces of which measure 
J'Óx J'1 em? ; it stands at minimum deviation for Nu light. 
The eyepiece of the telescope is removed and a slit substituted ; 
this slit is 1 millinetre wide. An eye E looking in at the 
telescope consequently sees the face of the prism uniformly 
illuminated by whichever colour of the spectrum falls upon 
this slit and beside it the comparison field A. As the 
qid has a sharp edge, the two bound one another very 
sharply. 

C is another ground-glass plate standing on the spectro- 
meter table. It is illuminated by four 40-watt Osrams in 
u light-tight box V with a ground-glass window. The 
luminosity of C varies roughly according to the inverse 
square of its distance from the window. The eye at E sees 
the surface C superimposed by reflexion on the face of the 
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prism. The position of the box V can be read on the 
scale 

Let us now consider the theory of the method. In fig. 2 
the points R, G, and B represent the colours of the tricolour 
filters when placed in front of a diffusing surface illuminated 
by an Osram lamp. Consequently, when the colour mixer 
is fitted in succession with the red-green, the green-blue, and 
the blue-red filter, the comparison field can be given all the 
colours represented by the three sides RG, GB, and BR 
respectively. In the ordinary use of the apparatus, there- 
fore, the comparison field is restricted to the sides of the 
triangle. 

Fig. 2. 


G 


PS 


B R 


Suppose now that we wish to find the position on the 
diagram of a colour in the blue-green part of the spectrum. 
We know that the spectrum colours owing to their purity 
lie outside the triangle; the colour in question will lie at 
some such point as P. The collimator is turned until the 
face of the prism is illuminated with the colour in question. 
The lamps V (fig. 1) are then turned on ; let us suppose 
that their light is represented by some such point as W. 
The face of the prism being illuminated by a mixture of 
white light and the speetrum colour is represented by a 
point on the line PW. The distances of the lamps V and the 
colour mixer are adjusted until the colours of the prism face 
and the comparison field are exactly the same. They must 
then both be represented by the point D. Now the ratio 
GD/DB is obtained from the reading of the colour mixer. 
Consequently the point D is fixed, and P is restricted to the 
line WD. 

Let a piece of coloured gelatine be placed in front of C 
(fig. 1), so that the light obtained DA reflexion from the 
prism has some such position as K (fig. 2). Then, as the box 
V is moved along the scale, the colour of the prism face 
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travels along the line KP. If the colour mixer and the 
distance of the box V are adjusted so that the face of the 
prism and the comparison field have exactly the same colour, 
this colour must be represented by the point F. The ratio 
GF|FB is then obtained from the reading of the colour 
mixer; consequently F is fixed, and P is restricted to the 
line KF. Asit is now restricted to two intersecting straight 
lines, its position is completely determined. The positions 
of theother spectrum colours can be obtained in the same 
way. Instead of using the line KP we might have taken 
the line RP, 

It remains to explain how the positions of W and K in 
fig. ? were determined. Four such points were used 
altogether: W, which was obtained by letting the light from 
V fall directly on C, as already mentioned ; Y, which was 
obtained by placing a yellow filter (the Wratten minus-blue) 
immediately in front of C ; K, which was obtained by placing 
a pale red filter in front of C ; and H, which was obtained by 
substituting one 100-watt half-watt lamp for the four Osrams 
and not nsing any filter. Their positions on the diagram 
were obtained by turning out the lamp U (fig. 1), so that 
the prism face was illuminated solely by reflected light and 
maneuvring special filters each containing red, green, and 
blue film over the lens until a match was obtained. Then 
the areas of each colour covering the aperture were noted ; 
they specified the position of the point. 

In matching the colours of the prism face and the com- 
prison field, it is not necessary that their intensities should 
he exactly the same. It is, however, advisable that there 
should not be much difference between them. In addition 
toaltering the distance of V and changing the width of the 
collimator slit, the intensities were also regulated by placing 
additional pieces of ground-glass in front of the windows in 
Tand U, and by fixing wire gauze of different size of mesh 
immediately in front of M. 

There were various screens for cutting off stray light 
which are not shown in fig. 1. There was a switch-board 
close to the observer’s left hand for controlling the lamps T, 
U, V, and a reading-lamp, and beside the switeb-board a cord 
for moving V, while with his right hand he couid reach the 
serew motion for the colour mixer and the serew motion for 
the collimator. The spectrometer read to one minute of 
are, and the lenses of telescope and collimator were of 1 
inch diameter. 
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A series of results obtained by Mr. Dow is shown in 
fig. 3. These were verified by Dr. Houstoun, and found to 
agree fairly well with the values he obtained. It will be ob- 
served that generally more than two, in one case as many as 
four, lines were obtained to determine the point. The closeness 
of intersection of the different lines gives an idea of the 
accuracy of the method. From the directions of the lines it 
is possible to ascertain which auxiliary colours were used on 
the ground-glass plate C. 


Fig. 3. 


Each point took asa rule one day, as the eye required a 
long rest before each setting. Also the positions of the 
points were not the same on successive days. This was 
noted particularly by Dr. Houstoun in the case of the 
point in the extreme red, 6750 A.U., when testing 
whether the intensity of the light made an appreciable 
difference in the position of the point: of two determinations 
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made on different days of the same week one agreed closely 
with the position given on the diagram, and the other was 
almost twice as far out from the corner of the triangie. As 
the observations were made with the greatest of care and 
under exactly the same conditions on each occasion, and 
similar differences had been noticed on former occasions, 
there seems no doubt that the colour-vision changes appreci- 
ably from day to day. — 

The luminosity of the comparison fields was about 100 
metre-candles when working in the red end and middle of the 
speetrum, but it fell off to about 9 metre-candles towards the 
violet end. When the luminosity was diminished to one- 
quarter, it was found that there was no appreciable change 
in the positions of the points. In the diagram, red, green, 
and blue are measured in units of different luminosity, the 
relative values of the units for the normal eye being about 
100, 120, and 5 respectively. Thus the point represented by 
the centroid of the triangle contains about 20 times as much 
rel as blue and 24 times as much green as blue, although it 
would be produced by placing equal areas of the three 
filters in front of a lens forming an image of a piece of 
ground-glass illuminated by an Osram lamp. To produce 
the colour containing equal quantities of the three lights, we 
would require to place a much larger area of blue filter in 
front of the lens. This colour would be represented by a point 
near the blue corner of the triangle. On account of this 
difference in the size of the units, the colour changes most 
rapidly in the neighbourhood of the blue corner. 

As represented on the diagram, the colour of the Osram 
lamp is 19-6 red, 30:1 green, and 50:3 blue, and the colour 
of the half-watt lamp 13:3 red, 27:1 green, and 59:8 blue. 
Daylight from a north sky, as determined by an auxiliary 

experiment, was at 8 red, 20 green, and 72 blue on the 
diagram. 

It will be observed from the diagram that the wave-lengtlis 
6750, 6240, 6080, 5890, and 5625 are in a straight line. 
Then the curve bends, and the remaining points are approxi- 
mately on another straight line. This is in agreement with 
the determinations made by previous investigators which 
were reduced to the same units by Dr. Houstoun in the 
paper already cited, only previous investigators all make the 
bend nearer the violet end of the spectrum, and have the 
curve straight from the red end almost to 5128. That is, all 
the points from 6750 to 5190 should be on a straight line, 
which is in flat contradiction to the results we have obtained. 
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While there is no doubt that the curve continues straight for 
a good part beyond 5625 and while 5300 is a point difficult 
to fix, there is no doubt whatever about the position of 5190. 

The corners of the triangle make very good matches with 
6500, 5550, and 4800 respectively. 

There is no doubt whatever that the extreme violet point 
4300 contains some red, and lies on the red side of the 
line BG. It is quite impossible to reproduce B by mixing 
G and 4300. The difference seems trifling on the diagram, 
but that is only because owing to the small luminosity of the 
blue unit the colours change very rapidly in the neighbour- 
hood of B. The results that the red end of the curve is 
straight, while the violet end curves back towards red, are 
in agreement with a special investigation on these points 
which was carried out by Lord Rayleigh *. 

It was stated in the paper already cited that the different 
attempts hitherto made to resolve the colours of the spectrum 
into primary colours are not in good agreement. As a 
result of our investigation, we are of opinion that this is 
because the subject does not admit of very exact measure- 
ment ; besides the differences which oecur between different 
observers, the measurements made by the same observer 
vary somewhat from time to time. The descriptions of the 
previous investigations give an impression of fictitious 
accuracy. Newtonf himself stated that the diagram was 
accurate enough for practice, though not mathematically 
accurate. 


Summary 


(i.) A new method of great simplicity and elegance has 
been worked out for evaluating the spectral colours in terms 
of the primary colours. 

Gii.) A set of values has been obtained by this method. 

(iii.) In descriptions of previous work on the subject 
sufficient attention has not been called to the variation in the 
performance of the same eye from day to day. 


September 1, 1922. 


* Scientific Papers, vol. v, p. 569. 
t ‘Opticks; Bk. i. Pt. 2, Prop. VI. Prob. II. 


| 177 ] 


XIII. The Equality of Tensors. By T. Y. Tuomas *. 


quo components of a tensor represent physical quantities, 
or else are such that physical quantities can be ex- 
pressed in terms of them, as by differentiation for example. 
Dy equating the components of two tensors, relations between 
these quantities, i. e. physical laws, are obtained in a form 
Whieh remains the same in all coordinate systems. The 
conditions under which the components of one tensor are 
equal to the components of another are therefore of funda- 
mental importance. So far, these conditions have been 
furnished by Theorem I. of this paper. Theorem II., 
however, gives an entirely new set of conditions and 
promises to have important applications. It was suggested 
by a passage in Einstein's Princeton Lectures on the 
momentum and energy of moving bodies, and is applied to 
this problem in the present paper. 

Definition of tensor.—A tensor of the nth order is a set of 
* functions of k variables which is transformed according 
to one of the following schemes : | 


quee  OYa ON — Oy. 


———— 


aB...y 
Or. ra Oz, o^ 


7 OTa Org ÒT A 
Åab...e = Dya oy et Oy. af...y9 
Oya Oys Oy Os n0...8 
a...b — : eee : eee A 9 
A e...d Ox, cg Oy: OYa y.-.6 


where the indices which appear twice are to be summea 
over the values (1, 2,...4). Each A carries n indices. The 
tensor is contra-variant, co-variant, or mixed respectively 
according as its scheme of transformation is the first, second, 
or third of these equations. The functions A are the com- 
ponents of the tensor in the coordinate system considered. 

Definition of equality.—T wo tensors of the same kind 
(contra-variant, co-variant, or mixed) and of the same order 
will be said to be equal if their corresponding components 
are equal in all coordinate systems. 


TuEonEM I. If the components of a tensor A are equal to 
the corresponding components of a tensor B, of the same 
kind and order as A, in one coordinate system, then A and 
B are equal. 


* Comivunicated by Prof. Oswald Veblen. 
Phil. Mag. Ser. 6. Vol. 45. No. 265. Jan. 1923. N 
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Proof.—Taking A and B to be mixed tensors as the most 
general case, we have 


(Ate s = Bt. g) 


_ Oy. Qus Oty ÖLi sha pak aL 
= or, 7 y Oye Oya (A y. B y..5) =9, 


since from the conditions of the theorem, 
AC „86 = p 4 


Corollary.—If the components of a tensor vanish in one 
coordinate system, they vanish in every coordinate system. 

Definition of the class of a component.—The components 
Atma alien and A^, m of the tensor A will be said to 


be in the same class if when a;=a,, b;— b , and when aia, 
b;sEb;. 

The general tensor of the nth order contains 2"— n» classes. 

In the following we shall consider only those terms for 
which the number of distinct indices is not greater than £, 
where k is the order of the space. This restriction does not 
exclude any tensors of practical importance, for the com- 
ponents of a tensor are the coefficients of the invariant 
Ac. qE,... E, E... E?, and the terms which involve more than 
k distinct indices are necessarily zero. 


THEOREM II. If one component « of a tensor A is equal 
to the corresponding component 8 of the tensor B, of the 
same kind and order as A, in all coordinate systems, then 
the corresponding components of the class of a and £ are 
equal. 

Proof.—YVrom the conditions of the theorem we have 


^d. a... b 
A ^ a=b c...d? 


where a...b, c...d=1, 2...k have particular values. The 
barred components in the coordinate system y are obtained 
from the unbarred in the coordinate system 2 by an arbitrary 
transformation. The unbarred components are referred to 
an arbitrary coordinate system, so that any relation between 
them will hold in all coordinate systems. 


Let a... DB, y... denote particular values of a... D, vy...6 


such that At Fs 3 is in the same class as A^?, g. Then we 
shall have 


B B N E a...B 
A > 3=B 7.85 
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provided that we can make a transformation such that tho 
coeficient of 
de 2.5. 
(Acc. opes) 


isnot equal to zero, while all the other coefficients are equal 
to zero. A transformation of this sort is 


Ja te 
Ya V8 
de 7 s 
Ya m T 


Yo = yes tk) ezEa. ..b, c...d. 


Corollary.—1f one component of each class of a tensor A 
is equal to the corresponding component of a tensor B, of 
the same kind and order as A, in all coordinate systems, then 
À and B are equal. 

Corollary 2.—If one component of a vector (tensor of the 
first order) is equal to the corresponding component of 
another vector of the same kind (contra-variant or co- 
variant), in all coordinate systems, then the two vectors are 
equal. 

This follows from the fact that the components of a vector 
are all in the same class. 

Application.—F'or the purpose of illustrating the above 
theorems, I shall include an application to the mechanics of 
the special theory of relativity. 

Let m, denote the stationary mass of a partiele, and 
^i fa, tz its three space coordinates. Let w, denote the 
ordinary time t, and s the proper time, where we have 


dszdt V =è, 
t being the velocity of the particle referred to the velocity 
of light as unity. The quantities my e (v=1, 2, 3, 4) have 
a tensor character ; written in full, they are 


nan Moty gta My 
e Rc uera EE DEM ES = car > laa C ee "DX io s. 
V1—68' wXyl1—wW' yl V1—:? 
It can be shown that the quantities Ij, Ij, Ij E, formed 
from the three components of the momentum T (space 
components) and the energy E (time component), also possess 
N 2 
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a tensor character". Let us therefore make the assumption 
that 


E= Mo 

M 1— v 
This is justifed by the fact that the expansion gives 
B= my + dnigv? + Znigtt+..., in which mg is equal to tlie 


stationary energy Eo, and 4myv? is the ordinary expression 
for the kinetic energy. To these aro added terms of the 
fourth and higher powers of v, which are very small in 
comparison will tmo? for bodies moving with ordinary 
velocities. We therefore have two tensors of the first order 
with their fourth components equal in all coordinate systems, 
and hence from Theorem I]. (corollary 2) 


NIA? 
I= Of] : 
V 1-—:w! 
nus 
l= 


1-7 v? 

Since the force Q acting on the particle is equal to the 
rate of change of the momentum I, we obtain the vector 
equation 


o= 


dí mæ _ 
Q= (71) y— 1, 2, 3. 


Let Q, = the work done on the particle in unit time, then 


Q,= “(5 Mo 
Br dt Zi) 
These are the equations of motion of the mass point. 

The equations of motion for the case of a continuous 
distribution of matter may be obtained as follows. Let 
P, P, Ps denote the three components of force on unit 
volume, and P, the work performed on unit volume in 
unit time. It can then be shown that P» (v— 1, 2, 3, 4) has 
a tensor character t. We have 


P.d V = Q, 
and dV =dV,/1— v, 


* Einstein Princeton Lectures. 
t Weyl, Raum-Zeit-Materie, 4th ed. p. 150. 


or 
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dV and dV, referring respectively to the moving and 
stationary volume element. From these and the four 
equations above for the motion of the mass point, we can 
obtain 


du 
a TN Ed  -— n 9 : 


where 
de, 


u=- ” 
” dš?’ 


“and p, is the stationary density of the matter. Since P, and 


du | 
"M have a tensor character, these equations retain their 
ax : 


form under all transformations by Theorem I. 


My thanks are due to Professor Veblen, Dr. McDuffee, 
and Dr. Franklin for criticism and suggestions. 


Princeton University, 
May 1922. 
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XIV. Relative Visibility of Spectra when an Llectric Discharge 
is passed through the Vapours of Alkali Amalyams. By 
EF. H. Newman, D.Sc., F.Inst.P., [ead of the Physics 


Department, University College, Eweter™, 
[Plate I." 


1. [NrRODUCTION. 


\ HEN an electric discharge is passed through a mixture 

of gases or vapours, the relative visibility of the 
spectra of the components varies according to the conditions 
of the experiment. The early work of Ramsay and Collie f 
indicated that in à mixture of helium and hydrogen, the less 
helium there was present in the mixture, the lower was the 
pressure necessary to make its spectrum visible. The partial 
pressures o£ the components seemed to. be important, and 
decided which of the two spectra was the brighter at a 
particular pressure of the whcle. It is now known from 
Bohr's theory of the atom, that the ionization potentials o£ 
the components must be taken into account. 


* Communicated by the Author. 
t Proc. Roy. Soc. lix. (1896). 
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Atoms are capable of losing electrons when they collide 
with electrons possessing a definite ionizing potential, charac- 
teristic of the atom. When the electron returns to its 
normal] position in the atom, the energy appears, in nearly 
all cases, as the principal series of the spectrum. Con- 
sidering Bohr's assumption that radiation occurs when an 
electron falls from an outer to an inner orbit, combined 
with the assumption that complete ionization is produced 
much less frequently than partial ionization, i.e. the dis- 
placement of an electron from an orbit to one further out, it 
follows that radiation may occur before ionization. This 
resonance potential is determined by the frequerev of a 
prominent line in the spectrum, the first line in a principal 
or combination series. Ionization may be brought about in 
ways other than by a single impact of an electron against 
an atom. It may arise front electron 1 Impae ts against atoms 
in such rapid succession that the energies of the i impacts are 
additive in effect. It may be due 1o a secondary effeet 
involving combined action of radiant energy received from 
the surrounding atoms plus energy received by direct 
impact of electrons. At high pressures it is obvious that no 
appreciable ionization can occur as a result of single impacts, 
since. the electrons, whenever emitted, would "collide so 
frequently when gaining the necessary energy for ionization, 
that they would ‘certainly collide inelastically and produce 
radiation before acquiring the energy necessary for ioniza- 
tion. Thus, practically all ionization observed at higher 
pressures, whatever be the applied potential difference, must 
be due to this secondary effect. 

As a rule, the higher the ionization potential of an 
element, the greater is the difficulty with which it can be 
excited to emit its line spectrum. It is well known that js 
difficult to excite helium ; the smallest trace of foreign gas 
tending to quench the helium lines. This is due to the fret 
that helium has the highest ionization and radiation potential 
of all elements, so that when it is subjected to a stimulus, this 
passes through, the more easily exeited impurities. Under 
most physical conditions a very small concentration of 
radiant atoms suflices for the produetion of the principal 
series, especially the fundamental line. 

On the basis of Bohr's theory, one would expect one line 
affer another to appear in the spectrum series as the potential 
is increased from tlie resonance potential to that of ionization. 
This has actually been found with mercury by Franck *, but 
with other vapours this is not the case. 


* Zeitschrift für Physik, xi. (1920). 
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It would thus appear from the laws of energy exchange 
between electrons and vapour molecules that in the case of 
a mixture of vapours of small electron affinity, the vapour 
having the smaller ionization potential must always emit its 
spectrum to a greater degree than the other vapours. 

The object of the present work was to test this theory in 
the cases of mixtures of the vapours of mercury and the 
alkali metals. 


2. APPARATUS. 


The form of the electric discharge tube used is shown in 
fig.l. It was of silica and had a constriction at B. The 


Fig. 1. 


TO PUMP 


mercury and the alkali were introduced, and the tube heated 
so that the mercury boiled. The gases liberated during the 
melting of the alkali were then removed by the pump. The 
amalgam was made the cathode, and the spectra could be 
viewed and photographed through the quartz window at D. 
In this way the light emitted at the cathode was observed. 
Observations also were made of the radiation emitted at B 
and A. The tube was enclosed in an electric heater. In 
obtaining the electric discharge a 10-inch induction-coil was 
used. It was operated with a Wehnelt interrupter joined 
to the 110 volt mains. Except where otherwise stated, the 
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amount of alkali used was always sufficient to fill the tube 
with its vapour at all temperatures employed. The spectro- 
grams were photographed, by means of a constant deviation 
tvpe of spectrometer, on Wratten Panchromatic plates. 
Some of the results obtained are shown in Plate 1. The 
exposures were of 60 seconds’ duration except (B), where 
the exposure was one second only. All the spectrograms 
were photographed at the constriction B. 


3. MERCURY AND SODIUM. 


With a mixture of sodium and mercury, the spectrum of 
the former was prominent at all temperatures. Below 
100? C. the mercury spectrum was the brighter, but above 
this temperature the sodium D lines were more intense than 
the mercury lines, until at 200°C. the latter were almost 
entirely masked. A very brilliant yellow radiation was 
emitted at this temperature, and this method of obtaining 
the sodium D lines of great intensity is very convenient. 
It gave equally good results when the amalgam was heated 
with a gas-ring burner. IË sodium alone is used in an 
electric discharee- tube, the vapour condenses on the colder 
parts of the tube and cuts off the radiation. No such trouble 
was experienced in the present work, and there was no 
blackening of the silica due to the action of the sodium 

'apour. "The proximity of the mercury yellow lines 576976 
and 579077 is not detrimental to the use of. such an arrange- 
ment as a source of. D-line radiation, as thev are extremely 
faint, being almost entirely suppressed. The radiation is 
much brighter than that obtained with the form of sodium- 
vapour lamp previously described by the author *. The 
proportions of sodium and mercury used were about 1 and 
100 respectively. The sodium radiation filled the dischar ge- 
tube, but was brighest at the constriction. 

The amalgam was then removed and the tube thoroughly 
cleaned. Mercury alone was now placed in it, and on 
passing the discharge, at a temperature of 200? C., the con- 
striction B was filled with the D-line radiation, the sodium, 
having diffused into the walls of the vessel during the 
previous experiment, was now re-liberated by the heat. 
Above and below the constriction B the radiation consisted 
almost entirely of the mercury lines. The amount of sodium 
'apour necessary for the predominance of the D-lines is very 


* Proc. Phys. Soc. xxxiii. pt. 2 (1921). 
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minute. The experiment also shows that the current density 
isan important factor in determining the relative visibility 
of the spectra of the components of vapour mixtures. 

Sodium vapour has a lower ionization potential than 
mercury, the values being 5°13 volts and 10'2 volts respec- 
tively. It is significant, however, that Foote and Hohler * 
have found that the D-lines ean be emitted with a potential 
less than 3°3 volts, while Wood and Okano t noted that the 
D-lines appeared when a potential of 0:5 volt only was 
applied, 

At low temperatures, although the vapour-pressure of 
mercury is large compared with that of sodium, the actual 
Values in both cases are small. As a result, the sodium 
atoms in the discharge-tube will be comparatively few. The 
mereury atoms also will probably be so far apart that the 
electrons attain the energy necessary to ionize the mercury 
atoms before they collide inelastically with any of the atoms. 
At low vapour-pressures therefore, it is probable that the 
same proportion of mercury and sodium atoms present in 
tube will be ionized. The intensity of the radiation emitted 
must be intimately connected with the concentration cf the 
radiating atoms in the source, so that as the concentration of 
the radiating mercury atoms is greater than that of sodium, 
we should expect the mercury lines to predominate as shown 
in Plate I. (A). 

When the temperature is increased, the vapour-pressure 
of mercury rises rapidly, and the electrons will now collide 
inelastically with the sodium and mercury atoms before they 
have attained energy equal to 10°2 volts—the ionization- 
potential of mercury vapour,—although they may attain 
energy sufficient to ionize the sodium atoms, In this way 
the proportion of the latter which are ionized may be large, 
while the fraction of the mercury atoms ionized decreases ; 
so that although the mercury atoms present in the tube are 
far more numerous than the sodium atoms, the actual 
number of the former ionized may be considerably smaller 
than the number of ionized sodium atoms. The concentration 
of the latter is increased, and accordingly the D-lines pre- 
dominate as shown in Plate I. (B). At higher temperatures 
very few of the mercury atoms are ionized owing to the 
hich pressure, and the mercury lines become suppressed. 


* Washington Acad. Sci. J. viii. (1918). 
t Phil. Mag. xxxiv. (1917). 
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4. POTASSIUM AND Mercury. 


At temperatures below 100°C. no trace of the potas- 
sium lines was observed, Pl. I. (C). The mercury lines 
were prominent except 4078, which in the case o£ sodium 
and mercury had appeared to he nearly as intense as 4047. 
As the temperature was increased to 200°C, the potassium 
lines ET while the intensity of the mercury lines 
decreased, Pl. I. (D). The former were very faint, however, 
and at no temperature were they as bright as the latter. The 
most prominent of the potassium lines were 6039, 6911, and 
4803. For the sake of comparison, the spectrum obtained 
by passing an electric discharge through potassium vapour 
only at 200? C. is shown in PI. I. (E). 

The theory that a vapour having a low ionization potential 
should always emit its spectrum to a greater extent than one 
having a high ionization potential, apparently fails in this 
case, for the ionization potential of potassium vapour is 4:32 
volts—lower than that of sodium. Even if the intrinsic 
brightness of the sodium D-lines accounts for the brilliance 
of the sodium radiation, it would be expected that the 
potassium line 4047 would be fairly prominent, but such is 
not the case. It has been shown by the author in the paper 
already quoted that in the case of a mixture of sodium and 
potassium vapours, the spectrum of the latter is easily 
suppressed. 

The reason for the faintness o£ the potassium lines is not 
clear, but it is significant that Hebb * found that the mercury 
spectrum could be produced at a potential as low as 0°5 volt 
in an atmosphere of mercury and potassium, ‘There is a 
deerease in the brightness of the mercury spectrum when 
the temperature increases, as there should be according to 
the theory developed in the case of sodium and mercury. 

The smallest trace of mercury vapour in the tube results 
in the appearance of the mercury lines: and they are much 
brighter than those of potassium. 


LITHIUM AND Mercury. 


Delow T the lithium ae do not appear, PL I. (F), 
but at 200? C. they are very prominent, although never 
showing much tendency to mask the mercury lines, PL I. (G). 
The lithium lines are most intense at the cathode, and the 
constriction of the tube. The most prominent line is 6708, 
although 4602 is strong. The mercury line 4078 is 
suppressed. 

* Phys. Rev. xii. (1918). 
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The ionization potential of lithium vapour calculated from 
the quantum theory is 5°38 volts, higher than that of sodium 
vapour, The vapour-pressure of lithium, at the temperatures 
used, is very low. These two facts accourt for the lithium 
lines not being as intense as might be expected at 200? C. 


6. RUBIDIUM AND MERCURY. 


At temperatures below 100°C. the mercury spectrum 
predominates, although the rubidium doublet 4201, 4214— 
the second doublet ot the principal series—is always present, 
PI. 1. (H). As the temperature is raised to 200°C. the 
colour of the radiation in the tube changes from the charac- 
teristic green of mercury to the lilac of rubidium. At this 
temperature the spectrum of the latter is very bright, the 
mercury lines being almost suppressed, Pl. I. (J). Above 
200°C, the rubidium lines were still very intense compared 
with the mercury lines. Only in the cases of sodium, 
rubidium, and ezesium is the mercury green radiation masked 
by the radiations from these metals. Potassium and lithium 
do not show this effect. 

The ionization potential of rubidium vapour is low— 
*l volts*—and its vapour-pressure is greater than that of 
sodium, lithium, and potassium. These two facts account for 
the greater intensity of the rubidium lines compared with 
those of lithium and potassium. The flame lines 6299, 6207 
are present. 

In this case there was considerable blackening of the 
quartz tube due to the action of rubidium vapour. 

The suppression of the mercury spectrum, and increased 
brightness of the rubidium lines as the temperature Increases, 
can be explained by a theory similar to that advanced in the 
case of sodium. 


7. CugSIUM AND MERCURY. 


Delow 150? C., the mercury lines are the most intense in 
the spectra of a mixture of mercury and cesium vapours, 
although the cæsium doublet 4593, 4555 is always prominent, 
PI. I. (K). The radiation in the tube shows the charac- 
teristic green colour of mercury, but above this temperature 
tie colour changes to purple, and at 200? C. it is pink. 
The latter is characteristic of cæsium radiation. At this 
temperature, the mercury lines are less intense than the 
cesium limes, Pl. I. (L). This is very marked at the con- 
striction of the tube. Cæsium lines, other than the doublet 

* Franck & Hertz, Verh. d. Deutsch. Ges. xx. (1919). 
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in the blue, make their appearance—67 24, 6213,—but they 
are comparatively faint. The mercury line 4078 is again 
suppressed, Pl. I. (K). 

The vapour-pressure of cæsium at any particular tempe- 
rature is greater than that of the other alkali metals at the 
same temper rature. Its ionization potential (3°9 volts) is also 
low. It is to be expected, therefore, from what has been 
said previously, that the cesium lines will increase in 
brightness compared with the mercury lines, as the tempe- 
rature 1s increased. 

There was considerable “browning” of the quartz-tube 
due to the action of the cæsium vapour on the silica. 


8. Discusston oF RESULTS. 


The experimental results obtained indicate that two factors, 
in general, determine the relative visibility of the spectra of 
the components when an electric discharge is passed through 
a mixture of gases or vapours : (a) the ionization potential ‘of 
the vapour, (b) the partial pressure of the vapour. The 
intensity of radiation depends on the radiant energy emitted 
in unit time. The amount of energy emitted during each 
process in which emission occurs can be caleulated from the ` 
quantum relation E = Ar, and this amount will be one 
determining factor of the intensity of the spectrum lines. 
Another factor will be the fre quency with which the process 
occurs. At very low pressures in the discharge-tube the 
electrons collide so seldom when gaining the energy necessary 
to produce ionization on impact with the atom, that they do 
not collide inelastically before acquiring the energy necessary 
for ionization. providing the latter is not very large. Taking 
the example of sodium and mercury vapours already 
discussed, althongh there is greater probability of tlie 
sodium atoms being ionized because of their small ionization 
potential, at very low pressures, the electrons probably 
acquire energy of 10:9 volts before collision, and as a result, 
the chance that the requisite energy will be available for 
the emission of the sodium spectrum. will he practically 
equal to the chance that it will be available for the mercury. 
In such eireumstanees we should expect that. the concentra- 
tion of the radiating atoms would be greater for that vapour 
having the greater partial pressure, i.e. the one having the 
greater nner of atoms per unit volume. 

When the pressure becomes greater, there is less probability 
of the electrons attaining large energy before collision. The 
maximum energy attained may be sufficient to ionize atoms 
of small ionization potential, such as those of sodium, but 
not sufficient to ionize the mercury. Although the atoms of 
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higher ionization potential may be more numerous, the 
fraction of them which radiate energy may be very small. 
On the other hand, there may be comparatively few atoms 
of the element of lower ionization potential present, but a 
large percentage of them will be radiating atoms. In this 
case we should expect the spectrum of the element of lower 
lonization potential to be the more prominent. The ex- 
periments described above have shown this to be true. 

This theory will hold if the ionization takes place owing 
to single impacts by the electrons, or if the eneruy necessary 
for ionization is accumulated from successive impacts and 
the effect of radiation from adjacent atoms. 


9. SUMMARY, ^ 


l. The relative intensity of the spectra produced when an 
electric discharge is passed through a mixture of the vapours 
of mereury and the alkali metals has been investigated. 

2. At 100°C., the mercury lines predominate, but at 
200° C. the spectra of the alkali metals are brighter than the 
mercury spectrum. The sodium D-lines mask the mercury 
lines at the higher temperature. The potassium spectrum is 
Very faint under all conditions. 

3. An explanation of the effect is based on the low vapour- 

pressures of the alkali metals at these temperatures, and on 
the low values of the ionization potentials which the vapours 
of sodium, potassium, lithium, rubidium, and cæsium have. 
_ 4. The employment of the amalgams of the alkali metals, 
instead of the latter, forms a useful and convenient method 
for obtaining the spectra of the alkali metals. A brilliant 
D-line radiation is obtained with sodium amalgam. 


By Korard Honpa*. 


l. HE theory of the specific heat of gaseous and solid 

phases is already well known. The results deduced 
from the kinetic theory of gases agree satisfactorily with the 
observed facts, provided the temperature is not extremely 
low. The theory of the specific heat of solids first developed 
by A. Einstein f, and afterwards improved by Nernst f, 
Dehve $, and others, accords with the observed facts quite 
sitisfactorily, provided the temperature is not very high. In 

* Communicated by the Author. 


t Einstein, Ann. der Phys. xxii. p. 180 (1907). 
t Nernst & Lindemann, Zeitschr. für Elektrochemie, 1911, p. 817; 


Berl, Ber. 1910, p. 26. | 
§ Debye, Ann. der Phys. xxxix. p. 789 (1912). 
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this case the atomic heats of many metals are a little greater 
than the theoretical value 596. As regards the liquid phase, 
we have as yet no satisfactory theory; the following is an 
attempt to fill the above gap. 

Before entering upon the theory of the specific heat of 
the liquid phase, it is necessary to explain the mechanism 
of the melting of solid substances. For the sake of simplicity 
we take the case of the monatomic substance, which has the 
sameatomic form both in the liquid and solid phases. Since 
the solid is always a crystal or crystalline, the atoms are dis- 
tributed in the space-lattice belonging to its ervstal system. 
According to the modern view, the atom has a very com- 
plicated structure, so that it sends out its lines of force 
chiefly in certain definite directions, and hence the regular 
spacing of atoms in a solid is only possible for their definite 
orientations—that is, in the solid substances, free rotation 
of the atoms is not possible. This view is confirmed by the 
determination of the specitie heat of solid substances, Thus 

each atom of a solid vibrates about its mean position with 
three degrees of freedom. 

We may also with good reason suppose that with the 
above mode of rectilinear vibration the atoms are associated 
with small dependent rotational vibrations about their centres 
of mass, probably with a common period of vibrations. At 
the ordinary temperature this mode of rotational vibration is 
verv small; but as the temperature rises, it increases at a 
steady rate. The fact that at very high temperatures the 
specifie heat experimentally found is somewhat greater than 
the theoretical value 5°96 indicates the presence of this 
rotational vibration On approaching the melting-point. of 
the substance, the amplitude of this vibration attains such a 

"lue that the rotational vibration at last becomes a con- 
tinuous rotation, As soon as the rotational vibration is 
changed into a continuous rotation, the regular spacing of 
the atoms breaking down, disorder begins to ensue, and there- 
fore the rotation. becomes independent of the translation. 
The atoms thus set free have now two or three degrees of 
freedom for rotation ; the angular velocity of each com- 
ponent rotation increases to such an extent that its energy 
becomes equal to that corresponding to one degree of freedom 
of rotation. If all the atoms undergo the above change, the 
Fiona is sald to be completed, and the crystal changes iuto 

t liquid. The above is more satisfactory from a phy sical 
nimi of view than the view proposed. bv Lindemann* 
regarding the melting. 

if the above view of fusion be correct, the heat of fusion 


* Lindemann, Phys. Zeitschr. xi. p. 609 (1910). 
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consists mainly of the energy of rotation of the atoms gained 
during the process of fusion, the potential energy of atoms 
due to tlie small expansion of the volume during fusion beiug 
comparatively small. 

Since in solids the motion of each atom is vibration, ‘but 
not translation as in the case of gases, its total energy is just 
twice the mean kinetic energy during a complete period of 
vibration. Hence, according to the quantum theory, the 
energy belonging to each degree of freedom is given by 

hv 
€T— “hy 2 
ert —] 
where T is the absolute temperature, r the gas constant 
referred to one atom, À the universal constant, and y the 
frequency of vibration. During the process of fusion each 
atom gains an energy of rotation corresponding to two or 
three degrees of freedom, the energy for cach freedom of 
rotation being berm, where T, is the melting-point. If one 
gram atom contains N atoms, the total energy of rotation 
gained by the atom is 


Nep, (=Ez,,) or 3Ner, (—3Es,), 


according as the freedom of the liquid atom is 2 or 3. Since 
the atomie distances in the solid and liquid phases do not differ 
much from each other, the rectilinear motion of the liquid 
atoms is also vibratory, its amplitude remaining unchanged. 
Hence the translational energy of each liquid atom for one 
degree of freedom will also be equal to Ep, —that is, the same 
as that of the solid state or very nearly so. In general, the 
change of volume during melting is very small, so that the 
energy required for doing the internal and external work is 
also small; we denote it by Q. If X be the latent heat of 
fusion of a substance and w its atomic weight, we have 
wX—inE, +Q, 


where n=2 or 3. If we neglect Q in this relation, we have 
simply 


wX m nEs, 
Te We 
Generally Ey, /T,, has a value a little less than It — 1:96, the 
gas constant referred to one gram atom, the calorie being 
the unitof heat. This simple relation has been shown by the 
present writer * to be satisfied in the case o£ all metals in 
which X and v are known. 
In the above view it is assumed that in the liquid phase 
even the mono-atom has two or three degrees of freedom for 
* K. Honda, Sci. Rep. vii. p. 123 (1918); Phys. Rev. xii, p.125 (1918). 
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rotation. This assumption is, however, quite natural, because, 
according to the electron theory, the atom itself has a very 
complicated structure, being quite different in shape from a 
sphere; but in a gaseous phase, the atomic distance being 
` very l;rge as compared with its dimensions, such an atom 
mav behave like a sphere. 

If the melting-point of a substance is sufficiently high to 
admit the equipartition of energy, we have then 


Ey = li, , 


hence the total energy of the substance at a temperature T 
above its melting-point is 
W =3RT,, +4nRT + Q+3R(T—T,,) (1— 6), 

where e has the value lying between 0 and $3; for, if each 
atom in the liquid phase is making a simple vibration as in 
the case of the solid phase, we must have e=0. On the 
other hand, if the temperature be so high that each atom 
has-a translational motion like a gas molecule—that is, in 
its almost entire length of the free path each atom has a 
uniform translational motion, and only in very short trips at 
both ends a retarded or accelerated motion, —then the energy 
of translational motion for three degrees of freedom is 3 RT, 
and not 3RT as in the case of a simple vibration; hence in 
this case we have e=. Inthe actual case, each atom in the 
liquid phase has a rectilinear motion of a kind lying 
between the above two cases, and hence 0c e« 1. 

The atomic heat at constant volume in the liquid phase is 
` then | 


iW 
(; = xd = — 
e= TT 3R(Ll—e) + $k. 
Hence the values of C, lie in the following ranges :— 
n = 2, 3, 


C= 4:05— 1:92, 594—891. 
Since e may increase very slightly with the rise in temper- 
ature, (‘, is almost independent of temperature, and in some 
cases slightly decreases with it. 
If Cy be the atomic heat in the solid phase at the melting- 
point, we have | 


` Ar no s 
(,—C, ER v 3e), 


whieh is the change of atomic heat during melting. This 
difference has a positive or negative value according to the 
natare of the substance. 

The above conclusions agree with the facts experimentally 


found". 
* J. [itaka, Sci. Rep. viii. p. 99 (1919). 
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AVI. On Castigliano's Theorem of Least Work, and the 
Principle of St. Venant. By R. V. SOUTHWELL *. 


[From the National Physical Laboratory.] 


Introduction and Summary. 


EA “FRAMEWORK " is a skeletal structure, designed 
to transmit through its component members a system 
of external forces applied at its joints. We shall assume 
in this paper that every member would be free to turn 
about either of its ends if the other end were released. 
Under these conditions, the action in each member must be 
a pure tension or compression : it is an ideal which practical 
design seeks generally to attain, since the material can thus 
be used to the best possible advantage. 

A “simple framework” is one which would collapse if 
any single member wore removed: that is to say, it has 
sufficient members, but no more, to maintain the relative 
positions of its joints. When the number of members is 
more than sufficient for this purpose, the structure is termed 
“redundant”. Sometimes it will happen that a framework, 
although apparently redundant, includes several members 
which are too flexible to withstand any appreciable com- 
pression, and that enough of these go out of action, under 
the load-system considered, to make it, in effect, simple: the 
framework is then said to be “ pseudo-redundant”’. 

Ina redundant framework, it is often convenient to dis- 
tinguish between two sets of members—the first consisting 
0: "essential members "', sufficient by themselves to maintain 
the position of every joint, and the second of * redundant 
members 7^, Nuch classification will of course be largely 
arbitrary, 

2. Redundancy has several important consequences. From 
the definition of a simple framework it follows that the 
actions in its members can be found, in terms of the applied 
loads, from statieal considerations alone; in a redundant 
franework the actions depend also upon the elastic properties 
ofthe members. Again, if the external forces be removed 
fron a simple framework, no stress will be left in any 
member ; in a redundant framework, stresses can occur 
independently of the external loads, by * self-straining ”, 
if the length of any redundant member, before insertion in 
the framework, js not exactly equal to the distance between 
the joints which it has to connect. Self-straining is often 
imposed deliberately, by means of turnbuckles, ete., which 


* Communicated by the Author. 


Phil. May. S. 6. Vol. 45. No. 265. Jan. 1923. O 
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enable the lengths of redundant members to be altered 
after insertion. In this way (since a wire which is initially 
tensioned can function, until its tension is entirely annulled, 
as a strut), a pseudo-redundant framework can be rendered 
truly redundant, and its stiffness thereby increased. 

From the practical standpoint, a redundant framework 
has the disadvantage that ilie stresses in its members are 
harder to caleulate, and the results (for the reasons indicated) 
less reliable; but for some purposes, and especially in air- 
craft, its increased stiffness is a more than compensating 
advantage. Although in the ideal framework the joints 
are assumed to be free, yet in practice such freedom is 
often difficult to ensure, and in rigid airships, for example, 
the joints are more or less rigidly “ fixed". Under these 
conditions, the greater the flexibility of the structure the 
greater are the racking actions imposed upon the joints, 
which are almost always points of weakness. For these 
and other reasons, the problem of calculating stresses in 
redundant structures is increasing in practical importance. 

3. The obvious and direct method of attack is to “ com- 
pare displacements" *. Considering the simple framework 
formed by the “essential”? members, we can calculate 
its deflexion under the given load-system, and the addi- 
tional displacements which result when a specified force 
is imposed upon it by any one of the redundant members. 
Hence, regarding the actions in the redundant members 
as unknowns, and making use of the condition that the 
extension of any redundant member must be equal to 
the relative displacement of the joints which it connects, 
we can obtain sufficient equations for a solution. 

This method is (theoreticallv) applicable, even though 
the load-extension relations for the members are not 
expressed by Hookes law. It has the disadvantage, 
however, that the calculation of displacements (at ‘all 
events in a three-dimensional framework) is a lengthy 
and troublesome operation. A systematic process for 
effecting this, in structures which satisfy Hooke’s law, 

was described. by Clerk Maxwell, in a paper communicated 
to this Magazine in 1864 f ; but the method, in spite of 

* The practical application of this method has been fully described by 


W. S. Farren, * The Calculation of Stresses in ü Redundant Structure 
by the Me thod of Comparison of Deflexions, etc.", Aeronautical Research 
Committee, R. and M. 769. 
T “On the Calculation of the Equilibrium and Stiffness of Frames ” 
Phil. Mag. vol. xxvii. pp. 294-299. Owing, probably, to the extremely 
condensed exposition employed, this paper nttracted little notice until 
the method had been rediscovered by Mohr in 1885. Cf. the preface to 
Mr. Farren's paper (loc. cit.), contributed by Prof. H. Lamb. 
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its formal elegance, involves very serious labour in practice, 
and redundant frameworks having extension in three 
dimensions are more usually treated by a method which 
depends upon Castigliano's celebrated “ Theorem of Least 
Work”. For present purposes, this may be stated as 
follows :—/n a framework which is not initially self-strained, 
the stresses imposed by a given. system of external forces 
may be found from the conditions for a minimum value of 
the total strain-energy, if account be taken of the conditions 
of equilibrium, It is restricted to structures which obey 
Hooke’s law, : 

The great merit of this theorem, from a practical stand- 
point, is that it enables us to dispense with any detailed 
consideration of displacements. In the equations of equi- 
librium we have, of course, to deal with forces and actions 
as vector quantities ; but this is a comparatively simple 
matter, and the subsequent calculations are concerned only 
with energy ,—i4. e., with scalar quantities. 

_ 4. Uastigliano's first statement of his theorem appeared 
in à thesis for the diploma of engineering at Turin, in 
1873. The proof consisted simply in a direct comparison 
of calculated results. i 

_ In a subsequent memoir * he showed that the theorem 
IS a direct corollary of another (also contained in his thesis 
of 1873), which may be stated thus:—J/' the total strain- 
energy stored in a framework be expressed as a function 
of the external forces, then the partial differential coefficient of 
this function with respect to any one of the forces gives the 
relative displacement of the joint at which that force is 
appledt. I the action in any one redundant member 
he regarded as an external force applied to the remainder of 
the framework, this theorem gives the expression 


JL te ee ee Oe e 


for the relative approach of the joints which are connected 
by the member considered: P denotes the tension in the 
member, and V, the total strain-energy stored in all 
the remaining members. In the same way, if we regard 


* ^ Nuova teoria intorno all' equilibrio dei sistemi elastici," Trans. 
Acad, Sci. Turin, vol. x. (1875), pp. 340-423. 

+t A proof of this theorem, generally known as the “First Theorem 
of Castigliano ", is given below (§ 12). 
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the action P as an external force applied to the member 
in question, and denote the strain-energy stored in this 
member by V;, we obtain the expression 


ov 
®8=Sp sete B 


for its extension under load. Hence, if the member, before 
insertion in the unstrained framework, was short by an 
amount X of the length required to enable it to fit into 
place, then the condition which must be satisfied, when 
the member is fitted and the forces applied, is 


A= 6i + 84, 
= 9, (Vi Vo), 
oV 
= op" . . . . . . . . (3) 


where V denotes the strain-energy stored in the complete 
framework, I£ the framework was unstrained before the 
given load-aystem was applied, X is zero in this equation, 
and it may be interpreted as one of the conditions for a 
minimum value of the total strain-energv V. Corre- 
sponding to every unknown tension P we have one equation 
of the type (3), and a solution can therefore be obtained. 
This argument was extended 1n a treatise (* Theorem de 
l'Equilibre des Systèmes Elastiques et ses Applications’) 
published in 1879*, By writing equation (3) in the 
equivalent form 
Ò 
oP 
where the summation extends to every redundant member f, 
Castigliano showed that the stresses in a redundant frame- 
work, of which the self-straining is defined by specified 
quantities of the type X, may be determined from tho 


(V—-X[AP]) 20, . . . « . (4) 


* This treatise has recently been translated by E. S. Andrews 
(‘Elastic Stresses in Structures’, 1919). Since the original edition 
i8 somewhat scarce, all references in this peper have been made to 
the English edition: the foregoing historical votes have been taken 
from Castigliano's preface and fiom Chap. I. of the translation. 

T It can equally be taken as extending to every member, since A is 
zero for each * essential member ", 
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condition for a minimum value of the quantity 
VRAP ea E ou ERG 4 OD) 


if account be taken of the conditions of equilibrium. This 
theorem obviously embraces the Theorem ot Least Work. 

He showed, further, that analogous theorems hold in 
respect of the stresses in a continuous elastie solid *. 
Similar generalization is permissible in regard to the 
arguments of this paper: it is oniy for the sake of 
simplicity that the detailed calculations have been confined 
to frameworks with free joints. 

ð. While the advantages of the “Method of Least 
Work", in problems relating to redundant frameworks, 
are now generally recognized, there is a widespread feeling 
that the theorem underlying it is distinetly artificial, and 
its principles hard to understand t. An alternative proof of 
the theorem, on physical rather than mathematical lines, may 
therefore be of interest. In Castigliano’s proof, the idea 
of a minimum appears merely in the mathematical inter- 
pretation of equations obtained by comparing displacements, 
and the device by which equation (3) is thrown into the 
form (4) is even more artificial. In the argument now 
advanced, the tendency of the stored strain-energy towards 
à minimum appears rather as an essential property of 
materials which obey Hooke’s law. Further, if the 
existence of this property be admitted, it is shown that 
the well-known * Principle of St. Venant” follows as an 
immediate corollary. 

The argument falls into two parts. In the first, C sti- 
gitano’s theorems are shown bv general reasoning to 
follow directly from the two principles (i.) of. superposition 
and (i) of conservation of energy : at the suggestion 
of Prof, H. Lamb, a simple illustrative example has been 
added at each stage of the argument. In the second, these 
conclosions are confirmed by exact analysis. 

The author desires to acknowledge his indebtedness to 
Prof. D. M. Jones, at whose suggestion this paper was 
written, and. to Prof. H. Lamb, to whom, as on many 
former occasions, he is indebted for kindly criticism and 
valuable advice. 


* ^A general proof is in fact at once obtained if we regard the 
symbols in his equations as standing for generalized coordinates instead 
of extensions of bars " (H. Lamb, doe. cit.). 

* Cf. W. S. Farren, loc. ct. p. 7, and the preface by Prof. H. Lamb. 
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Part I. 
ain Alternative Proof of the Theorem of Least Work. 


6. It should be emphasized at the outset that Castigliano's 
theorems depend upon the validity of Hooke's law. as an 
expression not only of the stress-strain relations for each 
element of the material, but also of the load-extension 
b for each member as a whole *. If this requirement 

s satisfied, the principle of superposition is an immediate 
Ro ies : that is to say, any given load-system applied 
to a framework, and in equilibrium, will increase the actions 
in the ditferent members and the relative displacements of 
the Joints by amounts which are independent of the stresses 
already existent. It is immaterial whether these stresses 
are due to external forces or to self-straining t. 

Hence, if all the forces of the system are increased in 
any constant proportion, the corresponding internal stresses 
and the displacements of the joints will inerease in the 
same ratio. Again, if these increases occur in a slow 
and continuous manner, so that equilibrium is established 
at every stage, and if the system comprises all the external 
forces which act upon the framework t, the work done 
by each force will be measured by the product of its final 


ralue and of half the final displacement, along its line of 


action, of the joint at which it acts. The total work done 
on the framework will thus be unaffected by any stresses 
which may initially exist in it as a consequence of self- 
straining. 

By the principle of conservation of energy, the work thus 
dene by the applied forces must all be stored as strain- 
` energy in the framework. If, then, we write 


V = V ot Vo. e * . . . . (6) 
wlere V, denotes the total strain-energy stored in a frame- 


work before the given load-svstem is “applied, and V the 
total strain- -energy after the system is applied, our argument 


* Caution is therefore necessary in dealing with structures in which 
the same member acts both as a compression member of the framework 
and as a girder transmitting laterally-applied loads to the joints: in such 
a member, the relation between end-lond and total extension may be only 
approximately expressed by Hooke's law, even when this law represents 
the relation between the stress and strain in every component. element, 
Cf. A. J. S. Pippard, * The Reduction of the Effective Value of Young's 
Modulus in Flexible Compression Members”, Aeronautical Research 
Committee, R. and M. 792. 

T (f. $10. 

T If other forces act initially, they also will do work as the loads of 
the given system are increased, and the argument will be moditied 
accordingly. 
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shows that V', the total increase due to the applied load- 
system, depends only on that system and on the elastic 
properties of the framework : it is independent of V,*. 

Now Vo, V’, and V, in the nature of the case, are 
essentially positive quantities ; hence, if V' be given, the 
value of V is least when V, is zero. In other words, 
a framework which is initially unstrained will have less 
strain-energy stored in it when subjected to any definite 
load-system than it would have if self-strained to begin with. 

But this, in effect, is the Theorem of Least Work. For 
an expression obtained by means of the conditions of equi- 
librium, for the total strain-energy in terms of the actions 
in the redundant members, will obviously embrace every 
stress-system which can occur in the framework under 
given applied forces, when no restriction is imposed upon 
the nature and amount of the initial self-straining ; and the 
result just established shows that the conditions for a 
mininum value of this expression will yield the correct 
solution for a framework which is initially unstrained. 


A simple example will serve to illustrate the identity 
stated in (6). In fig. 1, the members DA, DB, DC are 


Fig. 1. 


y^ 


4 
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connected by smooth joints to the rigid wall ABC: they are 
assumed to be of uniform material and cross-section, such 


* CF. § 18. 
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that the member BD, which is 100 ins. long, would extend 
by ji; in. under a tension of 1000 pounds weight, and the 
members AD and CD, which are 200 ins. long, bv twice 
that amount. It is easily verified that the self-straining 
involved when BD is initially short by yp in. consists of 
100 pounds tension in BD, together with compressions of the 
same amount in AD and CD; also, that a load of W pounds 
applied at D, as shown, will introduce a tension of W/v3 
pounds in AD and an equal compression in CD, leaving BD 
unstrained. 

Then if BD is initially short by the unknown amount 
æ ins, the energy stored by self-straining only is as 
follows :— 


in BD, 
: 2, ; 
4x 2000. x 16 — 2002? in.-pounds ; 


in AD or CD, 
$x(—20002) x ( -i5) Sum= 8004? in.-pounds. 


Total | 210002? in.-pounds = Vy. 


When the load W is added, the strain-energy is altered as 
follows:— 


in BD, 
2. 
$ x 2000. x 1 = 2002? in.-pounds, as 
AD before; 
in : 
W 2 
l EUN PNE 
2 *(75 SOM ) Xiov | ow? 
5ulllee-— Twit SOO? 
in CD, ae . In.-pounds, 
W 2 
= _9 
3 x( VE 2000.7) x ini U u 
2W? 
Total T I + 1000.2? 
B V in.-pounds, 


Thus the increase V'= V — Vo= in.-pounds,—a quan- 


tity independent of x (or of Vo). 


2W 
3 x 101 
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Extension to Frameworks which are Initially Self-Strained. 


i. Similar reasoning can be employed to establish 
Castigliano's theorem in its general form. By the principle 
of superposition, if the redundant members of a framework 
be lengthened by definite amounts (e.4., by relaxing the 
turnbuckles mentioned in § 2), the tension in every member 
will be reduced by an amount which does not depend 
either upon the initial self-straining or upon the external 
forces. But if the framework was initially unloaded, 
and self-strained to an extent which is exactly neutralized 
when the redundant members are lengthened by the speci- 
hed amounts, the tension in every member will be reduced 
to zero. Hence, in the self-strained framework, if the 
redundant members are lengthened by amounts Aj, Ag, 
etc, the tensions in the members will be reduced by amounts 
P, s ete, where Po, ... ete. are the tensions induced by 
self-straining when the framework is unlouded and the 
redundant members “short” (as deseribed in § 4) bv the 
amounts Ay, As, ... ete. 

Let us now imagine that we are given the forces applied to 
a framework, and the amounts, Xj, Ag.. ete., by which the 
redundant members are initially “short”. Using the con- 
ditions of equi ibrium, we can calculate the action in every 
member in terms of the applied forces and of the actions in 
the redundant members, and a corresponding expression for 
the total sirain-energy V is at once obtainable; for if we 
denote the tension in any member by P, and define its 
elastic properties by means of the equation 


PS Ore 2« 2 raa & 6) 


(where Q is a constant for the member *, l its length, 
and e its extension under the tension P), we have 
P Ji 
V = >[4Pel] = 15, Eat s . ` " (8) 
the summation extending to every member of the frame- 
work. 

If we now lengthen the redundant members by amounts 
equal to our specified values of Aj, Az, ... ete., the tension in 
any member will be reduced, as shown above, by a detinite 
amount Py. After this operation, the total strain-energy 
will therefore be given by ) 


V2 XD ug 20€ show ux x) 


* Cf. equation (12), $9, and footnote. 


* M —— M — 
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As in $ 6, the expression obtained for V, since it contains 
the actions in the redundant members as unknowns, will 
embrace every stress-aystem which can occur in the frame- 
work, under the given forces, when no restriction is 
imposed upon the nature and amount of the initial selt- 
straining. The expression (9) is equally general. But 
if the correct values are inserted for the actions in the 
redundant members, so that (8) corresponds to the correct 
system of self-straining, then after the redundant members 
have been lengthened the framework will be entirely free 
from self-straining, and hence, by the Theorem of Least 
Work, the total strain-energy stored in it when subjected 
to the given load-system will have its least possible value. 
We can therefore derive the correct solution. from the 
conditions for a minimum value of V”. 

The form of the expression (9) is not a convenient one for 
this calculation, since we should require to know Po, ... ete. 
in terms of X;, As, ... ete. We therefore investigate an 
alternative expression for the quantity (V — V"). By the 
principle of conservation of energy, this quantity must be 
equal to the work gained in the operation of increasing the 
lengths of the redundant members, less the work done 
during this operation by the external forces; for the work 
stored by the external forces (and recoverable by removing 
them) will be unchanged. The tension in any one of the 
redundant members is represented by P at the start and 
by (P—Bj,) at the finish, so that its mean value during 
the operation is (P—4P,): hence, the work gained in 
lengthening this member is (P—4P,)X. Again, if u, v, 
w,... are the displacements of the joints from the zero 
configuration * when the framework is self-strained to an 
extent. defined by Aj, As, ... ete and if X, Y, Z, ... ete. 
are the external forces acting on the framework, the total 
work done by these forces in the operation (which reduces 
the displacements by amounts u, v, w, ...) will be given by 
the expression 

— XX +Y + wZ |, 


in which the summation extends to every joint. 
We thus obtain the expression 


V—V" = EQ[(P-4Pj)A]eX;j[uX +f 4 wZ], (10) 
in which E, denotes a summation extending to every 
member, and Xj a summation extending to every joint. 


* J.e, from their positions in the simple and unstrained framework 
formed by the * essential members" only. Cf. $9. 
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But the terms on the right of (10), excepting those of type 
PA, are invariant, since they depend only upon the external 
forces and upon Ay, Ae, ... ete. Herce, the conditions for a 
minimum value of V" are the conditions for a minimum 
value of the quantity 


V—X[P.X]:. . . . . . (11) 


and since this is the quantity similarly denoted in equation 
(5), we have obtained an alternative proof of Castigliano’s 
theorem in its application to self-strained frameworks. 


The relation expressed by (10) may be illustrated by 
means of the example previously considered. Suppose, 
a$ before, that BD is initially short by the unknown amount 
z inches, and that a load of W pounds weightisapplied at D; 
and let us imagine that BD is now relaxed (?. e., lengthened) 
bv Jo inch. The effect is to superpose a compression of 
100 pounds in BD and tensions of equal magnitude in 
AD and CD, whence the strain-energy stored after the 
operation 1s as follows :— 


in BD, 
300g 1): = 200, — 20r + 1 in.-pounds ; 
in AD, 
1 o(W 2 o] 
15 (53 2000.:4- 100), 
ve 2W? 
inb Sum =,- qa t8002- 80r + 2 
l j 3 x in.-pounds. 
, 2 
jn x(- /37 2000x + 100) 3 
2 W2 


Total ,0 10004? — 100r + 3 


3 x10 in.-pounds, 


= V", 


It follows that 
V —V" = 100r—¿ in.-pounds. 


But the tension in BD was 2000z pounds at the start and 
(2000. — 100) pounds at the finish, so that P=2000x and 
P,2100; also A= 4g. Hence we have 


(P—4P,)A 2 (2000; —50) x 451007 52 V — V^. 


and the relation (10) obtains, since in this example no work 


-—— ma eee — 
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is done by the force W during the process of lengthening 
Bb. 

The effect of lengthening AD or CD may be investigated 
in the same way : it will lie. found that (10) is still satisfied, 
although work is here done by W. 


A Physical Basis for the Principle of St. Venant, 


IC in the foregoing proof of Castigliano's theorem we 
m the sy ols as standing for generalized coordinates *, 
it appears that the stresses in any elastic solid which obeys 
Hooke’s law will adjust themselves, under a piven svstem 
of applied tractions, so that the total strain-energy stored by 
those tractions has the least value consistent with the satis- 
faction of the conditions of equilibrium. 

If we regard tliis tendency as in the nature of a physical 
property of the materi ial, we may find in it the basis of 
the principle, due to St. Venant, which is known as the 
Ve Elastic Equivalence of Statically Equipollent Systems of 
Loa". According to this principle f, which is widely 
utilized in the theor v of elasticity, the strains which are 
produced in a body by the ap plication, to a small part of its 
surface, of a system of forces statically equivalent to zero 
foree and zero couple are of negligib le magnitude at dis- 
tances which are large compared “with the linear dimensions 
of the part ; hence, by the principle of superposition, it may 
be inferred. that forces applied at one part of an elastic 
structure will induce stresses which, except in a reyion close to 
that port, will depend almost entirely upon their resultant 
action, and very little upon their distribution. 

Venant's principle appears to have been originally 
propounded, and to have remained since, without proof. 
But the theorem just stated in italics. mav be regarded 
as an immediate consequence of the tendeney towards 
a minimum storage of strain-energy., Let us consider 
the ease of a long girder, or braced framework, which 
is loaded at its two ends by forces applied in any given 
way: and let us emplov the symbol A to denote those 
regions which immediately adjoin the parts at which the 
forces are applied, and the symbol B for the remainder. 
The conditions of equilibrium r requires merely. that the 
resultant. action transmitted by B shall have a definite 


* Cf. $4 and footnote. 
+ Cf. A. E. H. Love, * Mathematical Theory of Elasticity ’, $89. 
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value; but the conditions of continuity (or of com- 
patability of strains) will not be satisfied unless the total 
increase of the strain-energy stored in A and B has its. 
minimam value. Evidently, then, the equilibrium con- 
hguration may be regarded as in the nature of a compromise 
between the requirements of A and B. ‘To reduce to a 
minimum the strain-energy stored in A, the reactions 
between À and B would require to distribute themselves 
ina manner which will depend upon the distribution of 
the forces applied to A; the requirements of B, on the 
other hand, will not vary, since there must be some definite 
distribution of stresses, in an otherwise unloaded hody, 
which will entail the minimum storage of strain-energy 
in transmitting a given resultant action. 

Thus in the process of adjustment which results in the 
actual distribution corresponding to equilibrium, we may 
picture a contest between the unloaded portions *, whieh 
strive always alter * standardization", and the loaded 
portions, which demand a particular solution for every 
specified distribution of the forces acting on them. As 
we pass from the regions of application of load throuch 
successive sections of the unloaded portion B, there will 
be a steady tendency for the claims of standardization to 
prevail, The theorem stated in italics is an immediate 
deduction, and we may work back from this, bv the 
principle of superposition, to St. Venant's Principle. 

One final remark may be made in this connexion. |f 
our long girder or fuselage is of uniform construction, 
the requirements of every elementary slice of the unloaded 
portion, as regards the distribution of stress over its faces 
which will make the stored strain-energy a minimum, 
must be the same. We can thus see a physical reason 
for the predominance of the solutions which St. Venant 
obtained on the assumption that the stresses are trans. 
mitted, in a uniform prism, without change of type: 
for these must be tìie “ least-energy ” solu:ions for a uniform 
prism with Free surfaces, and as such will be the standard 
systems to which all particular stress-systems must tend, as 
we pass from the regions in which the external forces are 
applied. 


* Ie., portions of which the external surfaces are free trom load, 
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Parr II. 


Notation, ete, 


9. The remainder of this paper will be concerned with 
exact analvtieal proofs of relations which we have previously 
inferred from physical considerations, 

As stated already ($6), it is essential that Hooke's law 
be an expression of the load-extension relation for each 
member as a whole. We shall find that our equations 
can be E by writing them in terms of *tension- 
coefficients" * , which we denote by the symbol T: the 
tension-coefficient for any member is defined as the total 
tension in that member, divided by its length. In the nota- 
tion of equation (7), we have then 


P-TiI—-0Pe, . . . . . . (12) 


where © is a constant which conveniently defines the 
elastieitv of the member in question f ; and if v denotes 
the strain-energy stored in any member when it 1s extended 
by a tension of magnitude P, we have 


v = 4Ple = Tee, 
»2 2 . 
re , (ow $e (e) 
PO eo 
The total strain-energy stored in a framework may thus 
he expressed in the form 


V = X[r], 


bu -ai b 20. . (04) 


the summation extending to every member. 
In the notation of *'tension-coefficients?, the equations 


* Cf. the authors paper on “ Primary Stress-Determination in Space 
Frames”, * Engineering ’, Feb. 6th, 1920. 

1 Cf. R. and M. 737 of the Aeronautical Research Committee, § 4. 
In a member of uniform cross-section A, and composed of material of 
which the Young's Modulus is E, we have 


the modifications required for taking account of varying cross-section or 
material are obvious. 


T= ——Á— Doc m — 
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of equilibrium for any joint A of the framework take 
the form * 


X, = T,g(2,— tg) t Ty cl@g— to) t+ ..., 
pa^ = Typ(Ya—Yp) + Tica Yo) + vey Dee (15) 
2 m eA (sce 


where X4, Ya, Za are the components, in the directions of 
x,y and z respectively, of the external force acting at A, and 
Tim Tac,.. ete. are the tension-coefficients for the members, 
AB, AC, ... etc., which connect the joint A to other joints 
of the framework. 

Let u,, va, w, denote the component displacements of 
the joint A, in the directions of z, y and : respectively, 
from its position in the “ zero configuration ”,—i. e., in the 
simple and unstrained framework formed by the “ essential 
members” only. Then the fractional increase in the 
distanee between any two joints À and K is given by f 


p | 


Suppose now that the joints A and K are joined by one 
of the members classified as redundant, and that before 
insertion this member is “short” by the quantity Aax of 
the distance between A and K in the zero configuration. 
Then, when this member is in place, and the joints A and K 
have undergone displacements u,, v,, tw,, Ups Ug, Uy, dis 
fractional extension will be given by the expression 


_ MK 
€AK 7 p 
AK 


n (z,— 2x) (u, — ug) t (y, Ye) (Ca nk) + (Ea — 2x) (04, — Ux) 
UAR 

(16) 
from which the tension-coefficient for AK may be calculated 
by means of (12), and inserted in the equations (15) of 
equilibrium. The expression (16) is clearly applicable 
to “essential” as well as to “ redundant” members, the 
quantity Aag being zero for a member of the former type. 


* Cf.‘ Engineering ', doc. cù., equations (2)-(4). 
t Cf. R. and M. 737, equation (2). 
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The extensions, as usual, are assumed to be so small that 
their products may be neglected. It is then a matter of 
indifference whether lig, in (16), represents the strained 
or unstrained length of the member AK, or the distance 
between the joints A and K in the zero configuration. 


Proof of the Principle of Superposition ($6). 


10. In a framework of any specified dimensions, let u, v, 
te, ... denote the displacements of the joints from the zero 
configuration, after equilibrium has been established under a 
load-svstem defined by X, Y, Z, ... ete., when the redundant 
members are initially ‘short by hei amounts Ag, ete. And 
let u', v, wl, ... denote the cor responding displacements for 
a load-svstem defined by N', Y', Z', ..., when the redundant 
members are initially short by the amounts A',g, ... ete. 
Then it ean be seen at once, from the linearity of the equa- 
tions (12), (15) and (16), that (utu), (e v), Qe iw), . 
will constitute a solution for the displacements corresponding 
toa load-svstem defined by (X4 X^), (Y 2 Y. (Z4 Z^), 
eie, when the redundant members are initially short. by 
the amounts (X, +A agh i... ete. 

It follows (if we make X',,, ... ete. severally zero) that 
the effect of applying any definite load-system X',, Y',, 
Z',,... etes or (IE we make N',, Y',, Z4, ee ete. severally 
zero) the effect of relaxing our * redundant” members m 
any definite amounts, 1s to produce the same increments in 
the displacements and tensions, whatever be the load-svstem 
aud self-straining existent initially. This is the Principle 
of Superposition. 


.A Reciprocal Theorem, 


11. Let T,,,... ete. denote the tension-c efficients for 
the members of a given framework, when the initial selt- 
straining is defined by A,,, ... ete. and the external loads 
are Xy Yas Za ete. And let T’,,, ... ete. denote the 
tension-coefficients for the same framework, when the initial 
self-straining is defined by A',y, ... ete. and the external 
loads are X',, ¥',, Z,,... ete. We shall derive alternative 
expressions for the quantity 


; T , T’ 
N ce Sa - 
dum] Q ] * . . e . . . e (1 í ) 
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in which the summation extends to every member of the 
framework. 

Let the displacements from the “zero configuration ", 
under the first conditions, be denoted by uy, v,, w,, ... etc. 
Then we have, from (12) and (16), 

Si ed ee ee uy —u) Yn, — ^) 
NM = AE * "AK IC, —2zg)(u, ux) + (4 —Vyx)(*v4 — vg 


+ (2, — 2x) (0, — wg) ]. 
(18) 


Making this substitution in (17), we have, corresponding 
to the first term on the right of (18), the quantity 


SINE]. morum woe d) 


in whieh the summation extends to every member. The 
summation corresponding to the second term on the right 
of (18) may be arranged in the alternative form 


u d (2a — 2B) T Ag... t (x, —ag)T ag... ] 
3| tola y Tas + Gay Takt s] E F 
Tw.l(z,—28)1 Ant ... TF (24,—2g)T ag t --- t 
(20) 
where, in the series enclosed by twisted brackets, terms are 


included for every member which connects the joint A with 


another joint. The summation in (20) extends to every 
Joint. 


But the equations of equilibrium, which are of the type 
(15), show that (20) may be written in the form 


2 [uX! + vY'  wZ'], 
the summation extending to every joint. Hence, and by 
(19), we have 
Y, ES = XQ[T]-TEX[wX + vY' + wZ’] 
= XmUAX'T] +2,[u'X+v'Y +w'Z], . (21) 


by symmetry, where suffixes m and j attached to 2, denote 
summations with respect to every member, and to every 
joint, respectively. 

ese alternative expressions fur the same quantity give 


Phil. Mag. S. 6. Vol. 45. No. 265. Jan. 1923. P 
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us a reciprocal relation between any two configurations which 

can be maintained in a given framework. As a particular 
example, we may suppose that the self-straining in both 
configurations is zero. Then u, v, w, ... etc. represent the 
additional displacements of the joints which result from 
an application of the load-system X, Y, Z, ..., and w, v, w 
represent the additional displacements which result from an 
application of the load-system X', Y', Z’,..., ete. Equations 
(21) now give the relation 


T.T t t j 
X, [a] = X[X'u Y'v Z'w] 
= Sj [Xv + Yo’ + Zw’ | > 2 © œ (22) 


which is Lord Rayleigh’s reciprocal theorem *. 


Castigliano’s First Theorem (§ 4). 


12. If we identify the two lati considered in (22), 
we obtain, as an expression for the strain-energy stored by 
forces X', Y', Z/, ... applied to a framework which is not 
initially self-strained, 


Va hy, lal = iX ADS w+ Vir +Z w]. . (23) 


Let 6’, 6v', dw’, ... ete. denote the increments of dis- 
placement, ana 6V' "o increment of strain-energy, resulting 
trom increments 6X’, 8Y', 07, ... made in the applied 
loads. Regarding all these increments as small quantities, 
and neglecting small quantities of the second order, we 
have then, from (23 


ôV = — uv Y. eZ] 
HEN (NO + Y'r + Zl. w]. (24) 


^ut if, in (22), we identify the undashed quantities with 
the increments now considered, we have 


n] CS ay Se +7’. òw] 
= E [8X w HeY" e HZ. we]. 


Making use of this result in (24), and assuming that all 


tlie inc Venice in the applied forces, except one ($X', sav), 


* Cf. A. E. H. Love, ‘Mathematical Theory of Elasticity ', $ 121. 
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are zero, we obtain the relation 


V = X’, u, 


, _OV 
wa T ax —C— 5 


whence 


This is Castigliano's first theorein. 


Increase in Strain- Energy caused by the Application of 
a given Load- System ($6). 


13. Equation (23) of the preceding section gives an 
expression for the total strain-energy stored by a load-system 
X, Y, Z’, ... applied to a framework which is not initially 
loaded or self-strained. We can show that this expression will 
also hold for the total increase of strain-energy which results 
when the same load-system is applied to a framework which 
is initially self-strained, provided that no external forces 
act initially. For if, in the equations (21), T, A, u, v, w 
represent a. configuration of self-straining without external 
load (so that X, Y, Z, ... vanish severally), and ‘I’, w, v, w' 


a system due entirely to external loads X’, Y', Z', ... ete. 
(so that X', .. vanish severally), we have 

; / 

«FIT 


XE | = Sp [AT] d XíuX + eY' + wZ’] 
—-0.......... . (26) 


_ Suppose then that the load-system here denoted by 
N. Y.Z... is applied to the framework when it is self- 
strained to an extent which is defined by the undashed 
quantities T... A... By the principle of superposition, 
the tension - coefficients have their values increased to 


(CT) | ete, and the total increase in the strain- 
energy 


— SU THT I 1 
= Vays, [OEE] as, [5]. by (13), 


Per T4 
E is | a | +33, lal 


r VQ 


ons [T] uy on) 


E eXpresion. (23) is thus unaffected by initial self- 
SNM 
g. 


P2 
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Eject of a Relaxation of the Sel/- Straining. 


14. We have shown in $10 that a system of self- 
iud may be superposed or subtracted. Let us define 
any such system by undashed quantities, and imagine it 
to be subtracted from a configuration represented by 
barred quantities (u, v, w, X, T, X, ... etc.). Then the final 
value of the total strain-energy is 


me ect 


Te T. T r 
sg an 2 à |+ +42, al ? (27) 


Suppose now that the undashed quantities in (21) relate 
to a system of self-straining only (so that X, Y, Z, ... etc. 
vanish identically). Then if we identify the dashed quan- 
tities with the undashed, we have 


> [5] = X [AT], . . 2. . . (28) 


and if we identify them with our barred quantities, we 
have 


V" 


35 ru = =, (AT]+3;[uX+v¥+wZ]. . (29) 


We may therefore write (27) in the form 
V/z V— E, [AT] +45,, [AT] 
—S;[uX+vY+wZ], . (30) 


where V denotes the initial value of the total stored strain- 
energy. This is the result obtained in equation (10) of 
§ 7, since in the notation of that section 


P = IT 
Po = IT. 


and 


September, 1922. 
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XVII. The Molecular Scattering of Light in Liquid Mixtures. 
By C. V. Raman, M.A., Hon. D.Sc., Palit Professor of 
Physics in the Calcutta University, and K. R. RAMANATHAN, 
M.A., University of Madras Research Scholar *. 


l. Introduction. 


A. is well known, there are many substances, e. g. phenol 
and water, which in the liquid state dissolve each 
other completely and form a single phase above a certain 
temperature, but below it are only partially soluble and 
divide into two coexistent phases. Such mixtures exhibit a 
marked opalescence or turbidity at temperatures slightly 
hipher than that at which they separate into two layers. 
Smoluchowski f put forward a thermodynamic explanation 
of this phenomenon as due to the spontaneous local 
fluctuations of concentration which occur in the mixture 
and cause optical inhomogeneity. The problem was further 
handled by Einstein $, who made certain simplifying 
assumptions, namely,’ that the liquids are incompressible, that 
their specific volumes are negligibly small in comparison 
with those of the saturated vapours emitted by them, 
and that the latter can be treated as ideal ga-es, and 
on this basis derived a formula for the opalescence 
of the mixture in terms of experimentally determinable 
magnitudes, that is, the variation of its refractive index 
and of the partial vapour-pressures of its components with 
alteration of concentration. The simplifications referred to, 
owever, considerably restrict the validity of the investigation 
which, in fact, can be regarded as strictly applicable only 
over a small range of temperature above that at which the 
mixture separates into two phases. For such a restricted 
tange, the correctness of Einstein's formula has been ex- 
Permentally established by the investigations of Fürth $ and 
ot Zernike ||. Actually, however, bv using carefully purified 
liquids freed from dust by repeated distillation in racuo, 
the opalescence in mixtures may be studied over any desired 
range of temperature and not merely in the immediate 
“anity of the critical solution point, and very remarkable 
and interesting changes in the intensity of the scattered 


* Communicated by the Authors. 

t Annalen der Physik, xxv. p. 219 (1908). 

t Annalen der Physik, xxxiii. p. 1295 (1910). 
§ Wiener Sitzungsberichte, p. 577, 1915. 

| Thése, Amsterdam, 1915. 
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light and the state of its polarization are observed. These 
phenomena are also noticeable in mixtures of liquids which 
are completely soluble in each other at the ordinary tempera- 
ture. It is found that Einstein's approximate investigation 
is not adequate to explain the observed facts in these cases 
and that a stricter investigation is called for. Itis proposed 
in this paper to show how by a modifieation of the procedure 
adopted by Einstein, a perfectly rigorous expression for the 
light-scattering can be derived in terms of experimentally 
' determinable quantities. A comparison is also made between 
the results of the modified theory and those observed in 
experiment. Specially noteworthy are the effects arising 
from molecular anisotropy which, of course, are not con- 
templated at all in Einstein's theory. These are discussed 
in detail in the course of the paper. 


2. Thermodynanical Theory : Application of 


Boltzmann's Principle. 
l 


ln order to deal with the problem under consideration, 
Einstein assumed that the refractive index of the mixture is 
a function of a single variable & which expresses the con- 
centration of the mixture, that is the ratio of the mass of the 
second component present to that of the first component. 
This is not, however, correct. We have in reality to deal 
with two independent variables, namely, the densities of both 
components, and the local fluctuations of refractive index 
are determined by variations of both of these quantities. 
One way of determining the accidental deviations of densit 
in a mixture is bv applying the principles of statistical 
mechanics, This has been attempted by Ornstein*. In 
order, however, to express the results in terms of physically 
measurable quantities, it is simpler to use a purely thermo- 
dynamical treatment based upon Boltzmann's well-known 
relation between entropy and probability. Tn order to make 
use of this principle, we havo to find the change of entropy 
resulting from ail Increases Am, and Am, in the masses, 
m; and m, of the components actually present in unit volume 
of the mixture. The probability of such deviations oecurring 
spontaneously and their mean value may tben be evaluated. 
In order to find the change of entropy involved we have to 
imagine the masses Am, aud Am, introduced into unit 
volume of tho mixture isothermally and by a reversible 
process. The following thermodynamical operation, which 
is a modification of that used by Einstein, enables this to be 


done. 
* Proc. Roy. Soc. Amsterdam, xv. p. 54 (1912). 
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Consider unit volume of the mixture enclosed in a cylinder 
fitted with a frictionless piston by which the hydrostatic 
pressure can be varied. The base of the cylinder has two 
openings, which may be either closed at will or fitted with 
membranes permeable respectively to the vapour of the first 
and second components only. A second and much larger 
reservoir similarly fitted with a piston and semi-permeable 
openings is assumed to be filled with the liquid mixture, this 
heing maintained at the same temperature and at a hydro- 
static pressure equal to the total vapour pressure $ of the 


mixture. The following isothermal operations may then be 
carried out. 


Stage 1. 


By means of auxiliary pumps applied to the semi- 
permeable openings, small masses (Am ,) and (Am;) of the 
two components may be removed in the state of vapour from 
the reservoir, the volume of which is assumed to be so is 
that no appreciable alteration in the composition of its 
contents occurs in consequence of this removal. 

If pand p, be respectively the partial pressures of the 
vaponrs and 7, and v, their specific volumes, the work done 
in the process is 


— piv Am, — psv3Am, + [smi s9Am5 ]d, . . (1) 


where s; and s, represent ipM the shrinkages of the 
volume of the mixture by removal of unit masses of the two 
components. 


Stage 2. 


Taking the masses (Am,) and (Am;) of the vapours thus 
separated, force simultaneously a mass (Am) of the first 
component and a mass (kAm,) of the second component into 
the evlinder the contents of which are maintained at a 
constant hydrostatic pressure $, k being the fraction mg/m). 
t is clear that in this operation the composition of the 
mixture, and therefore also its vapour-pressure, remain 
unaltered. The work done in this process is therefore 


pim; + pavekAm,— [sm + sk Am]. .. . (2) — 
Stage 3, 


Force the remaining portion (Am,—/Am,) of the second 
component into the cylinder, the hydrostatic pressure in it 
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being maintained at the equilibrium value of its total vapour- 
pressure at each instant. The work done in this process is 


v( Am, — KAm;)(ps + 4pq) — 83(Am,—kAm,)(6+44¢), . (3) 


where (Ap,) and (Aq) represent respectively the changes of 
the partial vapour-pressure and the total vapour-pressure 
resulting from the operation. 


Stage 4. 


The volume of the mixture in the smaller cylinder is now 
greater than at first bv (s,Am,+s,Am,). The semi-permeable 
openings are now closed, and the piston enclosing the contents 
forced in by increasing the hydrostatic pressure till the 
original volume is restored. The work done in this process 


is 

4B(Ap)? . . . . . . . (4) 
where 9 is the compressibility, of the mixture and (Ap) is 
the increase of hydrostatic pressure in the process. 


Adding up (1), (2), (3), and (4) we find the total work 
done is 
(rA p- SAp)(Am, —kAm,)+ 48(Ap)*. . . (5) 


The quantity & is a measure of the concentration of the 
mixture. If it be altered to £+Ak as the result of the 
operations set out above, it is easily seen that m,A£ = 
(Am,—£FAn)). 

Hence (5) may be written in the form 


e 


= mı s 7? SE) (Ah)? + 4B (Ap), 


za (A kP FAiG(Apy. . . . . . (6) 

The next step is to find the mean value of (Ak)? and (Ap)? 

in the deviations which occur spontaneously in a volume- 

element dv of the mixture. We may for this purpose use 

Boltzmann’s principle in the form in which it has been 
expressed by Einstein, 


or, for brevity, 


NE 
dWzzCe ™ dAdo oee dA,  . . . (7) 


where Ay, à5....A,4 are suitably chosen variables which de- 
termine the observable condition of the system and 4W is 
the probability that the magnitudes Ay, X, etc., lie between 
A, and A, +d, A, and X, dÀs, ete., R, T, and N have the 
same significance as in kinetic theory. Cis a constant and 
E is the work necessary to bring the system into the state 
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under consideration from that of thermodynamical equi- 
librium. If à, .... are assumed to be zero in the state of 
equilibrium and E can be expressed in the form 


E=}a M? tH dare? +o... + harden’, o. . . (8) 
then (7) assumes the familiar form of the Gaussian error-law 
and it may easily be shown by integration that 

Ay =RT/Na,, 2=RT/Nay, ete., 20.2. (9 

XM m Ag... =0, 


where the bars indicate the mean value of the quantities 
written under them. 


Comparing (6) and (8), we find from (9) that for an 
elementary volume dv of the mixture 


RTA 
N adv’ 


Ae. Howe ke Be - 4 (10) 
(Ap) — ^N ad»: 


and Ak Apz 0. 


(Ak = 


Writing e=? where u is the refractive index of the 
mixture, 


and from (10), it follows at once that 


(8) 35. (3) [- «(25)]e]. xo (11) 


3. Intensity of the Scattered Light : Comparison with 
Einstein’s formula. 
From (11), the intensity of the opalescence radiation can 
easily calculated. Using a relation given by the late 
Lord Rayleigh *, we find that in a direction at right angles 
to the incident beam (assumed to be unpolarized and of unit 
intensity), the intevsity of the scattered light is 


IPAC Ae) 2 
I-x7 Ce fe, 


where X is the wave-length and r is the distance of the 
volume-element from the point of observation. Substituting 


* Scientific Papers, vol. i. p. 526. 
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for (Ae)! from (11), and integrating over the whole volume 
of the tluid, say V, 


i=” | CEA (,, OP... 92) 
— DU NA Loi [| "V2 ak 73 


(p) ] 
4 Bp (5; 2. (3) 
where p is the densitv of the mixture. 

The principal difference between Einstein's expression for 
the light-scattering in liquid mixtures and that given here is 
that the former does not include the term proportional to the 
compressibility of the mixture which appears in (12). This 
term expresses the light-scattering due to the local thermal 
fluctuations of density in the mixture considered as a single 
substance. Using Lorentz’s relation (e — 1)/(e-- 2) =const.p, 
the second term in (12) may be developed and written in 
the form s 


TRTB, a a0, 5, oo 

saga (ee 742)? .. . (13 
` 18 NA: Ur DH ERI a (= 
The first term in (12) which represents the light-scattering 
due to the local fluctuations of concentration in the mixture 


may be simplified if we neglect s; ò$ in comparison with 


, Opa of 


t23 and assume, further, that the saturated vapour obeys the 


gas laws, in which case it may be written as 


I I 
NE Gna LEE ae (14) 


where M, is the molecular weight of the second component 
in the gaseous phase. (14) is Einstein's approximate result. 
The simplifications here made are only permissible when the 
vapour-pressure is not large. 

'The relative importance of the two effects, viz. the light- 
scattering due to fluctuations of density and concentration 
respectively, which contribute to its total observed intensity 
depends on the circumstances of the particular case. The 
first effect depends on the refractive index and com- 
pressibility of the mixture, and second on the variations of 
refractive index and of the partial vapour-pressures produced 
by a change in the composition of the mixture. In the 
immediate neighbourhood of the critical solution temperature, 
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the partial vapour-pressures alter very little with the com- 
position of the mixture, and the concentration-scattering 
becomes very great. On the other hind, at temperatures 
far removed from the critical solution point or in the cases 
in which the components are ordinarily completely miscible, 
the partial vapour-pressures change rapidly with concentra- 
tion, the concentration scattering becomes less, and if the 
refractive indices of the components do not differ much, it 
may even become unimportant in comparison with the 
density scattering. ‘The relative proportion of the two 
components in the mixture is also of importance. It is evi- 
dent that when either of the components formsa vanishingly 
small proportion of the mixture, the concentration-scattering 
would disappear and the observed opalescence would be due 
entirely to the density-scattering in the remaining com- 
ponent. The composition of the liquid would also iufluence 
the density-scattering, since the refractive index and com- 
pressibility of the mixture are both functions of it. 


4. Efect of Molecular Anisotropy. 


The theory so far discussed rests on a purely thermo- 
dynamical basis and leads to the result that the light 
scattered in a direction transverse to the primary beam 
should be completely polarized. If we had proceeded on 
the basis of a molecular theory we shou'd have obtained a 
precisely identical result, provided the molecules could be 
treated as isotropic or spherical scattering particles exerting 
forces on each other. Actually, however, this is far from 
being the case. Even in the case of gases, the transversely 
scattered light is known to be imperfectly polarized, and 
In liquids. at ordinary temperatures this imperfectness of 
polarization of the scattered light is found to be much more 
strikingly evident. Taking this into account, we may, in 
considering the case of liquid mixtures, divide the total 
observed light-scattering in a direction transverse to the 
primary beam into three parts, which are assumed to be 
superposed on each other. A part Q; arises from density 

uctnations, A part Q, arises from the concentration 

netuations, Both of these consist of polarized light, and 
their magnitudes »re given by the therniodynamic theory 
already considered. Another part arises from the varving 
orientations of the anisotropic molecules, and this consists 
ahs measure of unpolarized light. Denoting by r the 

ntensity of the weak to the streng component of 
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polarization in the transversely scattered light, we may 
write 

" 20, 

= QOO E20 7 7° 


where Q,--40, is the total intensity of the orientation- 
scattering of which a part Q, consists of plane polarized 
light and the remaining portion, 40,, consists of unpolarized 
light, and is therefore equally divided between the two 
perpendicular directions of vibration. For all practical 
purposes Q,* is negligible, and it remains to determine the 
magnitude of Q,. 

If we assume that the molecules in a liquid have their 
orientations entirely at random (though their positions are 
not), it is readily seen that the unpolarized part of the 
orientation-scattering would be simply proportional to the 
number of molecules nı and ng of each kind present in unit 
volume, and we may write 


. 15) 


Q= nxit nz 0. 0. 0. e. (00) 


where y,, y, are constants characteristic of each kind of 
molecule. The magnitude of y, and xy, may be determined 


from (15) and (16) when the values of r corresponding to 
the ease in which the liquid contains only one component or 
the other are known, and the values of r and Q, for any 
given composition of the mixture may then readily be 
caleulated. The assumption that the orientation-scattering 
is simply proportional to the number of molecules per unit 
of volume is shown to be justified by the fact that in a 
number of cases it enables the value of r to be successfully 
predieted for a single substance in the state of liquid when 
the corresponding value of r for the same substance in the 
state of vapour is known. 

It is evident from (15) that when Q, or Q, is very large, 
r will be very small. In other words, when either the 
density scattering or the concentration scattering is very 
large, the transversely scattered light 1s almost completely 
polarized. The latter condition arises when the observations 
are made in the immediate vicinity of the critical solution 
temperature. The former condition arises at the plait-point 
temperature of the mixture, ?. e. at a temperature which 


* In the case of gases obeying Boyle's law, only 1/13 of the 
orientation-scattering consists of polarized light, as has been shown by 
Born. In the case of liquids under ordinary conditions, it is probably 
much smaller on account of the partial correlation of phase of the effects 
of contiguous molecules. 
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corresponds to the ordinary critical state for a simple fluid. 
In either of these cases, the orientation-scattering is a 
negli gible part of the whole observed scattering. 


5. Comparison of Theory and Experiment. 


The theoretical results deduced above agree in their 
general features with experiment. The scattering of light 
by mixtures of phenol and water of varying concentrations 
has been studied in the authors’ laboratory by Mr. V. S. 
Tanma for a range of 30°C. above its critical solution 
temperature (68°C.). The scattering is exceedingly large 
in the immediate neighbourhood of the critical solution point, 
and as the temperature is raised its intensity diminishes, but 
over the whole range the scattering remains much higher than 
that of the pure liquids taken together or separately. As is 
indicated by theory, the polarization of the light scattered in 
the mixture is far more complete than in pure phenol, which 
shows a large admixture of unpolarized light. Very near 
the critical solution temperature, the polarization is practi- 
cally complete. But as the temperature is raised, it becomes 
less and less perfect. 

Experiments have also been made on mixtures of ethyl 
alcohol and water. As the percentage of alcohol is in- 
creased, the scattering increases to a maximum, then comes 
down to a minimum and again increases. The extra scat- 
tering is largest for a mixture containing about 20 per cent. 
of alcohol. The case of this mixture is particularly com- 
plicated, inasmuch as both its compressibility and refractivity 
are anomalous. At 20°C., the compressibility isa minimum 
when the percentage by weight of alcohol is nearly 20. 
The refractivity of the mixture increases as the alcohol- 
content is increased, and reaches a maximum when there is 
about 80 per cent. by weight of alcohol, after which it again 
diminishes. 

The following table gives the density-scattering calculated 
for different compositions in terms of that of water as a unit. 


Percentage of Compressibility Refractive Density 
alcohol by weight. at 20? X109. ^ index at 20°C. scattering. 

0 49 13375 100 
10 42 1:3436 0:94 
20 40 1:3500 0:04 
40 47 1:3600 1:20 
60 62:5 1:3670 1:68 
80 81 1:3693 2:19 


100 100 L:3014 2 
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To calculate the concentration-scattering, we require to 
know the partial vapour-pressures of the components, and 
curiously enough, the necessary data do not seem to exist 
for aleohol-water mixtures. Anyhow, the concentration- 
scattering would vanish at about 80 per cent. by weight of 
alcohol, since at that point there is no change of refractivity 
with concentration, and would be very small over the range 
60 to 100 per cent. Since the refractivity of alcohol is not 
verv different from that of water, the effect would not be 
large at any stage. This agrees with the observed facts. 

Measurements of the intensity and polarization of the 
scattered light in binary mixtures of carbon disulphide and 
ether, and of benzene and normal hexane have been published 
by W. H. Martin*. By the use of relation (15), we can 
calculate the orientation-scattering. Partial vapour-pressure 
data for the first mixture are available t, and from (14) the 
concentration-scattering can be calculated. But owing to 
lack of compressibility data, we cannot calculate the density- 
scattering. Since. however, this forms only a small fraction 
of the total scattering in the present case, an error in its 
estimate would not be of much consequence. 

In the attached graph are shown, A the concentration- 
scattering, D the unpolarized scattering, and C. the sum of 
these two for different concentrations. The values of the 
total experimental scattering are also plotted in curve D. It 
will be seen that the curve of orientation-scattering is nearly 
a straight line, showing, in agreement with (16), that it is 
proportional to the number of the two kinds of molecules 
per unit volume, The concentration-seatteriIng was calcu- 
lated by using (14) 

Now 

àÓ log po ] Opes " A ps 
9D. Ok poe 


where wis the mass of the first component (in this ei se Cy) 


e . » e [di BJ a Ope 
in unit mass of the mixture. The values of 2°" were got 


from the partial vapour-pressure curve of ether. 3. Was 
n 


ealeulated from the formula for the refractive index ot 
mixtures 
e—1 €—1 e-l , 
ES = ant "d ee aren ey Cage 
(e*t 2)p (e+ )p, (6o c 2)p» 
* Journal of Pavsical Chemistry, Jan. 1922, 
t Guglielmo, dec. dei Lincei (5) 1, i. pp. 242 & 21H (1892). 
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where e, pj, and e;, pa refer to the two components of the 
mixture. 

It will be noticed that the curve C closely follows the 
experimental intensity-curve. The difference, no doubt, 
represents the density-scattering, which, however, cannot be 
calculated theoretically (except separately for the two pure 
liquids) as the compressibility of the mixture is not known. 


2) 


=. 


HER SCAT: 


> e» oo ò 


INTENSITY OF SCATTERING (ET 
fe 7 


0 — 20 A0 60 . 80 100 
PERCENTAGE OF CS, BY VOLUME 


For pure ether a 


nd pure CS, the density-scatterings are 0:85 
and 2°80, s I T 


tiens. a that if these are added to the orientation- 
UPC. p» a scattering fits into Martin's experimental 
iü-Knos ie. e an adequate test of the theory, we require 
pressures of the compressibilities and the partial vapour- 

: pairs of liquids. Data regarding partial 


-2 —. TE.. 
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vapour-pressures are available for a number of pairs of 
liquids, and the measurement of compressibilities of mixtures 
is being undertaken in this laboratory in order to make a 
complete test of the theory of light-scattering in mixtures. 


Summary and Conclusion. 


In this paper, the approximate investigation of the 
scattering of light in liquid mixtures given by Einstein is 
revised and a perfectly rigorous formula is developed, in 
whicl account is taken of the compressibility of the mixture. 
It is shown that the thermodynamical investigation leads to 
the result that the light-scattering arises in two distinct 
ways: (1) due to spontaneous local fluctuations in the 
composition of the mixture, and (2) due to local fluctuations 
of its density. Einstein’s approximate investigation ignores 
the second effect, which becomes very important when the 
observations are made at temperatures not close to the 
critical solution point or in the case of liquids which are 
completely miscible at ordinary temperatures. 

(a) The seattering power is expressed in terms of the com- 
pressibilitv of the mixture, the variations of its refractive 
index, and the partial vapour-pressures of its constituents 
with the composition. 

(b) A discussion is given of the effects of molecular 
anisotropy which gives rise to an additional “ orientation- 
scattering." It is shown that the polarization of the trans- 
versely scattered light is imperfect as the result of molecular 
anisotropy, but it is considerably less so in the mixture than 
in the pure liquids, and, further, it becomes more and more 
perfect as the critical solution temperature is approached. 

(c) A comparison of the results with the available expe- 
rimental data shows a general agreement. 

(d) Very similar methods may also be applied in the case 
of solutions of solids in liquids, and in the case of ternary 
mixtures. 


Calcutta, 
27th July, 1922. 
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XVIII. A Qualitative Study of Inflected Waves. 
By R. N. Guosa, M.Sc.” 


| & recent paperf the author has shown that Airy's theor 


of inflected wave-fronts and the supernumerary “ bows ” 
can be illustrated by ripples. The present note describes a 
simple optical experiment which qualitatively demonstrates 
the existence of inflécted and cusped wave-fronts. 


Fig. 1. 


=r 


. Sis the slit which is the source (a Nernst single-filament 
lamp works well) from which light diverges and falls upon a 
silvered cylinder of glass C; M is a short-focus microscope 
objective (3 in. focal length) so placed that its focal plane is 
well in advance of the edge of the cylinder grazed by the 
incident rays. The rays after reflexion at the surface of the 
cylinder form a virtual caustic within the cylinder, that is 
the caustic becomes the virtual source of light. Hence as the 
rays pass through the objective M, they converge or diverge 
according as they lie away from or within the focal plane of 
M. After passage through the objective a part of the wave 
18 Converging while another is diverging, that is, we have 
an inflected wave-front just behind the objective. As the 
inflected wave travels onward, the curvature of the diverging 
part goes on increasing, while the other half comes to focus 
first and then diverges, thus folding upon the former half, 
and giving rise to cusped wave-fronts in the region far 
behind the objective M. The folding of one part over the 
other gives rise to interference phenomena. The principal 
maximum lies in the direction of the cusp where the illumi- 
nation is maximum, Then we have a series of maxima and 


* Communicated by the Author. 
t Phil. Mag, vol. xxxv. p. 79 (1918). 
t Proc. of Indian Assoc. vol. vi. parts iii. & iv. p. 155. 
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minima of decreasing width and intensity, exactly of the 
same type as we get in the case of an emerging wave in thie 
rain-drop. In fact, the intensity at any point is given by 
Airy’s integral 


I=4 Uu cosg (o* —mo)de | : 


where o and m have their usual meanings. 

The existence of the inflected wave-front can be easily 
observed by moving a thin vertical wire (‘3 mm. diameter) 
along the wave-front just behind the microscope objective M, 
and observing the shadow in the region where the cusped 
wave-fronts are formed. As the wire is moved along the 
wave-front theshadow first approaches the principal maximum, 
and retraces its path after reaching the place of maximum 
illumination. 

Since the shadow is in the direction of the wave normal, 
hence as the wire approaches the point of inflexion of the wave, 
the shadow moves towards the normal at the point of inflexion 


Fig. 2. 


Fig. 8. 


(which is the direction of the principal maximum), and actually 
coincides with it at this point; as the wire crosses the point of 
inflexion the shadow movesaway from the normal at the point 
of inflexion. Thisis also clear from the formation of the cusped 
wave-fronts, where one part of the wave on one side of the 
point of inflexion is folded over the other part. Hence as 
the wire is moved along the wave, the shadow moves along 
one part of the cusp, reaches it, and retraces its path along 
the second part ef the cusped wave-front. Fig. 2 shows 
the shadow before its arrival at the principal maximum, 


Study of Injlected Waves. 227 — 


fig. 3 the same when it has retraced its path after crossing 
the principal maximum. It will be observed that in fig. 3 the 
shadow is very faint and broad, the reason being the decrease 
in the intensity owing to the continued divergence of the 
part through which the wire passes; while in the other part, 
it will be remembered, the wave comes to focus first and 
then diverges, with the result that the illumination in the 
latter part is much greater than in the other. In figs. 1 
and 2 a few diffraction bands are observed to lie on both the 
sides of the shadow ; these diffraction bands are the well- 
known Fresnel class ones. E 

The motion of the wire along the wave-front is always 
accompanied by a disturbance in the interference pattern. 
(1) The diffraction effects of Fresnel class are always present, 
but they are almost negligible when the interferences are 
observed at high magnification. (2) As the wire moves 
along, the fringe system practically disappears from the 
region covered by the shadow, because one part of the wave 
is cut off, and no interference takes place between the two 
parts over that region. 

Some very interesting effects are observed when the wire 
is just on the point of inflexion of the wave. In order to 
observe this, care must be taken to get rid of diffraction 
effects due to the wire by observing the phenomena at a 
distance of at least 2 metres. The interposition of the wire 
at the point of inflexion is accompanied by (1) an increase in 
the number of the fringes, (2) and a diminution in their 
intensity, (3) and a shift of the principal maximum. In this 
position of the wire the shadow is not observed, but the 
principal maximum is replaced by a large number of faint 
interference fringes, which increase in their number with 
Increasing width of the wire, but greatly diminish in their 
intensity. The widths of the other maxima are slightly altered. 
The effect of the wire upon the fringe system diminishes with 
their order, 

Neglecting diffraction effects due to the wire, the intensity 
at any point can be easily calculated when a thin wire is 
interposed at the point of inflexion of the wave. 

The intensity is then given by 


J, 82 , C2 


where c is the part of the wave cut off by the wire. 


Q 2 
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In fig. 4 the upper graph represents the intensity when no 
wire is interposed, while the lower curve represents the 
intensity when a portion of the inflected wave is cut off at 
the joint of inflexion. The experimental observation is 


found to agree with the facts brought out by the curve. The 
increase in the number of fringes, and the diminution of the 
intensity, and the shift of the principal maximum are clearly 
shown by the curve. Ona future occasion the author hopes 
to compare the intensities of tlie interference pattern before 
and after the interposition of the wire. 


The experiments described herein were carried out in the 
Laboratory of the Muir Central College, Allahabad, and the 
author begs to record his thanks to the Physics Department, 
and specially to Principal J. J. Durack for placing the 
facilities of the laboratory at his disposal and his interest in 
the work. 


Muir Central College, 
Allahabad, India. 


XIX. Some Ewperiments on the Impact of Hydraulic Jets. 
By Professor A. H. Gipson, D.Sc., and F. HEvwoop, B.Sc.* 


9 A? is well known, the pressure inside the impact orifice 
of a Pitot tube as commonly used is very closely 
equivalent to that. corresponding to the head of the stream 
impinging on the orifice. The Pitot tube is, however, almost 
invariably used to give the velocity at one of a series of 
points either in an open stream, a jet, or in fluid confined in 
a pipe, and the area of the orifice is always small compared 
with that of the stream. | 

No experiments would appear hitherto to have been 
carried out to determine what is the maximum size of a 
Pitot orifice which will correctly register the velocity of 
a given free jet. Many observers have noted that a free 
horizontal jet, impinging upon an orifice of its own size in 
the side of a vessel, is capable of maintaining in that vessel 
a head of water sensibly equal to the head under which the 
jet is discharging, which indicates that the area of a Pitot 
orifice may be at least equal to that of the jet to be measnred, 
but no data are available on the effect of impact on orifices 
of larger area. 

A consideration of the pressures involved in the course of 
the impact of a free jet on a hemispherical cup would tend 


E 
to the conclusion that the same pressure head (5) as- 18 
recorded in impact on a small orifice, should be attained 
with an orifice of area considerably greater than that of the 
jet. For if the cup is of area A and the jet of area a, and if 
the jet is deflected through 180° on impact, the force exerted 


. 2war? 
on the cup 1s 


lb., and the corresponding pressure per 


2 war? Dar? 
lb. or -~— ft. of water. 


Ag Ay 


So long as A is less than 4a, this expression is greater than 


n. 


r- : e . e . 
24° which indicates that the cup is too small to allow of the 


unit of its projected area is 


Jet being deflected through 180°. The least size of cup which 


would theoretically allow the ideal pressure of 7 to be 
attained with full deviation of the jet, is given by A — 4a, 


* Communicated by the Authors. 
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and this should therefore be tlie least size of cup from which 
the full foree of impact may be obtained. With a cup of 
larger area, the mean pressure intensity would be corre- 
spondingly less. 

If, then, the phenomena of impact on an open-ended tube 
full of water is at all analogous to that on a hemispherical 
cup, it may be expected that so long as the area of this tube 
is less than about 4 times the area of the jet, the pressure 
attained in it will be sensibly independent of the area, and 


o 


approximately equivalent to 2) 

(2) No experimental data have hitherto been available as 
to the limiting area of a hemispherical cup capable of 
registering the full force of impact, or as to the relationship, 
if any, between this area and that of the maximum area of 
an open-ended tube capable of registering the full pressure 
head of the impinging jet, and the experiments to he 
deseribed have heen carried out in the Whitworth En- 
gineering Laboratories of the University of Manchester with 
a view of investigating both points. 


(3) Leperiments on impact on hemispherical cups. 


The experiments to determine the ratio between the force 
of impact and the size of cup, were carried out on a series of 
eleven hemispherical cups having diameters ranging from 
din. to Lin. and with jet velocities ranging from 12 f.s. to 
60 f.s. These were constructed by pressing hardened steel 
balls into copper or lead blocks each of which was afterwards 
machined so as to give a thin sharp-edged cup. This cup 
was mounted on a. beam carefully balanced on knife- edges, 
and the force of impact of a jet from a parallel bell-mouth 
orifice vertically below the centre of the cup was measured 
by being directly balanced by dead weights applied to the 
beam. 

The area and velocity of impact of the jet were obtained 
from measurements of the diameter of the orifice, the volume 
discharged, and the difference in level of the jet and 
the cup. 

The actual force of impact is always less than the 


: war? 
theoretical value 


lb., partly because the angle of 
7 )J : 


deviation is never the full 1509. Furthermore if the cup is 
of large diameter, surface frietion reduces the velocity of 
discharge appreciably, while if of small diameter there is 
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some interference between the incoming and outgoing jets, 
and the mean angle of deviation becomes considerably less 
than 180°. Writing the force of impact as 


a 
Puig 2 lb., 


fig. 1 shows the relationship between the value of k and the 
ratio À : a, of the areas of cup and of jet. 


Fig. 1. 


From this it appears that there is a critical value of A/a, 
which, for all velocities, lies between 3:6 and 4'0. For 
smaller values of the ratio the value of k falls off rapidly 
according to a linear law. As A/a is increased beyond 
tus value, k increases slightly to a maximum, afterwards 
diminishing, the increase being greater at high than at low 
velocities, For velocities up to 30 f.s. the maximum value 
of k is, on the average, only 1 per cent. higher than that 
obtained when A/a=4. With higher velocities the value of 

ja for maximum efficiency increases with the velocity. 

wing to the flatness of the efficiency curve in the 
ghbourhood of the maximum point, this point is not well 
defined, but its value for the jet in question may be taken 
tor all practical purposes as follows :— 


nei 
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A/a for max. efficiency  ...... | 8&0 | 90 99 | 107 | 11:5 
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(4) Dimensional effect. 


Since viscosity has a comparatively small effect on the 
phenomena, the principle of dynamic similarity indicates 
that corresponding ethciencies, and corresponding maximum 
points, will be attained with larger jets at velocities which 
are greater than those given above in the ratio of the square 
roots of corresponding linear dimensions. Thus with a jet 
3°25 in. in diameter (sixteen times that of the Jet in question) 
a velocity of 160 ft. per second, equivalent to a head of 
400 Feet, would correspond to a velocity of 40 f.s. in the small 
jet, and for this jet diameter and this velocity a ratio 
A/a=9'9 should give maximum efficiency. 

Although there are some important differences, the hemi- 
spherical eup is toa. certain extent analogous to the bucket 
of a Pelton Wheel, and it is of interest to note that this 
ratio of bucket to jet area is of the same order as has been 
found in practice to give best results in the case of the 
Pelton Wheel. 

The principle of dynamic similarity also indicates that 
since the best ratio of A/a with a given jet increases with 
the jet velocity, so the best ratio with a given jet velocity 
should diminish as the size of jet increases. Thus utilizing 
the foregoing results it appears that whereas at 180 f.s. a 
1:8 inch jet should have a bucket ratio of 11:5,a 772 inch jet 
at the sume velocity would only require a ratio of 9*0, a 
result which is in general agreement with Pelton Wheel 
experience. 

(5) Frperiments on impart tubes, 


The experiments on the open ended tube consisted in 
allowing a vertical jet of water from an orifice in the base 
of a vessel to impinge on an impact tube whose height 
could be adjusted. A series of orifices were used, these 
being Borda mouthpieces of diameters 0:3, 074, 075, 0:575, 
and 0*7 inch, and a bell-mouthed parallel orifice of 0:5 inch 
diam. [n conjunction with these orifices, impact tubes of 
the ee diameters were used :—0' 29. 0:37, 0-42, 058, 
0:72, 0-84, (88, 1:06, and 1:5 inches. 

Two series of experiments were carried out, the first with 
turbulent jets obtained by allowing the Borda mouthpieces 
to run full, and the second with steady or non-turbulent jets 
from the convergent mouthpiece. 

In each case the impact tube was several diameters in 
length, was thin-walled, and parallel over its whole length. 
Its lowor end was connected to a water gauge by which the 
pressure heads were recorded. 
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The general arrangement is shown in fig. 2. By adjusting 
either the head above the orifice or the distance of the 
impact tube from the orifice, the diameter of the jet may 
readily be adjusted within small limits. 


Thus if ^, (fig. 2) denotes the head of water in the con- 
taining vessel above the bottom of 
the orifice, ` 


» h denotes the distance from the orifice to 
top of Pitot tube, 

» ay denotes the cross-sectional area of the 
orifice, 

» denotes the area of the jet at level of 
Pitot tube, 

» A denotes the area of Pitot tube, 

» C, denotes the coefficient of discharge for 
the orifice ; 

then n= Cavi 


Wht Ch 
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The values of C, for the different orifices were carefully 
determined, and are shown by the curves of fig. 3. 

With the turbulent jets, the recorded pressure is very 
unsteady, and to obtain consistent readings of the manometer 
it was necessary to damp out the oscillations by using a 
long connecting tube of small bore. 


Fig. 3. 


CoePV/ciorrt of. Oicharge C. 


Head in inches. 


a. ‘3 in. Borda Mouthpiece. d. °575 in. Borda Mouthpiece. 


b. Án. y j e. °7 in. j j 


c. bin. p "EE f. ‘6 in. Bell Mouth Oritice. 


Expressing the pressure head as bg, the values of £ for 
the turbulent jets are shown in fig. 4, and for the steady jets 
in fig. 9. From these curves it appears that so long as the 
ratio A/a is less than about 3:9 for the steady jets and 
trom 3'4 to 37 for the turbulent jets, the value of & is 
sensibly constant and approximately equal to unity. ‘Lhis 
is a critical value of the ratio and is practically identical 
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with the critical ratio found in the case of impact on a 
hemispherical cup. As Aja is increased beyond this 
point, & falls rapidly. Its values are shown in the curves 
of fig. 6. 


Fig. 6. 
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(6) The exaet value of the critical ratio is very easily 
determined in any series of experiments. For values of the 
ratio smaller than and up to the critical, the water escaping 
around the periphery of the impact tube takes the form of 
a continuous clear glassy film, forming a conical surface 
(fig. 7) whose conical angle diminishes as A/a 13 increased 
until it attains a minimum value of 20? for a steady jet and 
40° For a turbulent jet *. 

The attainment of the critical avea-ratio is marked by the 
breakdown of the film into a series of isolated drops (fig. 8), 
accompanied by much splashing, while whether with a steady 
or turbulent jet the pressure in the impaet tube becomes 
very unsteady. 


* With the vertex of the cone downwards. 


25 
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(7) With the object of determining the form of the 
boundary between the moving and dead water within the 
impact tube, experiments were carried out with two glass 
tubes initially filled with aniline dye solution. With a 
stream-line jet a well-defined boundary between clear and 


coloured water is soon established (fig. 8), and this is 

maintained for a considerable time. If / be the distance 
from the top of the tube to this boundary, and if D be the 
diumeter of the tube and d the diameter of the jet, the value 
of I/D increases slightly as d increases and also as D increases. 
If d/Dz0:66 its value is approximately 3:9 with a 0:4 inch 
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tube and 4:2 with a 0:56 inch tube, while if d/Dz 0:75 the 
values are respectively 4:25 and 445. 


Fig. 8. 


With a turbulent jet however, the colour in the tube is 
instantly dissipated. 


XX. On a Simple Derivation of the Lorentz Transformations. 
By H. M. Davovurian, M.A., Ph.D., Associate Professor 
of Physics, Trinity College, Hartford, Conn.* 


N account of the important position which the Lorentz 
Transformations have come to occupy in modern 
physics it is desirable to make their derivation as direct and 
simple as possible, to give it a physical rather than a 


* Communicated by the Author. 
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mathematical character, and to bring out clearly the postu- 
lates and assumptions which underlie each step. The 
following derivation of these transformations satisfies these 
conditions better than any other known to the writer. 
Consider the z-coordinate of a point P in space referred 
to two systems of axes in uniform relative motion and 
oriented as shown in the following figure. If time is 


measured in both systems from the instant the origins of the 
two systems are coincident, we get 


evt 4-O'P. 


But since space is considered as a homogeneous continuum, 
the value of O'P obtained with the measuring instruments in 
the first system is proportional to the value obtained when it 
is measured with instruments in the second system.  There- 
fore : 

wavtthke',. . . . . . . (1) 


where the constant of proportionality & is a function of the 
velocity v. 
Similarly a zw't! tkr. 


But two results follow immediately from the first postulate 
of the restricted theory of relativity :—(a) The sense of the 
mutual velocity is changed without any change in its magni- 
tude when the point of view is changed from one to tle 
other of the two systems, consequently 
v = v. 

(h) The order of points in space is not affected by a change 
of point of view, consequently k’ and k have the same sign. 
On the other hand, the length of a rod placed in the first 
system has the same value when observed from the second 
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system as when the conditions are reversed, consequently k’ 
aud & have the same numerical value. Therefore 


k' =k, 
and goamvtthe. 2... ... 8) 
From (1) and (2) we obtain - 
C= La vt’), (3) 
l1f/,,1-, 
(rs — 2), (4) 
d= Eese, .. 5... Q) 


; 1 | 1— £4 
t= z(t- a 2! We. e > S œ (6) 


In order to determine k we apply the second postulate of 
the restricted theory to the following special event. A beam 
of light leaves the common origin of the two systems at the 
instant t —(-0 and reaches a point P, at the instant the 
position of P is considered. Then, since the velocity of 
light is the same in both systems, we have 

tı — ct, © © © lC (7) 

and mcm ke xoc X5 we 45 x eH) 

Combining (7) and (8) with (3) and (5) after introducing 

subscripts into the latter pair to indicate the special character 
of the event under consideration, we obtain 


1 , 
XL) = zü* SEY E ° E . . ° (9) 


T P 1I-^)a; ouo koc x OS 


mum" 
which give in e $ 03e a s & CLL) 


Introducing this value of k in equations (3) to (6) we obtain 
the famous transformations. 

It may he stated parenthetically that the world-points 
representing the events of the arrival of the beam of light 
at the points P at the specified instants lie on one of the two 
light-lines of the zt-plane and satisfy the following con- 
ditions : 


a 
8 
roducits 
sharactel 
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XXI. On the Occlusion of Hydrogen in Palladium. 
By Mitvo Yamapa*, 


[Plate II.] 


T isa well-known fact that the metal palladium absorbs 

à large quantity of hydrogen gas. But the mechanism 

of the absorption has not yet been made clear. Some 

authors explain this absorption as a consequence of the 

formation of a compound of hydrogen and palladium, while 

others suppose a state of solid solution of these two elements. 

Hence I have made an experiment on this point by X-ray 

oe which affords a final judgment about questions of 
this kind. 

The method applied is that of Debye-Slierrer, and the 
apparatus are not very different from those of Hull. 
A thin beam of the X ray from a Coolidge tube with a 
molybdenum anticathode, after passing through a filter of 
zrconum oxide, strikes the specimen at the centre of a 
cylinder, around which the photographic film is fixed 
together with an intensifying screen. The diameter of the 
cylinder is 7°3 em. The specimens were made of a wire of 
palladium metal 0°5 mm. thick. A róntgenogram, which is 
shown in fig. 1 (Pl. II.), was first taken with a specimen 
fre from hydrogen. Then the palladium wire was made to 
absorb hydrogen by electrolysis, putting it in dilute sulphuric 
acid as the cathode and using a platinum wire as the anode. 
The wire after absorbing hydrogen showed considerable 
dilatation. The róntgenogram of this specimen is shown 
in fig. 2 (Pl. II.). 

Comparing these two figures, we cannot find any difference 
except the slight contractions of the intervals of the lines in 
fg. 2. Hence the arrangement of the palladium atoms is not 
alered by absorbing the hydrogen gas. The slight con- 
traetion of the intervals of the lines in fig. 2 corresponds to 
the uniform expansion of the space lattice. 

If the absorption of hydrogen accompanies the formation 
of a compound, then the arrangement of the palladium atoms 
in the compound must be entirely different from that in the 
normal state. Hence we must expect the appearance of new 
lines which correspond to the compound. But we do not 
find any new lines in fig. 2. The difference which we 
observe is only slight displacements of the lines in fig. 2 
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towards the centre. Hence thefollowing three cases remain 
possible :— 

(i.) The atomic arrangement of palladium atoms in the 
compound formed is the same as that in the normal state, 
differing only in their dimensions, and the lines in fig. 2 
correspond to this compound. 

(ii.) The compound formed is too small in quantity to 
reveal the lines of sufficient intensity, and the lines in fig. 2 
correspond to the palladium remaining in the normal state. 

(iii.) The hydrogen is absorbed in the state of solid 
solution. 

The first possibility can be excluded, if we consider the 
course of the displacement of the lines by changing the 
percentage of the absorbed hydrogen. A róntgenogram *- 
obtained with a specimen containing a quantity of the 
hvdrogen less than the specimen in fig. 2 showed lines which 
fell just between the corresponding linesinfigs. land Z. Ifa 
compound is formed, the transition of the lines must be the 
gradual disappearance of the lines of palladium in the normal 
state followed by the appearance of the lines of the compound 
accompanying this, and not a continuous displacement of the 
position of lines. 

The second case cannot also be possible. In this case the 
appearance of no new lines can be understood, but we must 
explain the slight displacement of the lines by the change of 
the space lattice of the palladium crystal in the specimen. 
We see from fig. 2 that this change of the lattice is a uniform 
expansion. This strain necessitates an enormous tension, 
uniform over all directions. Whatever the volume and form 
of the compound formed may he, the internal stress in the 
palladium erystals caused by the production of the compound 
must be of a very heterogeneous nature, conditioned by the 
form of the grain boundaries. Hence in this second case 
the lines must appear as diffused lines, and not as sharp lines 
displaced, and this possibility is excluded. À 

On the other hand, if we assume the third case, the results 
of the experiment can be explained perfeetly. Vegard f 
showed that the solid solution does not reveal any new lines, 
but a small displacement of lines. Therefore we can without 
any doubt conclude that the hydrogen is absorbed in the 
palladium as a solid solution of these two elements. 


* Fig. 3 (Pl. II.) shows a few lines of these three róntgenograms. The 
lines on the middle line are those of fig. 1, the lines on the upper side 
those of fig. 2, and those at the lower side are the lines of this tnird 
rontpenogram. 


T L. Vegard, Zeitschr. für Phys. v. p. 17 (1921). 
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The specimen in fig. 2 absorbed nearly 660 times of its 
volume of the hydrogen gas at room temperature and normal 
pressure. The molecular percentage of the absorbed quantity 
was 29 per cent. The quantity of hydrogen was determined 
ly expelling it by heating, after the réntgenogram was 
obtained. The expansion of the lattice determined by the 
displacement of the lines was 2°8 per cent, while the expansion 
of the specimen obtained by the direct measurement of its 
diameter was 2:9 per cent. This coincidence shows that 
the expansion of the specimen is due solely to the expansion 
of the lattice caused by the absorbed hydrogen. 


My cordial thanks are due to Prof. K. Honda, under whose 
kind directions this investigation was carried out. 


Iron and Steel Research Institute, 
Tohoku Imperial University, Sendai, Japan. 


XXII. On the Nature and Amount of the Gravitational 
Dejlexion of Light. By Sir JoseeH Larmor, F,R.S.* 


1. FTH E deviation of the rays of light in a gravitational 

field has proved to be the most searching criterion 
hitherto available, to discriminate between various ways of 
forcing gravitation to come within the crucial electrodynamic 
principle, which assures that velocity of translatory con- 
vection of a material system must remain latent in all local 
physical tests. 

The observations at the solar eclipse of 1919 have confirmed 
on the whole the prediction of the amount of the effect which 
had been assigned on the basis of the Einstein formulations, 
But the object of this note is to support a suggestion that the 
implications of that intricate and beautiful analytical theory 
have not perhaps even yet been sufficiently explored,—in 
fact to submit for critical examination an estimate of the 
deviation of light that is reduced to one half. Though the 
general theory has been worked over many times in great 
analytical detail during the last six years, it does not appear 
that the order of ideas here developed has been closely dealt 
with. 

The guiding considerations are contained in $$ 2, 3; these 
were originally drafted in anticipation of the recent Solar 
eclipse, of Sept. 21, which it was hoped would decide, at any 
rate practically, the questions there submitted. The other 
sections, some in part memoranda for future construetive 
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application *, have grown up around them from a desire to 
probe, on all sides, an argument which seems to be In conflict 
with main dogmatic postulates of the recent relativity theory. 
Thus on the present view gravitation would not be absorbed 
into the spatial frame of reference: so the free path of a 
particle remains a dynamical orbit in the usual sense, and is 
not merely a straightest path, in the fourfold extension 
determined by electrodynamics but modified slightly by 
gravitation. The * principle of equivalence ” between a field 
of gravitation and a field of acceleration would thus seem 
definitely to Fail: indeed its only application was to connect 
radiation with gravitation. 

The argument would therefore affect fundamentally what 

was the original primary motive of the relativity theory, the 
effort. to dispense with frames of reference other than those 
directly afforded by the local part of the material system itself. 
Any modified formulation such as is here submitted must. of 
course be based on the mathematical work of Einstein, and 
would not in any case impair the value of his resourceful 
algebraic synthesis, or the general analytical trend of his mode 
of adapting gravitation into an electrodynamie frame. The 
intricacies in this subject are however not in. mathematical 
theory, which however complex is yet straightforward ; and 
they are indeed of long standing, going back to the critiques 
of Leibniz on the Principia ; ; in modern form they are 
concerned with physical interpretations of the same scheme 
of equations within different analytic frames, including the 
mode of adaptation from fourfold frames into the practical 
Newtonian world of astronomy, 

This procedure of practic al adaptation into Newtonian 
space and time, even if adequately coherent within its limited 
range, which fortunately includes the actual w orld, may be 
judged timid and unenterprising. The more robust alter- 
native appears to be to postulate that the world of so-called 
classical physical science is an illusion, an. imperfect picture 
of a reality depending symbolically on a field of fourfold 
quasi-geometrical algebra, of a presumed cosmos deep below 
the sensual sources of our concrete physical knowledge, of 


: x present paper was completed as it stands (with additional 
matter) in the middle of last October, exce pt the final part which was 
drawn d early in November in reply to criticism. 

The writer is nware that the weight of expert authority must be 
against him, and therefore that the chances are not in favour of the 
correetness of his conclusions: but he still thinks that the subject 
requires rether urgently to be cleared up, and that. early publication of 
his argument may serve as a first step in that direction, 

Compare the destructive criticism of the postulate that orbits are 
mutual, yet also geodesic curves by J. Le Roux, Comptes Rendus, Nov. 6, 
p. 509, and Dee, 4, p. 1135. 
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which we may obtain shadowy glimpses, but which is as yet 
quite beyond any direct grasp or intuition. Atoms of matter 
would almost disappear as the permanent sources of pheno- 
mena: there would be only “ world-filaments,” in the fourfold, 
of nearly uniform density, and reality would be merely the 
pattern of their intersections. The rigour of this procrustean 
geometric scheme will have to be relaxed, if it is ever to take the 
place of the flexible formulations of historical physical science. 

Yet this fourfold presentation mav not be evaded, even 
though it represents a world entirely foreign to our practical 
knowledge. For the principle of what may be called the 
indifference of space, extended after Minkowski and Einstein 
into the test of isotropic fourfold space-time invariance of the 
scheme of equations, is imperative. It may be said to take 
its origin nearly a century ago with Green and MacCullagh, 
in their general doctrine of isotropic elastic media, real or 
ideal, developed on Lagrangean principles: in their theo- 
retical constructions the form of the Action function was 
determined by its local differential invariance, as expressed 
hv the test that the orientation of the local Cartesian spatial 
luttice-trame of reference could have no influence on its 
character, The transfer of this principle of spatial invariance 
Into the fourfold extension is the determining criterion in the 
electrolynamie analysis : and it may perhaps be held to be 
only accidental that the relevant group of equivalent four- 
fold frames involves a merging into insignificance of what 
m the Newtonian world is prominent as local translatory 
velocity, Where then does this foundation principle of the 
quasi-greometrieal fourfold and its local directional indiffer- 
ence take its origin? If we postulate that the Action is 
Wholly distributed as an Action-density, to be integrated over 
‘pace and time, that is virtually if we assume that all activity 
h^ Ina medium of which the particles are merely passive 
determining singular points, or more precisely, local inter- 
laces of discontinuity which contribute nothing to the Action 
directly, then the problem of choosing the form of the Action 
50 as to satisfy this condition of invariance becomes a possible 
UM even feasible one, without further limitation. The 
'liseussion resolves itself mainly into fixing the nature and 
extent of the group of transformations for which the in- 
arance subsists. The multiple product da dy dz dt, ex- 
Pressing. the differential element of extension involved in 
the Action integral, must be separately invariant except as 
regards a factor depending on position. This is obviously 
w cured if 82, 8y, 6:, 6t belong to local coordinates in a four- 
old flat extension. But if time were merely an extra 
“mension of space, the spatial characteristic of locality in 
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the fourfold would prevent the local time from ranging 
without limit within a material system limited in space. 
This is avoided by making time an imaginary instead of a 
real dimension in the four folds then the attribute of locality 
persists as regards positions, w hich can remain adjacent, not 
as regards time. To establish any quasi-spatial connexion at 
all Doiweci space and time inv olves an absolute constant c, 
of the nature of a velocity when interpreted into Newtonlan 
space : the case of Newtonian space and separate fime in 
which alone an idea of velocity is effective appears as the 
limit as c tends to an infinite value. Thus the fourfold is 
the natural and only possible further generalization, after 
the manner of Green, of the principle of minimal Action 
extended throughout a medium, which is the final uni- 
fication of Newtonian physics. And the principle of Action 
maintains its ground as the ultimate unresolvable dynamical 
unification, as the ideal method for safe and consistent 
analysis of intricate physical systems. 


2. The relation of gravitation to mass.- -Anvy approximate 
analysis must on this order of ideas lead to a field of gravi- 
tutional potential belonging to each piece of matter, 
determined say by its mass-inertia m : for the usual velocities 
of physical astronomy it is to sufficient approximation a radial 
field, of intensity u/r for each body, where 4 is some 
property of that piece of matter, perhaps some function of m 
in default of other suggestions. The equations of motion of 
another mass m’ in this field are taken to be of type 


m't-m'x component of uj». 


The implication that it is the same » that occurs on both 
sides of the equation, and thus disappears from the problem 
of free orbits (in a specitied field) by cancelling, involves 
the principle of. Newton, experimentally tested by him and 
confirmed with prec ision by Bessel and finally within 5 
parts in 10* by Bötvös* , that masses of whatever kinds of 
matter behave toa pervading gravitational field in a manner 
determined by the aggregates of their inertias alone, and 
therefore when free and started. alike travel so as to remain 
together f. 

It is a further principle of Newton’s formulation in the 
Principia that gravitational attraction between two masses 
obeys his law of balanced mutual forees : for otherwise as 
time flows onward the joint motion of the bodies relative to 
the uniform Newtonian frame would increase without limit. 

* The effects on planetary perihelia seem to depend on terms in the 


equations of rather less than this order of relative magnitude. 
4 Cf. Principia, Leges Motus, Lex iii. eor. 6. 


Gravitational Deflexion of Light. 247 


But so far as we have yet gone the attraction of m, on m; is 
Wm, while the attraction of mg on m, is pgm,/r*: these 
cannot balance unless p=ym, and then the mutual force is 
the Newtonian ym,m,/r*. The direct evidence (apart from 
the principle of Action, as infra) settling the degree of 
Verified validity of this formula is not terrestrial experiment, 
but the whole fabric of physical astronomy : the precision of 
that evidence is in the main far below the Eötvös standard. - 

In theory this principle requires some formulation purely 
dynamical : thus the way to get nearer to it is by a dynamical 
path,—in fact through the principle of minimal Action which, 
mainly in Hamilton’s hands, became the condensed expression 
of the essentials of general dynamical science. 

In the Minkowskian fourfold frame of reference, which is 
the most. effective setting for abstract electrodynamics, in 
which time runs parallel (and entangled) with spatial coordin- 
ates, mot of course completely parallel for it is not spatial, 
the oly expression that could be appropriate for the Action 
A of a free moving particle is l 


A= vds, where ds? = edt —du?—dy? = ds’, 


and v depends on its mass m. The condition of invariance 
tor change of fourfold Cartesian frame restricts A to this 
form. On expanding in a series, to bring it into line with 
the forms familiar in ordinary dynamics, 


A=| vedt ( 1-45 +.) where v?z i? +74? + 2? 


= M VELSA 
= vet! [ES +... dt. 


When this is interpreted into a Newtonian frame, namely 
z, y, : and separate t, it should approximate to the Hamil- 
tonian free Action | Tdt where T2 4v. Hence v 2 —em. 

If the particle m, instead of being free, moves in a field of 
torce say of potential (energy) U per unit mass, A should 
approximate for ordinary velocities to V (T — W)dt, where 
W=mU; for that is the form of the Action in the 
Newtonian frame. This requirement can be secured, with 
suficient approximation, very simply, by changing from c to 
c in the equation for ds in the Action A= —\emds, where 


e ze (1 + =) 


This result carries the suggestion that gravitation can be 
pressed into the Minkowskian electrodynamic fourfold, which 
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concentrates into intuitive form the Lorentz group of trans- 
formations of ordinary space and time, by slight local change 
of the velocity of light, proportional to the potential of the 
field at each place. This procedure would insert gravitation, 
or any other field of force, into the electrodynamic scheme, 
itself ‘slightly modified thereby : but of course for this very 
reason, that it does not point to any special law of the field, 
it is no explanation. Partial or local frames with diferent 
values for ¢ would have to be coherent, that is to merge 
together into a single continuous univer m fourfold frame, 
just as the local maps of the surface of the Earth have to be 
made to fit together into a coherent whole. It is the main 
problem of hypergeometry to determine the integral form 
for this continuum : a solution could doubtless be ofceted for 
any assigned type of field when, on account of the greatness 
of c, the w arping of the frame fi om flatness is slight. 
The next step in this order of tentative development would 
be the discussion of the Action of a system constituted of two 
masses, If we could assume it off-hand to be 


A = — (meds, — f Mod 83. 


But this formula is as vet quite without warrant: though it 
is the necessary foundation of the material tensor that 
arises in the adjustments of the relativity formulation. 
When the fields of activity of two physical systems are 
superposed in the same region, their Actions are not to be 
simply added without special reason assigned, for they 
involve quadratie forms just as do the energies, 

We have in fact to deal with a physieal field of which m, 
is the nucleus, and which in its ramification from m, 
surrounds and influences ma, or rather influences the field of 
mə Which controls mg as its own passive nucleus,—and vice 
versa. This involves a single compound field of joint Action- 
density in the fourfold, determined by mı and mo as point- 
poles or nuclei keying up that field, that being a specification 
of the masses which is sufficient for the present purpose. It 
is the essential characteristic of this order of ideas, as here 
developed, that the Action is required to be located in 
ultimate analysis in the field alone ; thus it is expressed as a 
fourfold integral, which must he invariant for transfor- 
mations within the group of frames which all express by 
means of different coordinates the same essential spatial 
spread. This requirement as regards form severely restricts, 
as has been seen, the extent of the group of frames that are 
permissible, as being equivalent as regards complete free 
interchange from one to another. 

Now in the fourfold extension, everywhere to a first 


- —-————— — 
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approximation locally flat, the threefold spatial part has to 
remain compact or coherent for a wide group of transform- 
ations by continuous change, and therefore (Helmholtz, Lie) 
ithas the Euclidean distance-relation ; and the attachment 
toitof a fourth, though imaginary, dimension ict, which is 
such as must maintain as above invariance of differential 
fourfold extent, seems to involve that the fourfold also is 
(differentially) Euclidean. This result appears to be the 
source and the essential significance of the Minkowskian 
fourfold representation: it defines, to its utinost possible 
extent, the group of changes of frame with respect to which 
an extended distribution of Action, of density purely con- 
tinuous, could possibly exhibit invariance. Radiation is 
Invariant in the fourfold, for the Action-density of the 
electrodynamic field is readily shown to be so: and the 
experimental facts (Michelson and Morley and Miller, 
Ravleigh and Brace, Trouton and Noble) invite us to force 
material dynamics and gravitation into this group of equi- 
valent fourfold frames, and so take them out of the different 
Newtonian group corresponding to c infinite, in which their 
sciences have formally been developed,—in preference pro- 
bablw to the older reverse procedure of modifying electro- 
dyna mics by shrinkage of the sources of its field so as to 
retain it within a Newtonian frame, which would perhaps in 
any extensive development be more complex and artiticial. 
Or, from a different point of view: the invariant formulation 
in terms of pure algebraic quantity is the essential scheme: 
the element in it which on a Newtonian kinematic inter- 
pretation is the local velocity is merged, in an interpretation 
Into the fourfoid spread of space-time, with mere local 
orientation of the inessential Cartesian reference-lattice. 

As then has recently been well-known, there is only one 
spanal differential invariant, necessarily of considerable 
analytical complexity, that is appropriate thus to serve, 
though with certain unusual if not anomalous features, as an 
Action-density in the fourfold expanse, now formulated as of 
unrestricted. Riemann type, varying from place to place; 
namely the invariant of local curvature very briefly indicated 
in outline by Riemann himself for »-fold extension in a 
formal thesis in Latin, towards the last days of his short 
life*. The Action-density is thus determined in general 
type for a gravitational field, if forms of entirely unmanage- 
able complexity are set aside, except as regards a constant 


* The ideal would perhaps be a mixed invariant, entangling rravitatiou 
with the electric field, instead of an independent spatial form which 
satisfies experience in the main but leaves gravitation an isolated 
phenomenon. 
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multiplier which preseribes scale of magnitude of gravitation. 
‘Lhe minimal condition, which may be “described ax ensuring 
that the Action is distributed as regards form and density at 
a uniform level throughout all the extension, then determines 
restrictions on tlie general Riemann type of space which 
may be deseribed as the laws of structure in the gravitational 
fourfold. It was shown by an approximate analy sis, bv 
Einstein and more systematically by Hilbert, that the field 
thus reduced spatially to minimal Action, is determined by 
a criterion of Laplacian form, (as was almost inevitable in 
invariant analysis) so as to be around each mass m of the 
ty pe specified by the form of ds? sketched empirically above 
(p. 248) us appropriate to gravitation: while the exact 
analytical solutos for the field of a single isolated mass was 
worked out soon after by Sehwarzsehild "id by Droste. 

The Action, after thus being adjusted to minimai form 
throughout the free extension "which is its seat, proves of 
course to be of very great local density in the region close 
around one of its determining poles or material aggregations, 
and thus integrates spatially, when referred to a coordinate 
frame atache d to the pole, to a finite amount which may be 
deseribed as belonging to that pole; this spatial integration 
aggregates the local “part of the Action as a time-integral, 
which it is not necessary to analyze in closer detail except 
in a diseussion of atomic structure ; it constitutes a material 
term, in addition to the general fourfold distribution of 
Action which can now ignore the accumulation around the 
local core. If we denote this separated material part by 


— [met, then when transferred to an unrestricted frame 
not attached to the particle, it must change to — |meds i in 


order to be of the necessary invariant type. The result for 
two mass-particles * mi and mg is 


A= —Vmyeds, —\mgeds, +a fourfold integral. 


It so happens, very remarkably and even appropri: ately from 
our present point of view, that when there is no electric field 
the density of the latter continuous part, as now adjusted to 
minimal spatial distribution, is always and everywhere null, 
so that the whole of the ACTON is concentrated within amd 
around the pole-strnetures or particles of matter. The laws 
of material dynamies are involved in its further minimization, 
as regards the positions of the particles. 

lf the m the atoms of matter are passive pole-structures, 

* In further elucidation, the cognate reduction for the local Action of 


electrons in motion in an eleetrod y namie field, in the Maxwellian frame, 
as effected in * ther and Matter’ (1900) § 56, may be compared. 
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singularities of local beknottedness keying up strain of some 
kind in a surrounding and intervening active medium which 
is at each moment practically in internal equilibrium, through 
adjustment by a process analogous to elastic spatial waves, 
this argument shows that the Actions belonging to them are 
correctly to be added together, on account of this equilibrium. 
The only way to evade this indirect conclusion, as expressed 
inthe formula above, would be by the possibility of a mutual, 
or mixed, invariant term * involving both the masses : it 
would appear however that any such feasible term must be 
hosed on the scalar fourfold product (ds, ds»), which is 
already recognized as the basis of the electrodynamic Action 
between two electric charges carried by the particles {and 
šo is excluded from any other interpretation. 

9. The orbital problem for two masses.— Writing the exact 
Schwarzschild form for ds? (though the original Minstein 
approximation which only made the measure ot time variable 
would be sufficient for the present purpose) as if each pole 
were isolated, for the reason above sketched, we have now 
for the two interacting particles mı and img which originate 


the field, 


à=- f — Ha JER S EE pr^ 
{mc | t(1—)ae—(1- ^) as 


—7? d0,? — 7? sin? 0, d$? \ à 


. 3 -1 
foe faqe) a 
i 
—r* d0 — v! sin? 0, d? , 


In which r represents riz; and expanding in series so as to 
change into a form amenable to direct interpretation into a 
Newtonian frame with (x, y, 2) as Euclidean space and 
separate t, 


2 ls 
C m 9 | A? 
A Jal -met +4mw:? +3 2157 +... ! 


i 2, lx? 
+ fae (mep uh tamatta e 5) i ep 


in which vi, v, are the velocities of m, and m, in the frame ; 


* Any regional distribution of a gravitational momentum, such as 
makes the compensation in the case of the electrodynamic stress-tensor, at 
anv rate of amount such as would affect the present argument, is wholly 
excluded by the slowness of the motions of matter. 


+ Its value is | ees (rery yo er di where ry is distance in 


the fourfold, when gravitation is neglected ; being symmetrical with respect 
to both ends, it is in strong contrast to the type of the gravitational Action, 
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or, retaining onlv terms of primary importance, 


A =... + (a (3st ema 4e tmm). 
As the adjusting gravitational pulses in the threefold would 
travel at the speed of light, it can be assumed as above that 
the field of each mass is completely adjusted in the space 
around it at each instant. The attraction, indicated by the 
potential term, is mutual, as the Newtonian principle requires. 

But the Newtonian Action which in the threefold deter- 
mines in the usual dynamics the mutual elliptic orbits of two 
Masses 1s 


A -1 (T—W)dt = L (donut ligu; + eo + const. ) 


where y is the constant of gravitation. To identify this with 
the form at which we have arrived it is necessary to make y 
equal to ym/e? [not the usual 2ymfe]. 

Indeed now we are in a position to appeal from the pre- 
vious less approximate evidence of general physical astronomy 
to the closer limits afforded by the Eötvös torsion-balance 
applied to terrestrial centrifugal force, to fortify this result : 
for itis required by the latter that M uus Mop) shall be pro- 
portional to my up to 5 parts in. 107, which is almost the order 
of the electrodynamic convectional verifications. But the 
principle remains an experimental one for which theory as 
yet assigns no reason. 

It is the very indirect way in which gravitation appears, 
through an arbitrary constant of integration p within the 
bracket in A, that is the source of the inade ‘quaey of a formal 
quasi-spatial tensor theory as regards orbital problems, if the 
present argument holds, 

It may he of interest to observe a parallelism, in this dis- 
cussion of the gravitational problem of two free bodies, with 
the premature effort of Helmholtz, in his great memoir (1847) 
on the Conservation of Energy. (as reproduced in Maxwell 

‘Treatise’ vol. i. $544) to derive the interactions of two 
linear electric Pu ‘nts from the single equation of Energy 
alone. There also a problem of two variables demanded. : 
wider principle leading to more than one equation, such as 
would be expressible as minimal Action ; and it is ae same 
liability to count a mutual term twice that is thereby avoided. 

The question of the frame of reference to which the 
velocities in this argument are to be referred perhaps 
demands further attention. In the first place as to the statie 

* The quantities u here, namely y; and p, in A, are new entities, 


identified only ultimately with the p of $2: which may be a cause of 
confusion, 
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field of an isolated mass: it is the field developed practically 
instantaneously, referred to a frame practically Newtonian, 
or Galileian as it is now often named *, which travels along 
with the mass but without rotation relative to its motion. 
Alternatively, the reference can be to any equivalent frame, 
that is, to one convected with uniform translatory velocity 
relative to the former. It will then be the square of the 
velocity relative to this new frame that occurs in the approxi- 
mate expression for the Action ; while the potential energy, 
involving only r, is independent of the frame. The static 
fields of m, and m, thus may at first refer to different frames, in 
which the masses may have any velocities ; until by virtue 
of equivalence within each of two groups of frames we choose 
a common frame suitable for both moving masses, in which 
the analysis can be conducted. This comes to asserting that 
anv one of the Newtonian group of frames, differing with 
respect to uniform translatory velocity, is suitable for expres- 
sion of the Action of two, or more, masses by simple sum- 
mation, in sufficient first approximation for practical cases: 
and the choice that remains open between the members of the 
group is the expression of the original Newtonian dynamical 
relativity. 

The deviation of a ray of light in the neighbourhood of a 
large mass m 1s determined by electrodynamic principles in 
terms of the local form of the fourfold dere olarak spatial 
datam ds? as dominated by that mass, which we have found 
to be 


ds?= e(1 — 7. dt? — (1- my di? —1?48* —7? sin? 0 de. 


This is different from the form used by Einstein, and by 


others expounding and developing his theorv, in that it 


involves y instead of 2y. The reason is that ‘lie constants 
in this form have been fixed by comparison with the 
Newtonian Action for the problem of two inte ‘racting bodies, 
in which gravitation appears not as a spatial form but as a 
mutual potential (energy) of their two ficlds, and must not 
be counted twive over, once for each. 


* Tbe name frames of inertia was proposed long ago bv James 

Thomson, the only brother of Lord Selvin, who fist introduced the 
Mea of equivalent frames of reference: see ‘Inertia, Chronometry, 

Absolute Rotation,’ Proc. Roy. Soc. Edi: lss4, or ‘Collected Papers,’ 

pp. 379-83. The paper next following, in the same year, discusses a 
problem whose mere statement is reminiscent of the current gravitational 
doctrine: given a system of particles in changing mutual configuration, 
to determine where possible a (mov ing) frame of constant configuration 
relative to which each of the particles is in uniform rectilinear motion. 
In other words, his problem is to determine in what cases the forces of 
a set of moving particles can be absorbed into a moving frame of 
r-fereuce. 
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Unless then there is some discrepancy lurking in this 
development of the dynamical method through analysis of 
the Action, the deviation of the rays of light should be 
reduced to half the usually accepted expression. For 
example, the summary appeal to invariance, in order to fix, 
general forms, which is a main resource of the analvtical 
theory, might conceivably here be misleading. But the 
systematic deduction from the Action principle seems to 
provide a security, in this regard, which is absent from a 
procedure by formal adaptations and adjustments. If the 
argument proves to be sound, the same reduction to one half 
would apply to the predicted, displacement of periods in solar 
spectra, But the influence on physical astronomy, which 
has in fact been used to fix the constants, would remain 
unchanged *. 

An alternative which may conceivably be proposed is to 
reject dynamies and its relevant Action principle altogether, 
as transcended by the transfer from Newtonian space and 
time into fourfold extension ; in fact to work in Einstein's 
manner with formal adjustable stress-tensors possibly not 
amenable to that law. But then the theory seems to lose all 
cohesion; there would be no reason except empirical con- 
venience, For identifying gw, which enters into the fourfold 
solution for the field of a point-mass merely as an arbitrary 
constant of integration and so completely from outside, with 
either value ym or 2ym, or indeed for connecting it in any 
way with m. If then we allow ourselves to contemplate that 
astronomical observation may not verify the expression, 
whichever be the appropriate one, for the gravitational devia- 
tion of light, what would be the inference? At the worst, 
that gravitation would remain, as previously, outside the 
electrodynamic group of inessential transformations between 
sets of coordinates belonging to the same one essential spatial 
fourfold which makes translatory convection undetectable ; 
and so gravitation would slightly disturb that result. 

For at best this beautiful and intricate formulation cannot 
be held to explain gravitation. To do that it would have to 
connect the value of y with other universal constants of 
atomic structure: whereas, as it stands, y might quite well 
(indeed with great increase of simplieity) be zero, when we 
would have a world without gravitation altogether, The 
theory merely explains one way by which gravitation, as- 
sumed to exist independently, can be modified so as to come 
under the electrodynamic principle of the insignificance of 
local convection. 

* Its adequacy to explain the outstanding perihelion motion of 


Mercury has however recently been placed in doubt by a recension 
of the standard calculations by the astronomer E. Grossmann, 
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Not the least remarkable feature of the fourfold formula- 
tion, as has often been dwelt on in more complicated ways, 
is the mode of emergence of the Newtonian dynamical 
scheme of inertia, momentum, and energy of a particle of 
matter, as the approximate translation into the Newtonian 
franie of a form of Action —f me ds in the Minkowskian 
fourfold which is of a simplicity almost geometric in 
character. If gravitation should refuse to come in, this 
striking concatenation of Newtonian dynamics (with modi- 
fications for very high velocities) into the simplest possible 
fourfold quasi-geometrical Action would still persist, in its 
simpler homogeneous form, in so far as the masses of atoms 
can be taken to arise from inertia of their local electro- 
dynamic fields. But gravitation would stand outside it as a 
residual phenomenon, though in essence hardly more 
unexplained than itis now. — . 

On the other hand, even if there were complete failure of 
the astronomical tests, all of them very delicate and pre- 
carious, as may appear now to be possible, the theory would 
retain its position as a remarkable provisional consolidation 
of the field of physical activity, until some more physical 
explanation including the necessity of gravitation has been 
formulated, perhaps by its aid. 

Summary.—lf£ nothing has been overlooked in- this pre- 
sentation, fundamental consequences seem to be involved. 
The inclusion of a field of gravitation in the electrodynamic 
scheme, by making the fourfold extension variable within a 
principle of dynamical Action, extended throughout it, 
remains consistent. A stress-tensor, invariant though im- 
perfectly as before, can be duly balanced throughout the 
field and around the masses ; for that result is involved in 
the Action principle. But the gravitational warping of the 
fourfold pseudo-space, due to given inertial masses, and all 
that depends on it, are halved, including the disturbing 
effects on light. In the Einstein mixed field, electric and 
gravitating, the balance of the stress-tensor is not disturbed 
by this halving of the constant of gravitation in it. The 
orbit of a planet is however no longer a straightest path, 
determined everywhere locally, in the fourfold extension, as 
. formulated by electrodynamics and its optical rays but modi- 
fied slightly by gravitation : though it would be so approxi- 
mately in a different fourfold, but one outside the group 
for which eleetrodynamic relativity would subsist. Gravita- 
tion therefore cannot be absorbed in the spatial frame of 
reference, The ‘principle of equivalence," which in its 
application has involved only the postulate that light is affected 
by a field of gravitation in the same manner as by the field of 
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universal acceleration of matter which it produces, would, 
along with the implication of a vacuum, not be true. But that 
postulate seems to have reference toa latent Newtonian frame, 
for in the fourfold representation the ideas both of gravitation 
and of acceleration are transcended : having served as a pro- 
visional stimulus and a signpost towards a new region to be 
explored, it might in any case have disappeared from a 
completed sy nthesis. However these questions may be 
settled, the new theories do not (as yet) explain gravitation : 
the question why it exists at all in the world is as inscrutable 
still as it was to Newton: but one way has been exhibited 
along which it can be very slightly and consistently modified 
so as to bring it into Correlation with electrodynamic theory. 
The same procedure of conscious reversion to practical 
Newtonian frames of reference is used to explore cognate 
problems, such as the question of what precisely can be 
meant by the assertion that the energy of translatory motion 
of a body whose mass is intrinsic adis to its inertia, and 
whether such energy gravitates. And other fundamental 
questions are briefly considered from the same objective 
point of view. 


(Pressure of time in printing prevents more than an 
abstract of the additional part referred to in footnote, p. 244. 
The proposition that orbits could still, on Action theory, be 
determined separately by formule of type —E(m,cds,) = 0 in 
a fourfold extension involving 2y, while the extension i 
electrodynamics and optics is a different one involving y, i 
general and not eonfined to the problem of two bodies: at 
it is otiose, because the object of the theory is to consolidate 
these two domains. In the electrod ynamie fourfold the orbit 
of a material particle is held to be determined directly by the 
positions of the other masses iu the field, just as the orbit of 
an ion is already admitted to be deter mined by the other 
charged bodies that are present. The approximate expression 
on p. 252 for the Action, of fourtold type, in the case of two 
masses can be transformed readily in the known manner to new 
coordinates, those of their centre of mass and those of their 
relative position : in the result these sets of variables are 
found to be separated, and an expression for the Action of 
the relative orbit thus appears, involving (as Newton proved) 
a factor Z2y(nmi + me) instead of 2ymy for “the mass ne, Whereas 
the fourfold extension that is the basis of the Action theory, 
in which optics also must be evolved, involves ym, for the 
field of my. The necessity of an underlying uniform 
Minkowskian fourfold for final reference after the manner 
of an :ether, is discussed. ] 
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XXIIT. The Early Stages of a Submarine Explosion. 
By H. Lawn, F.R.S.* 


pes theory of the collapse of a spherical bubble in water 

has been given by Besantt and Rayleighf. The 
cognate problem of the expansion of a spherical cavity owing 
to the pressure of an included gas is of some interest as the 
nearest approach we can make at present to the case of a 
submarine explosion. The representation is defective in 
various ways, some of them obvious enough, but the study of 
the problem as thus idealized may still have some value as 
indicating at all events the order of magnitude of the results 
to be expected in certain cases. For very intense explosions 
the results are subject to considerable qualification, as will 
appear. 

Let us imagine tbat a quantity of gas is liberated in- 
stantaneously in a spherical cavity in an unlimited mass of 
liquid initially at rest. The liquid is assumed for the present 
to be incompressible, and the density of the gas at each 
instant to be uniform. Let Rọ be the initial radius of the 
cavity, R its radius after a time t, po the initial pressure of 
the gas, p the density of the liquid. ‘The velocity potential 


* Communieated by the Author. 


t Hydromechanics, p. 198 (1867). 
t Phil. Mag. vol. xxxiv. p. 94 (1917); Scientific Papers, vol. vi. p. 504. 
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in the liquid at a distance r from the centre of the cavity is 


accordingly l 

paR eux e aae ED) 
since this makes —ò¢/ðr = R for r = R. The formula for 
the ae" is therefore 


2 Dp RRR RR? 
=% -5($? E r Ort? "7" (2) 


ms the pressure at infinity is relatively negligible. 
The initial acceleration of. the radius is therefore c,?/Ro, 


where ; 
Co = a (PoP) s. um ues oes (3) 


This velocity cy determines the rapidity with which the 
subsequent changes take place. If, for example, the initial 
pressure be 1000 atmospheres, or say pj 10? C.G.S. we 
have in. the case of water cyg= 3:16 x 104. For an initial 
pressure of 10,000 atmospheres, c= 10°. 

If we assume the yas to follow Boyle's law, so that 


pipo= (RR ...... (4) 


for r = R, we have, putting r = R in (2), 


RHR? ey ET. 2... (B) 


d (spun pa ,R 
or 50 R?) = 2c, Rocce (6) 
R? — 2/0 R 
Hence * (ie) log x - MEL (7) 


This result may also be obtained at once by equating the 
kinetic energy of the liquid to the work done by the gas in 
expanding *. 
It easily follows from (5) and (7) that R is a maximum 
when R/R,2 Ve = 1:396, and that this maximum is :495c,. 
The volume of the gas, on the other hand, expands at an 
ever-increasing rate; we have, in fact, from (6) and (7) 
2R, s 
Ry 50,7" 


which increases continually with R. 


i7]IUR = 4m lt, ( (8) 


* Cf. Rayleigh, loc. cit. 
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Substituting in (2) from (5) and (7) we find, for the 
pressure at any a in the liquid, 


i= 
= i, is {1+(1- A log rh. 
To complete a solution we write 
R = Re”, 0s sss Q0) 


so that (7) becomes 


dz c 
acd ZY Cy 
e? (5 E 2ER? e e e s . e (11) 


Hence, putting k = 2, we have 


ot 2 (ns 
R vs STE rue wow cu HAZ) 


Shere s= JČ?) a er ee (La) 


This gives the time taken by the radius of the cavity to 
attain any assigned value R. 

The integral in (12) has been tabulated by Dawson * for 
values of x ranging from 0 to 2 at intervals of *01. For 
large values of x we might use the asymptotic formula f 


l, 1 $. M 1.3.5 
t= eo? — CÁ : a 


The annexed Table I. is based on Dawson’s results. The 
fifth column gives the ratio in which the pressure of the gas 
is diminished, whilst the last column shows the variation 
of the pressure in the liquid at a point so distant that the 
term R?/r? in the inner bracket of (9) may be neglected. In 
the diagram the values of R/R,, R/e, and pr/PoRo are 
plotted (on different scales) against cut/Ro as abscissa, the 
ordinates being respectively R/R,, 10R/co, and 10pr/p, R,. 

If instead of Boyle's law we adopt the adiabatic law of 
expansion, we have in place of (4) 


Plpo (R/R) . . . . . . . (14) 
for r = R. Hence (5) is replaced by 
"P 3 
RR+ ER = (T) > on mou s 


* Proc. Lond. Math. Soc. (1) vol. xxix. p. 519 (1898). 
t Stokes, Camb. Trans. vol. x. p. 181 [Papers, vol. iv. p. 78]. 
S 2 
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TABLE I. 

T. cot / RB. R/R,. B/o,. R/R’. | pr/p;R,. 
0 0 1:000 0 1:000 1:000 
1 090 1:004 089 "988 "996 
2 181 1:016 175 953 984 
3 277 1:037 ‘257 ‘897 965 
"4 378 1:066 325 ‘826 936 
5 1:105 -385 "741 gol 
'6 609 1:155 432 *649 858 
7 745 1:217 '466 555 807 
8 -903 1:292 487 752 
'9 1:087 1:383 495 378 692 

1:0 1°330 1:492 491 301 629 

l1 1:578 1:623 416 234 563 

1:2 1:915 1:779 ‘452 178 498 

1:3 2:343 1:966 422 132 433 

l4 2:609 2:190 '886 095 372 

1:5 3:634 * 2:460 ‘348 067 314 

1'6 4:627 2784 "304 046 961 

17 5:996 3:177 :269 031 214 

1:8 1:919 3:655 :230 020 172 

19 10:68 4:238 :195 013 124 

2:0 1472 4:053 :162 008 106 
whence 


2 ^ 5 y 
OR 
The maximum of R now occurs when 

(RRIT S S y .. .. 0. .. . (A7) 
andis given by — 
R? 2 


27 


e! ^ By“ 


SX ox dox ov (18) 
The pressure in the liquid, as found from (2) and (15), is 
f= gears 0-9) + Cre)’ 
-H (0) poa» 


the second line being relatively unimportant at a distance 
from the centre. 


eg 
—_ 
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The Integration of (16) cannot as a rule be effected | 
analytically. An exception worth notice occurs, however, 
in the case of y = $. Writing 

R/R =1+2z, . . . . . . . (20) 
we have then : 


dz 
(tara — p, (22) bw owe ei 


whence 


fm V (G3 +424 1). (0. (22) 
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It may be remarked that this same formula would be 
obtained on the isothermal hypothesis if we were to neglect 
the term depending on the square of the velocity in the 
general expression (2) for the fluid pressure. The correct 
isothermal hypothesis gives for small values of z 


Col 


RT VG) de... . (23) 


The maximum of R, when y=4, corresponds to R/Ry=4, 
and is '459c. The pressure at a distance is given by 


p — Bo(/ Roy’ 

fes Soe ee s s. (24) 

approximately. : 

The following Table II. is derived from (22) and (24). 

It is unnecessary to plot the results, since the curves will 
have the same general form as on the former hypothesis. 


TABLE II. 
NS EMEN EM MILIEU MALLEM 
R/BR, | c//B, | Beo ' (RyRY. | pripory 
10 0 EU 1:000 1:000 
11 478 ' 369 751 “826 
1:2 422 439 ‘579 676 
1:3 943 458 | 455 592 
1-4 1162 | +456 364 510 
1:5 1-383 | ‘445 ‘ -:296 444 
1:6 16012 | 428 | -24 391 
17 1:850 ` 409 | :204 846 
1:8 2:101 391 17 309 
1:9 2-364 372 | | 146 ‘277 
2:0 2 640 354  , 125 -250 
21 2-930 ‘336 —  -108 "227 
2:2 3:235 320 | 0% :207 
23 3:555 305 | 082 "189 
24 3:891 291 072 174 
2:5 4244 271  ' 004 ‘160 
2:6 4'613 265 | :057 148 
27 4999 |  :253 051 137 
2:8 5'404 242  ' 046 128 
29 5897 . "232 | 04 119 
3:0 6-266 ^ 222 | 037 11 
40 1176  : 153 016 063 
50 19:42 | -113 | 008 040 


Since cooling of the gas by expansion and consequent 
diminution of pressure are now taken into account, the 


— 
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changes take place more slowly than in the previous 
case. 

Asa concrete illustration, let us suppose the initial diameter 
of the cavity to be 1 metre, and the initial pressure pọ to be 
1000 atmospheres. Putting p—1, e=3°16x 10‘, we find 
from Table II. that the radius is doubled in 5}, of a second, 
and multiplied five-fold in about .l, sec. The initial 
acceleration of the radius is 2:00 x10" cm./sec.?, showing 
that the neglect of gravity in the early stages of the motion 
is amply justified. The maximum of R occurs when 
R=4Ro, ¢="0016 sec., and is about 145 metres per second, 
or about one-tenth the velocity of sound in water. 

If the initial pressure pọ had been 10,000 atmospheres, the 
radius of the cavity would be doubled in about 7}, sec., and 
multiplied five-fold in 14, sec. The maximum of R would 
now be 460 metres per sec. | 

À more difficult question remains as to how far the results 
are modified by the compressibility of the water. It would 
appear that so long as the velocity which we have denoted 
by ĉo is small compared with the velocity (c) of sound-waves 
in the water the effect would not be very great, although the 
time-scale would be somewhat extended. But with initial 
pressures of the order of 10,000 atmospberes in our previous 


example the effect would become appreciable. In the case. 


of a submarine mine the initial pressures may greatly 
transeend this amount, with the result that the velocities 
communicated to the adjacent water may exceed the ordinary 
velocity of sound, even when allowance is made for the 
diminution of compressibility with increase of pressure. 
Our theory then ceases to have any very close relation to 
the facts, | | 

The accurate equations of motion of spherical waves in a 
eompressible medium are easily formulated, although a 
solution seems at present hopeless. Assuming that p is a 
definite function of p we write | 


a= {'2a("e, 2... (25) 
p P pi p 


where pi is the undisturbed density, and 
#= dpjdp. . . . . . . . . (20) 
We have then the dynamical equation 


z= y, te de um uem mos OT) 


— —- ——.——— —-—--- r 007 
$ a 
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. where g is the velocity, and the kinematical relation 


p De = v?o. » ° . . . . . . . (28) 
Hence | 
Dt pDt ~ yp. 6 . . a (29) 


We may eliminate a, so far as it appears explicitly, between 
(27) and (29). The result is rather long, but in the case of 
spherical waves it reduces to 


o> , 206 l[0'ó ð$ D$ 09V 0°h) 
aa tes eal pue "m Qr! (20) 


DÉ Or àrot 


as is easily verificd. Since c is in general a function of p, 
this equation has to be combined with (28). 
Some estimate of the importance of the expression on the 
right-hand is obtained if we substitute the values of $ which 
were found on the hypothesis of incompressibility, just as if 
we were attempting a second approximation. Taking, for: 
instance, the formulz (1) and (16) with y=4, we get 
22 R [o nS , R°/R,3 wy 
- olet s T? lT R) 


C T 


Since the same hypothesis makes the terms Q?$/O0*? and 
20ój|r Or equalto +2R?R/r’, it would appear that, provided 
the ratio c/c is small, the second member of (30) is 
negligible in the neighbourhood of the boundary (r= R). 
The argument 1s of course far from rigorous, but it is of a 
kind to which we are often constrained to have recourse in 
mathematical physics. 

At a sufficient distance from the origin the ordinary theory 
of sound-waves, in which terms of the second order are 
neglected, becomes applicable. We have then as usual 


$- l-t) ww. WW. owe dk de Re (9L) 


nue eir(c-) 2... ss (82) 


TE $= 57(t-2) à zsh); . (33). 
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+ 


where c is now regarded as constant. As regards the, .. 


pressure, the only deviation from the case of incompressibility ` 
is that changes are propagated, not instantaneously, but with 
the finite velocity c, with of course the usual attenuation due 
to increase of distance from the source. The law of trans- 
mission of velocity is, however, modified. Except for the 
“retardation ” r/c the first term in the value of g is the same 
as if the fluid were incompressible, whilst the additional 
term is equal to (p—pi)/pe. The relative importance of the 
two terms depends on the ratio r 


-- (i-r 2). 2. (M) 


Which is of the nature of a time. This (variable) time 
measures the degree of slowness with which the strength of 
the virtual source f(t) was changing at the instant when it 
Started the waves which in time t have travelled the distance 
r. Writing (33) in the form i 


g= PIP (F +1), ^. ee ue owe OD) 


it is seen that the first term preponderates when cr is large 
compared with r, and is relatively insignificant in the 
Opposite extreme. These relations are familiar in the case 
9f a periodic source of sound, where T may be identified with 
the period. Sufficiently near the source the motion is practi- 
cally the same as if the fluid were incompressible. And the 
range of r to which this statement applies is greater, the 
lower the frequency. l 

In the present problem the value of r is infinitesimal at 
the front of the advancing wave, where there is an abrupt 
change of conditions. We have there 


g-(p-p)lpt » » + «+ «+ (36) 


simply, as is otherwise evident from consideration of the 
transfer of momentum. 


ee see M o 


s T —————À —— — 


- 
D A LÉL————— m —— = 


| 266 | 


XXIV. Physical Constants and Ultimate Rational Units. By 


GILBERT N. Lewis, Professor of Chemistry, The University 
of California *. 


A NEW empirical law usually ene one or more 
constants, and if the law appears to be general and 
fundamental these constants are called constants of nature. 
The discovery of every such constant is indeed a milestone 
in the progress of science. Nevertheless, to call these quan- 
tities natural constants is a character istically human attempt to 
shift responsibility. Adopting an old- fashioned phraseology, 
there is nothing nature abhors more than an arbitrary number 
which possesses no intrinsic meaning. Perhaps, therefore, it 
would be better to call them unnatural constants, and reserve 
the term natural constants for simple numbers like 2 or r. 
If we accept the view that is get forth in this paper, and 
consider that every physical constant indicates some flaw in 
our scientific system, it becomes as useful a scientific service 
to eliminate these constants as to discover them. Such an 
elimination has often been secured by a mere change in the 
units of measurement ; and thus by the two-fold process of 
discovering new constants and then of reducing these con- 
stants to unity or simple numbers, by a change in the system 
of units, we are progressing toward a more natural or 
“rational” set of physical units. 


The Metric or C,G.S. System. 


The units of the metric system are completely arbitrary. 
Certainly there is nothing fundamental to physics in the 
period of rotation of the earth, or the dimensions of the 
earth, or the density of an arbitrarily chosen substance at 
an arbitrarily chosen temperature and pressure. On the 
other hand, the introduction of the c.g.s. system represented 
in two respects a great adv ance toward the adoption of natural 
units. 

Whether or not it is the best system of counting, the 
civilized world has definitely adopted decimal numbers ; ; and 
it was therefore very desirable to replace those systems of 
weights and measures, inherited from prehistoric civilizations 
which used other (and possibly better) number systems, by a 
set of units which stand in simple decimal ratio to one 
another, 


From the standpoint of physics, a far greater advance was 


* Communicated by the Author. 
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secured by the c.g.s. system in fixing the secondary units, 
such as those of momentum and energy. While the centi- 
metre, gram and second are entirely arbitrary, the ratios 
between them and the secondary or derived units are made 
natural ratios and not arbitrary ones which involve a series 
of meaningless constants. By this one step modern physical 
equations have been vastly simplified. 


The Mechanical Equivalent of Heat. 


When it was discovered that a certain amount of work lost 
in friction always produced the same quantity of heat, a 
natural constant was thereby discovered, and the custom has 
not entirely disappeared of putting this number, the so-called 
mechanical equivalent of heat, into every equation involving 
mechanical and thermal quantities. But it is one of the 
signal accomplishments of the theory of energy that heat and 
work are now regarded as different manifestations of the 
same fundamental entity, and are therefore expressed in 
terms of the same unit. Accordingly it is now the custom 
to write rational thermodynamic equations without this 
awkward constant. 

However, we must not confuse two distinct mental oper- 

ations which are involved in such a case. The mere fact 
that two entities are expressed in the same unit does not 
force us to regard them as identical. Angular velocity has 
the dimensions of frequency, and indeed, in the case of 
uniform rotation, a given angular velocity implies a definite 
frequency of rotation. But the two ideas are distinct, 
notwithstanding the fact that the two quantities may be 
expressed in the same units.. Soa person might dispute the 
theory of energy, that work and heat are the same entity, but 
no one could fail to recognize the convenience of expressing 
work and heat in the same units. 


The Constant of Dulong and Petit, and the Gas Constant. 


An important physical constant was the one discovered by 
Dulong and Petit—namely, the heat capacity per gram atom 
of a solid element. One of Boltzmann’s valuable services to 
science consisted in showing that the constant of Dulong and 
Petit is merely the gas constant multiplied by 3. 

We now see, moreover, that the existence of the gas constant 
itself is due to the use of units which are not rationally derived 
from the c.g.s. system. Thus the constant R is defined as 
the pressure exerted by 32 grams of oxygen when multiplied 
by the volume and divided by the absolute temperature. We 
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now know that 32 grams of oxygen contains N (—6:06 x 10**) 
molecules, and it is evidently less arbitrary to write 


PV=n + T=nihT, 


where n represents the number of molecules, and & is called 
the molecular gas constant. 

When PV is expressed in ergs and T is expressed in terms 
of the Celsius degree, k= 1:372 x 10715. Now the value of 
the degree was decided upon without reference to the c.g.s. 
system, and might as well have been taken of such mag- 
nitude as tomake the molecular gas constant unity. Complete 
justification for such a choice is seen in the fact that in the 
radiation equations of Rayleigh and Planck, which have no 
direct relation to the properties of gases or of molecules, T is 
accompanied bv the same constant k. A degree which is 
1/1°372 x 10-!5 times as great as the Celsius degree we may 
therefore call the c.g.s. unit of temperature. 

A further consequence of this step deserves comment. The 
whole theory of the dimensionality of physical quantities has 
been obscured by the existence of physical constants, to 
which dimensions are often assigned. Now while it might 
seem reasonable to assign dimensions to R or k, it would be 
highly inconvenient to give dimensions to a pure number and 
especially to unity, which does not even appear in the physical 
equations. We are thus forced to give c.g.s. temperature 
the dimensions of energy, and express it in ergs. 


Electric and. Magnetic Units. 


In the development of electromagnetic theory numerous 
constants might have entered if, for example, the earth had 
been taken asa unit magnet, or if the unit of charge had been 
defined as the amount to which some condenser is charged by 
a Grove cell. On the contrary, every effort was made to 
choose units which would be rational in the c g.s. system. 
Nevertheless, there arose two systems of measurement, the 
electrostatic and the electromagnetic, and the ratio of the 
two became a new constant of nature. Later, one of the 
prodigious successes of Maxwell’s theory consisted in the . 
recognition of the identity between this constant and another 
important constant—e, the velocity of light. 

Throughout electromagnetic theory we find numerous 
equations in which the constant c appears, and always with 
the time ¢ and to the same power ast. Itis evident that the 
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appearance of this constant is not due to any faulty appli- 
cation of the c.g.s. method, but rather to the arbitrary choice 
of the primary c.g.s. units themselves. 


The Rational Unit of Time. 


Especially through the development of the new kinematics 
of Einstein we are forced to the inevitable conclusion that 
the most rational choice of temporal and spatial units would 
be one whereby the velocity of light would be made equal to 
unity. If provisionally we retain the centimetre as the unit 
of le ngth, ie unit of time must be made 2:999 x 10!° times 
as small as the second. 

Here, again, making the constant unity requires us for 
convenience to make it dimensionless, and we therefore call 
the new unit of time the centimetre, and we write 1 sec. 
=2°999 x 101? cm. 

Once more it is to be pointed out that the use of the same 
unit for time and for length does not mean that we need 
regard time and space as completely indistinguishable. 
Indeed, any one conversant with the 4-dimensional geometry 
of relativity, while recognizing the great convenience of a 
common unit, must also recognize that between the concepts 
of time and space there is a fundamental distinction which 
relativity does not remove. 


Units of Mass, Momentum, and Energy. 


A further consequence of relativity is that the energy and 
the mass of a body vary proportionally to one another, and 
that the factor of proportionality is the square of the velocity 
of light. Moreover, if we take velocity as dimensionless, 
mass and energy have the same dimensions, and therefore we 
may say that 1 gm.=c? ergs. With the new unit of time the 
rational ‘unit of both energy and momentum is the gram. 


The Theory of Ultimate Rational Units. 


Starting with the four units of length, time, mass, and 
temperature, we have seen that by making the molecular gas 
constant and the velocity of light equal to unity, the number 
of units may be reduced to two—namelv, the centimetre and 
the gram. It is evident that by using in the same way two 
other fundamental constants, these two arbitrary units might 
also be replaced by less arbitrary ones. 

Such a system of units was indeed suggested by Planck *, 
who proposed to make equal to unity, not only & and c, but 


* Planck, Vorlesungen über die Theorie der Würmestrahlung. 
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also À, the constant of the Planck radiation formula, and f, the 
constant of gravitation. This would give new units for length, 
time, mass, and temperature * which | independently of special 
bodies or substances would retain their significance for all 
times and for all civilizations, even those beyond the terrestrial 
and the human.” 

While granting the presumptive truth of this statement, 
the question still remains as to whether the constants chosen 
in this refixing of the four units are the best ones, and used 
in the best way. Sucha choice would, as far as was apparent, 
eliminate only four of our physical constants, leaving numerous 
others which might perhaps equally well have been chosen for 
the determination of the primary units. 

It was at this point that Dr. E. Q. Adams and I advanced 
our theory of ultimate rational units *. According to this 
theory there is possible a set of units in terms of w vhich all 
universal constants (and not merely those which are employed 
in defining the units) will be reduced to simple numbers. 
The system of ultimate rational units will be the one in which 
these numbers are in general the simplest. 

In attempting, therefore, to determine the new units of 
length and mass, we must look for two relations which are as 
simple and as inevitable as those which we have used to 
eliminate the arbitrary units of temperature and of time. 
These two relations will then enable us to replace the gram 
and the centimetre as well as the units of time and temper- 
ature by ultimate rational units. 

Hitherto we have been able to decide only upon one such 
relation, which therefore merely permits us to express all 
other units in terms of a single one. For this one we shall 
provisionally retain the centimetre. 


The New Unit of Mass or Energy. 

It seemed to us that the most fundamental of the out- 
standing constants was the elementary charge—that is, the 
charge possessed by an electron or by a univalent positive ion, 
and we chose the fundamental constant (47re)?, where e is 
the electron charge in ordinary electrostatic units, namely 
4714 x 107". Now, in ordinary units the square of acharge 
has tlie dimensions of energy times length ; and if we take 
new units of mass and energy such that (drre) ? is unity and 
dimensionless, then the new unit of energy or mass becomes 
the reciprocal centimetre, and we may write 


l erg = 2'779 x 10" reciprocal centimetres; 
1 gram = 2:499 x 10% reciprocal centimetres. 


* Lewis and Adams, Phys. Rev. iii. p. 92 (1914). 
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Thus energy and mass acquire the dimensions of curvature, 
or frequency, or acceleration. Indeed, it will be noted that 
we have now reduced all physical quantities to the dimensions 
ofa power of length. Although this change seems radical, 
I claim emphatically that we are introducing no new element 
into the theory of physical dimensions; what we do is no 
more than has been repeatedly done before in other cases, 
ever since the introduction of the c.g.s. system. 


The Constant of Stefan’s Law. 


The first success of the theory of ultimate rational units 
came in the calculation of the constant of Stefan’s law. 
According to this law, if E/V is the energy-density of a 
hohlraum, o We concluded that when these quan- 
tities were all expressed in terms of ultimate rational units, 
the constant a would become unity. We were thus able 
to calculate a value of Stefan’s constant, claiming a much 
higher accuracy than the values which had then been obtained 
by experiment. - 

In the two years preceding the publication of our paper, 


seven determinations of this quantity had been made, as shown . 


in Table I. The results were by no means concordant, the 
average deviation from the mean being 3:8 per cent. As 
against the average of 5:81 (For ac/4), our calculated value 
was 5°70, and we predicted that more careful determinations 
would yield this value. Recently, after a thorough reinves- 
tigation of the subject, Coblentz has obtained the value 
9°72+0°012, in almost perfect accord with the value which 
we calculated. 


TABLE I. 
Stefan's Constant (1912-1913). 
Author. (ac/4) x 10°, 
Shakespear  .................. 5°67 
Gerlach ........................ 5°80 
Kurlbaum ..................... 5:45 
Puccianti ... ................4 5:96 
Westphal ..................... 5°54 
Keene...................-. Mie. 5:89 
Fery and Drecq ............ 6:33 
Average ...... 5'81 
Average deviation 3:8 per cent. 
Calculated (U.R.U.)......... 5°70 
Coblentz * (1917) ............ 5:12 --*012 


* Coblentz, Proc. Nat. Acad. Sci. iii. p. 004 (1917) 


272 Prof. G. N. Lewis on Physical Constants 
| Planck's Constant. 


With an accurate value of Stefan's constant, it was possible 
to obtain therefrom the constant of Planck, assuming the 
correctness of his radiation formula. In ordinary units the 
value so calculated was 6:560 x 107277. At that time the value 
obtained in the Bureau of Standards by Coblentz was 6:615, 
: differing from our calculated value by 0:055. Recent deter- 
minations, however, have almost completely verified the one 
which we calculated. Later work by Coblentz* led to the 
value 6:557, and the mean * of many recent determinations 
of this quantity is 6:554, differing by only 0:003 and 0:006 
from the value we predicted. 

. Unless, therefore, we are to assume a bizarre coincidence, 
the recent determinations of the constants of Stefan and 
Planek furnish a striking justification of the ideas which 


Dr. Adams and I advanced. 


The Entropy of a Monatomie-Gas. 


‘ QA Ve 23 ` 
In classical thermodynamics the theory of:ay ideal mon- 
atomic gas was given by the expression 


S=3/2R ln T - R In V + const., 


and the constant was regarded as undetermined and unde- 
terminable. With the advent of the third law of thermo- 
dynamics, and especially in consequence of the work of 
Planck, we are now able to assign a definite finite entropy to 
every substance, and to calculate these entropies from simple 
measurements. — 

When this was done it was observed by Sackur f that the 
numerical values obtained for the entropy of monatomic 
gases permitted the constant in the above equation to be 
broken up into two terms, one of which depends only upon 
the atomic weight, and the other of which is a universal 
constant which is independent of the nature of the gas. Thus, 
if W is the atomic weight, 


S=R In (T??W*?V) +C, 
S=R lu (C'T??W32V), 
where RInC’=C, 
Now, if we replace W and V by the mass of one molecule 


and the volume occupied per molecule, then convert T into 
c.g.s. units of temperature, and finally reduce everything to 


* See Birge, Phys. Rev. xiv. p. 361 (1919). 
T Sackur, Ann. Phys. xxxvi. p. 698 (1911) ; xl. p. 67 (1913). 
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our new units, it is a consequence of the theory of ultimate 
rational units that C and C' must be pure numbers, and 
probably simple numbers. The only way in which they can 
both be made simple numbers is to assume that in the new 
units C'21 and C=0.  Aecépting these values and con- 
verting back to ordinary units, we find 
]32,3 
N? *( 4e)? 


Thus with the aid of a simple deduction from the theory 
of ultimate rational units, and with no other information 
whatsoever, we may calculate the entropy of any monatomic 
gus. Ofthe several monatomic gases whose entropies have 
beeu experimentally determined, there are only four for 
which the data are at all accurate. The experimental values 
for these four gases (expressed in calories per degree), 
together with those calculated from the equation which I 
have just given, are shown in Table Il. The agreement is 
remarkable, being in every case within the limits of possible 
experimental error. Asin the previous calculation of the 
constant of Stefan’s law, the constants employed in the 
present ealeulation are sufficiently well known to give the 
calculated values an accuracy at least ten times that of any 
present measured value. Here, again, I venture to predict 
that new experimental determinations will bring the entropies 
constantly nearer to those calculated from the equation here | 
given. | 


v 


=3 252 107%. 


Tarte II. 
Entropy” of Four Monatomie Gases at 25° C. and 1 atmos. 
Exp. Calc. 
|; NUR 20:2 29°38 
e clan ER 36:4 86:7 
S arase baan 400 . 29:8 
| Leer ee e ALS 41°5 


Tie atomic weights of these four gases range from 4 to 200. 
Moreover, there is evidence f that within the rather wide - 
limits of experimental error the same equation is applicable 
te the electron with its very much smaller mass. This con- 
clusion has permitted an interesting investigation of stellar 
spectra in the hands of Saha tf. 


$ These values are taken from a paper by Lewis, Gibson, and Latimer, 
J, Am. Chem. Soc. xliv. p. 1008 (1922). 

f See Laue, Jahrb. Radioakt. Elektronik. xv. p. 267 (1919). Tolman, 
J. Am. Chem. Soc. xliii. p. 1592 (1921). 

t Saha, Phil. Mag. xl. p. 72 (1920). 
Phil. May. S. 6. Vol. 45. No. 266. Feb. 1923. T 
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On account of the unfamiliarity of the ideas which we are dealing 
with, and lest anyone believe that we are here confronted by a mere 
numerical coincidence such as occasionally appears in scientitic calcu- 
lations, it may be of interest to describe very briefly the manner in which 
the value of the constant was first obtained. When I became convinced 
through a paper by Tolman * that Sackur's equation expressed an exact 
Jaw of nature (except for the values which he, and later Tetrodet, 
assigned to the constant), I predicted that this constant (C) would be 
equal to zero in ultimate rational units, At that time I had no idea, 
except oue based on the theory of ultimate rational units, that this pre- 
diction would be correct. even in order of magnitude, Indeed, when at 
the first opportunity I carried out the calculation, I found a diecrepaney 
between theory and experiment involving a factor of 10". At this 
point some of my colleagues were inclinea to doubt the validity of the 
theory, but feeling contident that some material error must have entered 
I repeated the calculation, discovered this to be the case, and obtained 
tne very satisfactory agreement with experiment shown in Table II. 


Ultimate Rational Units and the Principle of Similitude. 


Dr. Adams and I were struck by the fact that not all, but 
all of the more universal, physical constants with which we 
had to deal (except the constant of gravitation) had the 
dimensions of some power of energy times length (or time) 
in the eg.s. units, and were therefore dimensionless in 
ultimate rational units. This is true of the elementary 
charge, of Stefan's constant, and of the Planck constant, to 
which we may now add the constant C' of the entropy 
equation, The idea that this might be a general law has 
been embodied by Tolman, together with the ordinary theory 
of dimensionality, in the very interesting theorem which he 
calls the principle of similitude. This principle is equi- 
valent to a statement that every new fundamental constant 
will be found to be dimensionless in ultimate rational 
units. 

While we may doubt the complete generality of this 
principle, it 1s sure to prove a useful guide to new physical 
laws. 


The Elimination of the Centimetre. 


One fundamental constant. which is not dimensionless in 
ultimate rational units is the one discovered by Rydberg. 
By employing such a constant it is possible to remove the last 
element of arbitrariness from our system of units. At once 


* Tolman, J. Am. Chem. Soc. xlii. p. 1185 (1920). 
t Tetrode, Aun. Phys. xxxviii. p. 434 (1912). 
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we might do away with the centimetre, and obtain simpli- 
ication in our equations, by choosing the mass of the electron 
as the unit of mass, or h times vp (Rydberg's constant) as the 
unt of energy. But we shall do well to wait until we can 
make sure in this step also that the more rational units that 
we choose are the ones that are likely to prove the best per- 
manently, and may therefore deserve the name of ultimate 
rationa] units. 


Berkeley, California. 


Nore By Q. J. L. 


Tke publication of a paper does not mean agreement with 
its contention. Ifor one hold that an attempt to unify essen- 
tially diferent physical quantities, and obliterate the ratios 
or constants connecting them, can only result in confusion. 
A unit is not unity. Length and Mass and Time and Energy 
and Momentum are not the same. Nor is Temperature 
identical with Energy. Different things sometimes appear 
to be of the same dimensions, like Work and Moment of 
force; but there is an element of direction involved even 
there, and a scalar product differs from a vector product. 
On the other hand a frequency may rightly be identified 
with a phase-angle divided by time, which is essentially an 
angular velocity. So also the identification of Heat and 
Energy was serviceable, indeed momentous. Any real rela- 
tion between constants, like 4Kc?—1 or the expressions of 
Rydberg and of Planck, is of high value; but the arbitrary 
elimination of constants, or the attempt to mask them and 
replace them prematurely by pure numbers, is retrograde, 
As to choice of units, that is merely a matter of convenience, 
not of principle; and a unit of temperature 10719/1:372 of a 
centigrade degree would assuredly not be convenient. 


T 2 
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XXV. The Field of an Electron on Einsteiis Theory. 
Dy S. J. Gunsincuam, B.Sc. F.I.A." 


$ 1. Solution of the Field Equations. 


HE .solution of the field equations where the line 
element is of the form 


ds? = — Ò dr? — et (240? + r? sin? 0d?) + e" dr? 


has been given by Nordström f and by Jeffery f for the 
case p=0 ; the field is assumed to be symmetrical in space 
and statie in time. 

The solution for the gravitational field of a mass-p: irticle, 
when X=p, has been given by Hill and Jeffery $ ; in this 
paper it is proposed to give the solution for the field of an 
electron on this assumption. 

The equations of the field, i£ we suppose matter, apart 
from the point-mass at the origin, to be absent, are, in the 
usual notation 


8r k 
Gum —— (E,—p]E^ e e QD 


where & is the constant of gravitation and e the velocity of 
light. 
“The values of Gy, that do not vanish are 


Gi = p" tiv ku[r-iuviv, . . . . (3) 
Goo = rliri^ t 2n av thre? tarp}, o. . (3) 
G3; == sin? 0 . Tao; 
Gy 2 —e 7r liv t/t dutty}. . . . (4) 
Writing the potential vector of the electromagnetic 
field as | 
Ky = C- F, —G, — H, $), 


we have as the only surviving components of the electro- 


magnetic co-variant tensor F,,, the values 


* D J 
Fu2-Fa--—x. 


I 


For the corresponding contra-variant tensor, we shall have 
F= -F= g'g Fu = eT Qt»). '. 


æ Communicated by Prof, G, B. Jeffery, M.A., D.Sc. 
+ Proc. Ac. Amsterdam, vol. xx. p. 1236 (1918). 

t Proc. Roy. Soc. AX. vol. xcix. (1921). 

$ Phil. Mag. vol. xli. p. £25 (May 1021). 


€ 
where = 
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The mixed electromagnetic energy tensor defined by 
E; E ume [^s 4 hay p” is 


will then only survive for the values p=v=1 or 4, and will 
be given by 

EFs — B= — E= E; = hele +7) 7, 
The scalar becomes 


E= 2; E, — 0, on summation, 


while the co-variant tensor E,, vanishes except for the 


+ « 2x 
values yz», which are 


E, = gu Ey’ ——beteQ, 
j — L 
E; = g;; E; = grea’, \ (5) 
E; = gB = $7? sin? beT” x4”, | 
En = gu E! = — de x. J 


From (2), (3), (4), and (5) we have the three equations 


| | drk , 
pithy 4 u|r- iur ti? = a ke", . (Ga) 
"LA a lvl latiny = grk !2,—Y» 
da" & pr avr t dee tie =r net, . (6L) 
- Amk . 
dy 4 y [rt ijv 1v? = a K eT”, «LO 


together with a fourth equation derived from ihe equations 
of the electromagnetic field : 


Ò /_ Ba) — 
FA V —9gF ) — 
or 


Ê (dv ety) = 0 o... 5. (6d) 


for the determination of y and v. 
Equation (6 d) gives 

! = E. 1 xn) 

4m on i 


is a constant of integration. 


K4 


jT 
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From ($a) and (6c) we have 
p” T uwír—iuvy—vlrz0.. . . . (0) 
Adding to (65) and substituting for «,' from above, we 
have 


T js & kk. 
wet ear tees 7a gato 


or writing p=-, 


7T 


The solution of this equation is 
24N A 
ju © y= 
(Ac + o 4P 4 B, 


where A and B are the constants of integration. 
From considerations at infinity, 


EN. 
B - (A9; : p. 
TC 
Hence 
ene ie ja B MS 
7 2» 167? 
or 
e = (l+p/r+q/r?)?, . . . . (9) 
where n 
p—4o = >.. 
p= 4m c 


From equations (7) and (65), substituting the values 
obtained for e” and x,', we have after some reduction 
"m 2pr! + 8yr + 2p 
CP + prtq)—42) 
giving, after integration (the constant of integration being 


zero), 
s. beg 


~ (1+ pír q/r?)® 


It is easily shown that these values for e” and e" satisfy 
equations (6a), (65), and (6c) identically. Hence the 
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expression for the line element in this case is 
ds? = —(1+p/r+ q|?) (dr? + 7? dO? +7? sin? 0 . dd?) 


E iur a) dh. ( (10) 


Lr p[ rq] 
where 2 0] 
2 g =- —. < 
pcc dc oc! 


§ 2. Identification of the Constants. 


In order to identify the constants e, p, and q, the equations 
of motion of a charged particle in the field of the electron 
will be investigated. 

The equations of motion are 


m'A? = ^q 


je 


where J^ is the current vector 


" ' ( d HI d. d d C3 d v ‘) 


ds? ds? ds? ds) 
and the acceleration vector 
- T do, dig 
g mie 
A PRI a} - qwe 


On substitution of the values of. the surviving Christoffel 
symbols, we obtain for the equations of motion 


rat) - rmn) c eri enia) 

Heer eiua Ie s (n 
e sin@.cos@. (5 Y arro x Tao, . (12) 
SP p 2r gu). — -0. . (13) 


In the plane 6-5, (13) becomes 


dh Adr dd _ 
qe t? l/r us jq us 9 
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giving, on integration, 
d 
veh, d = constant. . . . . . (195) 
ds 


From (11) and (14), eliminating ee’, we have, after 
reduction and integration, 


1, 4.2 
(SY eee (5) -ee(t) 4120. . (16) 


ds ds ds 
For a particle initially at rest, we have 


dr dd =, 


ds ds 

dt? = ] 

(i) 7 (e 
and from (11), 


gatie (T) = ec l Awp) lE 


Hence 


ds? ds) — Agr m'o? ds 
From these two last equations, we obtain, neglecting 


terms with higher negative powers of r than r72, 


Er ee n'pe 
m = = = 
dÊ 4m? ye? 


- 


which will be the equation of motion of a particle at great 
distances from the origin. 


We may, then, identify the constant e with the electric 


charge (in Heaviside units) on the attracting particle, and 
Qo) Am 
the constant p with - where + is the constant of gravi- 
C. 
tation and m the mass of the attracting particle ; for this 
will give the Newtonian expression for gravitational attraction 
in the second term on the right-hand side of the equation. 
k : e 
q then becomes m 
eu li 
It is easily shown by writing r=f(7,) in the expression 
for ds? given by Nordstróm, and solving the differential 
equation obtained by equating the coefficients of the 
differentials, that the form for ds? obtained in (10) is 
deduced from that expression by writing 


$ Jri) = n(1l- pr t 4/vj)). 


€——— 9 4 A 
 ———— ———À———————————————Á———————— —————— Ü— 
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XXVI. On the Anomaly of Strong Electrolytes with special 
Hererence to the Theories of J. C. Ghosh. By HENRY J. 
S. Sano, D.Sc, PAD, FDC; Sir John Cass Technical 


Institute, London* 


Part II. 


Ghosh’s Theory of Electrolytic Conduction. 


\ E now come to the examination of Ghosh’s theory of 
| conduction in solutions. The first assumption we have 
to consider postulates that certain ions are bound, while others, 
having sufficient kinetic energy, are capable of conducting 
tlectricity, or are free to move past each other in the liquid. 
Since this freedom to move past cach other is independent of 
the current, we must assume that free ions may occupy any 
position whatever in the liquid. We have already had occa- 
sion to refer to the assumption that the ions have a mean 
disposition in space couforming to regular patterns, and we 
pointed out that at best these patterns could only be con- 
sidered “reference arrangements.” To obtain a coherent 
representation of Ghosh’s theory of electrolytic conduction it 
appears to me necessary to assign the following properties to 
the arrangements of reference. First, the actual arrange- 
ment of ions in the solution at any instant is, so far as 
conduction of the current is concerned, replaceable by that 
of the reference arrangement, so that to every ion in the 
actual solution a position in the reference arrangement 
corresponds. The kinetic energy of an individual ion in the 
reference arrangement is not in general the same as that in 
its actual position in the solution, being in some cases greater 
in others smaller, according to whether its potential energy 
in the reference arrangement is smaller or greater than in 
tlie actual ar rangement. The total kinetic energy of trans- 
lation i is, however, in both cases the same, and its distribution 
in both cases obeys Maxwells law. Inasmuch as reference 
arrangements have axes it must be assumed that these may 
be placed i in any arbitrary direction, e.g. in that of the applied 
electric field. Secondly, positious of ions of the same kind 
in the reference arrangement are interchangeable so far as 
conduction of the current is concerned, so that, e.g. confining 
ourselves for the moment to binary electrolytes, the work 
required to remove any one ion from the reference arrange- 
ment while all the others are left fixed, has a definite value 
independent of the ion chosen. This work can readily he 


* Communicated by the Author. 
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calculated to be equal to 2W]v, if W is the work required to 
separate all the ions completely and v is their number. The 
fundamental assumption made by Ghosh is that only those 
ions ‘ean escape from the field inside the solution "' or are 
* free" whose kinetic energy is greater than G/y. 1t will 
be remembered that the interpretation given by Ghosh to 
the quantity we have indicated by G is the same as W applied 
to an original mol; but that we have been compelled to leave 
the qvestion open whether this interpretation can be justified 
or not. It may be pointed out here that W/v and hence 
possibly G[v is the work that would have to be done to 
remove ono ion from the system if we could imagine the 
operation carried out on successive ions in such a way that 
the amount of work expended on each was tho same. This 
fundamental assumption is in no way supported by proof, 
and, as mentioned in the introduction, does not lead to 
Ghosh’s final formula (see Chapman and George, loc. cit.). 
Inasmuch as the transference of electric current through 
the solution may be considered to consist essentially in the 
drifting past each other in the direction of the electric field 
of oppositely charged ions, all transference in directions at 
right angles to this being ineffective so far as transmission 
of the current is concorned, we propose to substitute for 
Ghosh's s assumption just referred to, the one: only those ions 
are “free ” whose kinetic energy arising from the velocity 
eor. p ent win the direction E the electric field is greater 
than G/v. Indicating the number of ions into which a mole- 
cule dissociates by n, so that v=nN, the condition we have 
assumed is expressed by saying that only those ions are 
“free” for which the kinetic. energy arising from the 
velocity-component u is greater than the value 


: G 
K= xc i oye oe Je wow (22) 

Another assumption contained in Ghosh’s theory is, that 
the electric field due to other ions has no influence on the 
mobility of “free” ions. This assumption is probably 
approximately correct, for it may reasonably be supposed that 
hindiances to the motion of “free” ions due to the electric 
field in certain positions are largely balanced by aids in 
other positions. We now ccme to an assumption which is 
an implied one, and which we propose to abandon. It is to 
the effect, that the contribution of an ion to conductivity is 
independent of its velocity or that the “ mobility ” of all ions 
of a given substance is the same. Owing to the extreme 
frequency of the collisions that molecules and ions in a liquid 
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are subject to, what we have called translatory motion will 
be akin to vibration. Actual translatory motion in a given 
direction will be extremely slow and will be the result of 
the frequency with which molecules or ions are capable 
of slipping past each other in any given direction. This 
again will depend on frequency of collision and in particular 
on the velocity-component in the direction considered. Ina 
similar way an externally impressed electric field will be 
only operative in slightly increasing the probability of ions 
slipping past each other in its direction. This effect, how- 
ever, may be supposed to depend on the frequency of 
collisions the ion is experiencing, and we may reasonably 
assume it to be proportional to the velocity-component of 
the ion in the direction of the electric field. 

We now proceed to express these hypotheses mathe- 
matically. Confining ourselves in the meantime to the 
consideration of v ions of one type, the number having a 
velocity-component in the direction of the electric field 
between u and u+du is according to Maxwell’s theorem : 


3u? 
våe du, 


where ¢ is the root mean square velocity of the type con- 
sidered and A is a constant of known value. According 
to the hypothesis just proposed, the contribution to the 
molecular conductivity made by these is Cha 


TN. 
gue 


dX = veAue 2 du 
9 


where x isa constant. The contribution to molecular con- 
ductivity of the ions having velocity-components between u 
and infinity is thus : 
"o0 3u3 -2 3u2 

A= vA ue du zz we Are fm : 
so that making u=O, we find for the contribution to mole- 
cular conductivity of all the ions of the type considered ; 
zi 
As = vcd z 


e$ ° 


For the ratio X:A, we thus have: 


If m is the mass of each ion, K, the portion of its kinetie 
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energy arising from the velocity-component u, and N 
Avogadro’s number, we have : 


dme= K, and Nne = 3RT. 


Hence, eliminating u and ¢ we find: 


_K,N 
=e RT 
X 


ao 


The same formula will hold for the corresponding ratio of 
any other tvpe of ion and therefore also for the ratio of the 
molecular conductivities p: p, arising from the sum of these 
ions. Mxpressing K, in terms of © according to the hypo- 
thesis made (equation (22)) we thus obtain : | 


G 


Eus e nRT, 


A 


whieh is Ghosh's fundamental formula 2, p. 451, loc. cit. 

We have thus proved that it is possible by a slight altera- 
tion of the hypotheses made by Ghosh, to obtain his formula. 
Moreover, it »ppsars to me that the alterations are inherently 
defensible and tend to strengthen the theory. On the other 
hand, we cannot close our eyes to the fact that the number 
of assumptions which is explicitly and implicitly contained 
in the original theorv gives to the deductions from it the 
character only of empirical formule. Moreover, I bave 
after extended attempts to deduce the subsidiary hypotheses 
from the fundamental ones come to the conclusion that the 
former ean at best have only approximate validity. Never- 
theless it seems to me that the general idea underlying the 
theory can be defended. — It is this, that the small potential- 
gradients which ean be artificially impressed on a solution 
will, in the case of ions having small kinetic energy, only 
slightly distort their orbits without lea: ling to effective con- 
duction of the current. Another way of ‘putting this is to 

ay that the current is in the case of the bound ions employed 
at first in creating kinetic energy which is subsequently 
annulled by acting in opposition to the current. 


Theories of complete ionization in a uniform dielectric 
and Ohm's law. 


We are thus led to the consideration of what seems to me. 
the most serious objection to theories of a completely ionized 
solute in a medium of uniform dielectric constant. This is, 
that it appears on such theories that the current should be 
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employed at first in creating a polarization in the liquid 
itself, which would later act in opposition to it, aud which 
would be equivalent to a resistance. Hence, the resistance 
of an electrolytic solution to rapidly alternating currents 
should be smaller than to continuous current. No such 
effect has, however, been observed even at very high 
frequencies *. In fact, it appears that the conductivity 
should in the first instant when the current is applied have 
the same value whether internal electrie fields exist or not. 
For, let us consider a thin laver of finite (sav, of unit) 
surface and thickness dz in the electrolyte, taken perpen- 
diculavly to the flow of the current, and let the gradient of 


dP — Tt Cis the 
d 


concentration of electrolyte in tlie solution, the total amount 
in this layer, since it may be considered very large in two 
dimensions relatively to molecular magnitudes, will corre- 
spond te the average composition of tle solution, i. e. it will 
be equal to Cde. The distribution of ions in the layer we 
may, however, suppose to be governed by Boltzmann's 
theorem, and there will be more ions of negative than of 
positive potential energy. The total kinetic energy of ions 
in positions of low or of negative potential energy is thus, 
according to familiar reasoning, greater than that of ions in 
positions of high potential energy ; but we may assume the 
distribution of kinetic energy among ions having a given 
potential energy to conform to Maxwell's law, independently 
of what that potential energy is. Hence the total distribu- 
tion of kinetic energv among ions will be the same as it 
would be in the absence of attraction between them, and if, 
as we lave assumed, the mobility of an ion is proportional 
to its velocity, the total average mobility in the first instant 
when the current is applied should likewise be the same 
whether the ions are in positions where they attract each 
other or not. 

We may consider the matter from another point of view. 
We may ascribe to ions in positions of negative or low 
potential energy a higher concentration than to those of 
high potential energy, so that when the potential gradient 


dP 


la is first applied for the small time dt, the amount of 
dr 


electricity crossing any small part d7 of the surface we are 


potential across the layer everywhere be 


* See J J. Dowling and K. M. Preston, Phil. Mag. xliii. p. 537 41922); 
E. D. Eastman, J. Amer. Chem. Soc. xlii. p. 1045 (1920) ; J.J. Thomson, 
Pree. Hoy. Soc. xlv. p. 269 (1880). 


A - 
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considering will be —4C yo dt, where k is a constant, 
pm 


whereas the concentration C varies from point to point. 
The total MACC of electricity crossing unit surface will 


thus be (SCH) n The amount of substance contained 


in the layer of i d dv and unit surface we have been 
considering is ECd/dr and is also C'de, C' being the 
average concentration, so that EO d/—€', and hence the 
amount of electricity crossing unit surface in the time dt 


will be C - oe dt, independently of the circumstance that the 


Mot of ions in the layer is not uniform. The 
theories of. Milner, Hertz, and Ghosh dealing with conduc- 
tion in a completely ionized solution have all aimed at 
determining the condition in the electrolyte when a per- 
manent state is established, and hence they do not bear upon 
the effect we have discusso. 

Similarly these theories all assume that the distribution of 
ions in the solution is not affected by the passage of the 
current, since only on this assumption will conduction obey 
Ohm's law. Milner nevertheless points out * that the pas- 
sage of the current will tend to alter the distribution of ions 
into a random one. Ghosh postulates that his ** bound " ions 
should remain bound, irrespective of the magnitude of the 
applied potential gradient. In the tvpe of systom assumed 
by Ghosh we should, however, expect a small proportion of 
bound ions, whose kinetic energy almost suffices to make 
them free, to become quite free when an external potential 
gradient was applied. This proportion should vary with the 
applied potential gradient and should cause a deviation from 
Ohm’s law which should become appreciable for high potential 
gradients. No such deviation has, however, been observed t. 

We are thus led to the conclusion that at every instant in 
which an ion is * bound," it is bound very much more firmly 
than would be the ease for a completely dissociated electrolyte 
in a medium of continuous dielectric constant, and that the 
manner in which it is held must be more analogous to 
chemical combination. We have, however, already seen 
that on the assumption of a continuous dielectric constant 
there are cogent reasons for believing in the practically 
complete dissociation of « lectrolytes such as sodium chloride. 

* Phil. Mag. xxxv. p. 253 (1918). 


t See particularly Taylor and Acree, J. Amer. Chem, Soc. xxxviii. 
p. 2416 (1916). 
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We therefore find ourselves compelled to abandon the as- 
sumption of a medinm of uniform dielectric constant and 
instead to consider the action of the molecules of solvent as 
that of discrete particles. A similar position has been 
reached by Milner proceeding on different lines *, who 
suggests that the general effect of the action of molecules 
of solvent as discrete particles * would be to increase the 
attraction between an ion and the nearest one to it of unlike 
sign at the expense of the attraction of the more distant 
ones," 

It is doubtful whether the time has yet come for an 
attempt to give a full theory of conduction in an electro- 
lytic solution, but it may be permissible to point out which 
considerations, in my opinion, are most likely to lead to a 
representation agreeing to some extent with experiment. On 
the basis of present-day theories we must assume the molecules 
of water and other solvents to contain an equal number of 
positive and negative charges which, for our present pur- 
poses may be considered to be point charges, and it appears 
to be generally accepted that the molecules of water and 
other ionizing media have polar properties, By this we 
mean that charges of one sign are disposed unsymmetrically. 
The simplest, though by no means adequate, representation 
ofa water molecule will therefore be a simple bipole con- 
sisting of one positive and one negative charge rigidly 
connected like the poles of a magnet. This conception 
appears to have been introdticed into theoretical physies by 
P. Debye t, who successfully employed it to explain the 
dielectric properties of the medium. It is obvious that if a 
medium consisting of such bipoles be placed in an electric 
field and the bipoles are free to set themselves in it, this 
would give to the medium the properties of one of very high 
dielectric constant. However, this is opposed by the rota- 
tional energy of the bipoles around axes disposed at right 
angles to their own axes. Thus, in small electric fields the 
time during which a bipole is set in the direction of 
the electric field will be only slightly greater than that 
during which 3t is in opposition to it. In very powerful 
belds, such as those near an ion, the rotation of many of the 
bipoles will be stopped and converted into vibratory motion 
around a position of equilibrium, so that we shall have, 
according to Milner, **surrounding each ion a number of 
polarized water molecules which tend to form chaius linking 

* Phil. Mag. xxxv. p. 363 (1918). 


+ Phys. Zeit. xiii. p. 97 (1912); Verh. d. D. Phys. Ges. xv. p. 777 
(1913). 
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together pairs of temporarily nearest oppositely charge. 
ions." Their action would be to a certain extent ** analogous 
to the aetion of iron filings in forming chains between two 
magnetic poles." Following up this idea further wo may 
consider each ion in conjunction with one or more water- 
molecules to be of the nature of a hydrated or complex ion 
which as a whole would be capable of rotary or vibratory 
motion. |n contrast to the original ion it may very well 
have polar properties, so that meeting chains of polarized 
water-molecules in the liquid it might’ be stopped in its . 
rotation and then, being only capable of vibration around 
a position of equilibrium, become bound” or incapable of 
transmitting current. It is interesting to note that if we 
have nN isochronous vibrators, the sum of whose energy 


is nRT, the friction having a larger energy than x is 

G ~ 
e nRT, which is Ghosh’s formula for the fraction of ions that 
are free in a solution. It may be said to be probable that a 
further consideration, particularly of the vibrational and 
rotational energy of molecules of solvent and oË solvated 
ions, will ultimately lead to a satisfactory theory of the 
anomaly of strong electrolytes. 


Test of Ghosh’s conductivity formule by experiment. 


In testing his formule by experimental results Ghosh 
utilizes in the first instance measurements made on solutions 
of a concentration of onc-tenth to one five-thousandth normal, 
and later, after the introduction of a viscosity correction, 
extends his examination to solutions of half normal strength. 
The formule contain the parameter pg, representing the 
molecular conduetivity at infinite dilution which cannot be 
derived directly from experiment and to which various 
investigators have attached different vales for given elec- 
tr oly tes. Inasmuch as formule proposed by other investi- 
gators contain more than one parameter, Ghosh’s equations 
mav be said to claim a wider wenerality than any of these. 
The values utilized for u, by Ghosh are higher than those 
hitherto proposed. Thus for KCl, Washburn * quotes the 
following, proposed by other investigators : 127:9 (Müller 
& Romain), 12573 (Kraus & Bray), 1285 ( Wegscheider), 
1300 (Kohlrausch, and Noyes & Falk), to which is added 
120-64 contributed by W eiland in W "rem S laboratory. 


* J. Amer, Chem. Soc. xi, p. 196 (1913). 


or 
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Ghosh’s value, on the other hand, is 132:2. Since a one- 
parameter formula requires for its test at least two experi- 
mental values of which one may be made to agree with the 
formula, we may follow Ghosh’s procedure in the case of an 
aqueous solution of potassium chloride and make pio agree 
with the experimental value 122:5. We then calculate p 
values for the following concentrations, C,—2 x 10-4, 
C;=2x 10-5, C,210-75, as follows: w,;=129°9, 4,—181:4, 
#3=131'7 ; whereas the experimental values found for these 
quantities in the very accurate work of Weiland are 
Hy=129°0, u42129:5, w3=129°6. Even if we allow for 
the great experimental difficulties involved in determining p 
at the high dilutions quoted and for the fact that the values 
contain corrections for the conductivity of the water which 
are perhaps not altogether certain, it appears that Ghosh’s 
calculated values at extreme dilutions are somewhat high 
relatively to 4j. We therefore abandon the attempt to 
make the formula fit extreme dilutions and shall confine 
ourselves to concentration-ranges of about 10^' to 107? 
normal. The most direct and searching test to apply to 
formule such as those of Ghosh connecting two entirely 
different branches of physical inquiry, is to determine the 
same constant independently from numbers taken first from 
the one and then from the other branch and compare the 
values obtained. This was the method employed in testing 
Ghosh's formule for ? values. We deduce from Ghosh’s 
equation for univalent binary electrolytes : 


logio pa —logio pi i 
4C, — V U, — K, . . . (23) 


where u, and 44 are molecular conductivities at the two 
arbitrary concentrations C, and C, (mols/litre), and the 
constant K has the value 


log, 10F? 
m —————M————— 24 
10 /4eRT YN? (24) 
all the terms having the significance used above in equa- 


tion (18). 
Making for 18°, 


e=81, T=291, N=616 x10”, R=8-32 x 10’, 
we obtain from equation (24): K=0°1615. With this may 


be compared the values for K calculated from conductivity 
measurements on a considerable number of univalent binary 
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electrolytes, according to equation (23). See Table V. It 
will be seen that the agreement is very good, allowing for 
the searching nature of the test. The mean value for K 
derived from Table V. is 01698. It is interesting to note 
that from this value the number 5:7 x 10? would be calcu- 
lated for Avogadro's constant. 


TABLE V. 


Values of constant K caleulated from conductivity measure- 
ments according to equation (23) for comparison with 
K —0:1615 following from equation (24). 


Salt. C,. C,. fy Hy. K. 

KCl ausis {io eee OE E 
10-1 2x10-4 1120 1291 0-1521 

NaCl nos 107 M. 92 oo: Oe 
; 10-? 2x10-4 92 107:8 0:169, 

Xi Closes 10-! 10-3 82-4 965  — Q1884 
CsCl... 2s 00-1 10-3 1136 1306 — 01063 
NHCl sss. 10-1! 10-3 1107 1273 01604 
KBr sss 10-! 10-3 1142 — 1994  — 01300 
| ERR 10-1 10-3 113:9 1282  — 01 
KNO, wee. 2. 100-2) 10-3 1050 —— 1229 01877 
NaNO, ...... 10-! 10-3 T4 1018 — O1819 
KC,H,0, ..... 10-! 10-3 840 083 01875 

TanLE VI. 


Values of K derived from conductivity measurements in 
methyl-aleoholie solution for comparison with K 204121 
(equation (24)) and K'2 0:568. 


Salt. C. C fy Ho K. 
Nal xo iconos 355 sty 68:8 82:3 04068 
NaBr o 22... 33 «hy 65:8 828 05253 
NiO) bosses 35 sts 69:6 8L8 05011 
[o goiano a ne 738 91-0 OATS 


For univalent binary electrolytes in methyl-alcoholic solu- 
tion at 25°, we make e=31, T 22983, and find from equation 
(24), K 04121. Owing to the fact that the attraction for 


-— 
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each other of oppositely charged ions is here 2:613 times as 
great as in aqueous solution, we should expect the formula 
lor K to be modified in a manner analogous to that proposed 
by Ghosh for bivalent binary electrolytes. For the latter 
the attraction of two oppositely charged ions is four times as 
great as that of two univalent ions under similar circum- 
stances, and Ghosh proposes a distribution of ions which 


leads to a value of his A and therefore of K, 42% 4 times 
as great as that for univalent ions. In analogy to this, we 
should suggest for methyl-aleoholie solutions of univalent 
ions in whieh the attraction of two ious for each other is 
2613 times as great as in aqueous solution a value of K, 


2:613% 2-613 times as great as it would be in aqueous solu- 
tion, i. e. in the present instance K'z0:568. With this 
value we compare that obtained from a number of conduc- 
tivity measurements which are assembled in Table VI. 
Here again the agreement may be said to be good. 

For salts like BaCl, the agreement is not so good. Thus 
for K the value 0:373 is calculated from Ghosh’s formule, 
Which may be compared with the values derived from con- 
ductivity measurements in Table VII. 


TaBLE VII. 


Values of K for salts like BaCl, for comparison with the 
value K 20:373. 


Salt. C,. C.. Hy. Ha K. 
Cael, niens 10-! 10-3 81:9 111:5 0:2836 
SrOl asin i 10-7! 10-3 90:2 1145 0 2846 
Bac ie 10-7! 10-3 922 116:9 02831 


It may be asked whether Milner’s virial values substituted 
into Ghosh's eonductivitv formule in place of the latter’s 
G values yield better agreement with experiment. This is 
not the case. In Table VIII. results for the molecular con- 
ductivity of potassium chloride caleulated according to both 
formule are given. The calculated conductivity at a con- 
centration of N/100, at which Milner's and Ghosh’s virial 
values practically sgree (see Table I.) has in both cases been 
made equal to the experimentally found value, and mole- 
culir conductivites at other concentrations are caleulated 


from it. 
U 2 
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Tague VIII. 


Molecular conductivities of KCl calculated according to 
Ghosh’s formula, using (1) Ghosh’s, (2) Milner’s virial 
values, The values for uio have been made to agree with 
the observed values. 

Concentration... 10-!. 5x10-2, 10-2, 10-*, 2x10-*. 2x10-*. 10-5. 0. 
observed ... 1120 1159 1225 1276 1290* 1295*  ]206* — 
cale. with 

Ghosh's $1117 1157 1225 1979 1209 131:4 13117 1327 

p virial 


cale. with 
Milner's $1041 1117 1225 12902 131-1 — — 1527 
virial ... ] 


* Weiland’s values, 


Summary and Conclusions. 


1. On the assumption of a uniform dielectric constant of 
the solvent medium, the view that solutions of electrolytes 
such as sodium chloride are practically completely dissociated 
is well founded. 

2. Ghosh’s formule for osmotic pressure and conductivity 
of solutions must be considered as empirical formule. They 
cover a wide range, but limits have been indicated in several 
directions. 

3. The statement of Ghosh’s subsidiary hypotheses has been 
corrected so as to make them agree with his mathematical 
formule, Although the theory is on the whole strengthened 
thereby, the number of stated and implied subsidiary hypo- 
theses is so great that the deductions drawn from them cannot 
be considered essentially different from empirical formule. 

4, Reasons are given to show that hindrances to con- 
duction arising from the electric fields due to ions in a 
completely dissociated electrolyte dissolved in a medium of 
uniform dielectric constant would be of the nature of polari- 
zation in the liquid itself. Its conductivity should be greater 
with rapidly alternating currents and under very high po- 
tential gradients than with constant small potential gradients. 

5. Owing to the absence of such effects as those mentioned 
under 4, the idea of a solvent medium of continuous dielectric 
constant has been abandoned, a conelusion previously reached 
by Milner on different grounds. 

6. The nature of the dielectric properties of the solvent as 
well as its role in determining whether an ion is free or 
bound at a given instant have been considered and the 
importance of the rotational and vibrational energy of 
molecules of solvent and solvated ions has been emphasized. 


August 1922. 
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XXVII. Phe Visibility of Individual Spectra. By F. H. 
Newman, JJ.Se., A.R.C.S., Head of the Physics Depart- 


ment, University College, Iveter *. 
[Plate IIT. 


1. INTRODUCTION. 


wi PECTROSCOPY furnishes many instances where both 

the intensity and the nature of the radiations emitted, 
when an electric discharge is passed through a gas or vapour, 
depend on the nature of the discharge ; argon and the heavier 
inert gases are the most conspicuous examples. The * red 
spectrum " of argon is produced by the uncondensed electric 
discharge, while the condensed discharge develops the ** blue 
spectrum.” As the result of mixed conditions a ‘ white 
spectrum " is sometimes obtained. It is also possible by 
gradually decreasing the current through the gas to change 
the colour of the radiation emitted, although the electric force 
in the tube may remain practically constant. The current 
density is an important factor in these changes, and it is 
possible to explain them by considering Bohr's theory of 
the atom, and the manner in which the atom returns to its 
normal state after ionization. 

The luminosity in an electric discharge-tube does not 
depend entirely upon the kinetic energy of the moving 
electrons ; for the current, as well as the electric force, affects 
the brightness, and if the current density is doubled it is 
found that the intensity of the radiation emitted is more 
than doubled. The brightness is determined partly by the 
number of electrons present, for the kinetic energy of the 
electrons is independent of the current, provided the electric 
force remains the same. 

Although the Lewis-Langmuir theory of atomic structure 
explains the greatest number of different phenomena, it does 
not explain tlie series relation in spectra. The Bohr theory, 
in conjunction with that put forward by Sommerfeld, of the 
existence within the atom of a series of non-radiating orbits, 
any one of which an electron may occupy temporarily, has 
heen found the most satisfactory one; although it aecounts 
for the spectra of hydrogen and helium, it does not explain 
completely, as yet, the existence of the several series of nou- 
radiating orbits which are necessary to give all the lines of 
the spectra of elements other than hydrogen and helium. 

When an atom is ionized through the inelastic impact of 


* Communicated by the Author. 
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an electron having energy equal to, or greater than, the 
ION. zation potential, and recombination takes place, the 
electron in returning to the orbit which it normally 
occupies may stop lor a short interval at any one of the 
orbits whieh are stable, and which are intermediate between 
the innermost stable orbits and the outside of the atom. 
As the electron falls from one of these temporary orbits to 
the next, radiation of that frequency which corresponds to 
the dirence in energy in the two orbits is emitted. 
Recombination will oceur throughout the volume of the gas 
or vapour, and, as a result, a spectrum consisting of many 
lines—the number of lines being equal to the number of 
possible orbits—will be lined. The question naturally 
arises Whether there is a process during ionization which is 
the reverse of that occurring daring recombination. Does 
the electron in passing from the atom assume. temporarily 
positions in the stable orbits before it is finally ejected from 
the atom? If it does, it must proceed by definite steps, 
and the sum of the energies required for all these steps 
must equal the ionization potential of the atom. Low 
voltage ares in. metallie vapours can he explained by this 
theory, Compton * has suggested that, by the absorption 
of light. due to the resonance potential, an electron is lifted 
to one of these stable orbits, and then it requires a. smaller 
amount of kinetie energy from a colliding election before 
it is removed completely from the atom. The electron may 
be raised from the stable orbit to the less stable one by 
absorption of the corresponding line radiation, or by a 
colliding eleetron ; and it may be finally ejected from. the 
atom either hy absorption of radiant energy, or by the 
impact of electrons possessing the requisite kinetic energy. 
Compton states that it is probable ionization is produced at 
potentials less than the normal ionization potential only in 
the case of monatomic gases and vapours, This “cumulative 
ionization? becomes an increasingly important factor in 
ionization as the ability of any atom to absorb the resonance 
radiation. from neighbouring atoms increases. Then this 
radiation is passed on from atom to atom, and so the fraction 
of the atoms which are in the partially ionized state is 
increased, Complete ionization becomes more general, with 
the result that the luminosity increases, 

The number of atoms in this abnormal state increases as 
the pressure of the gas becomes greater, The mean free path 
of the electron is so large at low pressures that it is possible 


* Phil, Mag. vol. xlii. (1922). 
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to develop any required velocity during the interval between 
successive inelastic impacts. The ionization in this case is 
due, in the main, to the colliding electrons. When the 
Pressure, and so tlie number of atoms present, beeomes 
great, with corresponding decrease in the mean free path 
of the electrons, most of the latter will collide inelastically 
before the ionization potential energy has been attained, so 
that the necessary energy must have been acquired partly 
by the absorption of resonance radiation. At high pressures 
more radiation will be emitted owing to the greater number 
of collisions. Increasing the current density will have the 
same effect. 

Considering the discharge of electricity through a 
mixture of gases or vapours, the relative brightness of the 
Individual spectra is determined by the fraction of atoms 
lonized. This will depend upon the ionizing potentials, and 
the actual number of atoms of the components which are 
present. From what has been stated above, the ionizing 
‘potential may be partly acquired by absorption of radiation, 
so that the current density will be an important factor in the 
relative luminosity of the spectra, and in the relative 
brightness of the individual lines in any one spectrum. 
Argon, for example, has its brightest lines in the less refrang- 
ible regions with the uncondensed discharge, while the 
spectrum developed by the condensed discharge has its 
brightest lines in the blue. The first line in a principal 
series is nearly always developed at a lower potential—the 
resonance potential—than the remaining lines. Owing to 
the inereased energy supplied by the condensed discharge, 
à greater proportion of the atoms are totally ionized. The 
electrons in their mean free paths acquire the energy 
sufficient to ionize the atoms of the gas, with the result that 
all the lines in the spectrum are developed, whereas with 
the smaller energy supplied by the uncondensed discharge 
the electrons only acquire resonance energy and the more 
refrangible lines in the spectrum are missing. Theoretically, 
as the energy is increased from the resonance potential to 
the ionizing potential, successive lines of the spectrum, 
starting from the less refrangible end, should be emitted. 
This has actually been observed in the case of mercury 
vapour by Franck *. 

Returning to the case of a mixture of vapours, providing 
the atoms of the two components are present in equal 
numbers, that component having the smaller ionizing 


* Zeitschrift fiir Physik, xi. (1920). 
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potential should always emit its spectrum to a greater degree 
than the other. If, however, the ionizing potential is acquired 
by * cumulative action "' the spectrum will be produced at a 
potential lower than that normally required, and in this way 
it is possible for the gas or vapour of the higher ionizing 
energy to emit the brighter spectrum. Since this effect is 
greatest at high current densities, such as are obtained with 
the condensed discharge, if the number cf atoms present 
remain the same, and it is found that the spectrum of the 
component of greater ionizing potential becomes brighter 
as the current density i is increased, this can be explained by 

“cumulative action.” 

In the present work an electric discharge was pissed 
through a mixture of the vapours of an alkali metal and 
mercury, and keeping the temperature and so the partial 
pressures constant, the nature of the discharge was varied. 
It was found that the relative brightness of the individual 
spectra produced changed considerably as the energy of the 
discharge was altered. | 


2. EXPERIMENTS. 


A silica vacuum tube fitted with lead seals, and having a 
capillary portion, was used. The mercury and alkali metal 
were maintained at 200° C. throughout all the experiments 
by enclosing the tube within an electric heater. The 
amounts of the metals present were always such that the 
partial pressures were the maxima at the temperature 
employed. The tube was evacuated while the amalgam was 
kept boiling, in order to eliminate any gaseous impurity such 
as hy drogen, which is freely emitted from the alkali metals 
during the first stages of the heating and discharge. The 
amalgam was made the cathode, and the resulting spectra in 
the capillary portion of the tube were observed: and were 
photographed by means of a constant deviation type of 
spectrometer when an uncondensed electrie discharge was 
passed through the vapours, and also when a condensed 
discharge was employed. The relative brightness of the 
spectra chi inged considerably under these conditions, and 
some of the results are shown in Plate III. When a 
Wehnelt iuterrupter was substituted for the mechanical 
make-and-break on the coil, the results obtained were 
intermediate to those given with a mechanical make-and- 
break, and with a eondensed dischar 

The lithium lines were bright when the ordinary discharge 
was used, although not so "bright as the mercury lines. 
The vapour-pressure of the lithium at 200? C. is exceedingly 
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small, and it is surprising that the first principal line 6708 1s 
as bright as shown in the photograph. This line and the 
other lithium lines were completely suppressed when the 
condensed discharge was employed. With the uncondensed 
discharge the sodium D-lines always appeared whatever alkali 
metal was used. They disappeared when the energy of the 
discharge was increased. The sodium was present as an 
impurity. 

With sodium amalgam, the induction-coil being operated 

with the ordinary make-and-break, the D-lines were pre- 
dominant, the mercury lines being almost entirely suppressed. 
Several of the doublets of the ditfuse and sharp series were 
observed, but they were very weak compared with the D-lines. 
The latter were very brilliant, and a very bright vellow 
radiation was emitted from the capillary portion of the tube. 
At other parts of the tube the mercury spectrum was visible. 
Replacing the mechanical make-and-break by a Wehnelt 
interrupter, the mercury lines appeared, although the sodium 
radiation was still predominant. With the condensed 
discharge the mercury spectrum became very bright, and 
hydrogen lines appeared if the discharge was continued for 
any length of time, the gas being liberated as an impurity 
from the sodium. The change from the uncondensed 
to the condensed discharge intensifies the spectrum of 
the vapour having the greater ionizing potential. It 
should be noted that the temperature, and so the partial 
Vapour-pressures, remained the same. The alteration in 
relative brightness of the two spectra is not due to any 
Increase in the number of mercury atoms. At temperatures 
above and below 200°C. the D-lines were less bright than 
when the uncondensed discharge was used. It was possible 
t0 run the current intermittently for several hours before 
tle characteristic browning of the silica bv the sodium 
vapour made its appearance. The capillary portion of the 
tuhe remained quite clear and unobstructed by any con- 
densed sodium vapour. 

It has been shown previously by the author * that it is 
very difficult to excite the potassium spectrum when this 
vapour is mixed with others. The present experiments scem 
to indicate that this was due to the excessive current density 
emploved : with a comparatively small eurrent the potassium 
spectrum was well developed in the presence of mercury 
vapour, but no lines showed any great brilliancy, and the 
mercury spectrum was always the brighter. The principal 


* Proc. Phys. Soc. vol. xxxiii. (1921). 
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doublet 4044, 4047 was the brightest line of the potassium 
spectrum, but several of the doublets of the sharp aud 
diffuse series were observed. The lines produced were 
fainter, under all conditions, than those obtained with the 
oiher alkali metal vapours. Potassium has a lower ionization 
potential than lithium and sodium, so that one would expect 
its spectrum to be as bright as the spectra of these two 
elements, especially as its vapour-pressure is greater. The 
fact that it is not suggests that the “cumulative action” is 
weak in this ease, and any ionization which occurs is pro- 
duced entirely by colliding electrons, Because of the high 
vapour-pressure of mercury, few of the colliding electrons 
attain the ionizing energy, and consequently the luminosity 
of the spectrum is feeble. 

The condensed discharge caused the potassium spectrum 
to disappear entirely, the mercury lines alone being visible. 

The rubidium lines were bright when the ordinary 
discharge was passed through a mixture of the vapour of 
this metal and mercury. The principal doublet 4202, 4216 
was very prominent. These lines became feeble when the 
Wehnelt interrupter was used, and disappeared with the 
condensed discharge, the mercury lines becoming brighter. 
If the pressure of the rubidium vapour was increased by 
raising the temperature, the blue doublet became faint 
compared with the lines in. the less refrangible parts of the 
spectrum, and the radiation in the capillary was pink in 
colour, At low vapour-pressures the blue doublet became 
very bright compared with the less refrangible lines, and 
the radiation was blue in colour. The energy acquired by 
the electrons between successive inelastic collisions is small 
at hich pressures, with the result.that the less refrangible 
lines are bright. At low vapour-pressures, the mean free 
path is so large that the ionizing potential energy is attained 
by the colliding electrons, and the atoms are ionized. The 
result is the development of all the lines in the spectrum. 

The vapour from cæsium amalgam gave spectrum results 
similar to those obtained with the rubidium amalgam. The 
4900, 4003 doublet. was very bright with the uncondensed 
discharge, beeame fainter with Wehnelt interrupter, and 
disappeared altogether with the condensed discharge, the 
mercury spectrum completely masking the cæsium line. At 
temperatures below 200°C. the brightest cæsium lines were 
in the blue, and the radiation was pale blue in colour, but at 
temperatures above 200 ° C. the colour changed to pink, and 
the less refrangible lines of the spectrum were brighter than 
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those in the blue. These effects are similar to those obtained 
with rubidium. 


3. Discussion or RESULTS. 


When the vapours of mercury and any one of the alkali 
metals are present in a discharge-tube, and the partial 
pressures are maintained constant, the speetrum of the alkali 


metal is alwavs well developed with tlie ordinary discharge, . 


but is completely masked by the mercury spectrum when 
the condensed discharge is used. All the alkali metal 
vapours have smaller ionization and resonance potentials 
than mercury vapour, so that although the amount of the 
latter present is comparatively great, vet the electrons 
during their mean free paths between suecessive inelastic 
collisions are more likely to acquire the energy necessary 
for ionization of the alkali metal atoms. As a result, the 
concentration of the luminous sources may be great enough 
to exhibit the spectrum of the alkali metal. With the 
condensed discharge, and consequent increase in the electric 
energy, a. greater proportion of the mercury atoms will be 
ionized, because the colliding electrons will attain greater 
energy during their mean free paths. The mercury lines 
become very bright. At the high pressures used, the mean 
tree path is so small that it is improbable that the ionizing 
energy can be obtained by impact alone, and it is probably 
acquired partly by absorption of radiation. That the 
condensed discharge does cause the electrons to attain more 
energy during their mean free paths, is shown by the 
production of the enhanced lines in a spectrum by this type 
of discharge, for Sommerfeld has shown that enhanced spectra 
arise from the removal of more than one electron from the 
normal atom. Under the conditions of the ordinary electric 
discharge, it is unlikely that an electron in its path will 
attain sufficient energy for the removal of two electrons. 
Some of the electrons may be accelerated, without col- 
lision, for several mean free paths, far enough to accumulate 


velocity sufficient to produce the second tvpe of ionization, 


but the probability of this happening will decrease with 
rise of pressure. The energy of the colliding electrons does 
increase with the condensed discharge, and this accounts for 
the development of the spectrum of those atoms which have 
the higher ionization potential. 
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XXVIII. 4 Derivation of Planck’s Law of Radiation by means 
of the Adiabatic Hypothesis. By JakoB. Kunz, Associate 
Professor of Physics, University of Illinois * 


E change the state of a mechanical or electromagnetic 
system, which is quantified, , infinitely slowly by 
introducing gradually an external field of force or by 
changing the masses or charges of the particles. A new 
state of motion will result which is again quantified. This 
is the adiabatic hypothesis, which has been studied specially 
bv P. Ehrenfest f. Quantities which remain unchanged in 
adiabatic processes are called adiabatic invariants. Tt has 
been shown that such an invariant is the average kinetic 


euergy E, of a harmonie oscillator divided by the fre- 
E ; 

quency v. "= constant, an equation which holds also for 
v 


conditionally periodie motions. If the potential energy is 
proportional to the kinetic energy, we can write 

2 = constant, 
y 
where U is the total average energy of the oscillator. If 
temperature radiation is compressed adiabatically in 

a perfectly reflecting cavity, then we have also for each 
principal mode of vibration in the cavity : 

— = constant . . . . . . (1) 
V, 

This relation is important in the thermodynamic deri- 
vation of Wien's law. Moreover, black radiation remains 
black radiation by adiabatic compression. We shall apply 
this adiabatic theorem in order to derive Planck’s law of 
radiation in a very simple way. 

We shall at first calculate the average energy U of 
molecules or oscillations in an enclosure of constant tem- 
perature T. The number of oscillations, d», whose energy 
lies in the interval between U and U+dU is by Maxwell- 
Boltzmann’s law given by 

U 


du. KU. o de 4 & Red (2) 


* Communicated by the Author. 
+ P. Ehrenfest, Ann. der. Physik, li. p. 327 (1916) ; Proc. Amsterdam, 


xvi. p. 591 (1914). See also A. Sommerfeld, ' Atombau und Spectral- 
linien, 3rd edit. p. 374 (1022). 
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The total number of oscillations per unit volume shall 


be N. 


B: ae U 
N-ocÍ eds, ue uso x ue 3) 
e 0 
Dividing equation (2) by equation (3) we obtain 
sU 
d kT q 
N = PASS M (4) 
| e «T dU 
0 


This form of Maxwell-Boltzmann’s law we shall modify 
by the assumption that an oscillator changes its energy 
not in a continuous way by dU but in an abrupt way 
by G, where G is the quantum of energy. In the cavity we 
find a number of oscillations each with energy 0, another 
number with energy G, another number with energy 26, 
a number n, of oscillations each with an energy sG, where 


s is the quantum number. Equation (4) assumes now 
the form (5) : 


8G 
iT & del _6 
x24 E 0s 
Xe T6 


The energy of these oscillations is equal to U =n,sĜ, and 
the average energy of an oscillation is equal to 


U-3U.:.556 8, ... & 
8=0 
U = e. (7) 


ekT— 1 


Now we consider an adiabatic compression of the black 


body radiation in the enclosure. Before the compression 
we had: 


—*6 6 
ET g(1—e KE), e a> wA (5) 


Threugh the compression we change the temperature from 
1 e ! . 
T to T' and the energy G into G ; the quantum numbers 
remain constant. After the compression we liave 
LE ubt 
w) =e (ie fy. 
2 
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But the character of the relation remains unchanged ; 


hence 
(S) a (S 
x)= (GS); 
this equation is satisfied if 


ó ó 


qu = T 

Before the compression the average energy U was 
given by E | 
U = e’ . 


ext —] 


After the compression we have 


but from equation (1) we obtain 


U y 
U oe? 
Il ence 
$T» or Gh». . . (9) 


which is the quantum relation of Planck. The average 


energy U becomes now equal to 


hv 


UÜU2..-. .......(00 


e^T— l 


Rayleigh and Jeans have shown that the number of 
oscillations do per unit volume in the frequency interval 
between v and y 4 dv is equal to 


v Rey 
qm oak 
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Hence the energy dE in the same frequency interval is 


equal to ; 
dE = doU = -r À | 
c5( ekT — 1) (12) 
id 
hence 
dE — — 8mhc 
dX 


This is Planck's law of radiation. 
[n an oscillation taken at random, we find /(v) quanta of 
energy ($ ; therefore 
Ty? dv 


dE =f). . . . . (483) 


Comparing (13) with (12) we get 
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XXIX. Electrolysis with a Dropping Mercury Cathode. 
Part 1. Deposition of Alkali and Alkaline Earth Metals. 
By Jarostav HeyrovskyY, D.Sc., Ph.D., Assistant Pro- 
Jessor in Physical Chemistry, Charles’ University, Prague”. 

INTRODUCTION. 
B. Kucera (Drud. Ann. vol. xi. p. 529, 1903) showed that 


the change of surface-tension of polarized mercury, i. e., the 
` Electrocapillary parabola,” can be very exactly determined 
by drop-weight. In this method, mercury dropping slowly 


from a glass capillary in an aqueous solution is polarized, 
the other electrode being the layer of mercury covering the 
bottom of the vessel. 


In using the dropping mercury as cathode, it has been 
observed that in neutral or alkaline solutions hydrogen is 
not evolved even at high polarizations. This arrangement 
seemed thus convenient to study the cathodic deposition 
of the most ** positive ’’ metals, which are otherwise attacked 
by water. Besides the high over-voltage the dropping 


mercury electrode possesses other advantages: it yields in 


* Communicated by Prof. W. C. McC, Lewis. 
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the solution always a fresh and pure mercury surface, 
avoiding thus any.“ concentration polarization " ; further 
the drops when falling on the bottom mercury used as anode 
also produce stirring there. 

The bottom layer of resting mercury when in a solution 
of a halide or hydroxide keeps up the well-defined potential 
of the respective standard electrode, and thus can be relied 
upon as an exact reference electrode. 

With such an arrangement even calcium and magnesium - 
can be deposited in mercury before hydrogen and their 
amalgam formation can be followed in an exact manner. 


Vig. J. 


Drop -C/me. 


0 Applied E.M. Kin volts 2:0 25 


The ease with which various metals are cathodically 
deposited in mercury can be determined by observing in each 
case the shape of the electrocapillary parabola, obtained by 
the drop-weight method, when readings are continued until 
considerable amalgam formation is reached. From this 
point any further increase of polarization does not effect any 
change in the drop-weight or drop-time, Consequently, 
when amalgam formation begins, the descending branch of 
the parabola turns horizontal. l l 

The graph in fig. 1, which refers to decinormal solutions 


— — i$ 
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of chlorides of the respective ions, gives us only approximate 
numbers; the results vary slightly, depending on factors 
which determine the current, i.e., the size and velocity of 
drops, strength of the solution, and dimensions of the vessel. 

A much more accurate method, however, is to determine 
in such cases the increase of current caused by the increase 
of the polarizating E.M.F.; these investigations are de- 
scribed in the following part *. 


MEASUREMENT OF THE CURRENT. 


The arrangement is shown in fig. 2. 


Fig. 9. 


The Apparatus. A double lead accumulator A was cir- 
cuited through two resistance boxes, R. From one of these 
the current was branched to the electrolysing vessel, which 
consisted of a conical flask, D, with a platinum contact 
attached to the bottom ; a thick-walled glass capillary passed 
through the cork stopper C, connected by a rubber tube to a 


* See also J. Heyroveky, Chemické Listy, vol. xvi. p. 256 (1922). 
Phil. Mag. S. 6. Vol. 45. No. 266. Feb. 1923. X 
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mercury reservoir (not shown in the sketch), by the level of 
which the rate of dropping could be regulated. The glass 
tubes, which passed through the stopper, “served to lead the 
hydrogen in and out. Ther negative terminal of the resistance- 
box was connected to the mercury reservoir above the capil- 
lary, the other was connected through a sensitive galvano- 
meter to the bottom mercury layer in the flask. 

The capillaries were drawn out of a thick-walled thermo- 
meter capillary, with about 1 mm. inner diameter; they were 
broken off under water when connected with the mercury 
reservoir, so that the pure and dry mercury rushed into the 
tip first. Tt is essential to have the inside of the tube quite 
free from dust—however, the capillaries must not be washed 
nor moistened ; for this reason capillaries made of fresh 
glass have to be used. The break of the tip was chosen so 
as to yield drops of about 4 to 6 seconds time (i. e., 0°02- 
0:05 mm. inner diameter of the opening). 

Since on prolonged use the capillaries get stopped and 
moistened inside, which might lead to hydrogen evolution in 
the tip, they have to be frequently exchanged for new ones. 

The reflecting galvanometer of the Kelvin type with an 
astatic needle had 50 ohms resistance; one millimetre 
deflexion of scale, when two metres apart from the mirror, 
corresponded to 107" ampere. 


The Method of Procedure. Before starting polarization, 
the resistances of the boxes were adjusted so as to be one ohm 
per millivolt of the E.M.F. of the source (about 4 volts) ; 
this E. M.F. was determined by compensation with a standard 
Weston cell with an accuracy to a tenth of a millivolt and 
was frequently checked. The vessel was then filled with a 
solution prepared from Kahlbaum’s or Merck’s purest speci- 
mens, and the stopper was sealed with paraftin-wax. In 
order to prevent oxidation bv air at the cathode, it has been 
found necessary to pass hydrogen for 30 to 40 minutes 
through the solution. 

The room temperature was kept as close as possible to 
207 C. ; the maximal deviation +1° had no noticeable effect, 
which ‘probably lies within the | experimental errors of the 
method. 

The zero reading of the galvanometer was then taken and 
the polarization was gradually increased, and for each value 
of the applied E.M.F. the corresponding galvanometer 
reading was noted. 
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OBSERVATIONS. 


Some of the typical curves, showing the relation between 
E.M.F. of polarization and the resulting current, are drawn 
on the diagram (fig. 3). 

When working with solutions in an open beaker in air a 
small current passes even at small polarizations, which is 
largely due to oxygen dissolved in solution. The readings 
in such cases were not steady, but oscillated within sharp 
limits (1-2 scale divisions) synchronously with the drop- 
time, this being no doubt caused by the different rates of 
oxidation of the rhythmically changeable drop-surface. By 


Fig. 3 
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expelling air with hydrogen, the current was considerably 
diminished and oscillation stopped entirely. 

With increasing polarization the current increases at first 
very slowly until a certain value of the E.M.F. is applied, 
above which the current increases rapidly, so that a further 
increase of a few centivolts puts the mirror off the scale. 
This critical E.M.F. is quite independent of the dimensions 
of the electrodes of the drop-time and of the amount of air 
in solution--in fact, it is found to depend only on concen- 
tration of the cation. 

The independence of the critical polarization, which might 
be termed the ** decomposition E.M.F.," since at this point 

X2 — 
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extensive electrolysis of the salt sets in, has been ascertained 
in a series of solutions using different capillaries, with 
different drop-times (from 1 to 5 secs.), with varying dis- 
tances between the electrodes (0°5 to 6 cms.) and varying 
size of bottom layer (from 9 to 60 em.?), further, with 
varying external resistance in the boxes (from 0:1 to 10 ohms 
per millivolt). For very quick drops (less than one sec.) a 
slight shift towards greater polarizations ean be observed ; 
for drop-times greater than 1:5 sec. the results coincided. 
The slower the dropping, the more steady the galvanometer 
was ; therefore, very narrow capillary opehings were used, 
giving about 3 secs, drop-time at the decomposition polari- 
zation. | 

The decomposition E.M.F. was fixed as the value from 
which the current begins to increase distinctly in a geo- 
metrical progression. Owing to this steep increase it was 
possible to fix this point in most of the solutions within 
2—4 millivolts, in some cases even to a greater accuracy. 
For.this purpose the IZ. M.F. near this value was increased 
by 5 millivolts and the exact point found from a graph. 


Current in /0-Tamperes. 


E. M.F. in volts. 


The more dilute solutions require larger decomposition 
E.M.F. (see fig. 4), the differences for a ten-fold dilution. 
of a uni-univalent salt amounting to 110 millivolts, for a 
bi-univalent salt it is about 80 millivolts, which is the well- 
known difference of “free energies " at these dilutions (ef. 
McInnes and Parker, Journ. Amer. Chem. Soc. 37, p. 1445, 
1915). Solutions prepared (by weight or dilution) at 
different times and from different sources always led to the 
same decomposition E.M.EP. l 

Traces of noble metals or oxidizing matter in solution 
eause disturbances in readings ; these become troublesome 
in very concentrated solutions, which therefore hadi to be 
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prepared in a high degree of purity to give satisfactory 
results. For much help in this way the author is obliged 
to Professor B. Brauner, who presented some of his rare 
specimens and provided for exact standard solutions. 

When a cathode of very small dimensions is polarized, the 
large reference electrode being used as anode, the decom- 
position E.M.F. must be equal to the difference between 
the potential of the clectrode used as anode and the 
ne at which decomposition takes place at the cathode. 

et us denote the latter as the “ deposition potential " of the 
cation in mercury. To show that this deposition potential 
is independent of the anion, solutions of chlorides and 
hvdroxides of the same metal in various dilutions were 
electiolysed, and from the results the deposition potentials 
referred to the normal calomel electrode were calculated. 
For this purpose the exact potential difference of the bottom 
reference electrode in the vessel from that of the normal 
calomel electrode had to be determined. Therefore, for 
most of the solutions a calomel or mercuric-oxide-electrode 
has been set up aud compared with the standard calomel 
electrode. The potential cf these single electrodes never 
differed by more than two millivolts from the polarized 
bottom mercury layer when both were in the same solution. 

To eliminate the liquid junction potential between the 
normal electrode and the various solutions, a quarter-satu- 
rated, half-suturated, and fully saturated potassium chloride 
solution has been used and the values extrapolated. 

Tlie results are given in Tables I. and II. 

The results show distinctly that the polarization at which 
electrolysis starts, E, depends only on the concentration of 
the cation being equal to the difference of potential of the 
ied: mercury and the deposition potential of the cation 

ToS T’). 

The value my, which is the deposition potential of the cation 
from a solution containing one gram-ion per litre, has been 
obtained from 7’ actually observed at different dilutions by 
subtracting the free energy of dilution of the ions; here the 
average numbers observed in concentration cells at room- 
temperature were used, viz. :-— 


For ten-fold dilution of uni-valent cations 0°056 volt. 
For 100-fold dilution 0:114 volt (known from silver- or 
hydrogen-ion concentration electrodes). 


For bivalent 0:026 and 0:054 volt respectively (from 
Zn", Hg", Ba” concentration cells). 
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TABLE I. 
Deposition of the Alkali Metals, t= 20° C. 


nc ol T Rc Keno ECT PEE Hugo, See. — Ss, cpa | 


| | 
T, 


~ p. E RAN 
7 ; observed he Pe te the calculated’ 
Solution, the observed .D. of the us VM M normal 
| decomposition cc Iren. oe deposition 
| E.M.F. "ironi No cal. 7 the cation. potential. , 
PETITES | 2:05 *0 00 ~205 -205 
S NR, | 2:16 +0052 | -211 —205 ` 
10 7,9 * | 
n A » - ‘ 
= 2:22 4- 0:068 =S] -207 | 
| 5p ro ovens | | 
| (03824, ...... : 2:26 +0°085 —2:17 —2:07 
| 11224 LiOH ... 1:867 —0:1552 | — 2-022 —2025 ; 
i 
O10Rr p 1960 -01138 | —2074 | 2021 - 
|» NaCl wees. | reo — | +00010 —]:800 — 1-260 
n ’ 
| io " 666 | 1:98 +0:0521 | — 1916 — 1-860 
m^ | 
TEN 5? . 7.) -le : EE BE 
| 100 $9 /——— 59e 2-080 +0 1072 1 973 l 859 
1:076 NaOH...... 1:700 - 01598 — 1:860 = 1-862 
| "T Lal  |*-014 | -—19H E 
Ed i " —1-973 — 1-859 
100 9% hee ee l 925 0 048 | 
n KOl... 1:883 0000 | = r8e3 — 1'883 
i 
ide i ais 1:990 00532 | — 1:937 —L881 
SD €). ' -D —-]* 
TTE EE 2-108 0 1080 : 000 1:886 
^» RbCl .....| 1795 *0 | -1795 | 1-705 
\ 
i0 "m 1:905 *0053  ' | —L852 — 1:796 
| 
^ A . | —1* €) N TU 
TUO | Skee 2-020 *0:108 | 1:912 —1798 
D CsCl ......... 1-048 *0:053 — 1:895 ~ 1-839 
E 9. A , Pa py on ad puusa ope 
xp Gv ene 2-055 01077 1:947 L833 
— TR — GG s | ————————— ——— COE ENS, 
n NEC! L795 +0004 -i79 [| -I7 | 
»H i 
1 "ce | 1900 | 40056 — 1844 — 1:788 | 
| | 
n 
i "os | 2:010 | +0110 — 1:900 — 1:786 | 


* Values not actually observed, but taken from analogous cases. 
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TABLE IT. 
Deposition of the Alkaline-earth Metals, t= 20? C. 
| | 
Solution : E x —E E 
| observed diser ed: m bo | calculated. 
mMgCl, ......... |  rp890 * 0:011 z —190 ; —1-901 
Ip: cde: "eost 1:90 *+0039 | —1931 | --1905 
MET DNUS | | EP IS 
wc — — LEN "e 
m i | 
iu | 2:090 | * 40-039 | -2051 | —2:095 
m | l 
or et | 2170 | *40:095 | | —2075 —2:021 i| 
|00455u Ca(OH), — 1985 ^!  —00880 —2073 -2024 | 
| CAII NE | | 
LIEU rr © =186l :  —1861 
m i l 
gensis | 1990 *40029 | —1801 | —L865 
| m | 
| 100 — deaers 2:010 * 0:095 | —1°915 | — 1'861 
0-119%8r(OH), | — 1782 —01140 , —1896  —L862 
(001200 ,  ..| — 857 —0:0627 |  —1:920 —1:800 
m BaCl,............ | 190 | -0011 -]81 -—I81 
TI m |  T828 - 0:004 —1824  —L816 
——— | 1911 00567 | —1854 —1:822 
: | | | 
Nul i . l . —1:&7 -le 
igo" eenen | 1:98 -F0:1088 18:72 nel 
| 0397% B«OH),. 1609 -01337 ` —L833 - 1-815 
004265 , ..... | 1770 —00875  —1:88 —15813 
| 


00042 6n ,, ...... 1:862 


| — 0:0363 —1:898 — 1:826 


The series of the deposition potentials runs as follows :— 


Li us — 2-023 volts. NH us — 1:787 volts. 
K ...... —1883 , Ca —2:023 ,, 
Na —1860 ,, Mg ...... —1903 , 
Cs ...... —r837 , SP nerd '"—r862 , 
Rb...... —1796 ,, Ba 2 —1814 ,, 


Salts of lithium and 


calcium, owing to their high cathodic 


deposition, offered difficulties, since traces of other alkalies 
or alkaline earths present as impurities are deposited first. 
Moreover, at such great polarizations in quickly dropping 
capillaries, especially when long in use, bubbles of hydrogen 
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are evolved. This was still worse with beryllium salt 
solutions, which, owing to hydrolysis, did not lead to any 
satisfactory result. Traces of acidity ch: ange the electrolysis 
of salts to that of hydrochloric acid (see in fig. 3) and then 
hydrogen is evolved before the metal is deposited. — 

On the other hand, traces of alkalies stabilise greatly the 
over-voltago and thus remove fluctuations in readings ; the 
alkalinity, however, changes the potential of the resting 
inercury, making it more negative, and this change has to be 
measured and taken into account. 

The most suitable for these measurements of polarization 
are alkaline solutions of hydroxides, not only on account of 
the scarcity of hydrogen ions, but also that the product 
formed at the anode is mercuric oxide, which is at the same 
time the depolarizer used in this electrode. Of all solutions, 
those of baryta are most favourable, as in this instance the 
traces of all other positive metals would be deposited at much 
more negative potentials, and impurities of nobler metals 
are excluded owing to the alkalinitv of the solutions. 

Electrolysis of dilute ammonium chloride offered no 
difficulties ; it differs from the deposition of metals in that 
the current curve does not increase so steeply with inereasing 
polarization (see fig. 3). The same was observed with 
magnesium salts and in concentrated solutions of calcium, 
strontium, and lithium. i 

In dilutions greater than hundredth normal the readings 
became indistinct, in very concentrated solutions impurities 
mattered much ; in concentrated chlorides, moreover, the 
formation of complexes with mercury brings it in solution, 
which causes great increase and oscillations of the current. 
For a similar reason sulphates, cannot be used, since mer- 
curous sulphate is considerably soluble and the solution 
shows increasing conductance during polarization. 


DISCUSSION OF THE RESULTS. 


There is no doubt that the sudden change in slope of the 
current-E. M.F. curve (figs. 3 and 4) is due to amalgam 
formation at the cathode. The formation of amalgams from 
electrolysis of salts was studied by Coehn and Kettembeil 
(1991-4), who used aqueous solutions of calcium, strontium, 
and barium with a mereury cup as cathode. With such an 
arrangement, however, extensive hydrogen evolution, besides 
concentration polarization, excludes satisfactory results. 
Experiments with resting mercury used as cathode repeated 
by the present author gave the break at much lower and 
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very changeable potentials, due only to the evolution of 
hydrogen, which depends on catalytically acting impurities 
present in solution. 

According to the theory of electrolysis, even the slightest 
polarization, say 0'1 volt, deposits some cations on to the 
surface of the mercury drop, and forms there an extremely 
dilute amalgam. A very minute current equivalent to this 
deposition must pass through the solution, but, since the drop- 
surface possesses now a more negative potential, the current 
is stopped by the opposing E.M.F. In increasing the 
polarizing E.M.F. we increase the minute amalgam concen- 
tration in the drop surface and diffusion into the inside must. 
result. The amount which diffuses will be proportional to 
the concentration of the amalgam in the surface, which is 
given by the formula 


RT 
7 = ak oS Kare . Cate, 


where Car, denotes the amalgam concentration and 7 the 
potential of the polarized drop. Thus the current 


NL) 
i=k.Cye=K.e RT; 


d. e. the curve should be an exponential. 

It will be noted that the increase of current above the 
decomposition potential proceeds in a geometrical pro- 
gression, the curve resembling a steep exponential. 

The concentration of the amalgam in the drop-surface at 
the deposition potential can be estimated from the investi- 
gations of G. N. Lewis and his co-workers (1912-15) on 
the al kali-metal amalgam potentials. Assuming that ten- 
fold dilution of the extremely dilute amalgam lowers its 
potential by 0°06 volt, we obtain from the available data a 
concentration of the order 1075 gram atoms of alkali metals 
per litre of mercury, :. e., about one millionth of one per 
cent. 


Mercury Drop Potentials. An attempt was made to 
measure the potential of polarized mercury by placing under 
the dropping capillary in the electrolysing flask B (fig. 2) a 
glass cup with a platinum contact. Normal and tenth- 
normal sodium chloride solutions were used ; the potential 
of the drops collected in the cup was measured against the 
bottom mercury, or, which was found always to be identical, 
against a normal or deci-normal calomel electrode connected 
with the solution. From the beginning of the polarization 
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and also at the decomposition E.M.F. the drops showed no 
difference against the pure resting bottom mercury ; however, 
40 to 60 millivolts above the decomposition potential the 
drops in the cup showed already 2 millivolts difference from 
pure mercury, and this difference increased rapidly, so that 
at a polarization of 2:10 volts the mercury in the cup was 
already negative by nearly 2 volts more than the reference 
electrode. Obviously the most dilute amalgams which are 
formed at the deposition potential are only superficially 
polarized and lose their negative potential during the fall, 
being instantly acted upon by water. 


Affinity for Mercury. Itis assumed that the positive metals 
combine with mercury and their compounds are rich in 
mercury. Recently Richards and Conant (J. Amer. Chem. 
Soc. xliv. (1922) p. 601) pointed out that even at very 
great dilutions amalgams do not behave as ideal solutions, 
showing a rather large decrease in potential and a con- 
siderable heat of dilution. The explanation is that even at 
such diiutions combination with mercury still proceeds. 

Supposing complote saturation will once be reached, in 
an enormously dilute amalgam, as is probably the case in the 
surface of slightly polarized mercury, we cannot expect that 
this enormously dilute amalgam will have a tendency to 
ditfuse inside the drop as the particles are lighter than 
mercury and are completely “solvated” with mercury. As 
soon as the the amalgam concentration increases so far 
that it will not allow all atoms to be fully solvated with 
mercury, affinity for mercury as well as the increased 
concentration will cause diffusion into the interior of the 
drops ; from this point the current curve will proceed much 
steeper than ordinary diffusion could effect, and this probably 
happens at the deposition potential. 

The atoms of the alkali metals in the surface of mercury 
are under two opposing forces; the affinity for mercury 
draws them into the surface, their solution tension, on the 
other hand, sends them into solution. Thus the deposition 
potential depends both on the affinity of the metal for 
mercury and its electrolytic potential. Since at the de- 
position potential all alkali metals are in an analogous con- 
dition, we can use these values to express the relative 
athinities of the alkali metals for mercury. The deposition 
potential indicates thermodynamically the very small partial 
pressure the alkali metal has in the drop-surface ; the com- 
bination with mercury has lowered the activity of the alkali 
metal, indicated by its electrolytic potential (E.P.) to the 
characteristic value my. 
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Thus the affinity, A, of the metal for mercury is equal to 
wy —E.P. . 

From the work of G. N. Lewis, mentioned above, and the 
values my we have :— 


Metal. E.P. TN. A=ay—E.P. 
DL anc —93:304 —2:023 1°28] 
Na uus — 2998 — 1:860 1:138 
Ko — 9:208 — 1-883 1:325 
Rb xs — 3:205 — 1-796 1:409 
Cy ee (—33) —1:837 (1-5) 


The affinity is expressed in volt-faradays per gram-atom 
This series shows that the affinity for mercury increases with 
increasing atomic weight. Sodium has an anomalous 
position (ef. McPhail Smith, Zeitsch. Anorg. Chem. lviii. 
(1908) p. 381) and behaves like a nobler metal, its amalgam 
being very stable—in fact, hydrogen was never observed in 
these experiments to be formed on mercury drops on elec- 
trolysis of sodium solutions. Finally, it may be pointed out 
that thé affinity of cæsium for mercury, which from extra- 
polation would amount to 1°5 volt, points to the E.P. of 
cæsium being —3:3 volt (from the calomel electrode). 


Besides to Prof. Brauner, the author's thanks are also due 
SEDIS SSOfe J. Stérba-Bóbm and F. Záviska for their 
elp. 

The author wishes to express his indebtedness to the 
prematurely deceased Professor B. Kucera, who suggested 
to him the study of the polarization of dropping mercury. 

Chemical Laboratory of 


the Charles' University, 
Prague. 
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XXX. [ndiun Drums. 
To the Editors of the Philosophical Magazine. 
GENTLEMEN,— 
N India, like kettledrums, there are many drums which 
are musical, and which are used in company with stringed 
instruments. They differ from kettledrums in two respects : 
(1) they are loaded over a central zone, and (2) thev elicit 
harmonic partials (* Nature, Jan. 15, 1920, p. 500). It is 
well known that the partials of an unloaded membrane do 
not form an harmonic series, and a few of them give a 
consonant chord. From a look at the Indian instruments, it 
at once becomes evident that the load per unit area varies as 
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we proceed outwards from the centre. The investigation of 
the nature of vibration when the load varies inversely (1) as 
the first power and (2) as the second power of the distance 
from the centre, can be very simply effected, but the writer 
could not find any mention in the text-books. 
The equation of motion is given by 
os ce Au ax) 
Pau: 7 7 8 dy? T rdr ^ sg? 
Assume w« cos ket : 
Case (1) p= P? and h qux oh ae uec db 
r Po 
and further assume w =v cos n0, then v must satisfy 
dv | ldv K? n) 
detri * (T-5 v —0. s . e (2) 
Put z—2K vr, then (2) becomes 
Ce ldo ( (2n)? | 
déteste a a 
S000 v—AÀJA(0) = AJA(QK vr). 
If at r=a the membrane is fixed, we must have 
Jo, (2K V a) -0, 


giving real values of K. The nature of these roots is well 
known ; they do not form an harmonic series. The effect of 
the variable density is mainly upon the absolute pitch of the 


menibrane. 
Case (2) pmp[rt . . . . . . . (£) 


Let us consider the simple case of symmetrical vibrations 
only, so that (2) becomes 
Pv ldo Ky 
e p —-. oL ; e e. . . . 5 
"ur vt (5) 


a v= B cos (Klogr) . . . . . (6) 


The boundary condition gives cos (K loga)=0; 


K loga=(2n+1)5. 


The partials now form a series of odd harmonics, and the 
absolute pitch is also disturbed. R.N Gaos 
Muir Central College, 


Allahabad, India, 
3rd Jan., 1922. 
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XXXI. Magnetic Valency and the Radiation. Hypothesis. 
By F. T. Peirce, B.Sc., A.Jnst.P.* 


Me criticism and fresh experimental data have 
necessitated large modifications on the original simple 
views of the radiation hypothesis of chemical reaction, such 
as those advanced by Perrin in his very comprehensive treat- 
ment (Ann. de Phys. 9, xi. pp. 1-108). The broad synthesis 
which it gives seems to inhere in some principle of atomic 
structure, not necessarily dependent upon radiatien. 

Some serious objections may be avoided and fertile modi- 
fications suggested if we inquire into the possible mechanism 
which might give a peculiarly effective rôle to radiation of 
definite frequency. This could hardly be expected of a 
general electrostatic attraction between atoms. There seems 
no reason why the forces of a collision should not be as 
efficacious, or more so, in breaking such a bond, nor why 
the “activation " of a molecule by a change in an electronic 
orbit should be necessary for its formation. 

The frequencies involved in most reactions are much 
higher than those of the atoms as a whole, and the supposi- 
tion of their unique róle is probable only for a local bond 
between individual electrons. Such an arrangement, sug- 
gested by magnetic phenomena, has been pictured by A. 
E. Oxley (Proc. Roy. Soc. A 98, p. 264, 1921) and is 
shown diagrammatically in fig. 1. This view of the valency 
bond is very successful in stereo-chemistry and gives more 
precise physical meaning to the ideas of Langmuir on 
stoicheometry. 

The valency bond is due to the attraction between two 
elementary magnets, electrons in small orbits, ring or vor- 
tical electrons. Either or both of the arrangements of fig. 1 
may conceivably exist, their relative stability depending on 
the unknown dynamieal conditions at such minute distances. 
The doublet in fig. 1 (a) is paramagnetic, in fig. 1 (b) dia- 
magnetic. They exist where, in Langmuir' theory of 
chemical combination, electrons are * held in common.” 
The combination of charged ions must be considered 
separately. 

The condition that the electrostatic repulsion should vanish 
or be greatly exceeded by the magnetic attraction, demands 


* Communicated by the Author. Substance read before the Man- 
chester Literary and Philosophical Society, Nov. 29, 1921. 
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an oscillatory law of force at small distances. This postu- 
late, apparently necessary to the continued existence of 
matter, has been advanced under several forms, e.g., J. J. 
Thomson (Phil. Mag. vi. p. 220). The present hypothesis 
may be extended to atomic phenomena, from which a suitable 
law might be deduced. For the moment it is sufficient to 
postulate that, as two such magnetons approach, a point is 
reached where the electrostatic repulsion is counter-balanced 
by the magnetic attraction, at some distance small in com- 
parison with infra-red wave-lengths, and depending upon 
the external field by which the positions of the electrons 
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in the atoms are fixed. From this unstable state, the elec- 
trons will approach till the forces again attain equilibrium 
in a final stable position. The potential of the system at 
various distances is shown diagrammatically in fig. 2. 
Returning to the doublets of fig. 1, the first point of 
importance 1s that electrostatic forces, however intense, 
of collision or of chemically active frequencies, will have no 
tendency to separate the constituent electrons. A doublet 
will scatter as a single particle with no effect on the bond. 
Tie only force affecting the two magnets differently is that 
due toa magnetic field normal to the axis of the magnets 
(perpendicular to the plane of the paper in fig. 1). When 
tlie natural period of oscillation is the same as that of an 
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incident radiation and sufficient amplitude attained, the 
similar poles will be brought into juxtaposition and the 
magnetic bond destroyed. The electrons will then move 
apart with an energy eorresponding to their electrostatic 
potential at the point where magnetic equilibrium is reached. . 
Radiation of the right frequency is the only means by which 
this bond can be destroyed. . 

The formation of a bond is the reverse process. The 
valency electrons, colliding with an energy equal to or 
greater than the critical potential energy of the bond, 
approach close enough for the magnetic attraction to pre- 
dominate, and the compound is formed with absorption of 
the kinetic energy. 


Fig. 2. 


Consider, first, the simple case of uncatalysed dissociation 
or transformation, involving only one reactant molecule, in 
which the resultants are removed or do not react. This 
reaction is possible at any part of the molecular path, and 
ts velocity depends simply on the energy density of the 
required radiation or that of the effective magnetic com- 
ponent. The observed effect of exterior illumination should 
be considerable, and, in fact, these reactions have provided 
the stock examples quoted by the adherents of the hypo- 
thesis. Several cogent arguments apply more particularly 
to such—e. g., that reaction velocity is independent of dilution 
or expansion. 

The simple act of combination is governed by entirely 
different factors. The electrons, constituting the bond, must 
be forced together, the electrostatic potential energy of the 
critical position being supplied at the expense of the kinetic 
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energv of thermal agitation. This must be in addition to 
the demands made by the elastic forces and radiation loss 
of an ordinary collision. The critical energy, w, may be 
identified as the critical increment which is used in deriving 
the Marceliu-ltiee equation from the standpoint of thermal 
agitation. The expression AR/N is then equal to w and the 
velocity constant 
A le 

0 A 


= se = se . 


The equation derived from the radiation hypothesis is 
Àv 


k=se ^9, both being equivalent to the empirical law of 
Arrhenius k= se779..— Hence w, the potential energy of the 
newly-made bond, which is sensitive to the frequency v, is 
equal to the quantum /x The probability of the formation 
of the bond is determined by the thermal agitation and the 
velocity of a simple combination should not be affected by 
radiation. 

These conclusions may be used as a criterion for the effect 
of illumination in any actual reaction. Combinations gene- 
rally involve rupture of the original bond, and, in that 
regard, another factor must be considered. The temperature 
radiation principally occurs during collisions, so that, during 
the time when only reaction can occur, the sensitive mole- 
cule is subjected to radiation of a lccal intensity enormous!y 
above the statistical value at the temperature of the mass. 
This must very largely increase the eflectiveness of the tempe- 
rature radiation: as compared with illumination for this type 
of reaction, quite independently of the particular physical 
picture we are considering. 

The complete process of a reaction, in general, involves a 
double process for each valency electron, It must first be 
freed from its original state by absorption of a resonant 
radiation, then forced into the new state by absorption of 
thermal energy Av. 

In an exothermic reaction, the lower frequency of the old 
bond would probably reach a saturation value in impacts 
sufficient to form thenew bond of higher critical energy, and 
the reaction velocity be determined by the latter pre- 
dominantly or entirely. 

When the energy quantum of the original bond is the 
greater, the absorption of radiant energy of the necessary 
frequency will largely determine the rate of reaction. As 
far as the temperature radiation is concerned, this will occur 
principally during collisions. The effect of illumination 
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should be marked, though the relative effects of the two 
typs are not necessarily proportional to their statistical 
density. This will depend on the rate of dissipation of the 
oscillatory energy of the magnetons. In all types of re- 
action, however, selective absorption or emission of active 
frequencies should be observable. 

This criterion seems to accord with the observed facts as 
to the reactions whose velocity is increased by illumination. 
In general, photo-catalysis should be observable where the 
rate of reaction is determined by a dissociation. In the 
objection brought forward by Lindemann (Phil. Mag. Nov. 
1320), concerning the hydrolysis of saccharose by hydro- 
chlorie acid, the reaction which determines the velocity is 
the formation of an unstable compound, a combination, which 
dissociates into the resulting sugars at a much greater rate, 
presumably as the active frequency is abundant in the 
temperature radiation. 

In the dissociation of ozone into oxygen, the velocity and 
equilibrium depend on the dissociation of O; and the reverse 
dissociation of O, also on the corresponding combinations 
governed by thermal agitation. This reaction, at constant 
temperature, is, and should be, affected by radiation of 
frequencies corresponding to both these bonds. 

In the case of ionized compounds, it is presumed that elec- 
trons, superfluous to the stable system in the basic ion, have 
been transferred to complete that of the acid. This process 
may be regarded as the analogue of the combination in the 
former type of reaction. The compound is maintained by 
the general electrostatic attraction of the charged atoms, 
which corresponds to the force holding the valency electron 
to its nucleus in the unionized compounds. 

The continued indication of quantum relations in such 
reactions suggests that the field of force, external to the 
atom, oscillates with the distance, giving definite positions 
of equilibrium. The frequency and energy of collisions 
should govern the combination and dissociation of such 
compounds, except in so far as they depend on the dissocia- 
tion or combination of the constituent or resulting compounds 
of the former type. 

Hence we see that this view of valency forces leads us to 
postulate, as a universal rule, quantum changes of energy 
in chemical reactions, with selective absorption and einission 
of the corresponding frequencies, but only in special cases, 
where the velocity 1s determined by the dissociation of an 
unionized compound, will any effect of exterior illumination 
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he observed. While giving due and equal importance to 
the two conflicting theories, it accords with the facts, quali- 
tatively better than either, and quantitatively is generally 
identical. | 
In deriving this criterion for photo-catalysis, the critical 
state, which determines when the compound is made or 
destroyed, is the first unstable position of equilibrium in 
fig. 2. From this position, in the formation of a compound, 
it falls to the normal stable state with emission of radiation 
or, in dissociation, it is raised from that state by absorption 
of the characteristic frequency. If we assume that this 
corresponds to a change in potential of one quantum for each 
electron, the final energy change is the same as that postu- 
lated on the usual radiation hy pothesis. The only difference 
is that the elementary energy change, u— A(v—v'), is asso- 
ciated, not with one molecule but with one valency bond. 
Thus, in the reaction of ozonesoxygen, which we may write, 


O, . O 
T l EE : 
260 — 98 


six bonds characteristic of ozone are replaced by six of 
oxygen, and the energy liberated U=6H(v—yv’) per mol 
or u=3h(v—v') per molecule of ozone decomposed, v and v' 
being the frequencies which are absorbed by and destroy the 
valency doublets of oxygen and ozone respectively. In 
general, the various changes of valency linkages may be 
deduced from the steicheometric formula, and the expressions 
for the velocity constant and heat of reaction will become 


— XV 


k=se ^ and UzH(X»—Zy»). 


The frequencies v and v»' are spoken of throughout as 
single frequencies characteristic of the bond. The actual 
facts cannot be so simple. Different original states of the 
constituent electrons with respect to their nuclei, such as are 
necessary to explain ordinary radiation phenomena, must 
result in a series of such frequencies. Sub-multiple quanta 
will be introduced if the equilibrium states of the electrons 
with respect to each other are quantized in a manner 
analogous to the atomic states. Each frequency in this 
complicated series of prob;bilities will be drawn out into a 
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narrow band owing to the variations in natural period 
imposed by the proximity of other molecules. 

t does not seem that any reaction is sufficiently well 
known to identify with safety a particular frequency with 
its corresponding valency bond. Various attempts have 
been made, ditferent writers making different choices, but 
strict quantitative application can hardly be expected till 
more is known about the simpler phenomena of the charac- 
teristic frequencies of the atoms themselves. 

With regard to the form in which the energy of reaction 
is liberated, it must be noted that the greater part is as 
radiation of a frequency which is selectively absorbed. A 
portion of this will escape, the remainder be absorbed by the 
newly-formed bonds in a non-radiating condition and dis- 
sipated only by collisions with other molecules. The 
observations of W. T. David (Phil. Mag. Nov. 1921) that 
the maximum of infra-red emission is attained, in explosions, 
earlier than the maximum temperature are in marked 
accordance with this view. 

Another phenomenon to be expected is the alteration of 
U and v by solvents in non-stoicheometrie catalysis. The 
above hypothesis demands intense inter-molecular magnetic 
fields (Oxley, Phil. Trans. A. 215, p. 79), so that the 
surrounding molecules of the solvent would change the 
natural frequency and potential of the magnetic doublet. 

The valency bond is inextensible, a condition which seems 
to be demanded by the evidence of the specific heats of 
diatomic gases at high temperature. Dissociation cannot be 
caused directly by the most violent impact or tension, save 
by ionization—i. e., the attractive force between the magnetons 
is not affected, but one of them may be dislodged from its 
position in the atom. 

This physical picture has proved valuable from so many 
points of view, and is supported by such a mass of evidence, 
chemical and magnetic, that it well deserves consideration 
in the not unreasonable expectation that it may be equally 
capable of explaining spectroscopic phenomena, which alone 
can define the necessary dynamical assumptions and put it 
to a crucial quantitative test. 
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XXXII. On the Orientation of the Bohr-Sommerfeld Orbits. 
By Artuur W. Cosway, F.R.S., University College, 
Dublin *. 


N the Bohr-Sommerfeld theory of elliptic orbits about a 
simple centre of force a dithculty at once appears to 
present itself. Selecting any line as z-axis Aes the 
usual polar co-ordinates (7, 0, $), the properti: tff tucle us 
or of the space about it seem to cease to be isotropic. The 
structure of the various orbits is symmetrical about the 
z-axis. In fact, the normal to the plane of any possible 
orbit makes an angle with the z-axis whose cosine is 
no/(ng-d- nz) where ny, ng are integers, being the partial 
azimuthal numbers. Or, put differently, the planes of all 
orbits which have the same azimuthal numbers envelope 
right circular cones. In what follows it will be shown that, 
by taking different coordinates, the orbits which have given 
azimuthal numbers touch a set of confocal quadric cones, the 
angle between the focal lines of which is at our disposal. 
The new coordinates, like the old (0, $), are “separable.” 
In fact, 0 and $ are special cases. It is therefore necessary 
to add to Sommerfeld's criteria for the ** selection " of orbits. 
It is necessary to specify the coordinates which have to be 
employed. 
The cones 


a 7 z2 


Ql talk 


represent confocal cones, the focal lines being given by 


=0 


x? a? 


< 


=0 


=b pe 
(I, 1,’ and T, I,’ in the figure), where we take a, b, and c to be 
in descending order of magnitude. Through any point we 
have two values of A? which we shall call A? and p?, such 
that a?»23?»0; DP »&4*»0. The p-cones will surround 
OL, OI; and the A-cones OL, OL’, with similar results for 
the other sheets of the cones. Let the plane of an orbit cut 
the circle of radius r through I; IT; I in A and B. A 
certain 4-cone (w) will touch this plane so that the whole 
range ol w for the orbit will be from p=e to u= pm, repeated 
four times. The range of X will be from b to a repeated 
four times. Similar results will hold if A lies between I, 
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and], Taking as coordinates r, A, p we find for the square 
ot the line-element 


de + O3 u3) 24X2/ (à? —A3) (D? — A?) (c? — A?) 
— pdp (a? — u*) (V — u*) (c — py?) }- 


_ Tf A is the Action Function we then get Jacobi's equation 
in the form 


1 DA 2 (a?—2?) (bA (2—3) | BAM? 
a r) E m r?*A*(A? — p") ES ) 

(d — uy — p’) (2 — 2) oA 2 26 | 7 

mO? — p) (5:) Y vsus 


r 
where m is the mass, e, —e the charges on nucleus and 
electron, and —C the energy constant. We then get the 


equations 

gay = XQ — 0”) 
dA 2 uM (uà —ug) 
where K is a constant. Hence, for the part of A which 
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depends on X and y we get 


MEN A3 == hy? 
MINE X d S (a? —A7)( A? — 0?) (A? — e) | 
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Remembering the ranges of X aa p we get the azimuthal 
equations 


» 2 — 

2 /( nto |" T V f Ga; E ee HETES = ng, 
i rca e = 

2/ (mk) V dz / V Ge Ge sf = ng, 


where the variables A?, p? have been changed to z. It will 


first be noticed that njh|4/ (mX) and ni] V (mK) are the 
periods of the AED integral 


The sum of these periods is 27, as may be seen by in- 
tegrating with z, complex, about an infinite circle so that we 
get (ng 4- n3) h o 2m V (mK), from which the normal value of 
—( ean be deduced. Returning to the periods, they are 
certain transcendental functions of Hos filho)» fol po) (Say), and 


so we have 
Fi (Mo) =n h/ V (m K), 
Salto) = nsh] v (mK), 
or Fi Cy) fao) = na/z 
so that if n, and nz are given, uo is given and the orbit must 
touch the quadric cone 
n y? E 
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XXXII. The Physical Interpretation of Relativity 
Mathematies. Bu C. H. BICKERDIKE *. 


pol Chapter XII. of his little book on Relativity, 
p. 36, referring to the Lorentz transformations, says: 
“A priori it is quite clear that we must be able to learn 
something about the physical behaviour of measuring-rods 
and clocks from the equations of transformation, for the 
magnitudes z, y, z, s, t are nothing more nor less than the 
results of measurements obtainable by means of measuring- 
rods and clocks.” It is quite evident that he means that 
rods in motion relatively to the observer could be ascertained 
by measurement to be shortened and clocks in motion could 
be ascertained to go slower than similar clocks at rest if the 
necessary delicacy of observation could be attained. If he 
does not mean that, it is difficult to know what the passage 
above quoted can be intended to mean. 

In the whole book, however, there is no explanation of how 
such measuring and observing of the effects could conceivably 
be made, even on the supposition that the necessary degree 
of delicacy of observation or high degree of velocity could be 
obtained, although Einstein quite freely makes use of such 
suppositions for the purpose of explaining some aspects of 
his theory. 

It is commonly supposed that practical difficulties are all 
that stand in the way of testing the contractions and 
slowings-down. It is here submitted, however, that that is 
not the case, and that, in fact, there is a confusion in 
speaking of the Lorentz transformations as giving informa- 
tion about the “ physical behaviour " of clocks. 

dt is necessary to point out first of all the fundamental 
distinction between observation of certain predicted effects 
deduced from the elaborated general theorv of relativitv, 
such as the motion of the perihelion of Mercury and the 
bending of light, and observation of the alleged physical 
interpretation of the meaning of the Lorentz transformations. 
These transformations—and the equations of the general 
theory—may, and doubtless do, express important truths. 
The question still remains, however, whether it is truth about 
the behaviour of light and of other electromagnetic pheno- 
mena involving transference of forces across “ space " or the 
“gether,” or whether the truths relate, as Einstein says, to the 
physical behaviour of measuring-rods and clocks. It is the 
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contention of the writer that at least as regards clocks and 
time the inference that the transformation of ¢ and /' gives 
information as to their physical behaviour cannot be accepted. 

So far as regards the main effect of the velocity of light in 
making the observations of one observer differ from those of 
another, it is easy to deduce from what is observed by 5' 
what would be observed by S. There would be transforma- 
tion equations connecting cz and a’, t and t, ete. No one 
suggests that these transformations are due to the physieal 
behaviour of measuring-rods and clocks. It is found, 
however, that if we take the simple assumption of the 
constant velocity of light and the principle of moving axes, 
the transformation is not quite right. After allowing for 
the velocity of light as a constant, there is still a further 
small correction required, which is expressed by the Lorentz 
transformations. There is no logical necessity to assume 
that this transformation is conseqnent upon physical be- 
haviour of clocks and rods. It may be that for some purpose 
of mathematical reasoning that assumption works sufficiently 
well. If itis to be taken literally, however, as a physical 
truth, the meaning in terms of "hat would be actually 
observed by numbers of observers in various circumstances, 

each recording what happened in his immediate environment, 
and subsequently comparing notes, requires to be explained 
before any clear meaning can be attributed to such phrases 
as physical behaviour of clocks and rods. 

Eddington, in his ‘Space, Time and Gravitation,’ makes 
something like a realistic attempt to explain what the 
Lorentz transformations mean when translated into terms of 
what would be actually observed. It is submitted, however, 
that he stops short just at the point at which the explanation 
would begin to explain. His illustration of the aviator 
flying overhead at the convenient speed of 161,000 miles per 
second serves excellently to illustrate the point. The actual 
magnitude of the velocity is of no importance. The 
principle is exactly the same if we deal with smaller 
velocities. It saves time and trouble, however, to take the 
simplest illustration. 

We are told, in the first place, that if he lay along the 
direction of his flight we on the ground should see him 
apparently only about three feet long, but the normal 
width—and he would have a strictly reciprocal impression of 
us if we lay on the ground in the direction of flight. 

It is to be remarked that that is the only kind of observation 
of the effects of reciprocal motion which is ever definitely 
mentioned, and this relates only to contraction of length. 
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 Eddington says, however, of the reciprocal shortenings : 
“It is not an illusion in the ordinary sense, because the 
impressions of both would be confirmed by every physical 
test or scientific calculation suggested." Presumably the 
“physical tests " must include measurements with clocks and 
rods. Yet we are never told how this could be done, and 
presently we shall see why. 

It may be remarked in passing, however, as very inter- 
esting, that Eddington goes on to say : “ No one knows which 
is right (i.e. the aviator or the observer on the ground), 
because we can never find out which, if either, is truly at 
rest in the ether." That seems to imply some clinging to 
the original idea of the FitzGerald-Lorentz contraction as a 
“real” contraction dependent upon absolute motion through 
the æther—i. e. motion relative simply to the ether and 
having nothing to do with motion relative to the observer. 
A contraction arising in that way might perfectly well be 
verifiable by measurement, but it would not be a strictly 
reciprocal eftect of relative motion of two material bodies. 
In Einstein, there is no suggestion of clinging to this 
original conception of the FitzGerald- Lorentz contraction. 

It is suggested that once the contraction is assumed to be 
a strictly reciprocal effect of relative motion, the whole idea 
of its being something physically measurable and verifiable 
is entirely destroyed. We have, however, first of all to 
consider further the question of the clocks. — . 

Eddington's observer on the ground calculates. that the 
aviator's clock goes slower than his own, and the aviator 
makes a similar calculation that the clock on the ground 
goes slow, and likewise each infers that the other's cigar is 
smoked more slowly than his own. 

Eddington is careful to point out that the slowing of the 
clock is an inference and not an observation. “I say ‘infer’ 
deliberately ; we should see a still more extravagant slowing 
down of time; but that is easily explained, because the 
aviator is rapidly increasing his distance from us and the 
light impressions take longer and longer to reach us. The 
more moderate retardation referred to remains after we have 
allowed for the time of transmission of light.” The inference 
is therefore entirely dependent upon making the allowance 
for the velocity of light in the way which is assumed correct 
on the relativity principles, and this kind of observation 
therefore furnishes no possible means of verifying the 
correctness of the formula, or rather of the interpretation of 
the formula as giving information about the physical 
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behaviour of the clock and cigar when they are not immedi- 
ately adjacent to the observer. 

Eddington's discussion of the possibility of verification is 
confined to the question what would be observed if the 
aviator returned on his course, and he escapes the difticulty 
by pointing out that accelerations would have to be 
introduced and the diseussion in question relates only to 
uniform motion. 

l'or uniform motion—i. e. the restricted theory—the only 
possible verification can be bv means of one or more 
additional observers stationary relative to the first. 

If we introduce a second observer on the ground, the 
theory requires that, given what the first observer sees, in 
order to find what the se ‘cond would observe, we have to 
Imagine the origin of axes moved along to him from the first 
observer with ilia velocity of the thing under observation. 
That means, of course, that when the aviator passes over the 
secoud obeerv er, the latter sees the aviator’s clock showing 
just what the aviator himself sees. 

In the absence of any discussion in books such as those of 
Eddington, Einstein’ salready mentioned, and Dolton's * Intro- 
duction to the Theory of Relativity, one might take it for 
granted that this means that the second observer would verify 
the calculation of the first observer, and, in fact, there can 
be no doubt that that is what is assumed to be the case, and 
that assumption is the foundation of what the public have 
regarded as the most striking mystery of the relativity 
theory. 

It is submitted that the Lorentz transformation is open to 
a different interpretation. Before going into that, however, 
we will first consider some problems connected with circular 
motions. That means, of course, that we are no longer 
dealing with the restricted theory, and the reasoning about 
the reciprocal slowings of cloeks is not quite the same. 

The slowings connected with the restricted theory are not, 
however, something totally disconnected with the general 
theory. The restrictéd theory is a limiting case of the 
general theory, when gravitational fields are reduced to zero. 
If we start with no vravitational fields in existence and infer 
certain changes in lengths and times on the principle of the 
restricted theory, and then consider a case exactly parallel 
excepting that a small gravitational field is in existence, 
there is a difference between the changes of lengths and 
times to be inferred in the two cases, buta difference which 
must be proportionate to the strength of the field. We do 
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not, by introducing the gravitational field, suddenly abolish 
all the influence of mere relative motion. 

Einstein, in his chapter on * The behaviour of clocks and 
measuring-rods on a rotating body of reference," indeed, 
begins his exposition by appealing to the results of the 
restricted theory. He supposes an observer on a Galileian 
reference system K (free from gravitational fields) to be 
observing a circular disk K’ which is rotating, as judged by 
the observer on K. There is a clock at the centre of the 
rotating disk and one at the circumference. “ As judged 
from this body (K), the clock at the centre of the disk has no 
velocity, whereas the clock at the edge of the disk is in 
motion relative to K in consequence of the rotation. 
According to a result obtained in Section XII., it follows 
that the latter clock goes at a rate permanently slower than 
that of the clock at the centre of the circular disk, i.e. a: 
observed from K. It is obvious that the same effect would 
be noted by an observer whom we will imagine sitting 
alongside the clock at the centre of the disk." 

From these facts Einstein deduces the inference that ** in 
every gravitational field a clock will go more quickly or 
less quickly according to the position in which the clock 
is situated (at rest). 

In the case in question, the clock on the edge of the disk 
comes round again and again and can be observed from K 
over a period of time, and if the inference about slowing 
refers to “physical behaviour" of the clock, this slowing 
will be verified by the observer on K and would be also 
obvious to an observer alongside the clock on K’—who could 
see both his own clock and that of K at each moment of 
passing. It would then be properly described as a ‘‘ real” 
slowing. 

But we are equally entitled to say that, owing to tle 
relative motion—which was the reason given for the slowing 
of the clock on K'—the observer on K' would infer that the 
clock on K went slow. The inference might not be that the 
rate of slowing inferred by K' with regard to K was exactly 
similiar to that inferred by K with regard K’. There is not 
the exact reciprocity of the restricted theory. K’', however, 
would infer a slowing and not an acceleration of the clock on 
K, by reason of the relative motion, and one or other or both 
would be found wrong. 

It may be replied that the clock on the rotating disk being 
fixed to the disk is subject to stresses, and that no one knows 
what would be the effect of such stresses. 
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That is not a satisfactory answer, it is submitted. Iu the 
first place, we do not know that stresses of this kind must 
produce any effect at all, and if they did it is hardly likely 
that time-measuring instruments of all kinds would be 
affected alike. The centripetal force has direction and can 
hardly be supposed to affect uniformly in all directions the 
motions of parts of a mechanism. Any mere mechanical 
errors of that kind, moreover, should be discoverable and 
capable of correction. 

The whole theory is based on the assumption that time can 
be measured hy some kind of clock. How, otherwise, can 
any meaning at all be attributed to the symbols ¢ and t? 
The theory as expounded is represented as meaning that tame 
goes slower on the moving system, in the seuse that all 
activities are slowed, not merely those of a clock of a par- 
ticular make. The slowing of time is supposed to affect the 
rate of motion of all kinds of clocks, of cigar smoking, and of 
the activities of living organisms, and of the rate of vibration 
of atoms and electrons. 

It is submitted that in the case cited this cannot possibly 
be a real observable effect, since K and K' cannot each find, 
on their periodically meeting, that these activities are all 
going slower for the other than they are for himself. 

Let us take, however, the case of two equal disks rotating 
in opposite direetions round the same axis with equal 
velocities, and let there be clocks fixed on the edge of each 
disk, with an observer at each. Now the centripetal forces 
or gravitational fields are of the same strength in each case 
and the magnitude of the stresses on the clocks is the same. 
How is it conceivable that, on the periodical juxtaposition of 
the two observers, each can see that the other's clock has 
gone slower than his own clock ? 

Another problem is this. Suppose K’ rotates on an axis 
which is at rest relative to K, and there is a mark on the 
axis. K can measure time by the periodical passage of K' 
across this mark. K’ can measure time by the periodical 
apparent alignment of himself between K and the mark. 
The instant at which K, K’ and the mark would appear to be 
in a straight line would not be exactly the same for K and 
for K', but the appearances of alignment would occur with 
the same frequency to both observers, and each can measure 
time by these recurrences. How, in that case, could it be 
said that “time” went slower for the one than the other? 
Why should not this phenomenon be the “clock” for each? 

It is submitted that we are bound to look for some other 
meaning for the transformation of t and ¢’ than “ physical 
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behaviour" on the part of clocks, and incidentally that the 
inference from the general theory of relativity as to the 
slowing down of light-vibrations—the shift towards the red 
—need not be expected. If clocks do not slow down in any 
real sense, then vibrations of electrons not be supposed to so. 

Reverting now to the restricted theory and Eddington’s 
aviator. Let there be two observers on the ground, O, and 
O,, the latter at a distance which would be covered by the 
aviator in 30 minutes, as measured by the clocks on the 
ground. 

A— 


O On 


1 


We have to ask what O,, the second observer, would have 
to expect would be the time by the aviator's clock when the 
latter arrived at O,. His origin of axes is, of course, on 
himself, and at the moment when O,'s clock is at zero, he 
knows that the aviator is at a distance to the left, — x, moving 
towards him with a velocity V. He knows that O,’s clock, 
at the same distance, but stationary, is at zero ; but O, does 
not agree that as between himself and the aviator it is zero 
time. He has to make his calculation as to what he ** infers” 
to be the time by the aviator's clock. The velocities may be 
expressed in miles per minute, and the distance— z is equal 
to— 30V. According to the formula, ¢’ the time “ inferred ” 
by O, regarding the aviator's clock is 


which comes to-- 15. According to On, therefore, when his 
own clock is at zero, that of the aviator is already at+ 15, 
and as the aviator’s clock is inferred to go at half the speed 
of O,'s own clock, O, should expect it to show +30 minutes 
when the aviator arrives and therefore to agree exactly with 
his own clock at that instant. 

The assumption that the second observer would verify the 
caleulation of the first is based, one may conjecture, on a 
confusion about changing the origin of axes. When they are 
changed from O, to O,, with reference to observation and 
inference about the moving system, the zero of time is changed 
in one sense i.e. O, attributes to the position of O, a 
different zero, but only so far as regards time on the 
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moving system. The mental change which I make in 
transferring the axes to O, does not alter the physical fact 
that the clock of the stationary observer O, is still at zero. 
OQ, and O, ean and do have their clocks at zero at what the 
are agreed is, by definition, tlie same time, and the physical 
facis about their clocks are adjusted accordingly without 
reference to the existence of any aviator. 

The inference of O, about the aviator’s clock can be 
nothing but a mathematical fiction, O, is not there to see 
it at that moment. It is a mere matter of difference of 
definition between OQ, and O, as to what they are to regard 
as zero time as between each of them and the aviator, and 
that dilference of definition has no effect on the physical state 
of the clocks unless and until the parties agree to adjust the 
clocks according to the definition. 

The physical facts as to the aviator’s clock cannot be made 
to accord with both the definitions about zero time as bet ween 
himself and O, and O, respectively. The clock was actually 
set to agree, at zero, with Oj.. As regards On, the ** inference? 
about the clock of the aviator going slow has no meaning 
excepting that what was correetly called zero as between the 
aviator and O, has to be called+15 as between the aviator 
and Ona. 

It is submitted that what O, would directly observe would 
be that the aviator’s clock was at+30 when he reached O,. 
He would not make any direct observation which would 
confirm the ealeulation of O,. 

It there were likewise two aviators exactly the same 
reasoning must apply to them. They would not confirm one 
another's inferences. 

The upshot is that so long as we regard only what is 
directly observed by a number of observers, as to what is 
visible and tangible in his immediate neighbourhood, and 
put together the results, we get the ordinary world of 
Euclidean space and absolute time. If we compare this with 
the analogy of blind men, “ judging" by sound, but arriving 
at a conception of real motions by putting together the 
direct observations. in which the finite and sometimes 
variable velocities of sound are eliminated, we should say 
that the result of the direct observations is entitled to be 
called the “real”? or “physical” truth. Similarly it would 
seem, that whatever may be the truth expressed by the 
Lorentz transformations, it cannot be understood in any 
intelligible sense, that the transformation of t and t' gives us 
information about the “ physical behaviour" of clocks. 

Another point which may be considered is this. The 
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calculation of O, is that the aviator’s cigar is smoked at 
only half the rate of Os own cigar. But suppose the 
aviator holds his cigar in the line of his motion. It is 
“judged” by O, to be only half the length of O,’s own 
cigar. At the same time it is inferred to be smoked only 
half-way through by the time O, has finished his cigar. On 
that supposition should not we say that the aviator is judged 
as smoking at only a quarter of the rate of O,? 

This consideration prompts another question about the 
clocks. There is no inherent reason why a clock should not 
have a pointer moving along a straight line instead of in a 
circle. Suppose the clocks are of this kind, and that, at rest, 
the pointer measures time by covering one inch per minute, 
The aviator has his clock with the straight-line dial in the 
line of his motion. To O, it "appears" that each inch on 
the aviator’s clock is only half an inch, and in that sense his 
clock may be said to appear to go at only half the rate of the 
clocks on the ground. But the theory as expounded by 
Eddington and Einstein appears to imply that it would 
cover only half as many spaces as the clocks on the ground, 
and it might be said that it appeared to go at only a quarter 
of the rate of those clocks. 

Should we not infer that the transformations embody some 
truth about the propagation of light between objects in 
motion relatively to one another and some truth about 
apparent contractions of length of objects in motion as seen 
by one observer only, who, therefore, can judge the length 
only by the apparent angle subtended, a contraction which, 
however, is not verified by comparison of observations by 
several observers, and which may be regarded therefore as 
analogous toan optical illusion—something additional to and 
ditferent from what would be expected from the mere fact of 
the finite velocity of light ? | 

The truth embodied respecting light implies also some- 
thing about the state of the æther—or of space if we prefer 
that word—as affected by the motion of matter, and it 
is not surprising that this truth should have a bearing on 
al propagation of electromagnetic forces and also upon 
gravitation. 
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XXXIV. On the Production of Coloured Flames for use with 
uo and Polarimeters. By J.J. MANLEY, M.A., 
esearch Fellow, Magdalen College, Orford *. 


e apparatus represented in the accompanying figure 
has recently been designed and made for use with 
spectrometers and polarimeters. It is extremely convenient, 
requires but little attention, and by its means an intense 
flame coloration can be maintained for any desired period ; 
the troublesome and unsatisfactory methods so frequently 
employed are thus entirely avoided. The apparatus is made 
in the following way :— 

Near one end of a glass tube A about 1 em. wide and 
20 cm. long is first blown a bulb Q (fig. 1) having a capa- 


city of 20 or 30 c.c.; then the short length of tube below the 
bulb is softened, drawn out, and bent at right angles to the 
larger limb A. In forming the narrower limb, care must be 
taken to make the diameter such that a portion of a 
« vitreosil ? pipe V can be easily inserted. A suitable vitreosil 
pipe is one having a length of 8 cm., a diameter of 5 mm., 
and a bore of 1 mm. A constriction at C prevents the pipe 
from entering the tube for more than about 2:5 cm. The 
pipe with a few fibres of asbestos coiled upon it spiral-wise is 
introduced into the tube with a screw-like motion, the 
junction at F gently heated, and a little Faraday cement 
applied ; a secure and liquid-tight union is thus effected. 
Finally, a bundle of 3 or 4 platinum wires, each 10 cm. long 

* Communicated by the Author. 
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and 0:3 mm. in diameter, is placed within the pipe as shown. 
This bundle of wires constitutes a wick, the upper and free 
end of which is bent into a horizontal or even slightly down- 
ward position. Charging the bulb Q with the required 
solution and placing the exposed portion of the wick within 
a Bunsen flame as represented in the figure, an intense 
coloration is produced, and this as a result of the capillary 
action of the wires and pipe may be indefinitely maintained. 
If various flames are needed, it is convenient to construct 
several of the above-described feeders and to charge each 
with an appropriate solution : in this way the trouble caused 
by changing one solution for another and the cleansing of 
the apparatus, together with the consequent expenditure of 
time, may be avoided. The flame may be fed at very 
diflerent rates by varying the inclination of the limb A. 
A suitable inclination, and therefore rate, is readily obtained ° 
by a corresponding rotation of the supporting clamp, which 
is not shown in the figure. To each solution should be 
added a very little hydrochloric acid. When the apparatus 
is not in use, A should be inclined so that a bubble of air 
appears at C. 


Daubeny Laboratory, 
Magdalen College, 
Oxford. 


XXXV. The Effect of Gases in facilitating the Passage of 
Current from an Electron- Enitting Source in Crossed 
Electricand Magnetic Fields. By Prof. O. W. RICHARDSON, 
F.R.S., and RABINDRANATH CHAUDHURI, M.Sc. (Calcutta), 
King’s College, London *. 


I. is well known that the passage of electron currents in 
vacuum tubes is stopped by the application of com- 
paratively weak magnetic fields in directions perpendicular 
to the electric intensity. This is due to the curling up of 
the electron paths by the magnetic field, so that they 
intersect the emitting surface instead of extending to the 
anode. If, however, a trace of gas be admitted, so that the 
vacuum is no longer perfect, we find that the current will 
flow again, although its magnitude will in general be less 
than that obtained in tlie absence of a magnetic field. This 
£fleet occurs below the ionizing potential of the admitted 
gas, and therefore has nothing to do with the similar effect 
which occurs at higher potentials, owing to the formation of 
ions by impact ionization, The effect may be due to the 
combination of the electrons with neutral gas molecules io 
* Communicated by the Authors. 
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form heavy negative ions (atomions), which pass to the 
anode, since their motion is little influenced by the magnetic 
field. However, it appears that almost anything which 
occurs at a collision will prevent an electron from returning 
to the emitting surface, in the type of apparatus used in our 
experiments at any rate ; so that the passage of the current 
in a magnetic field is probably a test for any electron which 
has undergone a collision with a gas molecule, and not 
necessarily for one which has combined to form a negative 
ion. This should be borne in mind i in reading the sequel, 
where the term “heavy ions" is sometimes used as an 
abbreviation for the **carriers of the current which succeed 
in reaching the anode in a transverse magnetic field great 
enough to "stop the passage of electrons." These carriers 
behave from the experimental point of view like heavy ions 
would, and it is convenient to have a name for them ; but 
we do not at this stage wish to commit ourselves definitely 
in all cases as to the detailed mechanism of the phenomena 
dealt with, and the name may turn out to be misleading. 
We shall now consider the conditions which govern the 
passage of electrons between the electrodes in the absence 
of gas. The source of electrons was a tungsten filament 
of circular section (radius a) stretched along the axis of a 
cylindrical anode (radius b). The electric field (potential 
difference V) was applied between the hot wire and the 
anode, and the magnetie field H was parallel to the filament, 
so that the electric and magnetic fields were perpendieular 
to each other. Under these circumstances the electrons 
describe a curve similar to a cveloidal spiral about the fila- 
ment, and the greater the magnetie field the less will be the 
maximum distance from the hot wire attained by an electron. 
The radial force due to the electric field at distance r from 


the axis can be written Ae/r when AV (volts) x 10 flog = b 
^a 


Due to the current required to heat tho filament (j amp.) 
there will be a magnetie field distributed in circles about the 
T 
107° 
of the electron under these forces and that arising from the 
magnetic field IT, parallel to the axis of z, will be j 
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Integrating (3) subject to T cun when r=a and (2) 


: dð 4 «v 
subject to Prim y= al r=a, and substituting the values 
atte, TE _ dr dO . . 
thus obtained for 7 and a iM (1), gives 
Cr, He? Hea?\? 1 
dt? (55) di («s - »] j 


rT 


Be? log 
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ur E — Fen 2 ‘| . (4) 
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On multiplying by i and integrating, subject to the 


.. dr 
condition — = u when r=a, 


dt 
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2 
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2N log” + (77 og) tw. (6) 
But, at the maximum distance of the electron from the 
. d . ; f 
axis, "T —0. If r be now taken as this maximum distance, 


then 
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+ (= log”) +u =0. (7) 


m 


Putting in the values of L, M, and N from (4) and (5), 
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or, substituting the values of A and B in terms of V the 
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applied voltage and j the heating current in amperes, 


4 (70-3) 6-5) 


1 M e 2 T 3 9 a? 2 D 
— dis y- sue (9 
254 (2) (og) t to (1 s) + ug") 


This equation, if solved for r, gives the maximum distance 
which electrons, or ions, having a given value of e/m can 


get from the wire for given values of H and V. If in 


addition we put r=6, we shall get the limiting relation 


between H and V which must hold in order that an ion 
starting from the filament may reach the surrounding 
slectrode. 

As it stands, equation (9), regarded as an equation for r, is 
not a very simple affair. It happens, however, that with 
the values of H and j employed in the experiments the 
various terms have very unequal values. The term linear 
in H and the term in ;? are negligible, and the term in J is 
relatively small. To a first approximation we can also treat 


a TO 
-a as small compared with unity. To this approximation, 
? E 


after putting in the numerical values for a, b, and efm, 
equation (9) reduces to 


wa 98.29 V log r[*005 +8971 2.2. (20) 
" 2 

The values of H corresponding to different values of r 
given by this formula are shown in Table I. for V (the 
applied potenti: d) =4°2 volts and V, (the voltage equivalent 
of the emission velocity) equal to 0, 0°75, and l:5 volts. 
The maximum emission velocity which is possessed by a 
measurable number of electrons is about 1 volt, and 1:5 volts 
can be safely taken as an us limit for it. These values 
are only approximately correet, but they are accurate enough 
for the purpose of the present discussion. Any desired 
degree of accuracy can be obtained by keeping in more 
terms of equation (9) and proceeding in the same manner. 
C ‘orresponding values of H and r for = ;=0, points O, anid 
Vu 15, points X, are plotted in fig. 
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TABLE I. 
Applied Potential (accelerating) = V =4:2 volts. 


Magnetic fields required to bring the electron of 
different initial velocities to r. 


Value of r. 
Í 
H for V,=0. , H for V,—0775. " for V ;=1°5 volt. 
| os i 
| 1:0 em 13°70 159 18:0 
0S 16:7 | 19:6 2] 
| 0-6 21:6 25:5 29:0 
| 04 31:07 37-2 49-4 
0:3 40-04 48:4 553 
| 02 51-00 | 10:8 811 
01 102-07 1313 154:6 
| 0:05 180-1 243-2 293:0 
| 0-02 350-0 537:6 6740 | 
0°01 495-0 955-0 12600 . | 
Fig. 1 


o 
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From this figure we see that if a magnetic field of 160 units 
is used and the accelerating voltage between the filament 
and the cylinder is 4:2, the maximum velocity electrons will 
be confined within a distance of 0:096-cm. and the zero 
velocity ones within a distance of 0°06 cm. from the axis. 
This is on the supposition that the free movement of the 
electrons is not interfered with. If, however, the apparatus 
contains gas at a low pressure, encounters with gas molecules 
will occur, and as a result of such an encounter one of two 
things may happen. Either the electron will combine with 
the gas molecule to form a heavy ion which will travel to 
the anode in a slightly curved path under the combined 
fields—it would require a magnetic field of about 4000 units 
to stop an ion formed by the combination of a mitrogen 
molecule and an electron under these conditions,—or it will 


342 Prof. Richardson and Mr. Chaudhuri on the Effect of 


have its velocity suddenly altered so as to cause it to start to 
execute a new spiral path about an axis parallel to the 
magnetic field. The new path will not in general intersect 
the surface of the filament so that the electron will not 
return to the cathode, but neither will it intersect the surface 
of the anode. It will, however, in general be possible for 
such an electron to reach the anode as a result of a number 
of subsequent collisions. Thus we see that if gas is present, 
it will be possible for electrons to get through the magnetic 
feld to the anode as a result of successive collisions with 
molecules as well as by combining with thein. 

Another advantage, as will be seen from fig. 1, of using 
fields as high as 160 units, is that the maximum distance of 
the electron and the corresponding length of the path is not 
very susceptible to small changes in the strength of the 
magnetic field in this region. 


Experimental Arrangements. 


The apparatus consists of a thermionic tube AB (fig. 2) 
placed axially between the poles of an electromagnet NS. 
The tube AB is connected on the one side with the gas- 


Fig. 2. 


generating apparatus, and on the other with the spectrum 
tube Sp. and a phosphorus-pentoxide bulb, a mercury pump, 
and a McLeod gauge. On the two sides of AB are also two 
liquid-air traps LL. 

The gas-generating part of the apparatus includes? a 
palladium tube Pd for admitting hydrogen, a quartz tube 
containing two porcelain boats Ca containing calcium for 
absorbing gases, a glass tube Cu containing a spiral of 
copper wire which can be electrically heated for absorbin 
oxygen, and a set of apparatus X for generating nitrogen 
and other gases. 
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The thermionic tube AB consists of a cylindrical anode of 
thin copper 3'8 cm. long and 2 cm. in diameter, rigidly 
fixed in a glass tube. ‘The cathode is a tungsten wire 3 em. 
long and ‘0-01 em. in diameter. By means of a suitable 
bow-spring, not shown in the figure, it is stretched taut 
along the axis of the cylinder, both when it is heated as 
wellas when it is cold. In the preliminary preparation of 
the tubes the glass walls were heated as high as possible and 
the anode bombarded by an electron current from the hot 
wire whilst the gas was pumped away. ‘Tests have also 
been made on similar tubes prepared by exhaustion in a 
vacuum furnace and then sealed off. 

The electrical circuit is shown in fig. 3. The current for 
heating the filament AB is supplied “by the battery C con- 
trolled by the resistance R, for which the shunt rheostat S 


supplies a fine adjustment. The voltage driving the 
thermionic current is supplied by the battery E, the positive 
terminal of which is connected through the galvanometer G 
to the positive end of the hot wire. The potenti: al difference 
between this point of the circuit and the anode is measured 
by the voltmeter V. The galvanometer G, used for measuring 
the thermionic current, had a sensitiveness of 1 division for 
3x107'9 amp. For the larger currents the sensitiveness 
was reduced by means of the shunt S. 

The magnetic field was produced by a large electromagnet. 
By varying the current through it the field between the 
poles , at 12 cm. distance, can be increased up to 1200 units. 
Before putting the tube AB in position, the field between 
the poles was explored. It was found that there was a 
residual field of about 10 units, and that when the current 
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was on, the field within 2 or 3 cm. on either side of the 
point midway between the poles was fairly constant. 

The magnetic fields were measured by a coil and a flux- 
meter. The coil used to measure the magnetic fields 
employed during the experiments consisted of 45 turns of 
silk-covered wire, wound on a cardboard cylinder which 
could be slipped over the thermionic tube AB. Before the 
tube was set up a certain magnetic field was established 
between the poles of the electromagnet and measured, using 
the standard coil supplied with the fluxmeter. The throw 
of the fluxmeter when the experimental coil was suddenly 
moved out of this same magnetic field was then measured. 
As a result of these measurements, it was found that 1 mm. 
deflexion of the scale, using the fluxmeter in combination 
with the experimental coil, was equivalent to 2 units of 
magnetic field, as nearly as the measurements could be 
made. 


Preliminary Tests, 


Before proceeding to the actual experimental tests, it is 
necessary to make sure that the tubes have been properly 
prepared. Tubes which have not been properly prepared 
are characterized by the possession of either or both of two 
defects. The first of these is the emission of positive ions 
and the second the emission of heavy negative ions, from 
the hot wire, under apparently good vacuum conditions. 
Both these conditions are readily recognized by carrying out 
preliminary experiments in the absence of gas, 7. e. with as 
good a vacuum as the pumys used will maintain. 

(1) Positive ions.—To test for these, reverse the potential 
of the battery E in fig. 3 so as to charge the cylindrical 
electrode negatively. Owing to the fact that the battery E 
is connected to the positive end of the hot wire and partly 
also to the emission velocities, if the applied potential 
difference V is small there will be a current through the 
galvanometer, which, however, will low against the apparent 
applied electromotive force. This is due to the electrons, 
and will happen whether positive 1ons are present or not. 
If there are cnly electrons present, this current will fall 
sharply as the magnitude of V increases, and will, under our 
working conditions, disappear when V becomes equal to 
about —3 volts, and for greater negative voltages the current 
will remain zero. This is not the case if positive ions are 
present, for we then get a current carried by the positive 
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ions which flows in the direction of the applied electromotive 
force. Moreover, this latter current is unaffected by the 
application of a magnetic field, whereas the former is cut 
down to a small, or zero, value. The following numbers 
were given by a tube showing typical positive ion trouble :— 


No magnetic field. 
eue bo -o5 -10 -15 —20 —39 -40 —50 —60 —70 
ien IE 228 138 39 08 —11 -17 -23 -25 -27 
g. 
H = 1000. 


nr } NC MNT MET ET 26) 27 2s: 29 
Peer 00 00 —01 —06 —11 -15 —18 —20 —22 —23 

It no positive ions had been present, all the negative values: 
of current readings in the upper part of this table would 
have been zero, and all the current readings would have been 
zero in the lower table. 

(2) Negative ions.—If these are present there will be a 
eurrent to the anode, under high-vacuum conditions, in a 
strong magnetic field when the cylindrical electrode is 
positively charged, i. e. when the battery E is applied in the 
usual way. Thefollowing are typical data for a tube having 
this defect :— 


H —1000. 
A pplied 
Vue JO +1 +2 +3 +4 45 +6 +7 48 +10 
Current . ; ` : ; : : . | 
Reading, ] 99 25 40 45 50 75 110 160 190 290 

If no heavy negative ions had been present, the current 
readings would have all bgan zsro undər the conditions 
above. 

In a properly prepared tub» the phenom na just described 
are absent. Almost all the current from the hot wire to the 
electrode is carrie! by electrons. If a magnetic field is put 
on, the residual eurrent will be very small if the pressure of 
the gas is small. This has previously been established by 
Owen and Halsall *. with wires of iridium, palladium, and 
platinum, and by Richardson t with platinum. The following 


* Phil. Mag. vol. xxv. p. 735 (1913). 
t Loc. cit. vol. xxvi. p. 458 (1913). 
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table gives typical results obtained by us with tungsten in 
presence of traces of air and nitrogen :— 


TABLE II. 
Applied Potential 4:3 volts. Magnetic Field H= 160. 


du RM LM MEO! 
i 
i : issue Saturation Current Residual Current. Cirene ei 
Residual without magnetic, with magnetic 
| mm. of 5 Beld by electrons. 


| Bas: , mercury. field. 
amp. amp. 


| amp. 


i 
I 
i 


ne MMC NU EUM 
AP oss 3x10 €, 3800x3x 10 -6. 02x3x107'? |3599'8x3x10-!* 


Air ...... 6x10,, 4800  , (05  , 47995 n 
T. E | 107: 70 , O3  , -697 , 


j i 


The following table gives data for a typical tube which 
has been satisfactorily prepared :— 


TABLE III. 


Gas pressure 107* mm. 


; Current without Current with magnetic 
Applied Potential. magnetic field. — | field I —500. 
— (0 volts 0-0 X 133x107" amp. | 0:0 
-50 , 0:0 » 0:0 
-40 , 00  , | 00 
—30 . 05  , | 0-0 
—25 , TO j 0-0 
—20 | 40 | | 0-0 
—r5 , 56:0 : 0-0 
-10 , 6S0 — 00 
—05 , 16:0 0-0 
0:0 TTO 0:0 
+10 ,, TTO i 0-0 
+20 , TUT 5 0:0 
+30 ,, 709 » 0-0 
+40, 19:0 - 02x2x10-7" amp. 
+50 , 50:0 " 03 , 


l 


Initial amounts of heavy ions sensibly greater than in the 
proportion indicated by the figures at the bottom of the last 
column are inadmissible, and if they are present, further 
preparation of the tube should be proceeded with. 


Experiments in tr. 


The tungsten filament was 2:8 cm. long and 0°01 em. 
diameter, the surrouuding cylinder being 2:8 cm. long and 
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2 cm. diameter. The tube was first prepared so as to satisfy 
the tests described above on pumping out the gas to a 
pressure of 0:0001 mm. or less. On admitting air to a 
pressure of about 0:03 mm., currents were found to flow in 
the presence of a magnetic field. When these tests were 
made shortly after the tubes were prepared, the currents in 
a magnetic field were found to be somewhat irregular and 
to change with continued heating of the filament. The 
pressure of the gas was also found to change at the same 
time, probably owing to the absorption of oxygen by the hot 
tungsten. After letting in fresh air at a low pressure several 
times and heating the filament whilst pumping the air out, 
the filament seems to get seasoned to it, so that comparativelv 
steady conditions may be obtained. We suggest that this 
may be due to the formation of a protective coating of oxide 
over the surface of the tungsten. The next table shows a 
set of typical figures obtained under these conditions. 


TABLE IV. 


Heating Current of the filamentz 1:0 amp. 
Applied Potential (accelerating) — 4:2 volts. 


| Percentage 


Residual Current. ` f | 
Magnetic of Residual 


TE Saturation Current 
Pressure inside 


| 
hete without magnetic | with magnetio eld totaitira- 
field. | field. | tion Current. 
— ——- | ———— —_—— SS ————— = — 
po | 
198 x 10-4 mm., 2160%3x 107? amp. 630x 3x 10-7 amp. 164 29:2 
ne |9280  , i370  , 162 ° 162 
l3 o? 2980 250 162 11-0 
| 44 E 2980  , 155 , 164 | 6-8 
(3002 J220 n ‘wo , 169 48 
]l . 29 | ra 169 30 
EN NEM. (9240 — ,, 35 162 l5 
| 55. 2280. 19-8 162 0:5 


The maximum distance the electrons can get from the 
wire with the magnetic field used isa little under 0*1 cm., 
whereas the distance of the anode from the axis is 1 cm. 
The values at different pressures in the last column of this 
table are plotted against the pressure in Curve I., fip. 4, 
points O. It will be seen that the percentage is very closely 
proportional to the pressure of the gas. The other points 
near Curve IL, viz. [] and x, represent other series o 
observations taken under similar conditions. 

If the wire is heated for a long time in the same air, the 
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percentage at a given pressure tends to diminish. This is 
probably due primarily to the absorption of the oxygen, but 
it may be due to some extent to the absorption of nitrogen 
also. A typical set of data after heating in air for a long 
time before taking the observations at successively lower 
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pressures is shown in fig. 4, Curve II. The dotted Curve III. 
of fig. 4 shows the lowest values of the percentage which 
we have been able to get in this way. 


Ewperiments in Nitrogen. 


Two samples of this gas were tried, the first being com- 
mercial nitrogen supplied in cylinders by the British 
Oxygen Co., and the second nitrogen prepared chemically 
from ammonia, 

When nitrogen was first admitted, similar phenomena 
were observed to those recorded with air. The pressure was 
found to diminish when the filament was heated and the 
anode bombarded with about 300 volts. After letting in 
fresh nitrogen a number of times and pumping it out with 
the filament hot, it was found that the pressure remained 
fairly constant under the experimental conditions. 

A typical set of data got from the commercial nitrogen 
are shown in Curve II. of fig. 5. The heating current 
through the filament was 1:2 amp., the applied acceleratin 
potential 4:3 volts, and the magnetic field ranged between 
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164 and 168 units. The percentage of residual to saturation 
current obtained with a given pressure of this sample of gas 
varied a little in the different experiments, doubtless owing 
to changes in the eomposition of the gas owing to the action 
of the hot filament on it. We have not analysed the gas, 


Fig. 5. 


wraltion current. 


Percentage of resitusl Co SIL 


t00 200 300 
Pressure 12 10°*mm 


but it probably contains argon and some traces of oxvgen. 
The dotted line in fig. 5 shows the lowest set of values 
which we obtained with this nitrogen. 

The chemical nitrogen was prepared in the apparatus 
shown in fig. 2. Pure ammonia solution was poured into 
vessel 2, which was filled up to the stopcocks 3 and $,. 
Pure bromine water previously boiled was placed in bulb 1 
and poured into X by opening 3. The interaction produces 
nitrogen, which collects in the top portion of X. When X 
is about half full of nitrogen, S, is opened and the gas passes 
into the drying compartment. This dried gas is pumped 
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through the rest of the apparatus, and the process repeated 
several times before the sample of nitrogen which it is 
finally intended to test is stored in the compartment con- 
taining the phosphorus pentoxide and caustic potash. These 
agents remove any water vapour, ammonia, and bromine 
which may be mixed with the nitrogen. This convenient 
apparatus for preparing nitrogen free from air has been 
described by Waran * 

The stored nitrogen is let into the main testing apparatus 
in small quantities, the copper spiral being heated to take 
out any traces of oxygen which may have come froin dissolved 
air in the liquids. Liquid air is kepton the traps to prevent 
access of bromine, ammonia, grease, mercury vapour or 
other vapours to the filament. The filament is heated, and 
the nitrogen let in and pumped out several times to get rid 
of any other occluded gases which may be present in the 
apparatus and to season the filament. "The following data 
represent the result of a typical experiment made in this 
way :— 


TABLE V. 


Heating Current 1:35 amp. 
Applied Potential (accelerating) 4:2 volts. 


" Saturation Current | Residual Current ER M 

Pressure of p . ; . Magnetic of Residual 
Nosen without magnetic with magnetic Field TE 
SX field. field. > 


tion Current. 


| 


260x107* mm. 522x3x107?amp.,172x3x10-7'?uamp. 162 33:0 
173 i 5 y 120 ,, 160 217. 
We 612 ,, "M 160 147 
80 M 606 7 ,, 00 , 164 9:9 
o4 " (630. 45 y 164 71 
28 i 6530. ,, 24 , 168 3:8 
20 ja (672. , 1l? Ss, ‘164 25 


The values in the last column are shown plotted against 
those in the first, points O, close to the top line in fig. 5. 
Data given by four additional tests with nitrogen prepared 
in this way are also given. These data are all consistent 
with one another, and fall quite close to the line drawn. It 
will be observed that, for a given pressure, the percentage 
in pure nitrogen is greater than in the commercial nitrogen , 


* Phil. Mag. vol. xlii. p. 246 (1921). 
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it is furthermore intermediate between the values for pure 
air and for air which has been “cleaned up” by tungsten 


(hg. 4). 
Conclusion. 


The most interesting results of this investigation up to the 
present are the comparatively large magnitudes of the currents 
in the magnetic fields, the proportionality of these currents 
with the gas pressures, and the relative magnitudes of the 
effects in air and in nitrogen. These data would seem 
adequate to settle the nature of the phenomena in its main 
outlines. The fact that the residual currents are of similar 
magnitude in air and nitrogen suggests that the formation 
of heavy ions isa relatively unimportant factor. If it were 
important we should expect the effect to be much more 
marked in air, since oxygen is a much more electronegative 
gas than nitrogen. We are thus led to the conclusion that 
the passage of the currents in the magnetic field is a test of 
a collision between an electron and a gas molecule simply, 
and not of a collision which results in combination of the 
two to form a heavy ion. 

The proportionality between the residual current and the 
gas pressure seems at first sight a difficulty on this view; 
on the ground that the co-operation of more than one collision 
is required for an electron to reach the anode. This suggests 
that the effect might be expected to increase more rapidly 
than as the first power of the pressure, It is probable, 
however, that this view of the phenomena is too superficial. 
The first collision will really decide the fate of the electron, 
because it puts it in a condition which prevents it from being 
returned to the cathode by the magnetic field. Since the 
experiments deal with a steady state, there is no opportunity 
for indefinite accumulation of electrons or ions in the field ; 
so that the only alternative is for the electron to reach the 
anode, If the gas present is inadequate to ensure this by 
ineans of collisions, it seems likely that the electrons present 
in the space will cause a readjustment of the electric field in 
sach a way as to make this possible. On this view, the 
currents to the anode in a magnetic field will be proportional 
to the probability of a single collision, and therefore pro- 
portional to the gas pressure, for small pressures. 

The actual magnitudes of the currents in a magnetic field 
are also consistent with this point of view. On tlie assumption 
that the occurrence of a single collision is sufficient to 
determine the passage of an electron to the anode, we can 
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estimate a value for the mean free path of an electron in the 
gas. To do this, we require to know the length p of the path 
of an electron in the magnetic field when no collision occurs. 
As an approximate illustration let us take this to be an arc 
of a circle whose diameter is along the axis of the cylinders, 
and whose radius is equal to the maximum distance r which 
the electron travels from that axis. Then 


pr(m—2sin^?* afr), 


a being the radius of the hot wire. The proportion of any 
group of electrons which travel a distance z without collision 
and then collide in the succeeding distance d. is 
-7 dæ 
À 
e A! 


and the proportion ë which collide in a path of length p 
is thus 


LT [IT 
\ ibis -l-—e ^. 
Thus A=— p[log,.(1—£E). 


For H=160, r lies between the limits 0:06 and 0:096 em. 
according to the value of the initial velocity of the electron. 
If we take r—0:08 cm. as a mean value, this gives 
p-—008x3:0015 em. Ata pressure of 0:02 mm. of mercury 
the value of E was 0:259. 

On substituting these numbers, we find 


A=0 805 em. at 0:02 mm. pressure, 
or Ao; 221x107? em. at 760 mm. pressure. 


The last number is similar to those given by other methods. 
On account of the approximate nature of some of the 
assumptions made, no correction has been applied for the 
influence of the high temperature of the gas on its density 
under a given pressure. 

It the preceding interpretation of the -phenomena is 
substantiated bv further experiments, it would seem that 
the method might be used to compareand perhaps to measure 
the mean free paths of electrons in different gases. Further 
experiments extending to a number of gases are in progress 
by one of us (R. C), and will be reported upon shortly. 
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XXXVI. The Ionization by Collision of Hydrogen, Nitrogen, 
and Argon. By T. L. R. Ayres, B.A., M.Sc., Exeter 
College, Oxford *. 


l. í r principal object of these experiments was to 

determine the ionization in hydrogen, nitrogen, 
and argon, by collisions of electrons with molecules for 
comparatively small values of the ratio of the electric 
force X to the gas-pressure p. The range specially 


X 


. e X - e e 
examined is from —=5 to — = 60, X being in volts 


per centimetre and p in millimetres of mercury. 
In the original determinations of the number of ions 
generated by collision in these gasest, the eftects of 


positive and negative ions were not measured in cases 
X 
where the values of — were less than about 40. 


The velocities in the direction of the electric force, and 
the mean velocity of agitation of the electrons in these 
gases, have been found recently by Professor Townsend 
and Mr. V. A. Bailey 1 by a method which had previously 


been used to determine the motion of electrons in air. 


r 


Their range of investigation extended from = 0725 to 
X _ 60 or 100; consequently, the determination of the 


number of ions generated by collision within this range 
is an allied question of considerable interest. 

The number of ions generated by collisions of electrons 
with molecules, and the total number of collisions of 
electrons with molecules, would then be known for cases 
in which the mean velocity of agitation and the mean 
velocity in the direction of the electric force can be 
measured accurately. 

When the original researches on ionization by collision 
were published, the term “ion” was generally applied 
to any small particle with an atomic charge, and included 


9 Communicated by Prof. J. S. Townsend, F.R.S. 

+ J. S. Townsend, Phil. Mag. iii. p. 557 (June 1902), and (6) vi. p. 598 
(Nov. 1903). H. E. Hurst, Phil. Mag. (6) xi. p. 535 (19060). E. W.B. 
Gill and F. B. Pidduck, Phil. Mag. xvi. pp. 280-290 (Aug. 1908). 

t J. S. Townsend and V. A. Bailey, Phil. Mag. xlii. p. 8/4 (Dec. 1921), 
xliii. p. 593 (Mar. 1922), and xliv. p. 1033 (Nov. 1922). 


Phil. Mag. S. 6. Vol. 45. No. 266. Feb. 1923. 2A 
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electrons as well as particles with masses of the order of 
the mass of a molecule. 

At present, the term “ion” is generally applied only 
to the larger partieles in order to distinguish them from 
electrons. 

For brevity, it is frequently desirable to retain the 
original .notation ; so that when a pair of ions are said 
to be generated by a collision, what is meant exactly is 
that a positive ion and an electron are generated when a 
positive ion or an electron collides with a molecule. ‘The 
original experiments afford ample evidence that with these 
forces and gas-pressures the electrons move freely, and are 
not combined with molecules of the gas. Also the ratio 
of the charge to the mass of the negatively charged particle 
shows that in the process of ionization by collision the 
negative particles which move along the free paths between 
collisions with molecules are electrons, as they have a mass 
of from one- to two-thousandth of the mass of an atom of 
hydrogen *. 


? 


2. In these experiments ultra-violet light was used as the 
ionizing agent and, as in the earlier experiments t, it was 
found that the current produced could be represented by 
the equation 


ee EE) dies . (1) 
aca) * $93 
when both positive and negative ions were actively engaged 
in the production of new ions by collision. Whilst, in 
weaker fields, before the positive ions have acquired sufficient 
velocity to be effective in this direction, the equation for the 
current becomes 


eS yes d m deed. Rot) 
Equation (2) proves sufficient for work up to m 15 for 


argon, 30 for hydrogen, and the neighbourhood of 100 for 
nitrogen. 

The usual nomenclature of the collision-theory is adopted 
without further explanation ; and all symbols usually 
employed are retained in their usual form and with their 
usual meaning. 


* J. S. Townsend and H. T. Tizard, Proc. Roy. Soc. A. ]xxxviii. 
p. 336 (1913). 
+ Townsend, ‘Electricity in Gases,’ Chaps. VIII. to X. 
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3. The apparatus consisted essentially of a pair of well- 
insulated parallei-plate electrodes of silver, with guard-ring, 
in an exhaustible glass bell-jar. The centre part of the 
lower plate was pierced with parallel slits, in order to form 
a grid allowing of the admission of ultra-violet light from 
below to the ionization-chamber. The distance between the 
plates was accurately adjustable by a micrometer-screw 
worked from outside through a well-fitting socket. The 
slits in the lower plate were about 1 of a millimetre wide, 
15 cm. long, and 1 mm. apart. The diameter of the 
upper movable plate was 6 cm., and the maximum distance 
between the plates 1 cm. 

The general arrangement of the apparatus is shown by 
the diagram in fig. 1, which will sufficiently explain itself. 


Fig. 1 


E 


In the earlier experiments the electrodes were usually 
made of zinc, but it was considered desirable to use silver in 
these experiments to see if the determinations were affected 
bv changing the metal of the electrodes. The recent 
experiments of Townsend and Bailey on the motion of 
electrons in argon showed that that gas is extremely sensi- 
tive tosmall quantities of impurities, and they found it 
advantageous to construct their apparatus, using glass instead 
of ebonite as an insulator. 

The same precautions were taken in the apparatus used 
in these experiments, all electric insulation being effected by 
means of glass supports. 

The contact of sealing-wax and grease with the gas 

A 2 
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was reduced to a minimum by having ground-glass joints 
with the wax outside, wherever a fused glass joint was 
impossible. The electric leads were admitted through 
capillary tubes which fitted into carefully ground sockets, 
and the wires were sealed into these only in the outer half 
o£ the tube. 

The object of these precautions—prevention of contami- 
nation of tlie gas—appears to have been fairly successfully 
attained, if one judges by the steadiness of the gas-pressure 
and the uniformity of the observations in the case of the 
hydrogen and nitrogen. 

The currents were measured by the Induction Balance 
method * generally used in these experiments, and all 
wires, the electrometer, condensers, and glass jar were 
well screened. 


.. 4. The gases were prepared by the following methods :— 


Hydrogen. A palladium tube was fused into the glass 
tubing of the apparatus and surrounded by an exhaustible 
silica sleeve. "This sleeve was attached to a voltameter for 
the production of the gas by the electrolysis of barium 
hydrate, and pure hydrogen was admitted to the apparatus 
through the palladium by: ipplying heat outside the sleeve. 

Nitro ogen. This gas was produced chemically by very 
slightly warming a mixture of equal parts of sodium nitrite, 
ammonium chloride, and potassium bichromate in three 
parts of water. The gas was then passed successively over 
KHO, H,SO,, and heated metailie copper. 

In euch case the gas was stored in a flask over P0; and 
allowed to stand for at least a week. 

Argon. The gas used in these experiments was a specimen 
of that which had been carefully purified for the experiments 
on the velocities of electrons referred to above, and the 
results of those experiments show that impurities probably 
amounted to less than *01 per cent. A flask containing the 
specimen of pure argon was sealed to the apparatus, "and 
the gas admitted by means of a mercury-sealed tap. 


9. After repeatedly exhausting and washing out the 
apparatus with pure gas, the ionization experiments were 
carried out with gas-pressures ranging up to about 100 mm. 
and electrode-di-tance up to its full amount whenever 
possible. 


* J. S. Townsend, Phil. Mag. (6) vi. p. 598 (Nov. 1903). 
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6. These experiments were made over large ranges of 
electric forces and gas-pressures, in order to compare the 
results with those of the earlier investigations. It will 
be seen that the present results are in good agreement 
with the earlier ones in hydrogen and nitrogen ; but in 
the case of argon the agreement was not good in the 
determinations corresponding to the lower values of the 


ratio X : 


B 


. a . . 1 
7. The ratios - and p corresponding to ditferent values 
) 


* 


US 


X 
of F are shown in Tables I., II., and III. The distance S 


at whieh sparking should occur, calculated from the 
equation 
a — p e«- 88 L 0, 


affords a means of comparing the sparking-potential V, 
obtained experimentally, with the calculated sparking- 
potential X5. 

Tables I. to IH., and the curves in figs. 2, 3, 4, 6, and 7, 
give a general survey of the results obtained; whilst the 


i X 
results obtained with the lower values of x are represented 


on a larger scale in the remaining figures. 


8. In order to detect any leakage of air into the apparatus 
tests were regularly made, each of several days' duration, 
after each series of observations. The apparatus was com- 
pletely exhausted and the McLeod gauge watched. The 
, leakage was always so small as to be negligible, when it is 
remembered that the gas was rarely more than a few hours 
in use. After that it was always pumped out into the air, 
and fresh gas taken for the next series of observations. 


9. Special reference, however, must be made to the effect 
of impurities upon the behaviour of argon. 

When this gas was examined by Gill and Pidduek, their 
specimen was probably not of the highest purity. There 
was a leakage in the apparatus of *01 mm. per day, but they 
found it did not appreciably alter the eleetrical properties 
of the gas. 

It will be seen from the results of the present investigation 


358 Mr. T. L. R. Ayres on the Ionization by 


that a very sinall quantity of impurities affects the electrical 
properties of pure argon, but that there is no similar effect 
in pure hydrogen or nitrogen. 

Gill and Pidduck also made experiments with helium * 
which showed that its electrical properties were much 
affected by impurities, and, in consequence, a second 
investigation was made with much more carefully purified 
gas. The difference in the results was remarkable, and bears 
a very strong resemblance both in nature and magnitude to 
the difference between very pure and slightly impure argon 
observed in tlie present investigation. 

During the period of the experiments with argon, the 
leakage tests referred to in the preceding section never 
showed a gre ier rate of leakage than 25 mm. in five weeks 
(1. e. less than rsbg mm. per day). The contamination due 
to this during the period of two hours, over which deter- 
minations generally extended, must therefore have been 
quite negligible. 

In theso first few hours, however, measurable changes in 
the electrical properties of argon were found to take place 
on each occasion. 

It seems probable that the cause of these changes was the 
vaseline-lubricant used in the air-tight socket through which 
the micrometer of the present apparatus was worked. This 
explanation is strengthened by the fact that Townsend and 
Bailey, although using a distinctly more sensitive apparatus 
in their recent work with argon, found a considerably less 
tendency in pure argon to change in the first few hours. 
Their apparatus was free from the above-mentioned possible 
source of contamination. 


10. Under these circumstances, speed of measurement was 
essential; and it was found possible, by working at three 
definite distances (3, 6, and 9 mm.) between the electrodes, 
to take quite a large number of readings within an hour of 
the entry of the gas to the ionization-chamber. 

If the gas was retained in the chamber for a few davs 
the values of a and 8 became stationary, and after five weeks 
no further changes were observed. 


11. The experiments for the pure and the slightly impure 
gas were made over the whole range of forces and pressures 


* E. W. B. Gill and F. D. Pidduck, Phil. Mag. xvi. pp. 280-200 
(Aug. 1908), and xxiii. pp. 837-848 (May 1912). 


Collision of Hydrogen, Nitrogen, and Argon. 359 
corresponding to (5 =)08 to 600 ; and it was found that 
above 200 the E values differed very little from those of the 


earlier investigators. 
The - factor for the positive ions was, however, always 


much higher than theirs—a fact which is confirmed by the 
low sparking- potentials which were obtained in these 
experiments. 

Of necessity, during any series of readings, close approach 
to the sparking-potential had to be rigidly avoided. — Econo- 
mical usage of the gas also required that the observations of 
sparking-potentials should, in general, only be taken after 
using the gas for an hour or so. A few sparking-potentials 
were, however, taken with pure gas fresh from the storage 


flask. 


12. The mean results of the determinations for hydrogen 
and nitrogen are given in the following tables :— 


TABLE I. TABLE II. 
nd md Nitrogen. 
| be NE | mE MM | Nu d 
Be ds 2 Bp. XS | V. = ae B. S x p.i X8. | V. 
P p | A | PP P | 
o s | a io 011 | | | 
OA n” 
| 15 0177 | | m 15, ‘0170! | 
9) -0243 | | | 90! -0239 | 
| 95 0367 | | 2, 0305. | 
' 80 0726 00015" | , | | 30, 0382) ! 
| 40 -194 00065 | | | 30] 0050 | 
50 “354 -0016 |_| | 50) 0820. 
60 -560 -0030 | 9-40 564 570; 60| -121 
RO 9:0 0068 515: 412 ries $0| -257 , 0000! 
0116 3°50 | 350 351 | 100} -471 ''0009: 
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13. The results of the experiments are shown by the 
curves in figs. 2, 3, and 4. The points marked in the 
diagrams give the results of the earlier investi gators. 


Sparking-potentials. 
* W. R. Carr, Phil. Trans, A. cci. p. 403 (1903). 
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Effect of electrons in hydrogen and nitrogen. 
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Effect of electrons in Pin ie and nitrogen. 
(Enlarged scale.) 


It is desirable to emphasize the fact, that, although tho 
observations represented in the foregoing figures are ex pressed 


» 


as the ratios 3 ; a 5, yet each particular value found was 
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the result of a number of different observations (generally 
about 10) at pressures as diverse as possible. The ratios so 
obtained were approximately equal, and it is their mean 
values which are finally given in this paper. 


14. Table III. shows the results obtained for Argon on 
the same plan as the previous tables. | 


TABLE III. 
Argon (pure). 


» | 
= Sa t SXP. XScae)| Ve Taste IV. 
P az o s (Argon). 
2) 002 . — — ; LE PEE 
|^ 5 7075 ! 
10 | 182 -0000 | P. | S. Sxp. V 
| 15 | :300 :00067. esee] | 
|j 20 | 440 -00164128 | 256 (a) “97; 10 | 97 , 194 
25 | -550 :QU278 987 | 247 210, 10/21 | 194 
30 | 700-0039 T52 | 226 | 218 52 | 10 52 | 210 
40 | 960 -0064 525 | 210 |20 -—— | —— 
50 [1-22 -0089 408 , 204 |203 | (A)! -41 | 10) 4 | 207 
60 148 (0114 , 332 | 199 | 200 208! -5 | 104 200 
70 [1-738 -0140 | 2-80 | 196 | 197 208! 8 | 166! 198 
| 80 |1976 0167 2:44 | 195 | 195 208; 1:0 | 2:08 | 902 
90 2-930|-0195. 216 | 194 | 194 5321 | 6 | $12! 210 
| 100 1245 |0223 L94 | 194 | 194 521 | 10 | $21: 24 
125 [302 |-0290 1552] 194 | 193 900, 7] 63 | 226 
| 120 3-507 DSOSTL 1295| 194 | 1930 900, 9|81 23 
173 $11 (0450 L111} 194 | 194 9:00! 10, 90 | 232 
200 Hb64 |046, 970] 194 | 194 150 | :8,120 | 242 


m 


300 640 |100 | -061| 108 | 108 
400 '7:80 |-160 , 511) 204 | (24 
500 18°70 |235 , 428) 212 (211) 
600 ias B30 | 4 220 | (229) 


e 
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| 
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The actual sparking-potentials found experimentally in 
Argon are shown in Table IV. («) with pure gas just 
admitted to the ionization-chamber ; (b) with gas which had 
been in use for about an hour in ionization experiments. 


15. The numerical results given in the preceding tables 
for Argon are represented graphically in the following 
figures :— 
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The continuous curve represents results obtained with pure Argon. 
The lower dotted curve gives the results obtaued hy Gill mud 
Pidduck, whilst the intermediate curve shows values ot the ratios 
after the gas had stood in the ionization-chamber for 5 weeks. 


Fig. 7. 
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Sparking-potentials. 


The change in the sparking-potential due to impurities was more rapidly 
evident than in other measurements. Fig. 7 shows by a continuous 
curve determinations obtained with the pure yas. The intermediate 
dotted curves indicate the effect of very slight impurities at certain 
approximate intervals of time up to 5 weeks, 
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Fig. 8. 
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Effect of positive ions in pure Argon and in Argon which was 
slightly impure. 


Fig. 9. 


Effect of electrons in Argon. (Enlarged scale.) 


16. For certain gas-problems information given in the 
ratio form of Tables I., II., and III. is insufficient. Conse- 
uently, for the purpose of supplying exact data as regards 
the actual pressure, distance between clectrodes, maximum 
voltage, &c., a number of actual examples from each gas are 


tabulated in the order of the natio in Table V. 
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TABLE V. 
Argon 
TN aes "n 
| X | | | | 
p O X. p a v a. B t 
p ` | | | 
mu eee ae | NEN PONENS 
| 105. 63 | 60 (079 | 567 | 063; — | 10 
. 214, 352 | 16 9 | 308| 132; — |15 
| 956 4l |16 9 | 369 380 | — | 20 
3:50' 559 ; 16 9 | 503] 87! — | 5 
. 595 951.16 9 | 856 |1523! — |10 
131 694] 521 | -9 | 62511303! — | 5 
393 1733, 521 | -9 |156 |3527 |-0268 | 60 
400 208 , 521 | -9 |187 |505 0355| 0 
| 400 (208 ' 521 | -9 |187 |463 |-0303 | 60 
* 746;,190 ; 255 | -8 |152 |474 0389 | 10 
9r5 [2485 255 | 8 11965 [5142 -0415 | 10 dys 
,192 ,2524| 1325| ^77 |1767 | 5-762 | -0620 | 60 
349 |292 ' 838| -6 |1745 |587 |-108 | 33dye 
|50; |323 | 638| -6 |191 |567 |-167 | 15 
* 613 |229 | -374| -8 |1832 3:52 |-119 |33dys 
*j 621 |396 | -638| -5 |198 |602 |-220 | 30 
| | 
! Hydrogen | 
| 
I7 
© 515 51 | 99 | 10 | 51 | 063] — | 
| 103 1025| 99 | 10 |1025 | 105| — | 
, 260 |204 | 785 | 10 |204 | 311; — | 
| 603 |206 | 41 | 10 |206 |1515 |-0053 - 
* 786 30L5| 41 | 10 |3015|949 |023 — 
12452 122 “985 | L0 |122 | 1-720 | -0203 . 
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= S E i TM 
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97 1112 |115 | 10 112 | -128 


248 | 615); 248 | 10 |-615) 075) — 
61 915 15 > | 458 | 1-91 — 
*| 1652 |410 2:48 '0 (369 (413 | -0176 


A few examples are then given illustrating the degree of 
closeness of the theoretically calculated currents [using 
equations (1) or (2)] to the currents measured experi- 
mentally. 

The symbols employed have the following meaning : 


X= field-strength in volts per cm. 
p=gas-pressure in mm. 
a — distance apart of electrodes in cin. 
- maximum voltage difference employed. 
e —e*o, 
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a, B=the number of pairs of ions produced per cm., by 
collision, by one negative or one positive ion. 


respectively. . 


t=time in minutes after first admission of gas to 


chamber. 


q the current observed (in arbitrary units). 


17. Of the following examples those marked (*) are taken 


from the preceding table. 


(Gas which has been in ionization- 


chamber one week.) 


Argon. 
(Pure Argon.) 
'| a. | 2 ‘4. | ^6. 'a. 
| 
| eg pee ci 
ditis 29 585 | 161 | 550 q 
eanl 22 js 146 S6 e 
Eus 22 xdi 


163 jum E 


X=190, p=255. ^ @=474. 
p 0889. 


(Pure Argon ) 


| 
3. | uso 5. 


* a , Ll | 2, | 
Eu 
qe 197 375. “171 | 865 
e... 197 N 
Ee 197 37 ,73:9 | 169 | 566 | 
| | 
X:-396. p-58. a=6-02. 
= "220, 
Hydrogen. 
| 
* a | 2, 4 8 Bu" 
gu opus 84 167 09 | 158 
e 84 167 65:3 | 130 
Bow. 84 168 707 | 158 


| | i | 


X-30L85. pol. 
B= 023. 


a — 242 


| 

(003,14. 06. 08. 10. 

INC NP RENE 

T" 125 282 690 180 6000 

-— 125 282 63:1 142 '319' 

T 125 385 680 178 509, 

EUER | | 
X=204. p=255. a=4-U5 


| l 
| | | eea 
g. 18 | 255 | 126 | 380 
eS 18 258 | 105 | 212 , 
E.. 18 259 | 127 380 ` 
X=229. p—374. a=352. 
B=119. 
Nitrogen. 
8 
an A 
*' a lS s 9 
ur ped PORE RED 
TM 13 | 64 | 161, 420 — 
les... 13 | 66 | 153 349 | 
E nekes 13 | 67 
| 


X-410. p-248. 
B—:0176. 
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18. The following is a short summary of results obtained :— 
I. With Hydrogen and Nitrogen : 
1. The values obtained for both ; and £ are in good 
agreement with those found hy Townsend and Hurst. 
2. For nitrogen, however, values of Ž are slightly higher 
than Hurst's in the range (5) =100 to 350; whilst in the 


same range E values are lower than his. 


3. The effect of the electrons was observed for values of 


A as low as 5 in hydrogen and 10 in nitrogen. 


4. The effect of the positive ions was observed for values 


of z as low as 30 for hydrogen, and 100 for nitrogen. 


5. No evidence was obtained of any distinctive variation 
in the ionization due to sight contamination of these gases. 
The effect due to larger amounts of impurities has already 
been inquired into by the earlier investigators. 


6. As the earlier work was done with brass and zinc elec- 
trodes, and the present with silver electrodes, the nature of the 
metal used seems to have no appreciable effect on the pro- 
cesses by which the currents increase with the distance 
between the plates. 


IT. With Argon: 
1. There is a general agreement between the values of 


; and ; corresponding to the higher values of 2 obtained 


in these experiments and those found by the earlier investi- 
gators. 
B 


2. The values of - and — corresponding to the lower 
values of P were larger than those previously obtained. 


3. The effect of the electrons was observel for very small | 


walues of the ratio X, as low as 2. 
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4. The effect of the positive ions was measurable with 
pure gas down to™ =10; but with slight contamination it 
was not detected lower than > = 20. 

5. In the region (5) = i 10, the effect of the electrons 


may easily be reduced by impurities to one-fifth of its value 
with pure argon. 


6. Comparatively low sparking-potentials were obtained, 
and it was found that impurities increased the sparking- 
potential. 


19. I wish in conclusion to thank Professor Townsend, 
both for the specimen of carefully purified argon which he 
kindly supplied to me, and also for his constant sympathy 
and ready advice on all occasions. 
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XXXVII. On certain Fundamental Principles of Scientific 
Inquiry. (Second Paper.) By Donoruy Wrinca, J).Se., 
Fellow of Girton College and Member of the Research Staff, 
University College, London, and HAROLD JEFFREYS, M.A., 
D.Sc., Fellow of St. John’s College, Cambridge*. 


T 1s a universal belief among physicists that when a 
sufficient number of inferences from a quantitative law 
have been verified, the probability of the correctness of the 
next inference from it may be made to approach indefinitely 
near to unity. It was shown in a former paper f that this 
proposition is not easily reconcilable with the other proposi- 
tion, also believed by some physicists, that all laws of some 
infinite class are equally probable à priori; but that it is a 
necessary consequence of the contradictory proposition, which 
appears not unplausible, that the prior probabilities of 
admissible laws are not all equal, the simpler in fact having 
the higher probabilities. It was pointed out further that, if 
the admissible laws are all arranged in a series according to 
their probabilities, the current process of taking the simplest 
law that fits the facts can never enable one to proceed more 
than a finite number of steps along this series, and accord- 
ingly the laws capable of being discovered must form an 


* Communicated by the Authors. 
t Phil. Mag. xlii. pp. 369-390 (1921). 
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enumerable aggregate. In particular, since it appears that 
the constants in physical equations are often capable of 
continuous variation, or of discontinuous variation through 
more values than can be examined, we must suppose that 
laws containing such parameters are not in forms suitable for 
the comparison of their probabilities. They must have these . 
parameters removed, by differentiation or otherwise, before 
such a comparison can be carried out. In particular, where 
a law can be expressed as a differential equation or as iis 
integral, the latter involving one or more arbitrary constants, 
the latter cannot be the fundamental form of the law in our 
knowledge, while the differential equation may be. One 
consequence of the inadmissibility of quantities capable of 
discontinuous variation through more than a certain number 
of values is that the fundamental form of the law of gravi- 
tation cannot involve the mass of the attracting body 
explicitly. Thus the Newtonian form of it cannot be the 
fundamental one ; nor can the Poisson form nor the equation 
in Einstein's system that corresponds to it, since the density 
occurs as a parameter in these and is capable of many values. 
On the other hand, the Laplace equation holding in regions 
containing no matter, or the corresponding Einstein equation 


Gur = 0, l 


may be fundamental. This appears to be the decisive and 
unequivocal answer to the question, whether action takes 
place at a distance or by continuous transference : there is 
no question as to the truth or otherwise of the differential as 
against the integrated forms of the law of gravitation, since 
they in fact imply each other; but the differential form is 
more fundamental in knowledge since it sums up all possible. 
forms of the integrated law. Again, the non-fundamental 
character of Poisson's equation and its analogue seems to 
require the density itself to satisfy a definite differential 
equation, which scarcely seems possible in view of the way 
we can vary it at will, or else that these equations are only 
macroscopic in character. The latter alternative would 
require that Laplace's equation or its analogue holds strictly 
at all points not within the ultimate particles of matter, and 
that the arbitrariness in the solution is supplied by the 
boundary conditions at the margins of these. 

It was pointed out in the paper already referred to that laws 
differing slightly with regard to some fundamental constant 
must be in general widely separated in the series arranged 
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according. to prior probabilities. If, for instance, the law 
involves only two terms, and in one possible law the constant 
considered is an integer, while in the other it differs from this 
integer by 1/n, we showed that in one plausible arrangement 
these laws would be separated by something of the order of 
m(n) terms, where z* is the number of numbers less than n 
and prime to it. 

It follows that the law established with a high probability 
by experience is never an approximation to the simple law, 
but the exact simple law itself. In other words, extrapolation 
over an indefinitely wide range can be carried out with the 
full probability of the law. This statement, however, requires 
further discussion. The data actually obtained by experiment 
are never such that they can exactly satisfy a quantitative law 
as they stand; they are of the form “the Lo a lies 
between the nth and (n 4 1)th marks on the scale” or “ the 
sensation y occurred between the mth and (m+ 1)th Debs of 
the clock after the last minute." There are two possible 
attitudes towards such measures. We can say either that 
they form a series of discrete values like n and m, only a few 
of which can possibly satisfy the law exactly ; or that there is 
in each case a “true value" to which the measured value is 
only a rough approximation, and which does accurately satisfy 
the law. The latter alternative appears plausible at a first 
view, but is quite inadmissible as a part of knowledge. In the 
first place, as has been stated above, many of the quautities 
are involved through their differential coefficients, which are 
in no case directly measurable. Further, if it be once 
admitted that there is a true value which may be equal to 
any value in a certain compact series, so far as our prior 
knowledge can toll us, we must recognize that the number of 
possible true values that fit the law is infinite ; for if the law 
connects wand y, say, there will be certain ranges of values 
of wand y such that every value of æ within one corresponds 
to a value of y within the other, and vice versa. Thus the 
“true value" can in no case be determined uniquely from 
the knowledge at our disposal. 

The solution of the diffieulty appears to rest in a definite 
admission that the observations in fact do not as a rule salisf y 
the law. Tho fundamental data of all empirical knowledge 

* Tt has been proved that m(n) is asymptotically equivalent to n/log 24, 
For other properties of this function z(5) reference should be made to 


the writings of Mertens, Hadamard, Von Mangoldt, De la Valléé-Ponssin, 


Landau, Littlewood, and Hardy. Tüeferences may be found in Landau’s 
Primzahlen (Teubner, 1909). 
3 


Fundamental Principles of Scientific Inquiry. 371 


are sensations ; those sensations involved in measurement 
form a large class of special interest for physics. The laws 
of physics are derived from measures, with the assistance 
of certain other principles of a non-logical character, the 
principle of simplicity being among the chief. They are 
therefore less fundamental in knowledge than the data of 
measurement. 

Any observed measure is liable to differ slightly from the 
measure of the same quantity calculated by inference from the 
laws established. This is a matter of experimental fact ; and 
it is no violation of our principles that it should be so, for it 
is characteristic of quantitative inference that it only infers 
an observed value approximately and with a high degree of 
probability. It does infer that the observed value will lie 
within certain limits ; these are to be found as follows. Ifany 
measured quantity /, is found to lie beween n, and n,+1 units, 
and another measure /, 1s to be inferred from a number of such 
measures, we obtain the maximum limit by supposing each 
measure l, to have the value n, or n,+1 units, whichever 
gives the greater calculated value of the measure /, to be 
inferred. By an analogous procedure we can find the 
lower limit of the inferred quantity, and our inference 
is strictly of the form that the observed measure will almost 
certainly lie within the limits thus obtained. In our sub- 
sequent work we shall not usually state our results in this 
form, but in the more compact one given by the simple law 
itself. Nevertheless, they can always be restated in the strict 
form by applying the above rules, and it is only when this 
has been done that verification has any meaning. 

Inferences of this form are all that are ever made in 
science, and the characteristic feature, namely, a certain 
latitude in the verification, which we by convention call the 
margin of error, duly appears in the result. It follows by 
the argument in our former paper that if tlie law hasa finite 
prior probability, we can by making a sufficient number of 
verifications make the probability of subsequent verifications 
approach indefinitely near to unity. Accordingly, this 
postulate is a sufficient explanation of the high probability 
usually attached to quantitative inference. 

As has already been stated, it would be an error to 
consider that this result proves that scientific inference has a 
wholly logical basis. The theory we have developed links 

together a postulate which has been stated in formal terms * 


* Loc. cit. pp. 378-9. 
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in the paper already quoted, and is summarized in the 
opening paragraph of the present paper, with the propo- 
sition, habitually assumed in science, that quantitative in- 
ference from the simplest law that fits the facts is reliable. 
It is, indeed, proved that the second is a logical con- 
sequence of the first. The denial of the first would make 
it extromely difficult to construct a theory that would include 
the second. The result therefore constitutes a contribution 
to scientific methodology, which aims at reducing the pro- 
positions habitually assumed in scientific investigations to 
groups of more fundamental propositions which imply them, 
and is not an attempt to prove that these fundamental pro- 
positions have themselves a basis in logic. The sole reasons 
for believing them are their intrinsic “plausibility aud the 
unplausibility of consequences deduced from their icontra- 
dictories. 

The structure of the theory of scientific method is strictly 
analogous to the structure of pure geometry, each consisting 
of a set of fundamental propositions with a logical super- 
structure. The main differences are that the fundamental 
propositions of science include facts of sensation, and that 
principles of probability inference, including empirical 
generalization, are emploved in the development. Given 
all the fundamental propositions of scientific inference, the 
probability of any proposition whatever in science is deter- 
minate. 

In practice, one is not interested only in the relation 
between the fundamental propositions and the inferences 
from them ; for it is important to be in a position to assert 
the inferences without repeating the fundamental propositions 
every time. This will be accomplished only if the funda- 
mental propositions are believed. We have indicated 
reasons for believing them, but we must repeat that this 
belief is at bottom not logici i. The theory we are attempting 
to construct is one that includes the processes actually 
emploved by scientific workers ; since psychology is by 
definition the study of behaviour, this work may perhaps be 
regarded as a part of psychology. We think that the use of 
such a theory is to facilitate the understanding of the 
structure of pliysies, and thereby to suggest which methods 
of development and criticism are in closest accordance with 
the principles that are generally believed to lead to reliable 
results. l'or instance, one often hears the legitimacy of 
inference criticised in the case of new and unfamiliar laws, 
and it seems desirable that it should be pointed out that the 
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process of inference and the reason for believing the results 
are just the same in these cases as with laws that have been 
known much longer. 

In addition to the known measured value of a physical 
quantity and the unknowable *' true value" there may be a 
third quantity not found wholly by measure, and quite unique. 
This we shall call the “adopted value." This occurs when 
we have a number of observations of one or more variables, 
which have been found to be fitted approximately by one or 
more physical laws. The case of a single measurement 
carried out several times may be included under this head, 
the law involved being merely one of constancy with regard 
to the time. The observations will not in general fit the law 
exactly, and it may be useful to adopt some method of 
finding values near to them that do fit it exactly. The 
Method of Least Squares is one specially convenient method, 
but there are many others. It is a matter of convention 
which method we adopt, but when we have chosen one the 
values found by it are unique. These values are called the 
adopted values. They are evidently less fundamental in 
knowledge than the laws, and still less so than the measured 
values. 

We have remarked already that the measurable values of 
aquantity form a discrete series containing an enumerable 
set of terms; hence its ordinal type is finite or w.  Irra- 
tional numbers form no part of the measurable values. 
On the other hand, the adopted values form a compact 
serles. For, suppose a quantity to be measurable as either 
n or n+l units. Then it is possible that after a number 
of measures have been made, 7 of them have been found 
equal ton and s ton+1. The adopted value, according to 


the usual least square method, would be n. Now, 


however short the interval between two numbers both less 
than 1 may be, there are always values of r and s such that 
s'(r+s) lies between them. Hence there are possible adopted 
values of the quantity in every interval from nto n+l, and iu 
general we may sav that the possible adopted values form 
a compact series. On the other hand, the cardinal number 
of this series is only Ny. For, the possible physical laws 
have number N, Each has a finite number of integrals. 
These, with any conventional method of fitting, give in each 
case a single finite set or a finite number of finite sets of 
adopted values. Hence, by the method used to show that 
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the roots of all algebraic equations are of number No, we may 
show that the possible adopted values have number Np. 
Hence the possible adopted values of any variable form a 
series of ordinal type 7. 

It is olten desirable to express physical laws in forms 
involving only ratios of measures among themselves, and not 
a specified unit. An example of this procedure i is to be found 
in the fundamental result used in our forthcoming development 
of mensuration. Each sueh ratio is the ratio of two terms, 
each of which may have any integral value in terms of the 
unit : hence the possible values of such ratios form a series 
of ordinal type 7, the type of the rational fractions in order 
of magnitude. The special advantage of this method of 
expressing a law is, of course, that it remains completely 
unaltered when a ch: ange of units is made. 

On the other hand, any continuum must have number 2%». 
This introduces à theoretical difficulty. For it follows from 
the foregoing argument that no physical law in its integrated 
form ean involve variables capable of more than N, values, 
even if we include adopted values and ratios of measures. 
Hence continua have no place in physics; the closest type of 
series possible is 7. 

The ordinary discussions of differentiation cover cases of 
tlie. differentiation of. functions specified for all values of a 
continuous variable. Such specitieation, as we have already 
shown, is never possible in physies. It is sufficient for our 
purposes, however, to define differentiation in such a way 
that it ean be applied to functions specified for only an 7 of 
values. In the case of functions specified only fora finite 
pumber of diserete values, the differential coefficients must 
be defined by the conventional process of interpolation ; this 
is, indeed, how they are always found in practice. 
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XXXVIII. 7he Calculation of the Magneton Number of an 
Atom in Solution. By J. H. Situ, M.Sc, Assistant in 
Physics, University College, London*. 


EISS (Le Radium p. 8, 1911), using the numerical 

results of a large number of experimental measure- 

ments of the magnetic susceptibility of metals of the iron 

group and of their compounds, concluded that the magnetic 

moment of an atom of this group was always an integral 

multiple of an ultimate magnetic unit which he called the 

magneton. 

The magnetic moment per gram molecule of a substance at 
absolute zero is calculated in the following way. 

Let x be the volume susceptibility at a temperature T? Abs. 

of a substance of density d and molecular weight M. The 


molecular susceptibility at T? is MX. Using Langevin's 
theory for a paramagnetic gas we have i alvp where 


I and I, are intensities of magnetization, H the external 
magnetic field in absolute C.G.S. units, and R is the gas 
constant 8:315 x 10 ergs. 

The magnetic moment per gram molecule at absolute zero 


-A/ 3RTM X. 
d 


In the case of solution the theory of Langevin for a para- 
magnetic gas is assumed to hold good. In general also 
Wiedemann's law that the magnetic susceptibilities are purely 
additive is also assumed. For solution of the chlorides, 
nitrates, and sulphates of the iron group in water, this has 
been verified by several workers. (A review of published 
work on the theory is given by Cabrera, Journal de Chimie 
Physique, xvi. 1918.) 

Tie magnetic moment per gram atom for the metal is 
found by subtracting the diamagnetic moment per ‘gram 
acid radicle (i. e. for Cl,, SO,, or NO3) from the magnetic 
moment of the gram molecule found as above. The values 
of the diamagnetic moments of the acid radicles are taken 
from those deduced by Pascal (Annales de Chimie et Physique, 

xix. 1910) from measurements of magnetic susceptibility for 
series of organic compounds. These values are corrected to 
agree with the later determinations of the susceptibility of 
water, since Pascal made all his measurements using water 


* Communicated by Prof. A. W. Porter, F.R.S. 
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as a standard. The accepted value was then :75x107*; 
"720x1077 is the mean value of the most recent de- 
terminations. 
The magnitude of this correction is shown in the following 
example taken from the results of Weiss and Bruins 
(Koninklijke Akademie van Wettenschappen te Amsterdam, 
xviii. p. 1, 1915) :— 
Molecular susceptibility of nickel chloride 443:6 x 1075 
Atomic susceptibility of nickel at 18° C. 447°6x 1075 


The correction for the Cl, radicle, 4:0 x 107°, is seen to be 
about 1 per cent. For cobalt and iron salts the percentage 
correction is rather less. | 

In addition to so allowing for the Cl radicle there is a 
further correction of the same tvpe which ought to be made; 
for in the molecule of nickel chloride there must be two 
systems with diamagnetic moments. The nickel atom itself 
must have a diamagnetic moment which is comparable with 
that of the Cl, radicle. 

The typical atom of the iron group must consist of a nucleus 
and planetary system, in which the orbits of the outer 
electrons are mutually. compensatory as regards the magnetic 
field produced by them at any external point, with the addi- 
tion, characteristic of the group, of an uncompensated orbit. 
By an uncompensated orbit is meant one which can be 
rotated by external magnetic fields. 

Let A be the centre of the uncompensated element of such 
an atom. Any other single electron in the atom, moving ina 
cireular orbit with frequency n, will produce a magnetic field 
for which the magnetie vector at A can be written Gne— 
where G depends on the size of the orbit and the position of 
A with regard to it. Suppose that u is the magnetic moment 
of the uncompensated element. Between the latter and the 
orbit considered there will be a relative magnetic energy 
Gnep cos $, where $ is the angle between the axis of u and 
the vector Gne. If XGne cos du be taken for all the orbits of 
the atom, the result will be zero if there is only one uncom- 
pensated orbit. But even if this is so, the orbits of the 
compensated type must havea diamagnetic moment which is 
. comparable with that of the acid radicle. Thus all the values 
which have been calculated for the magnetic moments of the 
paramagnetic atoms must be smaller than the magnetic 
moment of the uncompensated element alone. The dia- 
magnetic moment of the atom must also vary with the re- 
quency of the electrons in compensated orbits, unless there 
is a change of area of orbit with frequency, such that the 
product of these two is constant. 
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Weiss and Bruins (lve. cit.) found that, when ammonia is 
added to solutions of nickel sults in water, the magneton 
number of nickel drops trom 16:03 to 15:57, although 
Wiedemann’s additive law is still obeyed. If the moment 
of the uncompensated orbit remains constant, then, on the 
addition of ammonia, there must be an increase in the dia- 
magnetic moment of the nickel atom. The colour of the 
solution changes from green to brown, and this indicates a 
change of frequency of the electrons which are responsible 
for light-absorption. If measurements were made on the 
change of position of the absorption bands, characteristic of 
the nickel atom in solution, when the ammonia is added it 
might be possible to obtain some relation between the change 
of frequency and the increase of diamagnetic moment. 

Since there was no apparatus available to investigate the 
colour change of the nickel solutions, it was decided to 
use instead cobalt chloride solutions in water and in absolute 
alcohol. The solutions of cobalt salts in water havea well- 
detined absorption maximum in the green, which moves 
towards the red end of the spectrum when the salts are 
dissolved in alcohol. 

The positions of the maxima of these bands were inves- 
tigated with a Hüfner spectrophotometer, as modified by 
Mees (* Photographic Journal,’ July 1904). 

In water solutions the absorption maximum was found to be 
at *510 p, and in the alcohol solutions at 65. These results 
are in good agreement with those obtained by Houstoun and 
Gray (Proc. R. S. Edinburgh, xxxi. p. 547), but differ from 
the positions estimated from series of photographs through 
solutions of different strengths by Jones and Anderson 
(Carnegie Publications 110). 

The measurements of magnetie susceptibility were made 
with apparatus similar to that described by Pascal (Annales 
de Chimie et Physique, viii. p. 289, 1910). The method was 
first suggested by Kelvin. If the substance is obtained in 
the form of a uniform cvlinder, and one end of the cylinder 
is situated in a field of strength H and the other end in a 
field of strength A, the cylinder experiences a force 
dy (EH? —h?)S, where S is the cross-section of the cylinder and 
x is the apparent volume susceptibility of the substance, 
that is, the difference between its susceptibility and that of 
the surrounding medium. The force was measured by sus- 
pending a thin-walled glass tube containing the liquid from 
one arm ofa balance, the base of the tube being situated 
between the poles of a large electromagnet, and finding the 
change in weight of the tube and contents when the current 
passes through the coils of the electromagnet. 
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The molecular susceptibility. of the alcohol üsed was found, 
by comparison with water, to be 3:40 x 140 ?, The value 
found by Pascal (loe. cit.) was 3°43 x 107%, when corrected 
by the more recent value of tlie susceptibility of water. 

The volume susceptibility of cobalt chloride in solutions 
of various strengths was found to be about 2 per cent. lessin 
alcoholic solutions than in water solutions of the same 
strengths. The magneton number of cobalt in the water 
solutions, calculated “by the method used by Weiss, was 24:6. 
Miss Brant (‘ Physical Review, xvii. p. 678, 1921) 
found 21:5. 

It is found therefore that, if the moment of the uncom- 
pensated element is constant, the diamagnetic moment of 
the molecule must increase, although the frequency of reso- 
nators corresponding to the absorption maximum is decreased. 
The areas of these orbits mav change. It must also be re- 
membered that they are probably ‘only a part of the com- 
pensated system, A reasonable conclusion is that the 
frequency of the uncompensated element is diminished in 
the alcohol solutions, just as that of the light absorbers is 
diminished. The mass of evidence collected during recent 
years for the two paramagnetic gases (oxygen and nitrous 
oxide), for solutions,and for crystals shows that experimentally 
we find that neither the magneton of W eiss, nor that of Bohr, 
which is about five times the former, fits in with the experi- 
mental results. 

The study of the variation of magnetic susceptibility with 
temperature in platinum and palladium has led Foéx (Annales 
de Physique, ix. p. 16, 1921) to conclude that these metals 
possess not only a diamagnetism which is independent of the 
temperature, but also a paramagnetic part to w hich he 
assigns the magneton number 8. It is evident that all atoms 
have a diamagnetic moment. 

Westgren ( Journal of the Iron and Steel Institute,’ May 
1921) has shown that the crystal structure of iron does not 
change at the recalescence temperature, so that there can be 
considerable changes in the uncompensated orbits without 
any apparent change i in the distribution of the outer electrons 
ofthe atom. A change i in the distribution and frequency of 
the latter will, however, produce a change in the diamagnetic 
moment of. the atom, as was shown by Oxlev (Phil. Trans. 
R. N. 214. A. et seg.). Such changes account for the discon- 
tinuities observed by Theodoridés (Comptes Rendus, clxxi. 
p. 715, 1920), when he plotted 1/y against the absolute tem- 
perature for certain paramagnetic erystals. 
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XXXIX. The Runge of Alpha-Particles from Polonium in- 
Various Gases. By C. W. VAN DER MERWE, AM.Se., 
Lecturer in Physics, University of Cape Town * 


[Plate IV." 


HE Polonium which was the source of the a-ravs in 
these experiments was kindly sent to me by Sir E. 
Rutherford through Mr. C. T. R. Wilson. 

The range of the a-partieles was determined by C. T. R. 
Wilson's f method of photographing the tracks in air 
saturated with water-vapour. | Several improvements were 
made in the form of the apparatus. Wherever possible, 
brass was used in the construction instead of glass. A brass 
plate with a narrow horizontal slit, which was attached to 
the plunger, stopped the a-rays from traversing the cloud 
chamber, except at the end of the expansion when the slit 

Was PRA opposite the source of the a-rays. 

Gelatine, which Wilson used for coating the inside of the 
cloud chamber, was found to be unsatisfactory because a 
fungus readily formed on it; but a Jelly consisting of 6 parts 
by weight of glycerine (4 of water, 1 of gelatine, and 1 of 
sugar). proved satisfactory even at the higher temperature 
prevailing in Cape Town in the month of February. 

Many photographs of the tracks in each gas were taken, 
and the maximum range on each plate was selected as being 
the range of the par ticle projected from the surface of the 
radioactive material in that particular experiment. 

The initial temperatures and pressures were observed, and 
the final temperatures and pressures were calculated from 
the adiabatic expansion ratio. 

The range in moist air was found to be 5°57 cm. at 
255:1? K. and 462:2 mm. pressure, which corresponds to a 
range of 3:59 em. at N.T.P. Geiger 1 found the range of 
a-particles from polonium by the ionization method to be 
3:58 cm. at N.T.P., a highly satisfactory agreement between 
the two methods. 

Since water-vapour is less dense than air, the range in 


* Communicated by Sir W. H. Bragg, K.B.E., F.R.S. 
T Wilson, Proc. Roy. Soc. A. Ixxxv. p. 285 (1911). 
t Geiger, Phil. Mag. Oct. 1911. 
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dry air should be less than that in air saturated with water- 
vapour; for, according to Sir W. H. Bragg *, the stopping- 
power of an atom is proportional to the square root of its 
atomic weight. An attempt was made to calculate the 
stopping-power of water-vapour relative to that of air from 
many determinations of theranges in saturated air, assuming 
Geiger's value for dry air. 

If m is the number of water-vapour molecules and n the 
number of air molecules, then tlie stopping-power of water- 
vapour is given by 


msan m 


m+n c(" 


where r; is the range in dry air and v, is the rauge in moist 
air. Although these experiments gave a mean value of 0°77 
as the stopping-power, while Dragg's formula gives 0:79, the 
method cannot be regarded as satisfactory for the purpose. 
The photographic tracks are faint near their ends, and 
therefore cannot be measured with the necessary accuracy, 
for r is only slightly greater than 7,. This faintness of the 
photographic tracks near their ends is explained by the 
experiments of Geiger f and G. H. Henderson f, who showed 
that the ionization along the path of the particle does not 
suddenly stop. The ionization goes on increasing slightly 
until near the end of the path, and then falls off very 
rapidly. 

The experiments, however, show that we may assume the 
stopping-power of water-vapour equal to 0:79 in correcting 
for the presence of water-vapour in other gases. 

The following table exhibits the stopping-powers of several 
gases determined in this way, alongside the values calculated 
from Bragg's law, as well as the values for rays from 
Radium A and Radium C determined by Bragg and 
Kleeman S. | 

The greatest difference between the experimental and 
calculated values of the stopping-power is that of hydrogen. 
This is explained by the fact that the range in hydrogen was 
too long for the cloud chamber, and it was cut down by 
interposing aluminium foil, whose equivalent hydrogen path 


* Bragg. ‘Studies in Radioactivity,’ p. 42. 

t Geiger, Proc. Roy. Soc. Ixxxii. p. 489. 

{ Henderson, Phil. Mag. Oct. 1921, p. 538. 

§ Bragg & Kleeman, Phil. Mag. x. p. 318 (1905). 
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had to be calculated. The calculated range of hydrogen is 
probably too large. Pl. IV. shows a few specimen photo- 


graphs of the tracks. 


Stopping- Powers, 


Source of a-rays. 


Bragg's Experiments. 


Polonium. | 

exp. eal. Radium A. Radium C. 
AIP — 1:00 1:00 1:00 1-00 
Hydrogen ............ 0:22 0:26 — 0:24 
Water-vapour ...... 0:77 079 
Methane ............... 0°91 0:98 0:68 0:86 
Nitrogen ............... 0:99 0:99 0:98 0:99 
Carbon Monoxide ...| 1:02 0:98 0:98 0:09 
Oxygen ............... 1:08 1:06 1:057 1:064 
Nitric Oxide ......... 1-1] 1-02 
Carbon Dioxide...... 1:52 1:51 1-49 i) 
Sulphur Dioxide ... 182 1°80 | 
Methyl Bromide ...| 204 2:08 2:03 209  ' 

Summary. 


| 


Range 
at N.T.P. 


cms 


3-58 
16:28 


3:96 
3:02 
3:01 
38:32 
3:23 
2:06 
1:97 
1:76 


—— 


An experimental determination of the ranges of a-particles 
from Polonium, in several gases, by Wilson's photographic 
method proves that the stopping-powers of these gases may 


be calculated from Bragg’s law. 


I wish to express my appreciation of the interest taken in 
this work by Prof. A. Ogg and Dr. Lewis Simons, and also 
my indebtedness to Mr. J. A. Linton for the efficiency with 
which he constructed the apparatus used in the course of the 


research. | 


University of Cape Town, 
September 1922. 
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November 8th, 1922.— Prof. A. C. Seward, Sc.D., F.R.S., 
President, in the Chair. 


is following communications were read :— 


‘The Earthquake of 7th August, 1895, in. Northern Italy. 
By íi Dixon Oldham, F.R.S., F.G.S. 


This earthquake, although nowhere more than a feeble shock, 
was felt over an area measuring about 160 miles across and covering 
some 15,000 to 20,000 square miles in Lombardy and Tuscany. 
A detailed examination of the reports gives no indication of a 
central area of greatest intensity ; reports indicating an intensity 
of IV- ( Mercalli scale) are scattered over the whole area up to 
the extreme limits; reports of sounds and of noticeable vertical 
movement are similarly distributed. The nature of the disturbance 
was different from that usual in slight earthquakes, and more akin 

that noticed in the outer parts of the seismic area of great 
earthquakes. The reports are diseussed, and the conclusion is 
drawn that the depth of the ultimate origin of the earthquake must 
have been of the order of 100 miles or more. 


2. ‘The Pamir Earthquake of 18th February, 1911? By Richard 
Dixon Oldham, F.R.S., F.G.S. 


This earthquake has been attributed to the fall of a very large 
landslip, which certainly accompanied it. Asa surface- -origin of a 
great earthquake, re egistered by distant sei ismographs, is contrary 
to the trend of our knowledge, the original records of this earth- 
quake have been investigated. These show that it was felt over 
an area of about 250 miles in diameter, that the region ineluded 
by the VIII” R.F. isoseist measured about 40 miles across, and 
that over the greater part of this area destruction was extreme, 
and the hillsides were seamed with landslips.  Forall this there must 
have been a common cause, which is to be found in the earthquake, 
and this eould not have been due to the great landslip, for it lies 
on the extreme limit, and not near the centre, of the region of 
destructive violence. Aftershocks were recorded, providing further 
evidence that the earthquake was of the ordinary type, having its 
origin at a considerable depth below the surface. It is pointed 
out that the great landshp, though determined by, and not deter- 
mining, the earthquake, may have intluenced the distant seismo- 
grams by setting up surface-waves which, superimposed on those 
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directly due to the earthquake, may account for the unusual size of 
the long (or surface-) waves,as compared with the preliminary 
tremors. 


3. ‘The Geology of Sierra Leone.’ By Frank Dixey, D.Sc., 
F.G.S. 


About half of the Protectorate of Sierra Leone is composed of 
potash-bearing granites and granite-gneisses, while the remaining - 
areas are occupied equally by older schists and gneisses and the 
ancient sedimentary Rokell River Series. 

The older schists and gneisses, including a charnockitie series 
similar to that of the Ivory Coast, represent a complex of highly 
metamorphosed sedimentary and igneous rocks. 

The normal granites and gneisses are associated with tourmaline- 
granites, cancrinite-syenite, alkaline gabbros, and a number of 
minor intrusions. Basic igneous rocks, of various ages, are repre- 
sented by the great noritic complex of the Sierra Leone Peninsula, 
and by a large number of dolerite-dykes that cut the older cry- 
stalline rocks and also the horizontal sandstones of the Saionia 
Scarp Series (presumably of early Paleozoic age). 

The Rokell River Series has a lower conglomeratic division that 
rests unconformably upon the crystalline rocks. Its upper portion 
is composed of argillaceous and arenaceous sediments, with which 
are interbedded a series of acid and basie lavas and rhyolitic ashes 
and tuffs. The rocks of the Rokell River Series are usually much 
disturbed, and show every gradation from slight deformation to 
intense dynamie metamorphism. 

The southern margin of the great series of horizontal sand- 
stones of French Guinea. forms, near the Anglo-French boundary 
of the Protectorate, the Saionia Scarp, and thus the formation 
within the Protectorate bears the name Saionia Scarp Series. 
It rests alike with striking unconformity upon the Rokell River 
Series and the crystalline rocks. 

The Plateau Sands, resting upon the crystalline plateaux, are 
compared with the * drift" of Northern Nigeria. 


November 22nd, 1922.— Prof. A. C. Seward, Se.D., F.R.S., 
President, in the Chair. 


Prof. ArTHUR SrTANLEY Epprincton, M.A., F.R.S., Pres.R.A.S., 
delivered a lecture on The Borderland of Astronomy and 
Geology. He considered first, in reference to rival hypotheses 
as to the origin of the Earth and the solar system, the general 
evolution of the stellar universe. The trend of modern astronomy 
is against the view that luminous stars are being formed by 
collisions of extinct stars (unless very exceptionally); the stars 
now observed have systematic relations one to the other, apparently 
indicating that they have been formed as the result of a single 
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evolutionary process sweeping across the primordial matter. 
Collisions, in any case, would be extremely rare, since dynamical 
arguments indicate that extinct stars cannot greatly outnumber 
the observed luminous stars. Whether the original matter was 
gaseous or meteoric, it must have become entirely gaseous at a 
very early stage in the formation of a star: this is inferred from 
the fact that the masses of stars differ very little one from the 
other, and agree numerically with a certain critical mass, predicted 
theoretically for a sphere of gas, but unexplained if the star 
consisted of a swarm of meteorites. It is supposed that radiation- 
pressure was instrumental in breaking up the original matter 
into separate stars. These considerations favour the nebular 
hypothesis; but, if we accept Jeans’s suggestion that the solar 
system is an exceptional formation, and that undisturbed stars 
cannot give birth to a planetary system, the argument is less 
cogent, since it refers only to stars developing normally. Astronomy 
now demands a great enlargement of Lord Kelvin's time-scale for 
the age of the sun; the most direct evidence is obtained from 
Cepheid variables, which are found to be developing at only 1,500 
of the rate which Kelvin's hypothesis assumed. The sun must at 
one time have given out -from 20 to 50 times as much heat 
as it emits now; but it is uucertain whether any geological 
strata go back to an epoch when the sun was sensibly hotter 
than now. Darwin's views on tidal evolution and the origin of 
the earth-moon system seem to have held their own against 
all criticism. The present rate of lengthening of the day (deduced 
from ancient eclipses) is about 1 minute in 6 million years; it 
is, therefore, difficult to date the birth of the moon later than 
1000 million vears ago. "There seems to be no objection to the 
postulate that the Earth had a cool solid crust at the time of 
the catastrophe, if that would explain geological observations; the 
Pacific Ocean may be the depression which was left, and may 
have received the waters which formerly covered most of the Earth. 
The dissipation of energy by the tides occurs chiefly in the 
land-locked shallow seas, G. I. Tavlor having shown that the 
Irish Sea alone accounts for 1/50 of the whole amount. The 
brake on the Earth's rotation is thus a surface-brake; and the 
hypothesis suggests itself that there may be a slip of the outer 
crust over the interior at the ‘zone of weakness. If the slip 
is irregular, this would help to explain certain astronomical 
observations of irregularities in the longitudes of the moon, sun, 
and planets. It might even be the cause of the motion of the 
magnetic poles. The brake, being applied irregularly over the 
surface, would also tend to crumple the crust. The postulated 
looseness of the crust might also permit the North Pole to move 
about over the surface; but exceedingly long periods of time 
would be required, since there is no systematic tendency of the 
erust to move in latitude. 


NEWMAN. Phil. Mag. Ser. 6, Vol. 45. P). III. 


Spectra produced by an Electric Discharge through 
a Mixture of Mercury and Alkali Metal vapours. 


1. Mercury and Lithium. 

2. Mercury and Sodium. a. Condensed. 

3. Mercury and Potassium b. Wehnelt Interrupter. 
4. Mercury and Rubidium. c. Uncondensed. 
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XLI. Precession of the Spinning Top. 
By Sir G. GREENHILL *. 


[Plates V, VI, VII, VIII.] 


IGN and direction require careful consideration on a 

diagram of an actual case of top motion, and of the 

convention to be observed in the representation of a rotation 
by a vector, on the figure in Flatland. 

In this representation the vector is assimilated to a screw, 
and taken in usual right-handed, for a rotation to give 
advance along the direction of the vector. 

According as the top motion is mostly in the neighbour- 
hood of the upright position and zenith of the top, or near 
the nadir and downward vertical, it 1s convenient to measure 
from the zenith or nadir the angle 0 of inclination of the 
axle to the vertical, as in figs. A and B. 

But in both cases the vector of the precession in azimuth, 
as well as OG, the vector of constant impulse about the 
vertical, is measured upward, as would be required in a 
Steady Motion. 

Fig. 3, p. 182, Phil. Mag. July 1922, was not drawn with 
G above O, as it should have been on this plan, and so 
leads to some awkward change of sign; so too the references 
to a figure on p. 190 should be made to a figure A, with 
zenith Ó. 

On this right-handed screw system, the vector OC of the 
rotation of the Earth would be drawn from the centre to 

* Communicated by the Author. 


Phil. Mag. S. 6. Vol. 45. No. 267. March 1923. 2C 
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the North Pole: such a rotation is called deasil in agriculture 
and widdershins if opposite, expressions familiar once to the 
plonghman and his team, in directing them to turn round. 

Right and Left of the Sun are ancient expressions of 
doubtful meaning in direction, as we find in Herodotus and 
Xenophon. In his description of the voyage of circum- 
navigation of Lybia, sent out by Neco to sail down the 
Red Sea and return to Egypt by the Pillars of Hercules, 
Herodotus (iv. 42) declares his disbelief of the account 
brought back of the Sun being seen on the right hand, and 
we are left in doubt as to whether he means to the North 
or South, or if the equator was crossed. 

After the battle of Cunaxa the Greeks are said by 
Xenophon to have marched away havine the Sun on the 
right hand, and that would be to the East if marching North. 

Aristotle (de Calo) discusses a right and left hand of the 
Heavens, as of a living animal. In Esplandian, the en- 
chanted island of California is placed to the Right of the 
Indies; and to day a Scot will give the direction “ Turn to 
your East," meaning to the Right. 

Turner has ignored the Right and Left hand of the sky 
in his pieture where the Sun is shown setting in the East ; 
so that Jonah's lament over Nineveh will hold today, of a 
city where they cannot discern between their right hand 
and tlie left. 

Sitting in a room with the Sun on the right hand is 
awkward for writing, in throwing the shadow of the hand 
on the paper; much clearer to have the Sun on the left. 

Fig. A and B are repeated here, drawn according to 
these conditions ; and it will be noticed that a change from 
one to the other, from zenith to nadir 0, can be carried out 
in strict analogy by a mere change of 0 into m — ô, a change 
of cos Ó into — cos, z into — z, with a change of sign of 


_ dé dQ : : 
Q= dt? and of de leaving sin @ unaltered. 


In the discussion of Steady Motion, with constant pre- 
cession u, and its stability, as before in § 12, OA is drawn 


vertically upward on both figures to represent A= MI the 


height of the conical pendulum AB to accompany the axle 


at its steady inclination to the vertical. 


Then in our notation, with preponderance Ma, lb-ft, and 
transverse moment of inertia A = Af A?, lb-ft?, 


A Kk 
is the S.E.P.L. of the top swinging as a pendulum in a 
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plane ; or if the top hangs down vertical at rest, and then 
rotates as a conical pendulum of small displacement with 
angular velocity n, g=In?, gMa= An? ; and it was proved 


(p. 191) that 
_ 9 _ OP? 
m? AP 
is the S. E.P.L. to beat time with the slight nutation of the 
axle on its steady motion, corresponding to an apsidal angle 


m ,0P 
Pm AP 


OA 


Thus Z is increased and the motion becomes more sluggish 
by making AP" as small as possible, as in the upward vertical 
position ; and if OP and OL are equal or nearly so, L becomes 
infinite or very large, and the motion is on the verge of 
instability. 

On the diagram of fig. A, B, the length /=OP fixes 
the scale of the other geometrical quantities, such as 

A, C 
OA, a, K?, 7° 

But in the representation of the dynamical quantities, 

in OGKC, a lencth k is taken as the standard of the scale, 


and then with OG, OC=9, 0’, 
0,0. _ G, CR _ h, M 


k: Idn on? 


where 2An is the rotational impulse acquired by the top in 
faling about a horizontal axis from rest at the zenith 
through the nadir position (p. 181). 

In accordance with previous notation (p. 190) and on 
fig. A, B, drawn to geometrical scale, 


men dy 
Qi em us igo dy D 
kT QAn ' Pu ee SS ( 


and with $ the hour angle, 


_ gdp , dé 
R= cos0 5 t 


d$ = dy 
Ag CRAG _OC-MO_OM o 
24Àn ^ 2 4n zd k a e) 


provided we take Az C, when the top is called spherical, 
a restriction on $ without influence on «yr, but making a 
“4 


A 
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complete analogy between the d$ and wy relations ; and 
ignoring dimensions of scale we may take 
e 


dy d$ 
ACE -ON, ACT OM. 


Fig. B. 


Fig. A. Fig. B. 
GK sin 0 = OC—OG cos 0 GK sin 0 = OC+0G cos 0 
CK sin 0 = OG— OC cos 0 CK sin 0 = OG 4- OC cos 0 l 
OM = oc ETC OM = OC-FOG cos 8 
sin’ 0 sin? O 
ON = aca cos 8 ON = EOL cos 0 
sin*9 sin? O 
42V _ G— CH cos 0 dy _ GA Clicost 
dt sin? 0 dt sin*9 
TEN dy QA 
di |^ 1—<3 di ~ |—z* 
PER NES. LIAK h- 
l+z l-z I—z lz 
47? m CH e cos 0 y d$ S CR+ G cos 0 
dt sin? 0 dt sin? 8 
de a he dy _ ithe 
di | 1-2? dt ^ ]—z 
h+k h-h Ac hek 
“i4: les Tisz +z 
dw _ Wah: dw he 
dt E-z dt E+: 


in our subsequent notation of cos 0 =z, w, and E. 
With OH representing to scale the vector of the resultant 
impulse, and KH the component perpendicular to the plane 
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OGC of the paper, the dynamical equivalent of KH is 


AT , and on our right-handed. system, HK is drawn away 
from the eye in fig. A, but towards us in fig. D. | 

It will save trouble in the statements if we ignore the 
distinction between a dynamical quantity and its geometrical 
representation, and treat them as equivalent in the equa- 
tions; thus equating the velocity of H along KH to the 
impressed couple An? sin 0, and taking the radial component 
along GH, 

dGH 


, . „HK 
-u An’ sin cos GHK = An' sin 0o . (3) 


dGH . Qd60 
GH di = An! sinb 5, ©. . > (4) 


and integrating , 
GH?=2 A’n?(E — cos 0), OH?-z2A?n»*(F — cos 0), 
CH?:2z24?m*' (H—cos0), . . « (5) 
or to a geometrical scale again 
GH?=3h?(E—z), OH?=4h?(F—z), 
CH'ziPbj(H—z),) ...... (6) 
where E, F, H are dynamical constants, connected by 


h? o? o"? 
Er pa FHU +275, e (7) 


Again, resolving the velocity of H at right angles to 
GH, with (p, a) the polar coordinates of H in the horizontal 
plane GHK, 


12 
PHE+252H+2",, or F=E+2 


p? = An'sin 8 sin GHK 
. 4QGK QC — OG cos 0 
= An? sin Pay = 4" —_ Gr " (8) 
de . : 
Py =4kn(Q'—d:), with pg?—1EX&(E—:),. (9) 
with cos 0—:, equivalent to 
Fig. A. | Fig. B. 
da h'—hz dæ h'+hz 


dt — E—z dt” E4+z° ^ (10) 
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The geometrical relation GH?=HK? + KG?, replaced in 


dynamical units, becomes 


2 a 2 
2 A*n (E — cos 0) = A (at) + (= x 2) , (11) 


dz 3 ' ! 

(5) z2n*(E—:)(1—2?)—4(À —hz)? 
wom2aN(F—i)(1—z2)—4(A9—2AWz + h?) 

= 2n*?(H—2)(1—=?) —4(h—h'z)?=2n?Z,. (12) 


Z-—2,—2.29—2.£—23, 


o»z»5»lE F,H»10»5:»245»5—1»-—»», . (13) 
in the sequence, leading to the Elliptie Function solution 
z-—z,sn?lmt 4 z; en? mt, m? 2n? (2, — 23). 


This is to zenith 6; to the nadir 8, the sign of : must be 
altered, leaving the form of the equation unchanged. 

But the further integration for w, yv, and $ introduces 
the Third Elliptic Integral, III. E. I. 

This dynamical equation (11) may be interpreted as a 
combination of the Energy Principle with the constancy of 
component impulse G round the vertical and CR about 
the axle. 

A vector treatment is given by W. €. Baker in the 
Physical Review, April 1922: W. F. Osgood, Bulletin 
American Math. Society, June-July 1921. 

Fundamental Theorems of Dynamics can usually be 
presented in an incisive manner, shorter and more con- 
vincing than by reading into volumes of Victorian method, 
in analytical treatment by a procession of equations and 
approximation, and the use of Lagrange's method. 

The dynamies of the top, spinning about a fixed point O, 
may be stated in two Propositions :— 

A. The impulse vector OH describes a curve, in a hori- 
zontal plane in consequence of the constancy of the component 
impulse about the vertical ; and the projection of the C.G. of 
the top on this horizontal plane describes the hodograph 
of the curve of H, turned back through a right angle. 

This is true universally of any unsymmetrical top. 

But if the top has uniaxial symmetry : 

B. The curve of H is a Poinsot herpolhode, and the 
ui ae velocity about the axle is constant. 

roposition A and B will give the * Top in two moves ”’ ; 
and the motion is expressed by the elliptic function when 
the top has uniaxial symmetry. 
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But so far, for the general unsymmetrical top, the deter- 
mination of the curve of H has defied Analysis. 

In the general unsteady motion of the symmetrical top, 
the velocity of H imparted by the gravity couple An? sin 0 
is along KH, and is equal to the rate of growth of 


KH=4A s together with the velocity of K carried round 
the vertical OG with angular velocity oy ; and with a= Q, 


Fig. A. | Fig. B. 
dQ dy dQ dy 
3 a m T 2 — rn id. 
An sind = A>, + GK An’ sin @ Aj; +GK7, 
dQ , GK.KC |. ,4Q , GK. KO 
= 4qt t+ 4 uin S-A t Asino 
. b . (14) 
dGK KC dKO GK dGK — KO dKC  GK 
dð ^ sin@’  d0 sinO “dO ^  sinO0' dd” sinô 
. LJ e (15) 
obvious geometrically on the figure. 
Differentiating with respect to 0, with d0 — Qt, 
12Q a 12Q  ,, 
Qd —n? cos 0 Qan =~ cos 0 
GK?-- KC? — GK . KC cos 0 _ GK*-- KC? -- GK. KC cos0 
^  — — Af sin20 o A? Bin? 0 
pEr" GC?—3GK. KC cos 0 n 9 GC?+3GK .KCcos@ 
PA OR > ae ge ‘A? sin3 8 
30M .ON OK? 30M .ON OK? 
= ("+ fe) e080 Az? = (w+ 4n ) cos8— Fr 
(16) 


exact equations. 
In a state of Steady Motion in regular precession p, 


Q and > are zero; H and K coincide, and the velocity 

of K is 

An? sin 0=p. GK, An'=p.0OM, 
A?,?= Aw. OM=ON . OM, 


ON A^? m X 
OM Ap p? l 


with 


1-2 =0P, x= =0A; and OM.ON=}%, 


CRNS 
t 


to scale. 
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OK?—OM:--20M . ON cos 9--ON? |, OK?=0M?—20M. ON cos 0+ ON? 


2. . (7) 


OK* OM ON OK? OM ON 


Ani ON +2cos0+ 5M Tm = ON ?9*9*oy 
25 3 2 2 
mS T. ns p ." s 
e u? T vs O+ ui = 3—200504- 7, 


.. . (8) 


f 1 d? 
and in this Steady Motion, Q D = — mt, where 


m“ OK? ' x 1^ p? » OK on? p? 
2i y 4 cos 0— " — 2 cos 6+ n? " hn ent 4-4 cos 0 — pi +2 cos 6+ n 
l AP? _ l AP? 
2 008° ) 7 OA. OP = 7 +2000 6+ i = Ox OP 
(19) 


a result obtained, without approximation, showing that the 
slightest tremor will appear in a small nutational velocity 
Q=Q) cos (mt+e), beating m/2m times a second, with an 
apsidal angle, from node to node, as stated above, 


wa, = OP 
—^m ^ AP: 
With 6 — CHF »2 An, the top can spin steadily upright in 
the zenith position ; then in general steady motion 
2 
OCU =OM+MC, or CR=A™ + Ap cos 0, with cos0 — 1, 
n . (20) 
is a quadratic for u, the two independent circlings of the 
axle round the vertieal, adding up to the general epicycle 
motion, seen in the top when spinning upright, asleep. 
To lay off OA, OA’ in fig. A, to represent the two 
lengths of A—ou/u^, GO is produced down to P, making 


()P—/- ( 


D o» OC OS OP 
= d- e ——— = ves m 
eae or2- = Op TOs 
with OS the G.M. of OA, OP on the horizontal through O, 
and ASP ul right anole. 
lo solve this quadratic for OS geometrically, draw the 
horizontal line NR at a depth ON=OPcos@ below O 


cos 0, 


crossing the circle on OP in R; then RP produced will 
meet the vertical line DE at a distance OD=(9'/k)OP 
from © in E, centre of a circle of radius RE, crossing the 


horizontal through () in S, S’, with OS + OS'z OD, 
OS. 08 =OR?=OR?=0P.ON=OP? cos @. 
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Then SA, S'A' at right angles to PS, PS' will cut off 
the length OA, OA’. 

So, too, for a prolate solid, like a china egg, spun upright 
on a table, discussed in R.G.T. p. 273, we take in the 
notation there 


A ors C 

4 ut k=2(z—p) a yt? = 

n z—p” ' k A ' 2n? 
ut? 


in the equations of the top, with Q—X on the verge of 
stability, and then the energy is 


A 

CR? 2C . g +2 .z—p 2 A(z —p) 

mL = — sry; 0r — “ft. lb, 
mt’ M 


on a smooth table, 
Spinning upright inside a cup-shaped cavity, of radius 


of curvature p’, replace P by A -— " and change the sign of 


p if the body is spinning on a rounded summit. 

But with G= CE «24n, the upright position is unstable ; 
the axle will leave the zenith and ultimately reach an 
inclination 0,, where 


h CR 
cos 10 = arIa 


Then reckoning the time from this lower position, 
sin $0 — sin 10, sech 1mt, m=2nsin403;; . (21) 
so that after another infinite time the axle will reach the 


upright zenith position again. 
And for the azimuth w, 


— = -1 cos 16; z= =1 l 
y — ht = cos cos 10 tan^! (tan 10, th imt) 


_, sin 63 sh mt 


-ı L+ cos Gg ch mt E esnin 
ch mt— cos 0? ` 


ch mt— cos 0, (22) 


= 4 cos = sin 
a relation connecting true anomaly 2(y— ht) with hyperbolic 
excentric anomaly mt in an hyperbolic orbit of excentricity 
sec Â; ; also 

cos 10 cos (y — ht) 2 cos 363, 


cos 408 sin (qr — ht) 2 sin dO4 th 3t. . . . (23) 
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In the herpolhode curve (p, œ) described by the impulse 


vector OH, Ez 1, a =h=h'’, p'=GH?=4i'(1—cos 8), 
p=k sin 40 — k sin 10, sech (@ tan 385), 
pch (w tan 46;)=0 tun $0;,,. . . . . . e (24) 


a curve circling ronnd the origin G, and reaching it as an 
asymptotic point, a separating Dorpollhióde. 

[f a tap is given while the top is spinning upright, the 
axle will pass periodically through the zenith (z,—1), and 
describe a Rosette curve, so called by Klein ; the H curve 
will then be enclosed between two circles, and will have 
cusps on the outer circle, pointing to G. 

A tap in the nadir position will create another similar 
Rosette figure, and the curve of H will then have cusps 
pointing away from G on an inner circle, and here z= — 1. 

But these herpolhode H curves are of general elliptic 
character. 

Thus in an upper Rosette, 


sin 0 — sin 10, cn imt, h=h’,  x' sin 40;/sh36,, 
and in a lower Rosette, to nadir 6, 
sin 40 = sin 10,sn 4mt ; h=—h’', «'= cos 46,/ch 10, ; 
and in an Intermediate curve, where z; — 1, and to zenith 6, 
sin 10 = sin 40, dn imt, h=h', «K= sin 36,/sin 403. . 
The axle will start from a cusp if G= CH cos 63, h —À' za, 
Il —:,, and will proceed to describe a curve to be identified 


as a gravity brachistochrone on tlie sphere. 
In the special case given before on p. 183, 


.0,— im, . cos ÜÓ,— x, cos 0= cos 0, sn? mt — x sn? dt, 
cos 0 . cos 0, — cos 0 
1— cos 0, cos 0 


tan (Y —ht) = 
—_ “sngmtcngmt _  /1—dn mt 
i dn dmt E lc dn mt^ 
cos 2(yy — At) 2dn mt, y —hticos!'(dnmt); . . (25) 
tan ($- iio [ore oe cos 8, cos Ô 


cos 0,— cos 0 


. sngmtdn gmt _ l—en »nt 
m cndmt ` l+en mte? 


cos 2(6 — ^t) en mt, ó—h't-c3ammt. a.. a (26) 
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In this case we can write the equations 
(1 +cos 0) exp ($ +y —q40)i = v (sec 05 — cos 0 . cos 0, —cos 0) | 
+i(/sec 0; -- “cos 0,) V cos 0 — 2ate7*5, . (27) 
(1 —cos 0) exp ($ — 4^ —4'O)i =,/ (sce 0, — cos 0 . cos 05— cos 0) 
+i(,/sec 0, —,/ cos 0,) ,/ cos 0 = 2vy*e7*'^, ,. (28) 
gq, g — hh =n / (2 sec 03) t n v (2 cos A), . (29) 


and so identify a special algebraical case of Klein's para- 
meters a, 8, y, 6 of his Kreisel-Theorie, defined in terms of 


Euler's angles 0, $, Y by 


a=cos 4 Oexp a(t y), B -isin 40 exp 1( —$ + Y); 
y=isin 30 exp 4($ —4J)i, S=cos 49 exp á( —$ + V), 
a6-zcos 10, By=—sin?}0, aó—y-l. 


Generally in any cusp motion, the hour angle 4 is 
non-elliptic, 


sin 0 cos ($ —À't) = (1 25 25 — 2), 
sin Ô sin($—A't)2A/(z4—2z.:—2;), . . . (30) 


=, — i l 
tan ($ —A't)z VERS LEV AES 23 dn 10s imt 
£| * 25.23 2, 23 enint 
17723 l— en mt =4/: 1— 23 
; tan (Lam mt 
ale 2$ l+ enmt seq (amm n 


connecting true anomaly 2($ —A't) with excentric anomaly 
am mt in an elliptic orbit of excentricity 23/21. 

The brachistochrone cusp motion of the axle is rectifiable 
in the form 


cos P;-dn mi = V2, s a . (32) 


for s the length of the arc measured from the cusp described 
by the point P on the axle, OP=/. 


p? 


P d m VT m at aa 
ae : $ = 


= ie fig 


ae T 


d 


-— 


N 
\ 
\ 
\ 
\ 
Y 
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Thus for a bisection of the period, the algebraical result 
for y» is of the form, to the nadir vertical (Plate V.) 
sin? Ô cos 24r (zt. 2); 23) (2 —241. 2 —23), 
sinfüsin2d-Ry(2.25—2),. . . . . . (33) 
zu 3—2k + 3? 2... 3-5, —5+ 3x 
(Le) A (9— 14 + 9&3) 7" "^ (9 — 14 + 903)’ 
| pai) J/(1+<«) 
~ (9—14«-F 9x3)i * 


Introducing a Quadric Transformation, as in R.G.T. 
p. 121, ; 
n ! 
K= iris / x $n 2eK=ysneG sn (1—6)G, 


the result can be written 


t 
Wren Avia Y $n eG | y'en (1—6)G 
gion ydn?eG t! ydni(1—e)G* 
4 480 sin Bev! en eG dn? (1—6) G cien (1—6) G dn eG, 
! 9 
1M!sin b=? , M= V Or By?) 


d y rol Bry’ 


ETFe ETFe cc 05 
and the herpolhode curve H of impulse is given in ` 


M [evi = SY =en eG ticn (1—e)G, . « (35) 


with the time t — eT. 

Set two pendulums swinging, to modulus y, in perpen- 
dicular planes «Oz, yOz, half a beat out of phase; with 
inclination a, b at time t, 


‘tan jas “en eG, sinja—ysn(l—e)G, cos }a=dn (1—e)G, 


p wi. 3 1 Vil sin a+ i sin b 
y e™'= tan ġa +i tan $5, sin Ge JO 8y8j " 


— 
E 
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If GM, GN are the coordinates of H in the invariable plane 
through G, 


OM.ON= cos MON =y’, 


MON is the modular angle of y, and the rolling polhode 
curve is a plane hyperbola. 
There will be cusps when y’=4=cos 60°; and then 


he cd V3 
fat Res. audes oe aaa: 2 


(sin Oe)? = (cos  4- sec 0,)! (cos 0 — cos 03)? ? 
+ (sec 05)? (cos 05 — cos 8)12, 
A figure is given (Plate VIII, and included in Plate V) 


of an algebraical four-fold gyroscopic motion, drawn b 
Sir George Hadcock, for modulus «=sin 75°, y'= cos 89°, 
with the dotted interior curve of impulse, the herpolhode 
of H; the other dotted part is the curve of P in the lower: 
hemisphere. 

An attempt is made to show with it a Pseudo-regular 
Precession in a curve of 40 small loops, drawn for a 
modular angle 10? of «; but the representation did not 
come out very distinct, as it is the projection of a looped 
curve on a steep part of the sphere; although seen side- 
ways the loops are distinct and rounded and form a bold 


flourish scroll, thus QQQQ 


The curve was added also surrounding the figure as a 
necklace, a Regular Precession in 24 waves, going 7 times 
round, drawn for modular angle 1° of «, as ina swift whirling 
of a spherical pendulum. 


In a figure of a trisection of a period, an algebraical case 
of motion will be given by 


(sin 8e) 
‘=(Q2+ BR) vy (21-2) (2? + Az + B)V (25—2.:2—:3) 
or 
(Q:+ R) V (22-2) (zar Az+ B)V (21-2. 2-23), (36) 


a curve in three or six loops (Plates VI, VII). 
Thus with six cusps, and z — cos @ to the nadir, 


9.0 


b. =ġ, l; 


(sin Oeti $= (22—1)??+7(1—z4 2) y (2—2:—:?) 5; 


e=sin 159, 8,- 60, 
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and with three cusps we find 


K ; ; 
= =2—,yi4=tan @,sin 83, sin 0;= 7/4— 3/2, 


1 
tan 0, = 3/2, z= —ch6, sh di 9793 
9.0  4^/2—1) I 3 
Ec [ypeuy Ui») 


from which the equation can be constructed. 

And so on, for higher aliquot parts, as discussed in 
R.G.T. 

To exterminate an approximation, and to replace it by an 
exact treatment of greater simplicity and conviction, this 
should be the object of modern procedure in the rediscussion 
of a familiar problem in former Theory. 

Thus in our discussion of Small Oscillation in (19) on a 
state of Steady Motion the equations were exact, and the word 
approcimate was banished as not conducive to conversion 
in the mind of a young Berkeley, devoted to Rigour of 
Argument. 


XLII. On Tidal Stresses and Continental Displacements. 
By H. H. Poore, Sc.D. * 


l^ view of the very great interest which is at present 

being displayed in the question of continental displace- 
ments, it seems to be worth while to draw attention to the 
faet that, at the present day, the tangential stresses due to 
tidal action, whether oceanic or crustal, would appear to be 
absolutely incapable of causing appreciable horizontal motion 
inlargeland-masses. This has already been commented on 
by Dr. H. Jeffreys at the British Association Meeting at 
Hull f; but the following simple demonstration may be of 
interest. 

Taking the mass of the Earth as 5:99 x 107 grams, and its 
equatorial radius as 6:38 x 10? cm., we find that its moment 
of inertia (I) about its axis is 9:74 x 10** gram sq. cm. 

ts angular velocity (œw) is about 7:29 x10-? radian per 
second, 

Let us assume that in one century the day increases in 
length by 0-001 second. This figure has recently been 


* Communicated by the Author. 
t ‘Nature,’ Jan. 6, 1923, p. 31. 
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quoted by Prof. Eddington * as a probable measure of 
the retardation. It implies that each century is 36:5 
seconds longer than the preceding one. The corresponding 


reduetion in w is given by the equation 


S$» 0001 e 


— dw = 8°45 X 10-7}; 
since this occurs in 100 years 


dw 8°45 x 1078 
— = DECANO rr aT T = 7° -23 
dt^ 100 x 365 x 86,100 2°68 x 10 


do 


Hence loss of moment of momentum =— [Í T 26 x 10? 


dyne cm. Now assume, as ? first approximation, that the 
tangential stresses causing this retardation are uniformly 
listributed over the entire surface area, 5'1 x 10° sq. cm. 


The average distance of the crust from the axis being 
70 x 10* cm., the required stress would be 
9:6 x 10 
ERN -—-|* 9 -4 
nanxi xI — 1:09 x 107! dyne per sq. cm., 
e. only about one kilogram weight per square kilometre. 
This figure is so small that evidently, even if considerable 


concentration of the tangential forces on particular areas 
secura, we should have to assunie a rate of retardation quite 


incompatible with astronomical evidence, in order to account 
for the occurrence of stresses capable of causing appreciable 
«clative movements involving distortion or fracture of the 
crust T. 

It would seem then that, if tidal stresses have played a 
part in the history of the continents, they must have done so 
in past epochs, when, owing to crustal weakness or the 


closer proximity of the Moon, they were far more powerful 
than at present. This view accords well with the theory of 
continental displacement suggested by Dr. Joly in a forth- 
coming communication to the Royal Society. 


Royal Dublin Society, 
January 16, 1923. 


* ‘Nature,’ Jan. 6, 1923, P. 20. 

(omo little is known of the sub-crustal conditions, that it appears to be 
conceivable that the minute stresses due to tidal action might cause & 
Jow rotational motion of the crust as a whole relative to the interior, as 


has recently been suggested by Prof. Eddington. (Nature, loc. cit.) 
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XLIII. On the Solution of the iepresentative Differential 
Equation of the Triode Oscillator, By E. V. APPLETON, 
M.A., D.Sc., and W. M. H. Greaves, M.A., St. John's 
College, Cambridge". 


MONG the modern methods of producing sustained 
electrical oscillations that involving the use of a 
thermionic tube is by far the most flexible and convenient. 
Thus with a triode or dynatron oscillation generator a range 
of frequencies from 1 to 10? per second is now available for 
all kinds of physical investigations. In everyday wireless 
practice continuous-wave triode generators are gradually 
replacing the spark generators of Hertz and Marconi, and 
thus the theoretical problems of radio-telegraphie reception 
are being simplified in that the old problems of damped 
vibrations are being replaced by the simpler ones of un- 
damped vibrations. But the ‘simplification ends with 
reception, for the evolution of the continuous-wave generator 
has given rise to a whole series of theoretical problems 
which have not hitherto confronted the student of radio- 
telegraphy. Thus the linear equations of the older theory 
must now be replaced by the non-linear equations necessary 
for the representation of finite vibrations. The equations 
are non-linear because the assembly of any triode or dynatron 
generator may be reduced to a combination of an oscillatory 
circuit (capacity and self-induction),.and a conductor (triode 
or dynatron) for which Ohm’s law is not obeyed. A more - 
detailed analysis shows that interest must now centre round 
the solution of the equation 


d?v dv, | 

ig tL) a +or=0, ... . (1) 
where v represents one of the variable electrical magnitudes 
(e. g., current or potential difference), ¢ the time, and w is a 


constant. In the older equations the coefficient of -: is 


positive and constant, whereas in (1) the coefficient must be 
some function which assumes negative values for a certain 
range of values of v. In the simplest cases f(r) is of the 
form — a t yv, where « and y are positive constants. The 
amplitude of a generator represented by an equation of this 
type will automatically increase until a stationary value is 


* Communicated by Sir J. Larmor, F.R.S. 
Phil. Mag. Ser. 6. Vol. 45. No. 267. March 1923. 2D 
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reached. But often in practice f(v) is of such a form 
(e. g., a— yv? J-ev*) that its value is positive when v is zero, 
but becomes negative when v is increased. In such cases 
oscillations will not start automatically, but if oscillations of 
amplitude greater than a certain critical value are tem- 
porarily induced in the system they are automatically 
maintained. 

To illustrate the derivation of (1) and the determination 
of the appropriate values of the constants we may consider 
one or two examples. Almost all modern continuous-wave 
generators may be represented ideally by one of the two 
circuits shown in fig. 1, where the dotted lines represent 
some type of conductor not obeying Ohm's law and having 
a characteristic current-voltage relation expressed by i= $(v), 
where ? is the current through the conductor and v the dif- 
ference of potential bet. een its ends. 


X] 
À 


(A) 


As examples of type A we may instance the ordinary 
triode and dynatron circuits, while the Duddell and Poulsen 
ares are generators of type D. In both cases the relation 
between one of the variable electrical magnitudes and time £ 
is represented by an equation exactly similar to (1). Thus 
in case À we may easily show that 


d*v R (dv v 
gE (POS Pep 0. 

dt? L C jdt CL 

* More precisely the equation for this circuit is 
Pv ,[R , 9 (o)]dv , ot Ri 
mtt Jat euo 

But in a practical case Ri is small compared with v. 

arose in which this were not 80, 


same way. We have purposely n 
so as not to make the algebra un 


If, however, à case 
See quA could still be treated in the 
ot dealt with the more general equat 

duly complicated, P ENEEIER 
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while in case B the analogous equation is 


d c 
di [R at Va, _, 
ae t LL L dt OL ^" 


From these equations it will be seen at once that the con- 
dition for instability in case À is that the coefficient of zi 
should be negative when v=0. Similarly in case B the 


coefficient of 7 should be negative when i=0. Thus in case 


A we must have 
and in case B 


For instability in each case we must have a conductor 
with a falling current-voltage characteristic (2. e., a so-called 
"negative resistance"). The derivation of a characteristic 
which illustrates the “ negative resistance " effect of a triode 
oscillator has previously been given". In the case of the 
are the nature of the falling characteristic is well known. 

In a recent paper f Dr. van der Pol and one of the writers 
gave an approximate solution of (1) which was, however, 
sufficiently accurate to account for the main features of the 
phenomenon of oscillation-hysteresis. In this approximate 
solution f(v) was expressed as a power series, and use was 
made of the experimental fact, which is one quite familiar to 
practical workers, that the triode generator is singularly free 
from harmonics. Thus only the fundamental Fourier com- 
ponent of the current through the triode conductor was 
considered, the analysis being, in consequence, considerably 
simplified. 

An elegant graphical solution of (1) has also been given 
by Dr. A. R. Robb f for cases in which f(v) is quite general. 
As, however, it is becoming more and more the custom in 
wireless practice to express the current-potential relations of 


* Appleton & van der Pol, Phil. Mag. Ser 6, vol. xlii. No. 248, 
p. 203, Aug. 192]. 
t Appleton & van der Pol, “On a type of Oscillation-Hvsteresis in 
a Simple Triode Generator,” Phil. Mag. vol. xliii. p. 177, Jan. 1922. 
t Robb, Phil. Mag. vol. xliii. p. 206, Jan. 1922. 
2D2 
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triodes in the form of power series it seems desirable to treat 
(1) by purely analytical methods when /(v) is expressed in 
this way, so that the amplitudes of the harmonics and the fre- 
quency of the generator can be accurately given. It is, in 
this way, possible to see what factors are responsible for the 
remarkably simusoidal nature of the oscillation, and also to 
determine precisely the variation of the oscillation frequency 
with variation of the triode and circuit parameters. Experi- 
mental data on this latter point have been published recently *. 
We are thus concerned with the equation 
d*v dv 
di + f (v) dt + @*v = 0, E Was Uh. e (1) 


where /(v) is a power series in v and may be written 
f(v) 2 —a+Bvt+yr?t dv? +ert+ ...., . . (2) 


the coefficients a, 8, y, 0, e, etc., being small compared 
with w. We shall assume that the series (2) is convergent 
for all values of v which occur in practice. It is obvious 
that v=0 isa solution of (1). This solution corresponds to 
a “stationary state” of the:system. We shall show that in 
addition to this there are other “stationary states" given 
by periodic solutions of (1). 

In determining these periodic solutions we shall introduce 
the condition that v=0 when t=0. This simply amounts to 
a suitable choice of the origin of time. 

Let us write 


w = w (l1 T b, + pba + ub. + "m + p'l,+ ec ds (3) 


and 

a n) 

— Z A 1 

m Ui | 

s = A; fh, | 
| 

ty = doft, P , . . . . . . . LI . . (4> 

w) | 

: | 

— = @ 

"m ahs | 
€ 

— = ay, ete. | 


Wy 


* Eccles & Vincent, Proc. Roy. Soc. 96 A. p. 455, Feb. 8rd, 1990 - 
and Vincent, Proc, Roy. Soc. 97 A. p. 191, 1920: see also a paper by 
Miss Leyshon, * Radio Review,’ vol. i. No. 10, p. 481, July 1920. 
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where p is small. Let also 
Wot =T, «© © . © o + o (5) 


Thus, writing D for A (1) becomes 


D?v + p( — ap tavta? +a d aq... tat LL ))Do 
+oll +ubi+ pot... Hubert...) =0. (6) 
Let us assume as a solution 
v = tvp b tva) Bo... Heut.. . . (7) 


where to, v, v», etc. are periodic functions of 7 with period 
27, all of which are zero when 7-0. 


To determine vp, vi, v;, etc. we substitute the expression (7) 


for v in equation (6) and equate coefficients of like powers . 
of p. 


From the terms in p? we obtain 
(D? + 1)», = 0, 


and therefore using the condition that v2 0 when r=0 we 
have 


ty Asin, . . . . . . (8) 


where A is a constant to be determined later. 
From the terms in y we obtain 


(Di-1)4P,20, . . . . . (9) 


where 


dv 
P -— L T s 0 -+ bive,. . e. e. e. e (10) 
and i dt 


L = ay +. aot ase) ase + aot lica... (11) 
We get from (8) and (11), writing i = —1 as usual, 
L = hle —e7*) le + e727) 
+ (eiT e-t) +l (ot 7 4p e-t") 
+ 
Lag (ein 4p enin) 4 Dyn p (een t Dit Le n Dir) 


ibn un uxo ue mo qo wok ED) 
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where 


l = —a + ; a5 À3 + — terms in a,À*, a,A°, etc., 
l 1 3 3 : A? A’? t 

1= 95; aA + 144 J- terms in a5À?, a;À', e oe 
=- 14 — 10 -F terms in aå’, ag A^, etc., 


L=— = aA? + terms in a5À?, a; AÀ!, etc., 
i | » (13 
l = 164^ + terms in a, À$, a,A%, etc., 
l, = terms in a;A5, a; A, etc., 
ly = terms in a, A5, a4AP*, etc., 
l, = terms in aA’, a,A’, etc., 
and generally 
l, = terms in a, À*, ap42A"t?, a,, ,À"**, etc. 


Again, from (8), 
dvo 
dT 


From (10), (12), and (14) we obtain 


.[1l 1 .[1 1 
P =e E A(lo + l) + 9i Al; | Tet E A (ls ls) — 9i Ab, | 


1 iT -iT 
= 9 Ale +e ). " . . . . (14) 


+A X [qaet ent) + aite tm). 


(15) 
where we have written 
JE it laa = qr 7 © > è œ (16) 


In order that v,, as determined from (9) may be periodic 
in 7 with period 2r, the coefficients of e and e~* in the 
expression (15) for P, must be zero, so that we must have 

b=0 ...... (CAT) 
and 


ly + li = 0. e e è ù> «© œ ( 18) 
The equation (18) determines the constant A. 
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Equation (15) now becomes 


P= ZA y [ qo (e — 679) equ, (lm pacti | ; 
nzl 


/ 

and (9 ) gives 5 (15) 
OF aye! "d Bie 4 - T drei 

ud M m ; (unti pcne | . (19) 


where a, and £, are constants which are arbitrary so far. 
We may also write (19) 


n= " + 81) eos T +i(a,—f)) sin T 


+; 2A = Lt sin 2nt+ ads cos (2n + Dr |. 
(19) 


From the terms in p? we obtain 


(Dp1)4P,20,. .. + . (20) 


where " 
P= (— ay + ato Faso? t ... catu d. DE 
+ (aw + 2dototi + Jasrg vi + "m 
dro 
ra ey leit s.s.) a + bato, 


giving 


d 
P. qd (M) + bavo- e © o >œ (21) 


P, isa periodic function of r with period 27 and may be 
written jaga " 
P, = > Po, r er . e ° . . (22) 


For v, as determined by (20) to be periodic in 7 with period 
27 we must have 
m M 02... s. (23) 
and Po. —-17 0. 
From (12) and (19) we find (using (16) and (18)) that in 
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viL the coefficients of e" and e7*' are respectively, 


(a8) 5A S Ie BU] 


n^—1 
—1)"(9n)? 
and — ly(a4— 8)- I C]. 


We thus get 
1)" (qn)? | 
Po. = ilo(a1— Bi) — o lA X [e » ad ) | + D oA, 


2 
m (Ga)? l in 
n=n -— Tn 
Po = il(« 7B) 5 1A 2 TS v ] — gz bad, | 


and equations (23) become 


Wapa X [CL G9] _ 1a = 0, | 


n=? 


(25 


too 1 On 
l(a; — 81) + Y x [t D Ae) T aps 3 5A US | 
giving n=% (—1)» (qn)? 
i a iu E p | 7 y 
and 


aj 91-0. . . |... . . (21) 
We now get from T 


vj = (a4 4 B1) cos Tt lA : [nr . sin 2nT 
n=] 


Qmai c 1 J, 19" 
(ju4 DI— j 008 (2n + )T (19") 


and choosing (aj 4- 8;), such that v; 2 0 when r=0, we get 


dud Q», 
(y-——AN (2 feel E COS T 
n=l 2n 4- 1)? —1 


FAX [ote 1 sin 2nT + (2n TD Lees (2n + n] $ 
n=l mE 
(28) 


We now get from (20 
g 
. r= P» 7 
V = aze + Bae" + s - 


TI—w 
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where a, and 8, are constants, arbitrary so far, which will be 
determined when we come to the consideration of the terms 


in uj. 
In general, we get from the terms in p”, 
! io Lr E 
Tra = ae + Bre- + > FN e", e ° (29) 


r-—o 
where P, | and P, . , are zero. 
The equation from which v,41 is determined is 


(D? + lvucrPuuau- 0, © e. >» n (30) 
where 


^ dea 
Is ( —ao 4 aito + Agr? + eee Fa. Te. . us 


+ (av, + Quoi gly -+ BAV t, + eee + raver} Un + ee .) EM 
(1) 
+ bn41%% + Pasi 


; 
= dT (Len) T vob, ul + P 


1 . e e . 
Here PU is an expression not involving v, or 5,41 and may 
be determined from the previous stages of the work. 
P4118 a periodic function of r with period 27 and may 


written 
r=+2 


Pani = 2, Pigh 


r=- a2 


Since v4,4,; as determined from (30) is to be periodio in 7 
with period 2r we must have 


J Pre = 0) 
an 
P. -1— 0, 


giving 


lo (a, — B.) sd dong A i R= 0, 
lo lan — Ba) + 4bapA + USES 0, 


where HR, and S, are expressions not involving a,, 8, and 
b.4;, and which are determined from the results of the 
previous stages of the work. These equations determine 
b,,1 and (a,—Bn). (anta) is then determined by using 
the conditions that ce, 20 when 7—0. 

We have now shown how periodic solutions of (1) may be 
obtained, there being one such solution for every value of A 
which satisfies (18). 
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It should be noted that we have not demonstrated the 
convergence of the series obtained. These series are power 
series in p, and it is reasonable to assume * that they will be 
convergent for sufficiently small values of u, and therefore 


for sufficiently small values of =, 5. Y ete. 


To obtain a convenient approximate result, let us neglect 
the terms in ø? and higher powers of yw in the expression (7) 
for v, and the terms in pë and higher powers of p in the 
A (3) for w°. 

e then have 
v= Up tee), 
w = ey (1+ pubs). 

In a practical case + it will often suffice to neglect all the 
coefficients in (2) except æ and y, in which case we have 


floe -aM99. . . . ... (QI) 
Thus (18) becomes 


— (s + J%A’= 0, 


giving 


A=2 zi 
(28) becomes 


1 a 1 a 
v= 34 "t d i ies. 


and (26) becomes 1 
b= LE 


Thus the (approximate) solution is 


x. la Fu la /a ) 
BUILD EESVE 
;" Wy bi o9 , 20€ 8 ay a | 


where œọ is given by + 


. . (32) 

It is sometimes 1. desirable, however, to retain all the co- 
efficients up to e in (2) so that ° 

f(v) =—a+ Boty? + db Fe . . . (22) 


* This will be proved in a subsequent ine 
T Appleton & van der Pol, /oc. cit. p. 182. 
I Appleton & van der Pol, doe. cit. p. 188. 
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In this case (18) becomes 


eA‘ + 2yA?—8a = 0, 
giving 


ee 
A e E VAT 0. . (34) 
e e € 


Corresponding to each of these two values of A there is a 
periodic solution. In this case we have 


1 1 
a= aei TJI 
1 2 
g=] nÀ m «aA ; 
1 
U=- gah , 
1 4 
de = q1-—18— = 0, 


(28) becomes 
1 34. d 
nc Al 554,4 + qa COS T 


T aA (aA + aA?) sin 27 — 3; A (as + jaa’) cos 3T 


- 156 a3 À* sin 47 + 55i a A" cos 5T, 


and (26) becomes 


2 2 
b= 5 (aA + JaA”) + (aA? + quA) 


1 


1 
js A tan 


2A" 
t 960 a, A", 
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so that the (approximate) solutions are 


t =A sin wot + = ^32 Y A34 E -At Jeos ag 
" ABA s è A) sin Qaot 
6 No, 2 Wo 
= ^ + oe A‘ eos Swot 


i | 
: ~ A5 cos Swot, I (32) 


TE NC CEU 
PS sin dug Te dg 


where wọ is given by 
w = o? —7(PA+5 sa’) - sat i At) 


2 l 2A6 
599 A*— dur 


and A has either of the values (34). 
We have previously seen that A is determined by the 


equation h+hL= 0, 


and ib is easy to see further that the general terms in the 
expressions for lọ and l; are respectively 


] 2n P 
Jön , Q2, A oP 
27^ (|n D 
and 
p 2n dy, A2", 
22n nal nl qo 


The equation /, 4-1, 0 thus becomes 


nzo |2n dn A? 


g ue irm 


20. .. . (35) 


This is an equation determining A,and to every root 
there corresponds a periodic solution of (1) representing a 
“stationary state." 

The condition for stability of these periodic solutions has 
been given in a previous paper*. It is (in the present 
notation) 


A = 00 


|2n " : 
— (t9 d- = 92 pj nA > 0. . . . (36) 


* Appleton & van der Pol, /oc. cit., equation (10), p. 182. 


Representative Differential Equation of Triode Oscillator. 413 


Equations (32'), (34), and (36) therefore give us the 
information we require in practice regarding the amplitude, 
stability, and frequency of the oscillation in any stationary 
state. Equation (32' also enables us to determine the 
magnitude of the harmonics in any particular case. 

Much experimental work has recently been carried out 
using the triode oscillator as a reference standard of fre- 
quency, and it is of interest to note that the variation of 
frequency with the triode parameters found in practice is in 
excellent agreement with that suggested by (32'). . Thus the 
frequency is always found to be less than co, the difference 
increasing as the amplitude A is increased. 

It is also possible" to realize physically three of the 
‘stationary states” indicated by the solution given above, 
of which one is given by A — 0 and the others by (34). 
Such “stationary states" are utilized in the so-called 
"trigger" relays, in which a transient signal causes the 
oscillator to pass from the “ stationary state" A —0 to that 
of the first value of (34). The second value of A in (34), 
which represents an unstable ''stationary state," may be 
identified with the so-called * threshold" value of the signal 
oscillation necessary for the relay to function. 


Note (1).—It is of interest to notice that we can easily 
construct (mathematically at any rate) examples in which 
the equation (35) has an enumerable infinity of real roots. 
For instance, we may take 


f (v) =—p cos vt, 


so that 
a9 7 1, | 
ax n+l 
An = ae (n>0) 
Amt = 0. 


If we multiply (35) by 4A it becomes 
f n=x (—1)'*! At 


M 92nt1 in \n-F 1 c 
that is 
Ji(À) = 0, 
where, as usual, J, denotes the Bessel function of order 1. 
* Appleton & van der Pol, loc. cit. 


+ This example arose out of a suggestion made by Mr. D. P. Dalzell,. 
of St. John's College, Cambridge. 
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It is well known that this equation has an enumerable infinity 
of real roots. 
Furthermore with these values of the a's (36) becomes 


APT 


that 1s 
J(A) < 0. 


It is well known that Jo(A)=0 has an enumerable infinity 
of real roots, and that between every two of these there lies 
one, and only one, root of J,(A)=0, so that the periodic 
solutions in this case are alternately stable and unstable. 

This example suggests the ossibility of the existence of 
physical systems, governed by the pains laws of Newtonian 
Mechanics, and possessing an enumerable infinity of alter- 
nately stable and unstable stationary states. 


Note (2).—In the above work we have been concerned 
with the determination of the periodic solutions of (1) which 
give the stationary states of the system. These solutions are 
of mathematical interest as they are of a type rather different 
from the periodic solutions of dy namical equations which 
have been discussed by Poincaré. Their relation to the 
ordinary theory of periodie solutions will be discussed in a 
later paper. 

We wish to express our gratitude to Professor Sir Joseph 
Larmor and Professor H. F. Baker for tl.e kind interest 
they have taken in the preparation of this paper. 
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XLIV. On Resne aMocaienis of Molecules at 
very low pressures. 
To the Editors of the Philosophical Magazine. 
GENTLEMEN, — 

Ib the June Philosophical Magazine, under the title 

* Restricted Movements of Molecules at very low 
pressures," Arthur Fairbourne very interestingly sets forth 
a method for the possible experimental demonstration of a 
limit of applicability of the Second Law of Thermodynamics. 
In this paper, however, he seeins to have overlooked a pos- 
sibility of great importance for the mechanical realization of 
this aim. Fairbourne shows that tapered vessels, open at 
both ends, whose dimensions are made smaller than the free 
path of many of the molecules of the gas employed, may be 
expected to cause an appreciable flow of gas emerging from 
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the larger end of the vessel. He further proposes the 
mounting of a small vane within or below this opening for 
the detection of the expected motion in low-pressure gases. 
Since the flow in the gas is entirely the result of impacts 
of individual gas molecules against the walls of the vessel, 
it follows that there must result a corresponding reaction 
against the vessel itself opposite in direction to the gas-flow. 
That is, a pressure having an unbalanced component in the 
direction of the small opening must be exerted against the 
inner walls of the vessel. Let us attach this vessel to a 
flat plate se that it becomes a tapered aperture through 
the plate, as in fig. 1, instead of an independent vessel. 


Fig. 1. 
A 


8 


Evidently if we mount the plate as a vane suspended by a 
quartz fibre or other sufficiently delicate pivot, we should 
be able to detect a motion of the plate. The effect may be 
greatly multiplied by perforating the plate with a large 
number of tapered apertures, arranged as shown at A, A in 
fig. 2. Ifa vane of this type were delicately suspanded in a 


closed gas-filled vessel and the pressure gradually reduced, 
we should finally reach a point where the molecule paths 
have grown in length until the selective action becomes 
appreciable. Then we may expect the vane to start rotating 
about the pivot P in the direction of the arrow, and to 
maintain this motion at the expense of the heat in the gas 
so long as the necessary conditions are present. Obviously 
this apparatus is capable of far greater delicacy than is 
Fairbourne's suggested vane, which could utilize a portion 
only of the force resulting from a single aperture. 
Yours faithfully, 


Scarsdale, N.Y. HaviLAND H. PLATT. 
August 25th, 1922. 
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XLV. The Specific Heats of Nitrous and Nitric Oxides. By 
Prof. J. R. Partinerox, D.Sc., and W. G. SHILLING, 
M.C., M.Sc.* 


qe following investigation was undertaken with the 
object of providing reasonably accurate data for 
the values of the specific heats of nitrous oxide and of 
nitric oxide. Nitrous oxide is of special interest from the 
standpoint of the Lewis-Langmuir theory when compared 
with carbon dioxide, since the two gases have identical 
external electronic structures. Their respective physical 
constants have, in very many cases, almost identical values. 
Nitric oxide is similar to carbon monoxide and to nitrogen, 
but the analogy is not so complete as in the case of nitrous 
oxide and carbon dioxide. ‘This is only to be expected, 
since nitrogen and carbon monoxide have ten electrons in 
the outer shell, whereas nitric oxide has eleven. 

The results previously obtained for nitrous oxide are so 
discordant that it is impossible to deduce any mean value 
from them. The differences may be largely attributed to 
the impurity of the gas used. Masson f determined the 
ratio of the specific heats by determining the frequencies 
with which a reed vibrated in the different gases. His 
observed value for nitrous oxide was «=1°28132. A value 
of «=1'285 was obtained by Cazin ł. He employed the 
adiabatic expansion method, using as the containing vessel 
a large globe of 60 litres capacity. Regnault $ measured 
the specifie heat at constant pressure by his calorimeter 
method. He obtained a value, at 105? C. of (p 9:94 gm. 
cals. Employing Berthelot’s equation of state, this leads 
to a value «21:253. Although Regnault estimated the 
amount of nitrogen present as an impurity, he did not 
consider his results as being very accurate. A method 
similar in principle to that afterwards used by Masson 
was employed by Dulong|. Assuming the velocity of 
sound in free air at 22° C. to be 333 m./sec., he found 
a value «= 1:343. His experimental figures, when re- 
calculated using Berthelot's equation and modern physical 
constants, give « —1:332. <A value of x —1:3106 for nitrous 


* Communicated by the Authors. 

t Ann. de Chim. et de Phys. (3) liii. p. 257 (1858). 

t Ann. de Chim. et de Phys. lxvi. p, 206 (1862); cf. Phil. Mag. (4) xl. 
p. 209 (1870). : 

§ Mém. de l' Académie, vol. xxvi. p. 135 (1862). 

|| Ann. de Chim. et de Phys. (2) xli. p. 113 (1892). 
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oxide was obtained by Wiillner * by the dust-figure method. 
The above value, after a small correction for frequency and 
for inaccurate density values employed by Wiillner, gives 
&-1:323. The only modern figures are those of Mercer, 
Schweikert, and those given by Heuse. Mercer t employed 
a platinum resistance thermometer to measure the in- 
stantaneous fall of temperature corresponding to a rapid 
fall of pressure. His apparatus was similar to that of 
Makower 1, except that he used a very small vessel. He 
attempted to correct for the large influence which con- 
duction and convection would have in this case. A 
correction was also applied for the 2:6 per cent. of oxygen 
in the nitrous oxide. This was assumed to be present as 
air (i.e. 13 per cent. impurity), and the correction was 
made by means of an equation which, as Stevens $ had 
already shown, does not hold good experimentally. The 
above corrections, together with one for a defective thermo- 
meter, increased Mercer's observed value of « for nitrous 
oxide from 1:229 to 1:261, a result which appears some- 
what uncertain owing to the number and magnitude of 
the corrections necessary. Schweikert || reverted to a 
slight modification of the original Kundt method. His 
results give «—1:289 at 0? C. The most recent result is 
that of Heuse fl, who employed the constant-flow calori- 
meter method of Callendar and Barnes. This method 
appears always to give results for x which are somewhat 
lower than those obtained by other methods **. The value 
for nitrous oxide given bv Heuse is x — 1:277 at 0? C. 

It will be seen that the above results, varying from 
«x= 1:25 to «21:32, leave much doubt as to the correct 
value. 

In the experiments described below, the method employed 
was that of Kundt as modified by Behn and Geiger. The 
method has been described in a recent paper ff, so that 
a reference to the modifications introduced will be suftcient. 
The gas-tube was now fitted with a side tube attached 
centrally to it and carrying a tap and one-half of a 
ground-glass joint. This side tube had no effect on the 


* Wied. Ann. iv. p. 321 (1878). 

t Proc. Phys. Soc. Lond. xxvi. p. 155 (1914). 

I Phil. Mag., Feb. 1903. 

§ Diss. Heidelberg, 1900. 

| Arn. Phys. (4) xlviii. p. 593 (1915). 

q Ann. Phys. (4) lix. p. 86 (1919). 
** Partington, Proc. Roy. Soc. A, vol. c. p. 47. (1921). 
tt Partington & Cant, Phil. Mag. (6) xliii. p. 369 (1922). 
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vibration of the tube, since it passed through a slot cut 
in the wooden clamp. The great advantages of this fitting 
are that it is easily connected to the filling apparatus and 
the tube can be emptied and refilled as often as desired 
without cleaning and redrying ; its ends can also be blown 
perfectly hemispherical. In the case of nitrous oxide 
the heat used in sealing-off would have decomposed some 
of the gas, had the previous method of closing the tube 
been used. Nitrous oxide begins to decompose at 520? C.*, 
and the decomposition is complete at 900? C.t. The tap 
attached to the side tube had a specially large bore of 
4 mm. to facilitate washing and cleaning, and the barrel 
was sealed in with wax during actual use to prevent the 
possibility of its shaking loose by the vibration of the tube. 
Lhe diagram of the apparatus (fig. 1) shows the complete 
arrangement. 

Nearly all previous work on nitrous oxide has been 
vitiated by the use of impure gas. No account seems 
to have been taken of the fact that the gas made by heating 
ammonium nitrate inevitably contains nitrogen f, the per- 
centage of which varies from 2 per cent. upwards, according 
to the care taken in heating the ammonium nitrate. Re- 
liquifying the gas in liquid air and allowing the nitrogen 
to boil off seems to be the only satisfactory method of 
eliminating this impurity. The commercial liquid which 
is stored at a pressure of 70-75 atmospheres, in cylinders, 
will contain this nitrogen in solution. 

In the first series of experiments the technical gas from 
a cylinder was used. It was washed in solutions of ferrous 
sulphate and of potassium hydroxide. The nitrogen present 
was estimated by dissolving out the nitrous oxide in air-free 
water at 2°C. after the experiment. Pure nitrous oxide 
was used in all other experiments. It was made || by 
allowing a concentrated solution of sodium nitrite in air-free 
water to drop on to a solution of hydroxylamine hydro- 
chloride also in air-free water. The generating apparatus, 
which could be completely evacuated, is shown on the left 
of fiv. 1. The gas was passed through a 50 per cent. 
solution of sodium hydroxide and then dried by means of 


* Berthelot, C. R. lxxvii. p. 1451 (1873). 

T Meyer and Langen, Pyrochem. Untersuch.. Brunswick, p. 65 (1885) 

t Regnault, Mém. de l'Acad. vol. xxvi. p. 135 (1862); confirmed by 
Saunders, J. C. S. p. 698 (1922). 

$ Villard, C. R. cxviii. p. 1096 (1894). 

|| Meyer, Wied. Ann. clxxv. p. 141 (1875). 
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ealcium chloride and phosphorus pentoxide. The whole 
apparatus was made to hold a vacuum for several hours 
previous to filling the tubes, thus ensuring the absence 
of any leakage. When the gas-tube was filled with a 
pure specimen of the gas, the tap was simply closed and 
sealed in with wax. The tube was then ready for the 
experiment. 


Fig. 1. 
e 
B D 
o) — 0M A 
"Ep "HF he 
j 
C 
To 
Pune 7C— 


A contains sodium nitrite solution for nitrous oxide, potassium ferro- 
cyanide, and potassium nitrite solutions for nitric oxide; Bisa trap 
for any liquid sucked back from D; C contains hydroxylamine 
hydrochloride solution for nitrous oxide, dilute acetic acid for 
nitric oxide; D contains 50 per cent. potassium hydroxide solution to 
eliminate any traces of chlorine, carbon dioxide, etc.; E isacalcium- 
chloride drying-tube for nitrous oxide, solid potassium hydroxide 
for nitric oxide; F and G are phosphorus pentoxide drying-tubes ; 
L is the manometer; M a phosphorus pentoxide drying-tube ; and 
N is the gas-tube. 


Effect of moisture in the air in the comparison tube. 


The value of « for air which was used as the standard 
was taken io be 1:403 *. This value applies to dry air, 
free from carbon dioxide. Keutelt had found that the 


* Partington, Proc. Roy. Soc. A, vol. c. (1921). 
t Inaug. Diss. Berlin (1910). f 
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error introduced by the use of ordinary air as the standard 
was negligible. It was, however, thought desirable to test 
this point. A series of experiments was therefore under- 
taken to compare the wave-lengths obtained in * pure " and 
in ordinary air. The results showed clearly that it is 
necessary, under the conditions obtaining in our laboratory, 
to take pure air as the standard. 

In the first series of experiments, waves were produced 
and measured in the open air-tube filled with ordinary 
air. Air, purified by forcing it slowly over broken stick 
potassium hydroxide followed by two drying-tubes con- 
taining phosphorus pentoxide, was then passed into the 
air-tube for a period of 6 to 8 hours, Dust-figures were 
then produced in the fresh powder which had been intro- 
duced along the tube. The temperature remained constant 
throughout. Table I. gives the results obtained. In the 
first of the series the relative humidity was not measured. 


TABLE I. 


Wave-lengths in Dry and Moist Air. 


Date. Moist air. Dry air. Temp. ° O. Humidity. 
18.1.22 T2944 — 301 156 — 
90,1.22 "293 — 7201 154 se 
93.1.22 5'840 — 5819 12:4 == 
24.1.22 5'22  58l4 13-2 em 
25.1.22 5'849 5829 15:5 078 4. | 
30.1.92 8959 8188 115 0-798 P" PR 
31.1.22 8986 8188 115 0776) ^3 0> 

2.9.92 8:308 8:255 12:0 0:85 chem. method. 

6 2.22 Identical waves. >- TO 038  ,, E 
14.2.22 ^ 9016 9-015 12:0 0-58 


19? LA 


Measurements of the humidity were taken by the chemical 
method for the last three of the series. The wet- and 
dry-bulb readings are only comparable under standard 
conditions and are of little use for this type of work. 
The. more expeditious method of keeping a sealed tube 
filled with pure air was afterwards substituted for the 
somewhat tedious method described above. The ratio 
(vel. in dry air) [ (vel. tn moist air) was determined for the 
conditions of each experiment with other gases. By this 
method the wave-lengths in nitrous and nitric oxides were 
compared with that of pure dry air for every experiment. 
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The difference obtained by using pure air usually altered the 
value of « by amounts which were certainly greater than 
the limits of error of the experiment. 

Stevens * attempted to correct the value of Cp/Cv for 
moist air by a simple proportion on the ratio Cp/Cv for each 
of the gases concerned. But this could only be done if 
both gases were ideal. A simple proportion on Ce would be 
more accurate. The quantitative relations for gas mixtures 
have, unfortunately, not yet been investigated. Work in 
this direction will shortly be undertaken in this laboratory. 
Schweikert t deduced a formula for reducing values in 
moist air at ¿° C. to dry air at 0? C. But the formula 
holds only if Cp/Cv can be assumed to be constant for any 
temperature or gas mixture. This assumption is wrong 
theoretically and is not substantiated by any of the experi- 
mental evidence so far available. Since the experimental 
data at present available are not sufficient to test any 
formula which might be deduced, the method of correction 
by direct experiment, as described, was used throughout 
the present work. 


Experimental Results. 


Table II. gives the results obtained for nitrous oxide. 
Each experiment was carried out with a fresh sample of the 
pure gas, and the wave-lengths given are the mean values 
from a series of measurements. The first result is from 
a sample of the commercial gas from a cylinder. The 
nitrogen contained in it was estimated, as described, after 
the experiment, and a correction made on the value of Cv. 
The corrected value of the mean wave-length for this 
experiment has been calculated from the corrected value 
of Cr. A mean content of 8 per cent. of nitrogen was 
found. Tables III. to V. give a complete set of mea- 
surements for one experiment. In these tables the first 
column gives the number of half wave-lengths measured. 
The distances given under the headings A and B are the 
distances A'D, A'E', A'F', and BE, BF, etc. given in 
the lower diagram of fig. 2 in the paper of Partington 
and Cant already mentioned. Where two or three sets 
of readings are given, the zero was changed for the second 
and third sets. 


* Diss. Heidelberg, 1900, pp. 29 et seq. 
T Ann. Phys. xlviii. p. 598 (1914). 
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TABLE II. 
Wave-lengths in Air and Nitrous Oxide. 
Tube 1. 

No. Dry air. N.O. ; Temp., 
of exp. 2/2 corr. d/2. "s f: Re "15. 
l. 7775 6:023 1:279 1:0121 1:204 12:8 
2. 1:052 5:471 1:283 1:0120 1:298 13:5 
3. 7:053 5:461 1:278 1:0121 1:203 13:2 
4. 6:752 5:234 1:280 1:0122 1:296 12:2 
5. 6:750 5:232 1:280 1:0121 1:295 12:8 
6. 7:050 5'475 1:286 10121 1:301 12:8 


Means... 7:072 5'483 1:281 1:0121 1:296 12:9 


Tube 2. 
l. 8:155 6:308 —— --—- -— 11:5 
2. 8:224 6:361 — —— —— 12:0 
3. 8:690 6:660 —— —— — 11:2 


Means... 8:356 6:453 1:272 1:0122 1:287 11:6 


The discrepancy between tubes 1 and 2 in Table IT. is 
explained later. The value of 4$, the correction for the 
deviation of the gas from the ideal state, was calculated 
from Berthelot's equation, as in the paper of Partington 
and Cant. 


TABLE III. 


Series of Measurements for one Determination. 
Temp. 13?5 C. 


To find the ratio Dry air/Moist air. 


[| 


l. Dry air in sealed tube :— (all in ems.) 
No. M. B. Mean. 1/2. 
5 24:0 25 
: 25'0 252 25:925 5:005 
6 30:0 30:1 
{ 30:0 30:2 30:075 5:012 
7 35:0 351 
l 351 351 35:075 5011 
g 40:05 40:1 
l { 400 401 40:062 5:008 
9 44:9 45:0 
P 44°9 4951 49:475 4:997 
10 498 50:0 
i { 49:9 500 49:925 4:002 
11 H 550 54°9 
‘ L550 55:0 51:975 4:998 
Men Lone 5:008 
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2. Moist air in open tube :— 


No. A. B. Mean. 1/2. 
{ 35:0 35:3 
35:15 352 35:102 5:023 
8 { 39:8 40:3 
° 401 40:1 40:075 5:009 
9 45:2 45:3 
45:3 45:05 45:219 5:093 
( 502 50-2 
10 00:2 50:1 50:175 5:018 
| 5J'2 50:15 
i 552 551 55:20 5018 
12 60:2 60:3 
: 60:3 60:3 60:238 5:020 
65:2 65:2 
13. 65:2 651 65:175 5017 
05:15 65:3 
Mean ...... ..... 5:018 
TABLE IV. 
Nitrous Oxide tube, 13*:5 C. :— 
No. A. B. Mean. ^/2. 
327 33:0 
6. 327 3930 32:825 5'471 
327 32:9 
38:2 38:5 
T. 38:1 334 38:215 5:468 
38:3 38:25 
43:5 44:0 
8. 43:6 43:9 43:758 5'470 
43:7 43°85 
49:2 49:3 
9. 49:0 49:45 49:275 5:475 
49:3 49:5 
51:5 54:9 
10, 5416 55:0 547733 5:473 
547 o47 
60:15 60:5 
11. 60:1 60:5 60:226 5:478 
60:1 60:25 
12 65:6 65:7 
: 05:6 657 65:05 5:471 
13 71:15 11:25 
: 10:9 712 71:175 5:475 
14. 76°35 766 76:575 5:410 
81:8 82:0 
15. 81:9 82:1 82:00 5:407 
820 822 
16. 87°35 87°4 87:375 5:461 
7 2:85 93:15 93:00 5'470 


Mean 


@eseevese 
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TABLE V. 
Air Comparison tube at 13°5 C. :— 
No. A. B. Mean. 4/2. 
35°4 35-4 
5. 35°4 35°5 8425 7:085 
425 42-4 . 
6. 42:4 42:5 42:450 7-075 
49:5 49:5 
7. 49:5 40°55 49:512 7073 
56:6 56:6 
8. 56:55 56:6 56:588 7073 
63:6 63:6 
9. 63:6 63:8 63:050 7072 
70°6 7077 
10. 10:65 TOT 70:663 1:066 
TTT TTT 
11. 14:65 TTT 77:687 7:063 
847 847 
12. 84:8 84:85 84:802 1:072 
Mean ............ 1'012 


This, when corrected for dry air at 1375 C., becomes : 


T072x5:003 na., 
— sois 1 052 ems. 


Nitric Oxide. 


The method employed for nitric oxide was similar to 
that used for nitrous oxide, the only alteration being the 
substitution of the generating apparatus by a larger one. 
This was rendered necessary by the comparatively low 
solubility of the substances employed. Pure nitric oxide 
was prepared by dropping a solution of potassium ferro- 
cyanide and potassium nitrite into dilute acetic acid. The 
lower vessel, containing the acetic acid, was provided with 
a small dropping funnel and an exit tube, closed by a tap, 
so that it could be emptied and recharged with acid without 
disconnecting any of the apparatus. The first drying-tube, 
which for nitrous oxide contained calcium chloride, was re- 
placed by one containing broken stick potassium hydroxide. 
The mercury in the manometer was protected by a layer of 
strong sulphuric acid. 

The only results previously obtained for nitric oxide 
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appear to be those of Regnault, Masson, and Heuse. 
Regnault* first prepared the gas by the action of nitric 
acid on copper, but afterwards substituted a method in 
which he reduced potassium nitrate by means of an acid 
solution of ferrous chloride. This method, as he states, 
gives almost pure nitric oxide. His results, at a mean 
temperature of 88?8 C., lead to the values: Cp = 7:22, 
Co=5°23, Cp/Cv «21:380. Masson f, using the method 
described under nitrous oxide, obtained a value «—1:414854. 
The values Cp 7:25, Cv = $25, Cp/Cv= 1:380 were obtained 
by Heusef. He prepared the gas bv the action of nitric 
acid on copper, and purified it by absorption in ferrous 
sulphate solution and expulsion by subsequent warming. 
The results obtained in the present series of experiments 


are tabulated below (Table VI.). 


TABLE VI. 
Tube 1. 
- D ir. NO. , Temp. 
No. of exp. P4 AS A. K’. $. K. o cr 
l. 13:342 13:050 1:389 —— — 6:0 
2, 13:352 13:094 1:396 sa -—-— 6:5 
3. 13:398 13:104 ] 390 sac —— 8:0 
4. 13:404 13:120 1:391 —— —— &3 
5. 13:390 13:118 1:393 =s —— 8&3 
0. 13:360 13:098 1:396 — —— 8:0 
7. 13 432 13:138 1:390 — — 8:4 
Means ... 13 382 13:103 1:892 1:00184 1:394 76 
Tube 2. 
1/2. 1/2. 
l. 8:356 &5617 -—— — —— 6'8 
2 8:394 8:629 €— —— — 8:3 
Means... 8375 8:594 1:379 1:00184 1:381 7:5 


The discrepancy between tubes 1 and 2 is explained 
later. 
* Mém. del Académie, vol. xxvi. p. 137 (1862). 
+ Phil. Mag. (4) xiii. p. 533 (1857). 
t Ann. Phys. (4) lix. p. 86 (1919). 
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The Tube Correction. 


[t has been shown, both theoretically and experimentally, 
that the velocity of sound, u, in a gas contained in a 
relatively small tube, is somewhat smaller tban that in 
the free gas. lo obtain the true velocity, the corrections 


usually applied are: (i.) for the effect of the yielding of the 
walls of the tube*, and (ii.) for the effect of the diameter of 
the tube T. The first correction, in the case of gases, has an 
influence which is quite negligible unless the tube wall is 
very thin. When applied to the results given in Table II. 
it gives a value wi, = ut, Q4X1000095—2 correction 
quite outside the limits of error of the experiment. A 
modified form of the second correction t, when applied 
to the results in Table IT., gives a result identical with 
that already given. The calculated value of Kirchhoff’s 
correction does not agree with that found experimentally §. 
The experimental value is always greater, but by a very 


uncertain amount. The constant y in Kirchhoff’s formula 
is dependent on the viscosity and thermal conductivity of 
the gas contained in the tube. No account is taken 
of the thermal properties of the tube, or of the nature of 
its inner surface. Stiirm || has shown that these factors 
T onsiderably the velocity of sound in a gas in a 


tube. The constant y, if it is to be of any value, must 
include terms relating to the tube as well as to the gas. 
Hence the method of eliminating the tube constant by 


employing two or more tubes of different radii is not 
strictly accurate. It assumes a value of y which is constant 
For all the tubes—a condition which is extremely difficult 
to realize expen imentally. 

The air tube used in the experiments described was a 
heavy thick-walled (4 mm.) tube, whilst gas tube 1 
was much lighter. Gas tube 2 was a very light, thin 
tube. Unless the tube correction is eliminated between 
these tubes, measurements taken with them are not com- 
parable. Since this comparison is the fundamental prin- 
ciple of this method of experiment, the elimination of the 


Lamb, * Ds amical Theory of Sound,’ 1910, p. 174. 
Kir T, Pogg. Ann. exxxiv. p. 177 (1868). 
| Furstenuu, dun. Phys. (4) xxvii. p. 735 (1908) ; Jeans, ‘Dynamical 
neory of Gases,’ 2nd edit. p. 316. 
P Schneebeli, Pogg. Ann, exxxvi. p. 296 (1869); Seebeck, op. cit. 
xxix. p. 104 (1870); Kayser, Wied. Ann. ii. p. 235 (1877); Müller, 
Ann. Phys. xi. p. 331 (1908). 
A I civ. p. 822 (1904). 
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effect of the tube used is very essential. The experi- 
mental results of Table VII. show this to be the case. To 
calculate the experimental value of the constant y, the 
frequency must be known. The difficulty of determining 
accurately tbe frequency of the short shrill note emitted 
by the tube when rubbed, is apparent. It was therefore 


TABLE VII. 


Comparison of the gas tubes with the standard air tube. 


Tube 1. 
\/2 air tube. A/2 gas tube. 

6:869 cm. 6:798 cm. 
6:871 ,, l 6:836 ,, 
60871 , 6:869 ,, 
6:862 » 6:867 » 
6:861 » 6:861 » 
6872 ,, 6849 ,, 
6:861 ,, 6:860 ,, 
6:865 , 

Means... 6:866 cm. 6:849 cm. 


Ratio = 6:866/0-849 = 1:00248 = the factor for tube 1. 


Tube 2. 

87169 cm. 8:721 em. 
8750 ,, 8705 , 
8754 , 8:604 , 
8764 , 8:698 ,, 
8706 , 8:699 ,, 
8706 , 8711 ,, 
8760 ,, 
8764 , 

Means... 8/62 cm. 5:705 cm. 


Ratio = 8:762/8705 = 1:0065 = the factor for tube 2. 


decided to eliminate the tube correction instead of attempting 
to find its absolute value. To do this, all measurements 
were referred to the large air tube as a standard. The 
gas and air tubes were both filed with pure dry air, 
and the waves produced simultaneously in each were 
measured. The results are given in Table VII. The ratio 
Nair tube / Ngas tubes With dry air in each, was always greater 
than unity and a different ratio was found for the two 


428 Prof. Partington and Mr. Shilling on the 


different gas tubes. If the wave-lengths obtained when 
the gas tubes were filled with nitrous or nitric oxides are 
now multiplied by the factor for: the tube employed, the 
resulting wave-lengths will be strictly comparable with 
those for the air in the air tube. In the corrected resulta 
given in Tables VIII. and IX. it will be seen that the 
discrepancies between the two series of results in Tables II. 
and VI. disappear. This seems to be an important result, 
previously overlooked by experimenters. The a 
of this method over that of filling the air tube alternately 
with the gas and with air, is that a pure specimen of 
the gas under investigation is kept in a sealed tube. The 
difficulty of keeping the air tube, which is more or less 
open at one end, filled with a pure specimen of such a 
gas as nitric oxide is obvious. In addition, the waves are 
produced simultaneously in each tube, so that a difference 
of frequency is impossible. 


TABLE VIII. 
Calculation of results for Nitrous Oxide. 


The mean wave-length of 5:483 cm. for nitrous oxide 
(Table II. tube 1) has now to be multiplied by the factor 
6:866/6:849 (Table VIJ.). The true wave-length then 
becomes 

A[2 air = T072 cm. 
A[2 N,O= 5°495 99 


Using the physical constants T. 2308?:5 abs., P. — 75 atmos., 
Mol. wt. —44-02, for nitrous oxide, and the method of calcu- 
lation given in the previous paper, the above wave-lengths 
lead to a value x= 1:302 at 12°9 C. 

Similarly, the wave-length of 6:453 cm. (Table II. 
tube 2) is to be increased in the ratio 8°762/8°705, giving 
the final values 

A/2 air = 8:356 cm. 


r/2 N,O= 6:495 T 


giving a corresponding value of «21:302 at 11*:6 C. 
The final mean results are 


k = 1:302, 
whence Cp = 8:799 gm. cals. pat 12°25 C. 
Cv = 6758 


99 
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TABLE IX. 


Calculation of results for Nitric Oxide. 


As in the preceding table, the gas tube wave-lengths 
given in Table VI. require to be multiplied by the factor 
for their respective tubes. The final wave-lengths then 
become 


Tube 1l.  Xair = 13:382 cm. 
~NO = 13:130 ,, 
Tube 2. A/2air = 8594 cm. 
M2NO= 8429 ,, 
The critical data used for nitric oxide are T,=179%5 abs., 
P,2—71:2 atmos. ‘The molecular weight is 30. 
The first set of wave-lengths lead to a value x= 1'401 at 


1*6 C., and the second to a value x= 1'399 at 79:55 C. 
The final mean results are then given by 


K 1:400, 
Cp = 6:990 gm. cals., at 7°°6 C. 
Cv = 4993 = 


The results for nitrous oxide were also calculated, using 
Wohl’s equation of state*. Values identical with those 
given above were obtained, and as the equation is more 
complicated than Derthelot's, it was not further employed. 


Summary. 


The ratios of the specific heats of nitrous oxide and of 
nitric oxide have been determined by a method depending 
on the relative velocities of sound in these gases and in air. 
The use of dry air, free from carbon dioxide, as a standard, 
has been shown to be necessary. It has also been proved 
that it is necessary to eliminate the effect of the tube on 
the velocity of sound in the gas contained in it. Wohl's 
equation of state has no advantage over that of Berthelot 
for the reduction of the results. Employing Berthelot's. 


™ Nernst, ‘Theoretical Chemistry,’ 8th edit. p. 258. 
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equation as the basis of calculation, the following results 
were obtained :— 


TABLE X. 
Nitrous Oxide, Nitric Oxide. 
129:2 €. 19:6 C. 
Cp/Ov ............... 1:302 1:400 
D. -Kiener aan 87/90 gm. cals. 6:990 gin. cals. 
D TCU 6758 , 4993  , 


In conclusion, the authors wish to express their thanks 
to the Kent Education Committee for a maintenance grant 
to one of them (W. G. S.), and to the authorities of Eust 
London College for a grant which contributed to defraying 
the expense of the work. The experiments described were 
submiited as part of a Thesis for the Degree of M.Sc. in the 
University of London by W. G. Shilling. 


East London College, 
University of London. 
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XLVI. On the Question ofthe Number of Radiating Atoms of 
Various Dimension within Gaseous Hydrogen, studied from 
the point of view of Bohr’s Atom Model. By P. LASAREFE, 
Member of the Academy of Sciences of Petrograd, Director 
of the Physical Institute of Moscow *. 

HE dimension of the hydrogen atom calculated from 
Rutherford-Bohr’s theory is determined by the radius 
a of an electron moving round the centre as: 
hy? 
a= | T? . e . . . . 
Amm C (1) 


his Planck’s constant, m the electron mass, e its charge, and 
T any whole number from 1 to oo, representing the order of 
the electron’s stable orbit. In the case of a single atom, its 
dimensions are determined by the formula (1), 7 is arbitrary. 
If we have many atoms, subject to mutual shocks, the 
dimensions of the electron's orbit, as is easy to understand, 
could not surpass a certain limit, because of the mutual 
influence of the electrical fields of atoms. In fact, it is 
experimentally proved that it is possible to observe onl 
spectral lines for which 7 varies from 1 to 15, and in that 
case the dimensions of the electron orbits are: 


from 2a = 1:1 .10-8 cm. (7-1) 
to 2a = 247:5 . 10-8 em. (r=15). 
* Communicated by the Author. 
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Orbits surpassing the last one are impossible because of the 
reciprocal shocks of the atoms and the mutual influence of 
the fields. Rarefaction of the gas permits the maximum of 
the atom’s dimension to increase, and, indeed, in star spectra, 
spectral lines of hydrogen have been found indicating the 
existence of atoms with an electron orbit of the order 33. 
It appears of interest to find out the relative number of atoms 
of gas radiating and possessing electron orbits of different 
orders. 

As is known, Bohr shows that radiation takes place within 
hydrogen at the moment when one electron displaces itself 
from one stable orbit of order To, to another stable orbit of 
order T, while the light-energy radiated at the times of 
such a movement equals q = hv, where y denotes the frequency 
of oscillation of the radiated line, and q is determined by the 


formula 
_ 2g met i _ 1 
77 M ES aye 


If the gas contains N atoms, which emit in one time-unit, at 
the moment of the electron’s displacing from orbit Tọ to 
orbit 7,, a radiation with the wave-length A (frequency of 
oscillation v) then the light-energy radiated by the gas in a 
time-unit will equal 


e=q.N. 
As galy= where c is lig t-velocity, we have 
Nie eÀ 
exe OE N= he" 


If we call Nmax, and (€)max, the maximum values of N and 

eà, we have 
N O eX 
N max. (€X) max. i 

Thus, knowing the energy of definite spectral lines e€}, €p, and 
their corresponding wave-lengths ^i, Ag, we are able to find 
out the relative number of N in parts of maximum value 
Naz.) and consequently the distribution of radiating atoms. 
In the present work we have found out the relative quantities 
of atoms having electrons displacing themselves from the 
third, fourth, and filth orbit to the second one, producing 
radiation of the first three lines of Balmer's series with 
wave-lengths equalling 656 wy, 486 up, and 434 uu. For 
the purpose of finding the energy eof a definite spectral line, 
the spectrum of hydrogen in Geisler's tube has been spectro- 
photometrically compared with the intensity of Hefner's 
lamp, for which the distribution of energy in the spectrum 
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has been studied by Ångström. Knowing the relative in- 
tensity of the line Jọ and the energy corresponding to the 
radiation of a wave of the samelength in Hefner's lamp Jx, 
we get the relative value of e=Jy.Jdq. Multiplying JoJg 
by the corresponding X we find the relative value N, which, 
divided by (JoJuA)max, gives a relative value of N (the 
Nmax. being accepted as unit). 

Heisler's hydrogen tube was excited by a large inductor 
with an Apex gas interrupter. This interrupted current was 
chosen of such an intensity that the brightness of the light 
on the field of. Kónig-Marten's spectrometer would be con- 
venient for photometry. | 

The tube was placed in parallel to the one spectrometer's 
slit, and with the help of a lens was projected at that one 
slit; a prism of total reflexion was installed opposite the 
other slit, sending through that second slit rays of Hefner's 
lamp. 

The results obtained may be found in the Table below, in 
which r designates the order of the orbit from which the 
electron had displaced itself to the second orbit: 


TABLE. 
N 
i No ADS 
656 3 1:000 
486 4 0:251 
434 5 0:175 


From all the measures quoted it will be seen that in Heisler's 
tube, radiating under the influence of an electric discharge 
and filled with hydrogen, most of the electrons causing the 
radiation move over from the third orbit to the second. The 
quantity of electrons springing from the fourth orbit to the 
second equals only 25 per cent. of that first quantity and, at 
last, the quantity of electrons springing over from the fifth 
to the second orbit equals only 17 per cent. 

Thus the quantity of springing cleetrons decreases with 
the inereasing of the distance of electrons from the centre. 

It appears of interest to study further members of Balmer’s 
series and also Lyman’s series, that result from the dis- 
placing of electrons to the first orbit. 

The first of those problems is pointed out as one to be 
experimentally studied at the Physical Institute. 

In conclusion I express my gratitude to Ingenieur 
V. Lasarev for his photometric work and assistance in 
calculations. 


Physical Instituie, 
Miusskaja Pl., Moscow. 
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XLVII. Positive Rays in simple Gases. 
By J. J. McHexry, M.Sc. .N.U.I.* 


HE object of the following experiments was to study 
the proportion of atomic and molecular positive rays 
of the simple gases, under varying conditions of pressure, 
etc., in the discharge tube. It has been pointed out by 
Sir J. J. Thomson that such a study would probably throw 
some light on the nature of ionization by cathode rays and the 
positive rays themselves, and also give some information on 
dissociation and the forces that bind the atoms in a molecule 
together. 

The apparatus used was essentially the same as that 
described by Sir J. J. Thomson in ‘Rays of Positive 
Electricity,’ p. 57. The Kanalstrahlen were given a hori- 
zontal deflexion by means of an electrostatic field and then 
were deflected vertically on to a parabolic slit by means of a 
magnetic field. Behind the slit was a Faraday cylinder 
connected to a quadrant electrometer. The currents registered 
by the electrometer were proportional to the numbers of 
positive rays falling on the slit and are given throughout in 
arbitrary units. l 

The fast or slow positive rays could be analysed as desired 
by using a large or small electrostatic field to deflect them 
on to the slit. Inour experiments a field of 40 volts between 
the plates gave us our slow Kanalstrahlen, while those of 
higher energy could be brought on to the slit by fields of 
80-300 volts. In order to understand this method of 
working, it is convenient to remember the following facts. 
The energy possessed by a positive ray is proportional to 
the voltage E through which it has fallen to the cathode, 

i or Be=}mv. 

Its energy is also proportional to the field required to give 
it a fixed horizontal deflexion, thus in our experiments, if a 
voltage V between the plates is required to impart a hori- 
zontal deflexion equal to that of the slit, this voltage V is 
proportional to the energy of the positive ray. In the curves 
shown, then, and marked 40 volts, 80 volts, ete., the energy 
possessed by the Kanalstrahlen examined is proportional to 
the voltage figure shown. Also if a magnetic field H brings 
the Kanalstrahlen of a given mass on to the slit when the 
voltage between the plates is V, then from the relation 
V?/H =const. we can calculate the magnetic field that would 
be required with any other voltage. 

Finally, when V is fixed if a magnetic field H brings the 


* Communicated by Sir J. J. Thomson, O.M., F.R.S. 
Phil. Mag. S. 6. Vol. 45. No. 267. March 1923. 2 F 
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Kanalstrahlen of mass “ m” on to the slit, from the relation 
H?/m= constant can be found the field required to bring 
those of any other mass on to the slit. 

In performing the experiment V was kept constant, and 
a curve plotted showing the deflexion of the electrometer 
against H the magnetic field, as explained (loe. eit. pp. 58-59). 
The curves we obtained in this way were not very sharp, 
owing to a slight rotation of the slit, but were sufficiently so 
to enable us to separate clearly the molecular from the 
atomic Kanalstrahlen in tlie «imple g cases, 

In our preliminary experiments "with oxvgen, the ratio 
O,/Os was found to be very unsteady— sometimes the atom 
and sometimes the molecule predominated. — It was then 
found that the presence or absence of mercury in the dis- 
charge-tube accounted for the phenomenon. The gas used 
was stored in a mercury reservoir and then flowed through 
a capillary tube into the discharge-tube, the pressure being 
kept low by means of a Gaede mercury pump. The gas was 
thus always more or less contaminated with mercury vapour. 

To test the effect of mercury vapour on the ratio Q)/O; 
the gas was passed over a tube cooled in liquid air in order 
to remove the mercury vapour. 

When the discharge had taken place for some time and 
the mercury removed hy the liquid air-trap, O,/O, was 
found to be about 4—the molecu'ar positive rays being about 
three times as numerous as the atomic ones. When mercury 
was allowed into the tube, by removing the liquid air from 
the trap, the ratio O,/O, became about 1. This was repeated 
several times and the molecule could always be brought 
into great prominence by removing the mercury by cooling. 

The following table further illustrates this point. The 
first two columns give the number of atomic and molecular 
positive rays in oxygen from which the mercury had been 
removed by cooling in liquid air. The molecular positive 
ravs are much the more numerous. In the second two 
columns the mercury was not removed, and here it will be 
seen that the atom predominates ;— 
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It will be noticed in the last two columns that the atomic 
positive rays were more numerous than the molecular, even 
in those of highest energy, as shown by the last numbers 
(V =160). 

This is important, because in all of our experiments with 
pure oxygen, the fastest positive rays are mostly molecular, 
even at very high pressures. The same rule applied to 
positive rays in hydrogen and nitrogen. 

This effect of mercury, of causing the Kanalstrahlen to 
be mostly atomic, seemed to take place only when oxygen 
was in the tube. The presence of mercury seemed to have 
no effect on nitrogen positive rays. In one experiment the 
nitrogen Kanalstrahlen were analysed when there was no 
mercury vapour in the tube, the positive column showing the 
familiar nitrogen pink colour. The experiment was repeated 
with so much mercury in the tube that the pink colour in the 
positive column entirely disappeared, and only the greyish 
colour of the mercury discharge was seen. The curves 
obtained in the two cases were practically identical, so that 
the presence of mercury vapour did not seem to affect the 
nitrogen Kanalstrahlen. Similarly, we found no effect of 
mercury on the hydrogen Kanalstrahlen. It may be that 
radiation emitted by the mercury in the tube can cause the 
dissociation of the oxygen molecules, while not affecting 
nitrogen or hydrogen. This point will be referred to later. 

In order to eliminate mercury from the discharge-tube, 
we placed a cooling trap on either side of the discharge-tube. 
One trap prevented mercury or other vapours from entering 
the tube with the gas stream, while the other trap prevented 
the diffusion of mercury from the pump into the discharge- 
tube, the traps being kept in liquid air. 


Production of Atomic Positive Rays near the Cathode. 


With the gas thus purified a series of experiments was 
made with oxygen, the Nanalstrahlen of different energies 
being brought on to the slit as described by different 
electrostatic fields between the plates. In all the experi- 
ments the slower Kanalstrahlen, brought on the slit by 
40 volts between the plates, were mostly atomic, while those 
of greater energy were mostly molecular. 

Since the energy of a positive rav depends upon the 
potential difference through which it falls into the cathode, 
those of small energy are those produced near the cathode, 
while those of greater energy are produced at greater 
distances from the cathode, if we assume that they sutter no 
loss of energy by collision, etc. The production of atomic 
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Kanalstrahlen near the cathode is very noticeable at high 
pressures, but, even at the very highest pressures used, the 
faster positive rays are mostly molecular. This will be seen 
in figs. 1, 2, and 3. 

In fig. 1 the pressure of the oxygen in the discharge-tube 
was such that, with a potential of about 5000 volts on the 
tube (equivalent spark-gap 1 mm.), a current of 2 milli- 
amperes passed through, and the boundary of the dark space 
was clearly visible, the length of the dark space being about 
4 cms. in the 40 volts curve the atomic peak is very 
striking. The molecule is more numerous in the 80 and 
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120 volt curves than the atom. Fig. 2 is taken with a 
slightly lower pressure, the current through the tube bein g 
about 1 milliampere, aud the potential on the tube about 
6000 volts. The atomic peak in the 40 volt curve is now 
depressed and the molecular peaks in the 80 and 120 volt 
curves are raised. Fig. 3 is taken at lower pressure still, 
the voltage being about 11,000 and the current little more 
than ‘6 milliamp. The atom is of the same order as the 
molecule in the 40 volt curve, but in the succeeding curves, 
80, 120, and 160 volts (the latter not shown in the figure), 
the molecular positive rays areabout three times as numerous 
as the atomic. 

These general features are reproduced in the analysis of 
hydrogen and nitrogen positive rays. Curves very similar. 
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to fig. 1 are obtained with hydrogen when the tube is 
running a good deal harder than with oxygen, the equivalent 
spark-gap ‘being 4 mm. (14,000 volts) and the current 
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through the tube :3 milliamp. Running the tube harder | 
still the curves become like those shown in fig. 3 for 
oxygen. 

A simple explanation of these results is obtained if we 
suppose the molecular positive rays to be produced by. 


438 Mr. J. J. McHenry on 


cathode rays, while the positive rays themselves when they 
ionize the was tend to produce atomic rather than molecular. 
ions. When a primary cathode ray collides with a molecule 
and ionizes it, the electron knocked off soon acquires 
sufficient speed under the fall of potential in the dark space 
to be again able to ionize. lonization by the cathode rays 
or electrons increases, then, as we go away from the cathode, 
so that most of the Kanalstrahlen thus produced fall through 
the greater part of the potential fall of the dark space, and 
consequently constitute the faster positive rays. These we 
have found in our experiments to be mostly molecules. 

Ionization by the positive ravs, on the other hand, would 
increase towards the cathode, though it is appreciable all 
through the dark space, as a positive ray needs to fall 
through a field of only about 100 volts in order to ionize. 
The ions produced hy the positive rays themselves are then 
mostly formed near the cathode, and these slow positive ravs 
we found to be mostly atomic. 

On this view, then, ionization by cathode rays in general 
takes place without the dissociation of the molecules, while 
the more violent nature of the ionization by the positive 
rays produces charged atoms, one or both of which are 
positively charged. 

The explanation of the results may, however, not be quite 
so simple. It is pointed out by Dr. Aston ( Proc. Camb. 
Phil. Soc., May 1920) that the energy distribution of the 
positive ravs in hydrogen greatly depends upon the shape 
of the cathode. When the cathode was convex, so that the 
cathode rays were not concentrated along the axis of 
the tube, the results obtained by Dr. Aston were similar to 
ours—the fast Kanalstrahlen were molecular, the slow ones 
atomie, the energy of the molecular positive rays being 
about twice that of the atomic, so that their velocities were 
the same. These slow atoms are attributed by Dr. Aston 
to the dissociation behind the cathode of molecular positive 
rays into two atoms, one positively charged, the other 
neutral. The primary molecular rays he supposes to be 
those ions which drift trom the negative glow into the dark 
space, and fall into the cathode under the fall of potentral 
in the dark space. 

With concave cathodes, Dr. Aston found that the atomic 
positive rays were the primary ones, and molecules were 
formed by the capture of a neutral hydrogen atom. In this 
case the fast Kanalstrahlen were atomic—the slower ones 
molecular. As the use of a concave cathode produces a 
large increase in the intensity of the axial cathode beam, he 
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attributed the formation of the atomic Kanalstrahlen to the 
cathode rays. 

Further experiments by the electrical method would be 
required to study these points, using cathodes of different 
shapes. The cathode used in our experiments combined the 
convex and concave shapes, being coneave close to the 
centre, and gave a well-pronounced axial beam of cathode 
rays. It was not altered during the course of the experi- 
ments. However the atomic and molecular positive rays 
are produced, the similar behaviour of oxygen, nitrogen, 
and hydrogen positive rays found by us shows that “the 
mechanism of ionization and dissociation in discharge-tubes 
is the same for all three simple gases. 


Dejflexion of Cathode Rays by Magnet. 


In our experiments the cathode was so shaped that it gave 
rise to a conical beam of cathode rays which struck the 
glass well of the discharge-tube in a bread circular green 
patch of about 2 ems. radius. The beam was concentrated 
at the axis of the cone, showing up as a clear line traversing 
the dark space when the pressure was high. It is evident 
that only these positive ions which are produced along the 
axis of the cathode become positive rays. Ifa positive ion 
is produced at a distance from the axis of the tube it falls 
into the cathode obliquely, and hence does not become a 
positive ray as it does not pass through the cathode capillary 
tube. 

Now, if a horse-shoe magnet is placed with one pole above 
and one pole below the cathode, the cathode rays are de- 
flected from the axis. The further we go from the cathode 
the more the cathode rays are displaced from the axis, while 
close to the cathode the rays are only slightly deflected. 
The slow Kanalstrahlen produced by the cathode rays should 
be only slightly affected, while the faster ones produced 
further out should be greatly diminished, when the cathode 
rays are deflected by the magnet. 

This experiment was tried with oxvgen at moderate 
pressures. ‘The cathode rays were given such a deflexion 
that the circular patch of green phosphorescence oppesite 
the cathode moved a distance equal to its own diameter 
(4 ems.). Readings were taken of the atomic and molecular 
positive rays when “the cathode rays were deflected, and also 
when they were undisturbed. The results are shown in the 
following table, the last column giving approximately the 
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percentage reduction caused by the deflexion of the cathode 
beam :— 


TABLE II. 


i 
Cathode rave | Cathode rays | Per cent. 
not deileeted. |© deflected. | reduction. 
i —— ——— — — ——nnÀ ——— | —— — 
' 40 volts. | 
|. Oxygen atom, O, ... 205 105 48 
| » mol, O, ... 95 60 | 36 
80 volts, Oj iere 67 | 35 53 
Ei NOR asak 175 - 63 65 
120 volts, O ............ 23 ! 10 ^0 
| 120 14 92 
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The table shows that the slowest molecular positive ravs 
are reduced by 36 per cent., those of medium energy bv 
65 per cent., and the fastest oce by 92 per cent. when the 

‘athode rays are deflected. The molecular positive rays 
are thus reduced in increasing measure as we vo away from 
the cathode. This is not so marked in the case ‘of the atomic 
positive rays. It would then seem likely that the molecular 
Kanalstrahlen are produced by the beam of primary cathode 
rays. The large reduction in the number of slow atoms is 
probably due to the reduction of the faster molecules. 

With hydrogen in the tube similar results were obtained, 
as shown in the following table :— 


TABLE III. 


© Cathode rays , Cathode rays Per cent. | 

| not deflected. | — deflected. — | — reduction. | 
8U volte, HT, i 215 EE" | GO 
e ann 110 "E 80 | 27 
160 volts, H,... 71 EE" | 51 
B. dba 95 E 43 ! 05 


The reduction in hydrogen numbers is of the same order 
as that in oxygen, it cannot therefore be due to any loss by 
deflexion of the IKanalstrahlen theinselves. 
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Mixtures of Hydrogen and Oxygen. 

Some experiments were now performed with mixtures of 
various proportions of hydrogen and oxygen in the discharge- 
tube, with a view to finding if the energy distribution of the 
hydrogen atom and molecule was the same as that of the 
oxygen atom and molecule. The gases were mixed in 
the required proportions and allowed to flow into the dis- 
charge-tube through a long capillary tube. A remarkable 
fexture of these experiments is that the hydrogen Kanal- 
strahlen were always few in comparison with the oxygens 
and not in proportion to the volume of hydrogen in the 
discharge-tube. This does not agree with Sir J. J. Thomson's 
results (Phil. Mag., Aug. 1912, p. . 947). There may have been 
more absorption in our experiments, as we worked with higher 
pressures, though we might expect, owing to the smaller area 
which the hydrogen molecule presents. for collision to a 
cathode ray or positive ray, that the number of hydrogen ions 
produced should be smaller than the number of oxygen ions. 
The followiug table shows the number of hy ‘droven and 
oxygen Kanalstrahlen in an experiment with two volumes of 

oxygen and one volume of hydrogen :— 


TABLE IV. 

ON Goes M m n TTC 
| O, O,. H. ^ Hy 
| 80 volts ......... 456 500 50 54 
|190* ue onore 230 «= 380 2 45 
E Sh. uibus ; 23 55 small small 


| 


It will be seen that the hydrogen and oxygen Kanalstrililen 
behave similarly, and that the ratio O,/Oz is practically the 
same as that of H,/H,, so that the energy distribution of the 
hydrogens is similar to that of the oxvgens. 

The experiment was then performed with two volumes of 
hydrogen to one volume of oxygen, and iu this case it will 
be seen that, while the hydrogen molecular positive rays were 
more numerous than thie atomic ones, the reverse was the 
case for oxygen, as the following table shows :— 


TABLE V. 


O. |. Oo. WN. . L 
40 volts  ......... 200 149 small | (H, >H) 
BÜ- sh a 308 184 90 112 
120 216 220 24 81 
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The same points will be found in the experiment quoted 
by Sir J. J. Thomson (Phil. Mag. p. 247 (1912)). In the 
curves he shows that when the proportion of oxygen was high 
the molecule predominated, when low the atom came into 
prominence.  Usder the conditions of these experiments, 
however, if (OH) + were formed in large quantities, it would 


come on ne slit for about the same ie of magnetic field 
as the Oxygen atom. 


Carbon monortide. 


A few experiments were performed with carbon monoxide 
in the discharge-tube. The proportion of atomic Kanal- 
strahlon is much greater than with pure PX under 
similar conditions. This will be seen from fig. 4, which 

Fig. 4 


shows an analysis of CO. In this experiment the tube was 
quite hard and the pressure low. The equivalent spark-gap 
was about 6 min., showing a potential of about 17,000 volts 
on the tube. Under similar conditions with oxygen the 
atomic peaks would be very small, as shown in fig. 3. 

An analvsis of CO by the electrical method is given by 
Dr. Aston (Phil. Mag. p. 24€ (1912)), and here the Nigh dinar 
peak CO is very high i in comparison with theatomic numbers. 
A field of 320 volts, however, was used by Dr. Aston to 
bring the particles on the slit, so that his tube was probably 
harder than ours and the pressure lower. 

The ease with which this carbon compound is broken up 
suggests a possible explanation for the effect which we 
attributed to mercury of making the oxygen Kanalstrahlen 
mostly atomic. If the oxygen passing into the tube and 
coming in contact with tap-vrease, ete., brought with it an 
appreciable quantity of hydrocarbons, or formed CO, and 
CO, these impurities (except CO perhaps)-would be moved 
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with the mercury vapour wien passed over liquid air, and 
would pass into the tube again when the liquid air was 
removed. The gases CO; and CO cause a coloration in the 
discharge-tube similar to that of mercury, while ti e presence 
of mercury is most easily detected spectroscopically. 

We tried one experiment where this source of error was 
eliminated. ‘Ihe usual liquid airetraps were on either side 
of the discharge-tube, so that the oxvgen was free from all 
vaporous impurities. A side-tube was connected directly 
to the bulb containing a small pellet of mercury, and this 
was warmed to make the mercury pass into the discharge- 
tube. When this was done, however, the tube became 
rapidly so hard that it was impossible to take any obser- 
vations, the discharge becoming irregularand finally ceasing. 
The mercury vapour, perhaps, in being absorbed by the two 
cooling tubes swept the gas out along with it. This point 
was not further investigated, as the ease with which CO was 
broken into atoms had not then been observed. 

If this supposition that carbon compounds and not 
mercury vapour are responsible for the effect we observed in 
oxygen be correct, it would explain why similar effects were 
not obtained with nitrogen and hydrogen, as these most 
Inactive gases would not attack the stopper-grease and cause 
the carbon compounds to come into the tube. 

A series of experiments with concave and plane cathodes, 
using the electrical method to measure the Kanalstrahlen, 
vould give interesting results bearing on the suggestions 
made in this paper. 

The energy distribution of the positive raysis best studied 
by using quite a short parabolic slit—tlat used in our later 
experiments being only about 4 mm. long. The use of this 
short slit enables the energy distribution to be ascertained 
sharply, as it prevents overlapping «f£ slow and fast Kanal- 
strahlen in the measurements. Figs. 1 and 4 were obtained 
with the short slit. The positive ray current was still big 
enough to be easily measured by our electrometer, which in 
our experiments was never used at its highest sensitivity. 
It would be a great advantage to have the slit cut in a plate 
separate from the rest of the apparatus, and waxed on, so as 
to admit of easy alteration both in position and size. Also, 
instead of an induction-coil with its intermittent discharge, 
a steady source of high potential would be a great advantage 
in these experiments. 

The above experiments were carried out in the Cavendish 
Laboratory, Cambridge, at the suggestion of Sir J. J. 
Thomson, O.M., for whose kind interest and direction 
throughout the work the author is extremely grateful. 
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XLVIII. Ionization by Collision. By J. S. TOWNSEND, 
F.R.S., Wykeham Professor of Physics, Oxford *. 


1. QEVERAL suggestions have recently been made with 

regard to the processes of ionization occurring in 
discharges through gases, but in many cases they do “not 
appear to have been “carefully considered in relation to the 
principal properties of the phenomena to which they are 
applied. There are various hypotheses on which some 
properties of electric currents might be explained; but 
in order to obtain a satisfactory theory, it is necessary 
to account for various tvpes of discharge and for tlie 
small currents obtained with forces less than those required 
to produce a disruptive or a glow discharge. In most of 
the explanations that have been proposed, the ionization 
has been attributed either to direct or indirect effects of 
collisions of electrons and positive ions with molecules 
of the gas or to electrons set free by collisions of positive 
ions with the negative electrode. 

2. [n order to test the theory of ionization by collision 
which I gave many years ago, several sets of experiments 
had been made on the currents obtained between parallel 
plates when the initial conductivity was produced either 
by Rontgen rays or by ultra-violet light. The rate of 
increase of the current with the distance between the plates 

ras measured for definite electric forces and pressures of 
the gas, and it was found that the developinent of the 
currents was independent of the initial ionization. Thus 
when ultra-violet light traversed the gas and fell on the 
negative electrode, the proportion in “which the current 
increased with the distance between the plates was the 
sume with strong light as with light of small intensity. 
It is therefore clear that the radiation which set free the 
electrons from the negative electrode did not affect the gas 
in such a way as to facilitate the genesis of ions by collision. 
The currents in all these cases were very small, and the 
number of collisions between electrons or ions with mole- 
cules of the gas in the course of an experiment was small 
compared with the number of molecules in the path of 
the current. The ratio of the number of collisions to the 
number of molecules was gonerally much less than 1:10*; 
so that in these experiments two collisions with the same 
molecule occurred very rarely, and effects that may arise 


* Communicated by the Author. 


Jonization by Collision. 445 


from this cause would be inappreciable. If, for example, 
a molecule is dissociated bv one collision, the number of 
atoms would be very small compared with the number 
of molecules in the gas, and the number of electrons 
generated by collisions with atoms is negligible in com- 
parison with the number generated by collisions with 
molecules. This is also proved by the fact that the pro- 
portion in which the current increases with the distance 
between the plates is independent of the number of 
electrons set free initially from the negative electrode. 
In forming a theory to account for the increase of current 
with the electrie force or with the distance between the 
plates which is observed in these experiments, it is un- 
necessary to consider ions which might be formed as a 
result of two collisions with the same molecule, or by 
collisions of electrons with molecules that may have been 
disturbed from their normal state by radiation. 

The experiments show that the increase of the currents 
with the distance between the plates is due principally to 
ionization of molecules of the gas by the collisions of the 
electrons, since the number n of electrons arriving at 
the positive electrode is given by the formula n=nge* 
for a considerable range of distances z between the plats, 
when the electric force X is constant. With larger distances 
between the plates the currents increase more rapidly 
than the value of n as given by this formula, and eventually 
at a certain distance S a spark discharge is obtained with 
the potential Sx X. "Thus it is necessary to assume that 
another process of ionization is taking place, in addition to 
the direct effect of the electrons, which does not produce 
any remarkable effect in the currents obtained with the 
shorter distances x, but has a large effect as x approaches 
the sparking distance S. 

The additional ionization may apparently be attributed 
to ionization of molecules of the gas by the collisions of 
positive ions, or to electrons set free from the negative 
electrode by impacts of positive ions, or to radiation 
from molecules of tlie gas falling on the negative electrode 
and setting free electrons, this radiation being due to 
collisions of electrons with the molecules. The question 
then arose as to which of these modes of producing ions 
combined with the direct ionization by the collisions of 
electrons with molecules gives the most satisfactory ex- 
planation of the sparking-potentials when the pressure of 
the gas is above that coresponding to the minimum 
sparking-potential, and of the small currents obtained with 
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various distances between the electrodes when ultra- 
violet light from an external source falls on the negative 
electrode. 

There were several reasons for attributing the additional 
ionization to the collisions of positive ions with molecules 
of the gas, and this theory is supported by the results of 
many recent experinients. 

3. Some of the experiments bearing on these points have 
been made only with simple gases such as nitrogen and 
hydrogen, but the general conelusions to which they lead 
probably apply alge to monatomic gases. Also, in the 
experiments on the conductivity between parailel plates 
and the corona discharges from the surface of a wire to 
a coaxial evlinder the electrodes have been made of ordinary 
metals such as copper, zinc, silver, ete., and it is impossible 
to apply the general conclusions deduced from these experi- 
ments to cases where the electrodes are of magnesium 
or alkali metals. With these metals, large numbers of 
electrons are set free from the surface by the action of 
ordinary light, and cleetrie discharges between electrodes 
of these metals are maintained with comparatively small 
forces. This is probably due to the action of radiation 
from the discharge or to the impact of positive ions which 
cause large numbers of electrons to be set free from the 
surface of the alkali cathode under conditions where very 
few electrons would be set free from a cathode of an 
ordinary metal *. 

4. The currents obtained between parallel plates at 
various distances apart when ultra-violet Heht falls on 
the negative electrode may be compared with formulze 
for the currents obtained on the hvpotheses which have 
heen suggested above. The for mulie f lave already been 
given for the case (A) where a is the average number 
of molecules of the gas ionized bv an electron in moving 
through a centimetre in the direction of the electric force, 
and B the number of molecules ionized by positive ions, 
and the case (B) where a similar action is attributed to 
the electrons, but the positive ions, instead of ionizin 
molecules of the gas, are supposed to contribute to the 
ionization by setting free electrons when they collide with 
the negative dieoluodés 

The formule for the number » of electrons reaching the 
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positive electrode under these two conditions are : 


as „ CZA) B) c2-82} 
(à) n= » d 

and e 
(B) n = No l—y(7—1y 


In the second formula the coefficient y is the ratio of the 
number of electrons set free by impacts from the cathode to 
the number of positive ions that impinge on the surface. 

In order to obtain a formula for the third case (C), where, 
in addition to the ionization produced by the collisions of 
electrons with molecules of the gas, some electrons are 
supposed to be set free from the cathode by the radiation 
from molecules of the gas, it is necessarv to consider the 
question of the absorption of the radiation by the gas. 

Definite information on this point, and on other points 

connected with the hypotheses which may be adopted to 
explain the currents between parallel plates, is obtained 
from experiments on the currents between a wire and a 
coaxial eylinder. The force at the surface of a wire required 
to maintain a glow discharge is connected by a definite rela- 
tion with the sparking-potentials for parallel- -plate electrodes, 
which shows that the currents obtained in the two cases 
depend on the same processes of ionization, so that it must 
be possible to explain both tvpes of discharge by the same 
hypothesis *. In the case of the radial field of force between 
a wire and a coaxial cylinder, there is a critical value X, of 
the force at the surface of the wire with which a small cou- 
tinuous glow discharge is maintained between the wire and 
the cylinder ; and if a be the radius of the wire, and b the 
radius of the cylinder, the force X, is independent of the 
radius b provided b is greater than a certain radius e. The 
value of c depends on a and on the pressure of the gus. 

In order to account for the fact that X, is independent of b, 
it is necessary to assume in the case of a positive current 
flowing from the wire to the cylinder either that there are 
no electrons set free from the surface of tlie cylinder or that 
the same number are set free from a cvliuder of large dia- 
meter as from a cylinder of small diameter. The force at 
the surface of the cylinder is aX,/b, and by increasing the 
radius b the intensity of the electric force near the surare 
of the cylinder may be reduced so that electrons and positive 
ions would move with such small velocities in passing through 
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the space near the surface of the cylinder that they would not 
generate ions or excite radiation by colliding with molecules 
of the gas. 

It is impossible, therefore, to obtain a satisfactory expla- 
nation of the positive currents from a wire to a coaxial 
cylinder, or the currents between parallel plate electrodes, 
on the assumption ( B) that electrons set free from the negative 
electrode by impacts of positive 1ons form an important 
contribution to the processes by which the ionization is 
produced, as it is extremely improbable that the number of 
electrons thus set free is independent of the velocity with 
which the positive ions impinge on the electrode. 

With regard to the third hypothesis (C), where electrons 
set free from the negative electrode by radiation from the 
gas are supposed to constitute an important effect, it would 
be necessary in this case to assume that the radiation 
emanating from the gas near the wire where the electrons 
and positive ions move with high velocities is not absorbed 
by the gas, as the number of electrons set free from the 
negative electrode must be the same when the radiaticn 
traverses different distances through the gas to cylinders of 
'various diameters. 

It it be assumed that the radiation is of this character, 
a formula for the currents between parallel plates is easil 
obtained, since nearly all the radiation from the gas falls on 
the electrodes when the currents traverse a small space near 
the centre of the field, and the distance between the electrodes 
is small compared with the diameter of the electrodes. If 
v.'6 be the number of electrons set free from the negative 
electrode due to radiation excited by the collisions of a 
number v of electrons in travelling through a distance a in 
the direction of the electrie force, the formula (C) for the 
number n of electrons arriving at the positive electrode, 
when ultra-violet light from an external source acts on the 
negative electrode, is 
(ONE OEC CIS 
a—ó6(e7—1) 

When suitable values of the quantities a, B, y, and 6 are 
chosen, the values of n given by the three formule (A), (B), 
and (C) are found to be in good agreement with the small 
currents obtained between parallel plates at various distances 
apart when electrons are set free from the negative electrode 
by ultra-violet light from an external source. Also the 
sparking distauce is found accurately by equating to zero the 
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denominators of the expressions multiplying the constant ng. 
]n each case the same value of « is obtained, so that the ex- 
periments are decisive in showing that the ionization is 
principally due to the direct effect of collisions of electrons 
with molecules of the gas; but it would be impossible to 
decide from a set of these experiments which of the other 
modes of generating ions contributes the additional effect 
required in order to explain the disruptive discharge. When 
other experiments are considered, it becomes evident that 
the first hypothesis (A) is the only one of the three which is 
consistent with the properties of the currents obtained under 
various conditions. 

5. The experiments on the conductivity of a gas between 
coaxial cylinders show that in the positive discharge from a 
wire to a coaxial cylinder it is very improbable that electrons 
set free from the cylinder by the impacts of positive ions 
contribute appreciably to the ionization, and if this were the 
determining factor it would be necessary to suppose that 
the number set free is independent of the velocity with which 
the positive ions collide with the negative electrode. This 
point may be tested by considering the values of «y obtained 
by comparing formula ( B) with the currents between parallel 
plates for a given pressure of the gas when two different forces 
are used. For air at one millimetre pressure the values of a 
and y are 5°25 and :00268 respectively when the force is 
350 volts per centimetre and 6:3 and ‘0053 when the force 
is 437 volts per centimetre. Hence, in order to bein agree- 
ment with these experiments, the number of electrons set free 
from the negative electrode by impacts of positive ions should 
be doubled when the velocity of the positive ions is increased 
by increasing the electric force in the proportion 5:4. It 
must therefore be concluded that the second hypothesis 
cannot afford a satisfactory explanation of. these phenomena. 

Iu order to test the third hypothesis, it is necessary to 
consider the properties of metal surfaces in connexion witli 
the emission of electrons due to incident radiation. The 
number of electrons emitted by the action of Rontgen rays 
or by ultra-violet light varies with different metals, and also 
with the state of the surface. In the case of ultra-violet 
light, the number of electrons emitted from a bright metal 
surface may be fifty times as great as the number emitted 
from the same surface after it has become oxidized. Hence, 
in the experiments on the development of currents between 
parallel plates, the factor by which the currents increase with 
the distance between the plates should vary with the state of 
the surface if the total ionization depends on the number of 
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electrons set free from the negative electrode by radiation 
from molecules of the gas. No such effect was observed in 
the earlier experiments, where the electrodes were of zinc, 
and the values of æ and 8 obtained by-comparing those expe- 
riments with formula (C) are nearly exactly the same as the 
values obtained from tlie experiments with silver electrodes 
recently made by Ayres *. 

Also, the currents between parallel plates of different 
metals have been measured by Gill f to test whether tlie 
factor by which the currents increase with the electric force 
depends on the sensitiveness of the plates to radiation. It 
was found that under the action of ultra-violet of constant 
intensity the number of eiectrons emitted from one plate was 
twenty times the number emitted from another, but the factor 
by which the currents increased with the electric force was 
the same with both plates. The experiments cannot therefore 
be explained on the hypothesis that electrons set free from 
the nevative electrode by radiation from molecules of the gas 
make an appreciable contribution to the conductivity. 

Thus the theory in which the principal effects are attributed 
to ionization of molecules of the gas by impacts of electrons 
and positive ions is the only one which affords a consistent 
explanation of the principal properties of the disruptive 
discharge between parallel plates, the glow discharge from 
a cylindric al surface, and the development of the smaller 
ia between parallel plates. 

. An objection to this theory is put forward in an account 
i in ‘Nature’ (vol. ex. p. 623, 4th Nov. 1922) of a theory 
of sparking-potentials communicated to tbe Academy of 
Sciences, Paris, by G. Holst and E. Oosterhuis, where it is 
stated that Holst and Oosterhuis have proved experimentally 
that the nature of the cathode has an important influence, 
and that they support the hypothesis that the positive ions 
do not produce ionization by contact with gas molecules, but 
by their electrostatic attraction they can liberate them from 
the cathode. It appears, however, from the account given 
in the Comptes Jtendus (vol. clxxv. p. 577, 9th Oct. 1922), 
that in the experiments made by Holst and Oosterhuis the 

cathodes were of. magnesium or alkali metals, and that their 
theory is only applied to monatomic gases at pressures near 
that corresponding to the minimum sparking-potential. It 
is quite clear that “these experiments do not lead to oo 
conclusions with regard to the properties of positive ions 


* T. L. R. Ayres, Phil. Mag. vol. xlv. p. 353 (Feb. 1923). 
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It has been shown by Mey * that the cathode fall of 
potential in nitrogen, hvdrogen, and helium is much less 
with cathodes of magnesium or alkali metals than with 
ordinary metals. It is probable that a similar difference due 
to the electrodes would be found in the minimum sparking- 
potentials for nitrogen and hydrogen as well as for the 
monatomic gases, but such a result would not prove that 
positive ions do not generate: ions by collisions with 
molecules of the gas, or that electrons set free from the 
cathode by the impact of positive ions make an appreciable 
contribution to the ionization required to produce a disruptive 
discharge or a glow discharge from the surface of a wire 
when the electrodes are of ordinary metals. 

7. In the theory of discharges given by Holst and Ooster- 
huis, the number of molecules ionized by electrons in moving 
from the negative to the positive electrode is calculated by 
a method based on unreliable assumptions relating to the 
conditions under which ions are generated by collisions. 
When an electron starting from rest moves through the gas 
under the electric force X, it is assumed that it makes several 
collisions with molecules in which there is very little loss 
of energy, and after traversing a certain distance a, it 
acquires a velocity corresponding to the ionizing potential Vj, 
and ionizes a molecule of the gas. Thus two electrons start 
from rest from a plane at a distance a from the cathode, and 
four at a een 2a, the number arriving at the cathode 
being 2°", where S is the distance between the electrodes. 
The ionizing potential V, used in this calculation is the 
minimum potential under which a stream of electrons acquire 
sufficient kinetic energy to ionize an appreciable number of 
molecules of the gas, and it is assumed that the electrons 
moving through the gas never acquire a velocity greater 
than that corresponding to the potential V,. This would 
only be true if it were probable that a molecule would be 
ionized in most of the collisions where the velocity of the 
electron corresponds to V,. But there is no evidence to 
show that this is the case as the experiments by which the 
lonizing potential V, is found only indicate that ions are 
produced in appreciable numbers, which may be very small 
compared with the total number of collisions with molecules 
of the gas, when the electrons are moving with the velocity 
corresponding to Vi. Also electrons lose e energy in collisions 
which cause vibrations in molecules of the gas, as shown by 
ordinary Geissler tubes, and the experiments that have been 
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made to determine the minimum ionizing potential V, 
indicate that the radiation from the molecules is appreciable 
when a stream of electrons collide with molecules with a 
velocity corresponding toa potential Vg which is less than Vj. 
If it were assumed that electrons lost all their energy in a 
large proportion of the collisions with the velocity. corre- 
sponding to Va they would very seldom attain a velocity 
corresponding to V}, if they made a large number of collisions 
with molecules of the gas in moving through the distance a 
under an electric force X. 

In order to obtain ionization by collision it is necessary 
that the electrons should attain velocities greater than that 
corresponding to Va, and there is no reason to suppose that 
they do not also attain velocities greater than that corre- 
sponding to Vy. Thus the method by which Holst. and 
Oosterhuis calculate the number of molecules ionized by 
electrons moving through a given distance is not very 
reliable, The best test of the hypothesis, however, is to 
calculate by this method the total ionization produced hy 
electrons moving through argon in a few particular cases 
and to compare the results with numbers found experi- 
mentally. When a small stream of electrons moves under a 
uniform force X, this theory implies that all the electrons 
attain a velocity corresponding to the ionizing potential V, 
at a series of distances from the cathode a, 2a, 3a, &c., where 
they lose all their energy by colliding with molecules, and 
this phenomenon recurs with pertect regularity for a large 
number of intervals, each of the same length a. If an 
electron. shirts from rest and- aves ünder a constant 
force X, it loses a small proportion of its energy in the 
collisions with molecules before attaining the velocity corre- 
sponding to Vj, so that the distance a is somewhat greater 
than V,/X by an amount depending on the pressure "of the 
gas. With the forees and pressures used in the following 
examples the distance a is very nearly equal to V,/X, and it 
is only necessary to find the difference (V,/X—a) ) approxi- 
mately, Various values have been found. for the ionizing 
potential V; in argon from 12 to 15:1 volts, and in this 

'aleulation the lar west value is taken, as it leads to numbers 
which come nearest to the results obtained experimentally. 

8. It the argon be at 52 millimetres pressure and the 
force 208 volts per centimetre, the distance a is approxi- 
mately 15:1/208 270725. centimetre. From the. numbers 
given. by the author and Mr. Bailey * in the tables of mean 
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free Pe and velocities of electrons in argon it will be 
found that in passing through this distance in the direction 
of the electric force, an electron makes on an average about 
1300 collisions, in each of which it loses a proportion of its 
energy equivalent to about one part in 40,000. 

The total loss of energy in traversing the distance a is 
therefore about 3 per cent. of the final energy, so that in 
order to attain the velocity corresponding to 15:1 volts the 
electron must traverse a distance *075 centimetre in the 
direction of the electric force. In order to make allowance 
for possible errors it may be supposed that the distance a is 
'08 centimetre. Hence the current would be increased by 
the factor 225—250, if the distance between the plates were 
increased by ‘65 centimetre. 

The currents obtained in argon between parallel plates of 
silver when ultra-violet light acts on the negative electrode 
have recently been determined by Ayres *, the gas having 
been purified very carefully. With the gas at 5'2 milli- 
me!res pressure, and a force of 208 volts per centimetre, it 
was found that the increase of current due to collision of 
electrons with molecules is given by the formula nzn;e", 
where 2=5:05. Thus the current increases by the factor 
e* = 26-5, when the distance between the plates is increased 
by *65 centimetre. 

The number obtained by the theory is therefore much too 
large, and instead of ionization taking place regularly at 
distances of -075 or ‘08 centimetre, it appears that on an 
average ionization occurs after the electron travels a distance 
of :137 centimetre, (137 x 505 — log, 2). 

9. The preceding experiment where the gas was at 5'2 
millimetres pressure is taken as an example, in order that 
there should be a large number of collisions with molecules 
when the electrons attain the velocity corresponding to Vj, 
but when the ratio X/p is of the order 40, small quantities 
of impurities have a large effect on the value of a, and it 
inight be suggested that the discrepancy between the theory 
and the experiments is due to this cause, With the larger 
values of the ratio X/p the effect of impurities is very much 
less, and it is comparatively easy to avoid errors due to 
impurities, so that the following experiment may be con- 
sidered. 

In argon at 1:325 millimetre pressure the value of a was 
found to be 5:76 when the electric force is 252 volts per 
‘centimetre, so that the current increases by the factor 
€*9 —17:8 when the distance between the plates is increased 

* T. L. R. Ayres, loc. cit. 
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by half a centimetre. In this case the distance a is approxi- 
nately *06 centimetre, and an increase of half a centimetre 
in the distanee between the plates would, according to the 
theory, increase the current bv the factor 28— 256, which 
differs from the number obtained experimentally toa greater 
extent than in the example where the gas was at 572 milli- 
metres pressure. 

If the values of a which have been obtained for helium be 
considered it will be found that the value of the ionizing 
potential usually given is too high Experiments are being 
made on this point which will be described in a future 
com nunication, 

10. There are many simple experiments which show that 
all the electrons do not acquire maximum and minimum 
velocities at the same regular intervals from the cathode, 
when a small current flows through a gas under a uniform 
electric force, Thus the experiments on the determination 
of the quality a, and the experiments on the motion of 
electrons in gases, show that the velocity of agitation and 
the velocity in the direction of the electric force becomes 
independent of the distanee from the cathode after the 
stream has traversed a short distance through the gas, under 
a uniform electric force. 

A distribution of the velocities where various effects due 
to impacts recur at regular intervals, occurs in the case of the 
striated positive column in a dischar ge-tube, but this pheno- 
menon is only observed when the current is comparatively 
large and the electric force attains a maximum and minimum 
value in each striation, due to the charge in the vas. 

11. The question arises as to what extent the mean loss 
of energy of electrons in collisions with molecules 1s attected 
when the velocity of the electrons is increased from below 
the critical value corresponding to the potential Va to a 
velocity above this value. 

Several experiments have been made to determine the 
critical potentials required to produce various effects in gases, 
and in order to compare the results with other investigations, 
some of the values that have been obtained for argon and 
hydrogen may be considered. Prof. Horton and Miss Davies * 
have deduced from their experiments with argon, that the 
minimum ionizing potential V, is 15:1 volts, and the minimum 
potential V, required to excite radiation is 11:5 volts, and 
that ionization or radiation does not always occur when 
electrons collide with molecules with velocities corresponding 
to these potentials, but the proportion of the total number o£ 


* F. Horton and Miss A. C. Davies, Proc. Roy. Soc. A. vol. xcvii. 
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collisions with the larger velocity in which ionization takes 
place is increased when radiation is excited by a large 
number of collisions with the smaller velocity. 

Iu these experiments the electrons that collide with the 
molecules are emitted by a hot filament, and the emission 
current may be of tbe order of a milliampere. A large 
proportion of the molecules in the path of the stream of 
electrons emitted by the filament may therefore receive 
several impacts per second from electrons moving with 
velocities greater than that corresponding to the potential 
Vs, and it is possible that the ionization which is attributed 
to collisions with the velocity corresponding to V, is prin- 
cipally due to the ionization of molecules which had been 
affected by previous collisions. As the intensity of the 
stream of electrons from the filament is not stated in the 
published account of these researches, it is not possible to 
estimate the probability of ions being generated when an 
electron collides with a molecule in its normal state. 

These experiments therefore do not show definitely that 
an appreciable number of molecules are ionized by collisions 
where the velocity of the electrons corresponds to 15:1 volts 
when a small current is passing through the gas, as in cases 
where the stream of electrons is measured by an electro- 
meter, and it is impossible to estimate, from the value 
obtained for Vj, the number of ions generated per centi- 
metre by an electron moving through a eas under a constant 
electric force. 

Some information as to the probability of electrons losing 
all their kinetic energy in collisions witli the velocity corre- 
sponding to V4 may be obtained from the experiments on the 
motion of electrons in gases. Jn argon when a stream of 
electrons moves through the gas at 20 millimetres pressure 
under a force of 25 volts per centimetre, the mean energy of 
avitation attains a value corresponding to 12 volts, and the 
ratio of the mean loss of energy of an electron in a collision | 
with a molecule to the mean energy of agitation is 3*5 x 1075. 
Thus the proportion of collisions with velocity corresponding 
to 11:5 volts in which eleetrons lose all their energy is less 
than one in 10*. These experiments on the velocities of 
electrons in argon lead to the conclusion that, in general, 
electrons do not lose the greater part of their energy in 
collisions with normal molecules with velocities less than 
that corresponding to a potential of about 17 volts. 

The value of the minimum potential V, required to ionize 
a molecule of hydrogen, V; to excite radiation in a molecule, 
and Vg to dissociate a molecule given by F. Horton and 
Miss A. C. Davies, are Vi— 16:9. volts, V,—13:9 volts, and 
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V,2—2:5 volts. When a stream of electrons moves through 
hydrogen under a constant electric force X, and each 
electron makes several collisions with molecules of the gas 
in passing through a distance of the order V,/X, the number 
of ions generated by collisions would be extremely small if 
the electrons lost the greater part of their energy in collisions 
with velocities greater than 2*5 volts. The experiments that 


have been made on the motiou of electrons in hydrogen ' 


show that the ratio X of the mean loss of energy of electrons 
in collisions with molecules, to the mean energy of agitation 
of the electrons, increases continuously with the velocity of 
agitation, the values of X being 45x 1073, 9x 1073, and 
25 x 10? for the velocities of agitation corresponding to one 
volt, 2 5 volts, and 4 volts respectively. Thus when collisions 
occur with velocities considerably greater than that corre- 
sponding to 2°5 volts, the average loss of energy is a small 
fraction of the kinetic energy of the electron. These ex- 
periments show that if molecules of hydrogen are dissociated 
by electrons moving with a velocity corresponding to 
2:5 volts, it is only in a small proportion of the total number 
of collisions that dissociation occurs. 
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XLIX. Suggestions regarding an Alternative Theory. 
By C. H. BICKERDIKE *. 


CCORDING to the classical conception of Faraday 

lines, the existence of matter uffects the state of 

the æther in some degree, however small, at any distance 

from the matter. In that respect there is an important 

difference between the relation of matter to the æther and 
the relation of a body floating in water to the water. 

When matter is in uniform motion, the Faraday lines 
are carried along with it—i. e., the state of the æther 
at any point at any distance from the matter is being 
altered. If the matter is at one 
moment at the point M, the æther P p' 
is in a certain state at a point P.. 

When the matter has arrived 

at M’, the state of the ether 

whieh was formerly found at P 

is now found at P'. In He M M' 

lativitv theory the same idea is 

expressed by saying that matter affects the state of 
“space” and this state moves as the matter moves. It 
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is very important to remember, however, that the essential 
point about the Faraday line conception is that the 
state of the ether is differentiated particularly along the 
direction MP. It is not merely that there is, around P, 
in all directions equally, some difference of state in the 
sther due to the existence of the matter at M. There is 
some special significance in the linear direction PM. 

The writer prefers to speak of æther rather than of 
space, since it is admitted that Einstein’s '*space" is 
not mere emptiness, but something having properties and 
capable of heing the vehicle of forces. The ether may not 
be exactly “matter,” but it is something which has relations 
to matter and can interchauge energy with matter. 

The theory that the existence and the motion of matter 
imply effects upon the state of the æther at all points 
distant from the matter has an important bearing on the 
theory of propigation of wave-motions. 

[f a sound-wave is started from a vessel floating in or 
immersed in water, there is no reason for supposing that 
the state of the water at a distance from the vessel is 
affected by the existence of the vessel or by its uniform 
motion in auy manner which has a bearing on the velocity 
of propagation of sound. The principle that the velocity of 
the sound-wave depends only on certain properties of the 
medium can be established by imagining the medium to be 
contained in a tube and taking 
cross-sections at A and B. The A B 


tube is imagined to move with a 
velocity in the direction opposite 
to that of the waves, so that the . 


same phase of the wave is always 

found at A, say a crest or maximum compression, and at B 
always a hollow or maximum of rarefaction. The sup- 
position is that the state of the medium at A and at B 
remains constant; and on that supposition it is demonstrated 


that the velocity u= J? and is independent of the length 


of the waves and of the o of the impulse which started 
them. 

If we now consider the case of waves in the ether— 
it is immaterial to the point in question that they are 
transverse, and not longitudinal—propagated from a body 
which itself has a velocity v, then in order to get the same 
conditions, that the states of the wether at A and B are 
constant, we should have to attribute a velocity of r+c 
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to the tube if we are regarding the matter from the point of 
view of an observer who was not sharing in the motion. 

It does not follow that there would he any means of 
measuring that velocity from an outside point of view. 
Perhaps all that we are entitled to infer is that the velocity 
of light should appear constant from point. to point on the 
moving system, to observers on that system., 

It light is Wane emitted by two bodies, A and B, and 
A has a velocity V athe direction of the arrow, and B is 
stationary, and if we consider any point P 
distant from beth of them, the T: araday ^n 
line conception. would lead to the con- 2- 
clusion that light travelling along the 
direction AP Fro A wonld. have velo- 
city € plus the motion of the line AP, 
but light travelling along BP need not A 
he affected in anything like the same 
degree by the fact that the state of the ather along the 
line AP is in motion. We should expect only that the facts 
that the matter A exists and that it is 1n motion, by making 
the state of the ether at P not quite identical veh what it 
would otherwise be, would have some kind of effect upon 
radiation emitted by B and passing through P. The 
existence of A implies a gravitational field, and it is not 
unreasonable to suppose that this is intimately related to 
the Faraday lines. The bending of light on passing through 
a gravitational field may be the effect caused by the mere 
existence of A and its lines on the light travelling along 
the direction BP. There may he also a farther effect if the 
gravitational fieid and the lines are in motion. 

The connexion between Faraday lines and = gravitation, 
and the apparent similarity of gravitational “attractions 
and centrifugal forces due to rotation, will be referred to 
again later. Something has to be said first, however, on 
the question whether the theory suggested is in aocordlancs 
with observed facts, such as Majorana’s experiments. The 
question of Aberration is dealt with later. 


The Michelson-Morley Experiment and the Lorentz 
Transformation. 


On the supposition that light is transmitted at constant. 
velocity through a stationary wether, the distance traversed 


Jl 


by the light at right angles to the earth's motion is cuf 


pcs 
c? 
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and that traversed by the light in the direction of the earth’s 


motion is —---,--—, v being the velocity of the earth. 


/ v 
Md 

On the theory which the writer suggests, the two 
distances would both be equal to 2/ measured aloug the 
earth's lines, because the Faraday lines belonging to 
the earth partake of its motion, and the light travels 
along those lines with a velocity constant relative to them. 
But if one take the standpoint of a spectator on the sun, 
the velocity of the light along the direction of motion 
of the earth is v -- c one way and v— c the other way. 

That is not to say, however, that the spectator stationary 
relative to the sun would have any easy way of measuring 
these velocities. We cannot measure the velocity of light 
in a direct manner analogous te the measurement of the 
velocity of sound. 

The Lorentz transformation is obtained by assuming that 
the velocity of light must be made to be constant, and equal 
to e only, in each direction. That necessitates that the 
length along the direction of motion must be regarded, 
from the point of view of an observer not sharing in the 
motion, as contracted, and that a corresponding change in 
the measurement of time is made. This only means, how- 
ever, that the results, so far as regards observations made 
entirely from the origin of axes, are as if the lengths 
were contracted and the times varied in accordance with 
the formule. | 

The actually observed results of measurement of the 
velocity of light are, as a matter of fact, too inexact to 
furnish any certain conclusion that the velocity is constant 
as measured when the light is reflected back to the one 
observer. Assuming, however, that this constancy is 
observed, it cau be accounted for on the theory above 
suggested ; and tle Lorentz transformations are then to 
be regarded as merely fictitious devices for expressing 
the truth in a way which may have some conveniences, 
but without meaning that the lengths of material bodies 
and the motions of clocks are, in any real sense, varied 
in accordance with the transformation of v and 2’ and of 
t and t’. 

If we consider Einstein's train and the platform, so long 
as an observer on either of these confines his experiment to 
light produced on his own system and reflected from mirrors 
or passed through lenses all on his own gystem, it may be 
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believed that he will find the velocity of light constant even 
if the measurement is made by two observers at a distance 
from one another. The Faraday line theory would aecount 
for that. It is not so obvious, however, what we should 
e would be the case on relativity principles if the 
light were reflected from one system to the other. 

"Suppose we liave an observer S at the rear end of the 
platform and another S' at the rear end of the train, and 
each produces a flash of light at the moment when the 
observers are adjacent to one another. 

Taking the observer S, on the platform, he is supposed to 
M judge” that the front end of the train only reaches to a 
oint P on the platform. He 
lio at P a mirror. which 
reflects part of the beam back í á 
to S. Another part is re- s 
flected across to the train 
(a very short distance). At s) Z2 
the moment when the light 
reaches P, a part of the train not quite at the front end 
will be opposite P, sav P', where there is a mirror which 
reflects the light back to S. Another part of the beain 
[rom S goes direct to I" and is reflected back to S. 

Would a toothed-wheel arrangement at S show all 


e 
these three beams as having the same velocity as judged 


by S? 

We certainly do not know experimentally that this would 
be the ease. Possibly a test might be made by a toothed 
wheel (or two such wheels adjacent and revolving in opposite 
direetions), the light being reflected back from a great 
distance in two beams, one from a fixed mirror and one from 
one of. Majorana's rapidly revolving mirrors adjacent to the 
fixed mirror. 

Even so, however, it might be the case that mere trans- 
mission through the air would involve loss of any velocity 
imparted by the revolving mirror. 

Indirect inferences from interference are of doubtful 
import, as may be seen from the following observations on 
Majorana’s experiments. 


P 


Majorana’s Eeperiments, 


Majorana’s well-known experimeni, designed to test 
whether a ballistie theory of the propagation of light is 
tenable, is deseribed in the Phil. Mag. 1918, pp. 163-174. 
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It may be decisive against a simple emission theory which 
regards light as a stream of projectiles which, on reflexion 
from mirrors, behave like elastic particles rebounding. It 


. ^is submitted, however, that the conclusion that the velocity 


of light is always constant relative to the observer does not 
necessarily follow. There is an alternative conception which 
would equally well fit in with the results of the experiment : 
namely, that the light is propagated along the Faraday lines 
which belong to and are at rest relatively to the body from 
which the light proceeds, including the case of reflexion from 
a mirror, and that the velocity of propagation is constant 
relative to those lines which themselves have the translatory 
motion, if any, of the body to which they belong. Relative 
to tlie observer, the velocity of propagation would, on this 
theory, not be equal to c, relatively to a stationary observer, 
when the light was reflected from a moving mirror ; it 
would be reflected with a velocity c+v (according as the 
mirror was moving towards or away from the observer). 
In this respect the theory resembles the ballistic theory, but 
the important difference between the two occurs when that 
light is again reflected from a fixed mirror. On the ballistic 
theory, the light reaching the fixed mirror with velocity 
e+v would be reflected with this velocity and the wave- 
length would not be altered. On the Faraday line theory, ' 
however, the light, though arriving at the stationary 
mirror with velocity c+v, would leave it with velocity e, 
aud the wave-length would necessarily be-reduced. On 
the other hand, if it arrived with velocity c—v, and left. 
with velocity c, the wave-length would be increased. 

In Majorana’s experiment the wave-length would be 
reduced at each reflexion from the fixed mirrors when the 
moving mirrors were moving towards the source of light, 
and the reduction would be additive for each such reflexion. 
The result would be exactly the same as on Majorana's own 
theory, only the points at which contractions of wave-length 
would occur would be at the fixed instead of the moving 
mirrors. 

Similarly, on the reversal of the motion, there would be 
increases of wave-length at each reflexion from the fixed 
mirrors. 

Another possible view is that the light might be sup- 
posed to travel along the Faraday lines belonging to 
the body on to which the light was falling. This would 
operate in substantially the sume way as on the previous 
supposition. 
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Let S be the source of light, M, and M, mirrors moving 
in the direction indicated by the arrows with velocity v 
resolved along the direction of the lines M,S, M,F,, and 
M,F,. F, and F, are fixed mirrors. 


17 ^", 


Y 


fo ^ J 

1, First suppose transmission along tlie lines from which 
the light is proceeding. The line SM, is then stationary. 
The wave-length is A, as judged by a stationary observer if 
he were able to observe it, and the velocity of. transmssion 
along SM, ise. Owing to the motion of Ma, there would 
be, for an observer on Mj, a Doppler. effect, apparently 
contracting the wave-leneth, but the light would be re- 
Hected along the line M Ks, which would have velocity v, 
and the light would have velocity c+r towards F,. The 
wave- ‘length would still be X along M,F, The light is 
then reflected along F Ma with velocity ¢ e, und the wave- 
length is reduced to X and is still A" on reflexion along 
M, n p» and is again reduced further on reflexion from F,. 

Tn this diagram the mirrors are represented, for simplicity : 
as all par: allel to one another, and the angle of incidence is 
uniformly the same at each mirror. It is not a picture of 
Majorana’s apparatus. 

2. Suppose transmission is along the lines belonging to | 
the system on to which the hight halls: | 

The wave- -length along the line SM,, which is movin 
towards S with "velocity v, will now be X', and the light 
will travel, relatively to S with velocity c—rv. It will 
bo reflected along M,F, with velocity c, but the wave- 
length will not be increased, because the number of waves 
falling on M, per unit of time will be the number emitted 
by S, say N. That number will be transmitted along M,F, 
with ‘velocity c, but they will be crowded in just the same 
way as along SM, A further crowding will occur along 
FM. 

The result of the second experiment appears also to be in 
accordance with either of these theories. The light, before 
reaching the eye, is reflected trom a stationary mirror. On 
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the supposition that it is carried along the Faraday lines of 
the moving source, the wave-length is not reduced by the 
motion; but on being reflected from the stationary mirror, 
along the lines of that mirror, the velocity would be c only 
and there would be a reduction of wave-length. The net 
result, on reaching the eye, would be the same as if trans- 
mission had been all the time through a stationary «ther. 

On the supposition that transmission is along the lines of 
the recipient body, the reduction of wave-length would 
occur at the point of emission, and the result would also be 
the same as in the case of transmission throuzh a stationary 
zether. 

The discussion in terms of Faraday lines does not, of course, 
give us any simple physical picture of the zther and of what 
is happening in it. The wther remains as mysterious as ever, 
but, it is submitted, not more mysterious than Einstein's 
** space." 


L. A Determination of the Coefficient of Reflexion of X- 
Rays for Calcite and Rock-Salt. By BERGEN Davis, 
Professor of Physics, Columbia University, New York, 
and H. M. TERRILL *. 


HEN a beam of X-rays, after reflexion from a 
crystal surface, falls on a second crystal, maximum 
reflexion is obtained when the planes of the two crystals 
are parallel. Nevertheless, some reflexion is observed when 
the second crystal is rocked through a small angle each side 
of the position of parallelism. This indicates that when a 
heam of non-homogeneous X-rays falls on a single crystal, 
not only is there reflexion of the rays of wave-length A, 
corresponding to X -—2dsin 0, but some energy of neigh- 
bouring wave-lengths is also reflected. The amount of 
associated reflexion, as indicated by the width of the 
rocking curves, depends on the nature of the orystal, 
the perfection of its crystalline stracture, and the condition 
of the surface. This fact introduces some dithculties in 
specifying the reflectivity of a crystal. 

W. L. Bragg f has detined a quantity which he calls the 
coefficient of reflexion, and he has determined the value of 
this coefficient for rock-salt. A similar quantity has been 
defined by A. H. Compton f, and determined for rock-salt 
and also for calcite. 

* Communicated by the Authors. 


t Phil. Mag. Jan. 1921 and July 1921. 
t Phys. Rev. July 1917. | 
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In both cases the expression taken as the coefficient of 

; 

reflexion is re , Where E is the total deflexion of the 
electrometer as the crystal is rotated with an angular 
velocity c through an angle covering the wave-length 
in question, and I, the deflexion when the direct beam 
is allowed to enter the ionization chamber for one second. 
This expresses the coefficient of reflexion in terms of angle, 
Compton giving it per degree and Bragg per radian. 

It is dnderstood that the beam of X-rays used is in 
all cases monochromatic, being either a prominent charac- 
teristic line of the target used, or a narrow range selected 
from the general radiation by previous reflexion on another 
crystal. 

Bragg states, as justification for his definition of the 
coefticient of reflexion, that this quantity makes allowance 
for the imperfection o£ the crystal and gives an integrated 
or avernge result that will depend on the nature of the 
crystal and not on its state of perfection. 

It is one of the purposes of this paper to show that the 
coefficient of reflexion is not independent of the crystal 
surface, but depends greatly on the perfection of this 
surface. 

Investigations of the reflectivity of calcite and rock- 
salt have been recently completed by Bergen Davis and 
W. M. Stempel *, using a specially constructed double 
spectrometer. In these investigations the general radiation 
passing through the slits fell on the first crystal designated 
as crystal A. The reflected radiation from this crystal 
then fell on a second ervstal designated as B, and the 
radiation reflected from B was me: asured by an ionization 
chamber in the usual manner. 

Maximum reflexion was obtained when the crystal planes 
were parallel, and the curves of intensity allied rocking 
curves were obtained when crystal B was turned on each 
side of the position of parallelism (see fig. 1). Crystal B 
was so arranged that it could be moved aside and the beam 
from A Allowed’ to enter the ionization chamber directly. 
The ratio of the two intensities, that reflected from B at 
parallelism over that reflected from A, was expressed in 
percent ond called the percent reflexion. This was taken 
as a measure of the reflectivity of the crystal. 

The results of Davis and Stempel can be expressed in 
terms of the coefficient of reflexion as defined by Bragg 


* Phys. Rev. May 192] and May 1922. 
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the intensities were measured by recording the time required 
for a unit electrometer deflexion, but the quantities plotted 
were the reciprocals of these times, giving the deflexions 
produced in one second. 

A rocking curve then is a curve whose abscissa are 
angles and whose ordinates electrometer deflexions, or, what 
is the same thing, intensities. To obtain the coefticient 
of reflexion from the rocking curve, suppose the axis of 
abscissee divided into equal intervals A0, and that the unit 
of angular magnitude selected (in this ase, one degree) 
contains m such intervals, Further, draw an ordinate of 
the curve at the centre of each division, and call the sum 
of all these ordinates ST. 

Then, if A8 is small, the expression X1 A0 will give the 
area under the curve. But XI corresponds to the total 
deflexion of the electrometer if the crystal had been rotated 


* . 1 * . 
with an angular velocity —, since XI is the sum of electro- 
" 


| er 
meter deflexions and m gives the number of degrees passed 


1 
over per second ; whence XI Aa Eo. 


We have then 


N s 
Eo mo i A0 
l I, 2 ] m Ag’ 


Now the fraction on the right is readily obtained from 
the rocking curves of Davis and Stempel, by dividing the 
area under the rocking curve by the area of a rectangle 
whose height is the intensity of the direct beam and whose 
length is the angular unit, one degree, on the scale to which 
the curve is drawn. 

Hence, to obtain the coefficient of reflexion as defined bv 
Bragg, it is only necessary to measure the area under the 
curve with a planimeter and perform the division indicated, 

In the case of calcite, observations were made with three 
pairs of crystals. The first pair is designated as A,—By,. 
A, was a specimen of Montana calcite, having slight flaws 
in the interior and a polished surface. B, was an old clear 
specimen of Iceland spar with its surface polished. 

For the second pair, A,-B,, a crystal of clear Iceland 
spar was split, the surfaces polished, and the crystal mounted 
so that the reflecting surfaces were planes that had been in 
contact before splitting. The third pair, A,B; was also 
obtained by splitting a clear crystal of Iceland spar. The 
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freshly split surfaces were not polished, and all contact with 
them was carefully avoided during the process of mounting. 
As mounted, the two reflecting surfaces were the contiguous 
planes before splitting. 

The three pairs showed marked differences in reflectivity 
and width of the rocking curves. The results obtained are 
given in the following table and are also exhibited in the 
curves (fig. 2). 


Calcite. 
Glancing Percent Coefficient of Reflexion 
Crystals. Angle. Reflexion. per degree. 
: 89 Q' 25:8 00552 
Ay -B eue 1 5° 30’ 20:8 00523 
| 89 o 173 00512 
( 39 30' 354 ‘00466 
AB, ends 59 3u' 29:2 '00470 
| 7° 30' 25:3 00489 
( 4° Q' 444 :00238 
TEE: sone { 5o 30 431 00238 
| (69 30 42:8 "00265 
Compton ............ 6945 . |  ... ‘0050 
Fig. 2. 


Coefficient of reflexion for Calcite for different glancing angles 
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The value of the coefficient for the dissimilar polished 
crystals, A,-B,, agrees with that obtained by Compton. 

It will be observed that the coefficient obtained for the 
more perfect pair, À5-D,, is about one-half of that obtained 
for the pair A;-DB, Both these pairs were split crystals, 
the only difference being that the surfaces of the pair A,-B, 
were polished. Evidently the act of polishing has doubled 
the coefficient of reflexion. 

. The table further shows that the coefficient decreases with 
increasing wave-length for the pair of dissimilar crystals, 
but that it increases slightly for the two more perfect pairs. 
Fig. l is reproduced from the original paper, and shows 
rocking curves for the three different pairs of crystals. 
Attention is called to the extreme narrowness of these 
curves, in particular for the case of crystals A,-B;. 

A similar investigation of the reflectivity of rock-salt has 
heen also made by Davis and Stempel. Two sets of rock- 
salt crystals were employed. They were split and mounted 
in the same manner as the calcite. Experiments were made 
both with freshly split surfaces and with polished surfaces, 
but it was found that polishing did not have a marked 
effect on the reflectivity. 

The rocking curves obtained were somewhat irregular 
and quite wide, being more than fifty times as wide as 
the narrowest curves obtained with calcite. However, the 
curves obtained were not as wide as that found by Bragg 
for an unpolished crystal. 

The curves were integrated, and the coefficient of reflexion 
is given in the following table :— 


Rock-Salt. 


Glancing Percent Coefficient of Reflexion 


Crystals, angle. reflexion. per degree. 
3? 24:8 0480 
Spe: E dpt T 59 153 '0294 
ri 130 0214 
3° 22:1 0462 
Washed and polished . 5° 15d 0309 
7? 11:5 0231 
Coinpton.............. TAS — wis '023 
DPAEE A ET ETT 6°19-  . 4 031 


The value listed for Bragg is his final value, taken from 
the Phil. Mag. July 1921, p. 7, and the angular units 
changed from radians to degrees by multiplication by 57:3. 


Reflexion of X-Rays for Calcite and Rock-Salt. — 469 


The a with the values of Bragg and Compton 


is also ex 


of about the same quality as those of Davis and 


ibited graphically in fig. 3. 
The results indicate that the crystal used by Compton was 
Stempel, 


while that of Bragg had a much poorer surface, us evidenced 
by the higher coefficient obtained and also independently by 
the wider rocking curve. It is interesting to note that the 
coefficient of reflexion increases sharply with decreasing 


Coefficient of reflexion. 


Fig. 3. 
Coefficient of reflexion for Rock-Salt for different glaucing angles. 
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Glancing angle, in degrees. 


wave-length. It would seem that an increase in this 
direction is characteristic only of crystals of imperfect 
surfaces, since we find a decrease for perfect calcite, a 
slight increase for the imperfect calcite, and a sharp 
increase for rock-salt, which is always far more imperfect 
than calcite. 


In general, a comparison of the reflectivities of rock-salt 


and calcite cannot be made directly. Rock-salt has a low, 
wide rocking curve, whose large area gives a high coefficient 
of reflexion, while the curve for calcite is high and narrow, 
having smaller area but greater percentage intensity at the 
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maximum. To say which substance is the better reflector 
depends entirely on the point of view. Furthermore, in 
both cases the reflectivity is dependent on the perfection 
of the crystal surface, a rough surface increasing the width 
and area of the rocking curve but diminishing its height. 

We seem driven to the conclusion that there is no single 
quantity which can be properly used as a measure of the 
reflectivity, and that to completely specify the reflecting 
power of a substance requires the determination of two 
constants. 

One of these might well be the coefficient of reflexion as 
used by Bragg... Since this involves both the area and 
height of the rocking curve, the selection of the second 
quantity becomes rather difficult, if it is desired to have 
the pair simply related to the fundamental constants of the 
curve. As simple a selection as any is to take as one of 
the two required quantities the width of the rocking curve, 
either at half maximum, or at the points of inflexion, and as 
the other, the ratio of the reflected to the incident intensities, 
or the percentage reflexion. 

Phoenix Physical Laboratories, 

Columbia University. 


Note added Nov, 20, 1922. 


Since the above was written, there has come to our attention 
an article by Wagner and Kulenkampft* giving values 
of the coefticient of reflexion for calcite and rock-salt for 
longer wave-lengthis. 

They find for calcite ‘0046 per degree at 1:54 and 1:75 Á. 
Assuming the coeflicient for calcite to be approximately 
independent of the wave-length, we fake this value to 
indicate that the crystal used was of about the same degree 
of perfection as our ÀA,- D. 

For rock-salt they obtain *0157 per degree al 1:54À and 
'0145 at 1:95 A. These values show that the decrease in the 
coefficient with increasing wave-length that we observed for 
short wave-lengths still holds at the longer wave-lengths. 

Incidentally they mention a remark of Küstner t that in 
the original observations of Davis and Stempel the voltage 
employed was so high as to cause overlapping of the second 
order at the longer wave-lengths. This is an error; the 
voltage was always kept low enough to prevent second order 
from being present at the wave-length used. 

* Ann. d, Phys. xiii. (1922). 
t Zeitschr. f. Phys, vii. (1921). 
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LI. On the Longitudinal Elasticity and Poisson's Ratio 
of India-rubber. By G. B. DkopHan, M.Sc., Assistant 
Professor of Physics, Muir Central College, Allahabad *. 


Introduction. 


VE YHE case of india-rubber owes much of its interest to 

the peculiar behaviour which it evinces when the 
operating load is put under different conditions of the sub- 
stance. So far practically nothing is known of the constitu- 
tion of india-rubber. A very intelligent attempt was made 
by Mr. Ono f to hitat a probable constitution of the substance 
bv arriving at a theoretical formula for stress and strain, on 
certain assumptions, which would satisfy his experimental 
observations. But the very fact that he had to modify it 
to some empirical form points against his assumptions. Itis 
most probably the extreme complexity of the constitution of 
india-rubber which is responsible for its striking behaviour 
at different temperatures and under various strains. The 
inversion temperature observed by A. E. Lundalf, the 
relation between elasticity modulus and temperature in- 
vestigated by G. R. Dallander $ and A. E. Lundal ||, the 
elastic after-effect experimentally studied by J. C. Shedd and 
R. L. Ingersolf, and the relation between elongation and 
time fora particular pull investigated by P. Phillips** are 
some of the most interesting phenomena which are expected 
to throw some light on the molecular composition of india- 
rubber. However, it seems that very little has been done 
with a view to study experimentally the variation of the 
modulus of longitudinal elasticity with stretching. It is also 
very interesting to study whether in the face of varying 
modulus with stretching force Poisson's ratio really remains 
constant. A full study of these two phases of elastic strains 
in india-rubber would be a valuable help in the establishment 
of reliable elasticity equations. The present experiment 
was undertaken to study the elongation of india-rubber from 
the beginning of a finite strain up to the breaking point of 
the sample. It was also thought worth while to study 
Poisson's ratio over the whole range. | 


* Communicated by the Author. 

+ Proc. of Tokyo Math. Soc. vol. vii. (1915). 

I Wiedemann's Ann. Dec. 1898, p. 741. 

$ Ofvers af Vet.- Ak. Forh. xxviii. p. 703 (1871). 
|| Loc. cit. 

€ Phys. Rev. xix. pp. 107-116, Aug. 1904. 
** Phil. Mag. ix. pp. 513-531 (1905). 
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FEiperimental Arrangement. 


The experimental arangement is shown in the diagram, 
fig. 1. A and B are strong iron stands; C is a horizontal 
iron bar clamped to A mid B at a and b. C, and C, are 
small brass frames with corrugated grooves to hold the 
rubber piece R very firmly. P is a small weight-pan hung 
from a hook at the bottom of frame Ca. The whole suspension 
js suspended from the transverse bar C by a hook at the top 
of frame Cj... By putting weight on pan P any amount of 
tension could be applied to the rubber : sample. ‘The samples 
selected were pieces from rubber cords of circular cross- 
section. The diameter of the cross-section was obtained by 


Fig. 1. 


A & B, massive iron stands; a & b, clamps; C, a cross-bar of iron; 
C, & Cy, brass frames to clamp rubber band R; P, weight-pan. 


taking the mean of several observations along the length of 
the cord. The measurements were made by a fine screw 
gauge reading up to VOOL em. Two fine marks 1 and 2 
were made on the length of the cord, and the distance between 
the two was ENTEL by a cathetometer kept at a distance. 
The distance between these two marks gave the length of a 
certain portion of the cord under various loads. The 
cathetometer could read up to ("0l em. As stretching 
under a definite pull is a function of time, the length corre- 
sponding to a particular load was measured some definite 
time after the application of each load. The temperature of 
the substance was 2370 C. and remained constant throughout 
the experiment. Any other sample could be substituted in 
place of the previous one simply by unscrewing the frames 
Ci and Cy. The lengths were measured for increasing loads 
only, the observations being carried on up to the breaking 
point. 
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Observations and Discussion of Results. 


A certain length of an old rubber cord was cut out and 
suspended as described above. The following table gives the 
cross-section and length of the sample corresponding to each 
load up to the breaking point. 


TABLE I. 
| Load. | Cross-section. | Length. 
| | 
520 gms. | 0:3771 sq. em. 19:25 cms.  , 
560 ,, 033692  , 1938 ,, 
f 600 » 0:3661 » 19:48 ” 
820 ,, 03524  , 2012 ,, 
970 ,, 03435 , | 9072 , 
1120 ,, 0:3350  ,, | 2193 , 
1390 ,, 03990 ,„ 21:94 ,, 
1520 ,, 03193  ,, 2274 n 
1720 ,, 03087 . , 23:08 ,, 
1920 , 092859  , 24:54 ,, 
2120 , 02824 , 2566 ,, 
2390 ,, | 0:2649  , 9083 , | 
| 2590 , 02545 , 2804, 
3020 . 032358 | 3l14 o 
3590 , 01988  , 3594 , 
4020 ,, 01801  , | 8985 | 
| 4520 , 01639  , | 4400 , 
| 9020 , | 01536 ,, (004985. 


These observations were plotted on one graph paper and 
two curves, viz., length-tension curve and length - cross- 
section curve, were obtained (fig. 2). From the diagram it 
is seen that the cross-section of the material goes on de- 
creasing logarithmically as the length increases. A close 
scrutiny of the length-tension curve shows that up to a point 
where the stretched length is about 5/4 times the original 
length a linear relation between length and tension holds 
good. Then, after that, there is a bend till the stretched 
length attains about twice the original value; after that, up 
to the breaking point a linear relation holds good again. The 
angles which the two linear portions make with the axis of 
lengths are different. From the inclinations of the lines it 
cau be seen that over the range where the second linear 
relation holds good, a certain amount of load produces a 
greater elongation than that produced by the same load over 
the range a the first relation holds good. The second 
linear relation is more conspicuous than the first one as its 
range is larger. | 
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The specimen was then taken out of the frames and 
another specimen was put in its place. This specimen was a 
certain length out of a new india-rubber cord. Observations 


Fig. 2. 
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on this were taken in the same way as observations taken in 
the previous case. The general characteristic of the two 
curves are the same. For convenience I give below 
(Table II.) observations from 3000 grs. load and onwards 
up to the breaking point. 


TABLE II. 
Load. | Cross-section. | 
* | 
3000 gms. | 0:2105 sq. em. 24: RU cms. 
3500 ,, 019049  ,, 3907 ,, 
23150 ,, 01900 , 4101 ,, 
4000 ,, (1800 — ,, 43°34. 
4250 ., 016070 4102 , 
4500 |, (1597 ,, | 4891 , 
4750 ,, 01520  , | 5220 ,. 
5000 , 01479  , 5482 n 
5250 ,, 01390  ,, | 57:61 ,, 
500 ,, 01341  , 6016 ,, 
! 5750 ,, 01300  ,, 63320 ,, 
6000 ,, 01280  ,, | 65:88 ., 
| — 6250 , 01220 ,, |» 6881 , 
| 6500 ,, 01204  ,, | 7140 ,, 
6750 ,, Broke | Broke 


* Observations above this in original record. 
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: s linearity after the bend is quite prominent in 
g. 3. 

In the case of india-rubber, unlike metals, any deforming 
force produces a finite stretching, and consequently the usual 
elasticity relations are not strictly applicable. However, if 
we take any two consecutive observations we should be fairly 
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justified in applying Hooke’s law. From Tables I. and Il. 

values of Young’s modulus were calculated, and it was found 

that the ratio of Young’s modulus to the square of the 

stretched length over the two ranges where length-tension 

curve is a straight line, is a constant; while over the bend 

us constancy vanishes. The results for No. 2 are tabulated 
elow. 
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TABLB III. 

Stretched length! — Young's modulus L1 

| L. | y x 10-5. SE aa 
39-07 ems. 149°9 dynes/cm.? 0-098 
4101 ,, 1520 ^ , 0-091 
4384 . 1821 — 0:094 
4T02 ,, 227:0 ‘i 0:101 
4891 ,, 24:36 : 0:102 
5220 , 280 0 " 0:103 
5482 , 280:5 " 0:093 
90061 , | 360 0 A 0:108 
6016 ,, 402:2 is 0111 
63230 ,, 52:0 E 0:113 
6588 . 499  . 0-110 
6881 , 5500 > 0:116 
| TL70 , 611-0 ji 0:118 


From data in column 1 values of L? are calculated and 
these and data in column 2 of this table are plotted and the 
graph comes out to be a straight line (fig. 4). 


Fig. 4. 


1500,30 2t 282 353 424 495 566 637 708 


This linear relation seems to be the most important feature 
of the elasticity of india-rubber, and any formula, theoretical 
or empirical, must bring out this relation in the initial and 
final stages of stretching. Mr. Ono * has obtained on certain 
assumptions the following theoretical formula :— 


2 

Sos AA 1— ——~ | ua A 

where A is a constant, X == length — length in natural state 
* Proc. Tokyo Math. Soc. vol. vii. p. 89 (1918). 
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and (9 = breadth — breadth in natural state. To suit his 
experimental observations he had to modify it to the following 
empirical form, which he says represents the relations between 
stress and strain very closely : 


2 EV 
&-AÍ1-i75 ub ME "P (2) 


where A, h, and p are constants and S, stress upon original 
cross-section. Now there are certain facts which tend to 
show that both the above equations are of doubtful reliability. 
In the first place, as pointed out on p. 475, a deforming 
force produces finite stretching in this case, and so it would 
be erroneous to refer a load always to the original cross- 
section and length and breadth respectively always to those 
in the natural state as done by Ono. Secondly, substituting 
the values of So, A, and. 8 in (1) should give us at least an 
approximate constant value of A. The following tables give 
the values of S,, X, 8, and A calculated from Tables I. and IT. 


TABLE IV. 

| | 

| Sv. | 2» | B A. 

97 e | 10 0:99 —731 

! 39 , | ]190 ' 098 ~ 732 
42 , | 109 | 0:98 +844 
46 , |. 104 , 098 442 
51 . 1-06 0-98 249 
54 , 1:09 0:97 171 
58 l11 0:95 100 
65 , 114 | 095 100 
T3 , 119 093 ' 107 
81 , | ^ 125 091 87 
88 , | 131 088  ' 79 
96 , 1-36 086 ^ 40 
115 . 1:52 0-83 50 
135 , 175 0°76 38 
153 . | 194 071 31 
17-2 | | 223 0:69 94 
191 |, 2:43 0-68 22 


i 
| | | 


Tables IV. & V. show that instead of being constant, A 
continually decreases with higher tensions. Substituting the 
values of A, A, and B, we get a series of equations. Solving 
them by twos a number of values of À and p are obtained. 
It was found that there was no constancy in these values, 
showing that equation (2) is also not applicable. The 
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formule thus fail to satisfy experimental observations and 
3 

the relation, Desa, does not come out of them. 


y 
Thirdly, a scrutiny of Ono's figures gives us that percentage 
discrepancy between the calculated and observed values ot 
S, continually increases with higher tensions. 


TABLE V. 
? 
(This table chiefly refers to the portion where f =k holds.) 


] | 

B. A. B. p ox | 

H kil. gr. RS CC SET —— 
E 113 0:98 324 —— 
95 ., 1:26 0:95 208 | 
98 , 1-41 0°88 121 | 
c yi 1:57 084 | — n6 | 
35 , 172 0:82 95 
aT us 1:88 0-79 738 
4l ,, 2:05 077 es | 


Poisson's ratio can be very easily calculated from data in 
Tables I. and II. It was found that this ratio is not a 
constant quantity but goes on decreasing with increasing 
length of the specimen. Some calculations are tabulated 
below and the data plotted on fig. 5 to bring out the relation 
between stretched length and Poisson's ratio. 


Stretched length. Poisson's Ratio. 


39:07 cms. 0:87 
43:84 ,, 077 
48:01 ,, 0°63 
54:82 , 0:54 
6016 ,, 0:48 
6588 , 0:42 
7110 ,, 0:38 


2 
This phenomenon together with the relation = = k are of 


considerable interest since they are likely to throw some 
light on the nature of india-rubber, and would thus go a 
great way in establishing a general relation between stress 
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and strain by a rigorous mathematical treatment. The 
author hopes to obtain a general formula for elongation of 
india-rubber based on the theory of probability. 


T Passons Rat 


Summary. 


In these experiments long and thick specimens were used. 
Variation of Young's modulus of india-rubber with load is 
experimentally studied, and it is found that there are two 


2 
stages of stretching, initial and final, where = =k holds 


good, L being stretched length and y Young’s modulus. In 
the intermediate stages of stretching, that is during the 
changes where the length is between 5/4 and 2 times the 
original length, the above linearity breaks down. 

The author’s experimental results are not correctly repre- 
sented by the stress and strain formula of Ono. It is found 
that Poisson's ratio for india-rubber is not a constant quantity 
as is generally supposed, but decreases with increasing length 
of the specimen. 

Another relation between stress and strain is necessary 
which will satisfy the above experimental observations, and 
the author hopes to obtain it on the basis of the theory of 
probability. 

Muir Central College, 

Allahabad, India. 
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LIT. Notes en the Radiation and Ionization Potentials of the 


Rare Gases and on the Singlet and Enhanced Series of 
Argon. By W. M. Hicks * 


[^ my recently published * Analysis of Spectra, I have 

discussed certain difficulties in connexion with the 
radiation and ionization potentials of hydrogen and the rare 
gases. Within the last few months the results of several 
important experimental investigations have been made 
known, which support the sugsestions there made. In the 
following notes these are considered, the hypothesis made is 
more fully considered and extended, and an attempt is made 
to determine the various series in argon on which its 
potentials depend. 

Radiation and ionization potentials are those through 
which an electron must fall, in order respectively to make a 
gas radiate or to ionize it. In general, such potentials must 
give sufficient energy to dissociate the molecule, and then to 
act on the atom at one operation. Jn what follows, the word 
“true” is used to indicate the potentials required to produce 
radiation or jonization in the atom, when this is in its 
radiating configuration. Thus the “observed” ionization 
potential should be the sum of the dissociation potentia] and 
the “true ” ionization. The word isalso used in an analogous 
way as explained below in the discussion of the potentials 
of the rare gases. 


Hydrogen. 
Rad. | ria I 1150 Dis:oc. $:3 


1. In hydrogen two sets of potentials are observed, the 
lower corresponding to the * true” values. How is it, that 
in the molecular gas H,, radiation and ionization can occur 
at their true or atomic values? In this case the true radiation 
(10:5) is about three times as large as the dissociation (3:3). 
Consequently, when the voltage has reached the true 
radiation value, each electron has sufficient energy to produce 
.six atoms, any one of which may be made to radiate on 
impact by an electron possessing the full energy. But any 
such effect could not be recognizable unless the actual 
number of atoms present were an appreciable proportion of 
the whole gas. To explain this, it was supposed that the life 
of an atom, when formed, was long compared with ordinary 
molecular intervals—e. g. the life of an ion—but at that 


* Communicated by the Author. 
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time there were no experimental data in support of the 
hypothesis. Since that was written, however, Wood * has 
produced evidence that an atmosphere of H takes about 
1/5 second to change to H,. This is an extremely long 
molecular interval, and should be sufficient to explain the 
persistence of a considerable proportion of H in an atmo- 
sphere of H, in which the electronic production of H per 
second just balances the recombination per second. 


The Rare Gases. 


2. In the rare gases the observed potentials are too large 
to represent the true values. No true voltages can be 
greater than those corresponding to N or 4N, according to 
the cases where the emitter is the atom or singly ionized 
(enhanced) atom. These voltages correspond to potentials 
of 13°54 and 54°16 respectively. Those of the gases hitherto 
observed—He, Ne, A—are considerably greater than these. 
This is not explainable by the existence of a dissociation 
potential, since here each molecule is already an atom. To 
meet this difficulty the suggestion was put forward that the 
ordinary atom in these gases is not capable of radiating in 
its normal condition, but requires some preliminary work to 
be done on it to change it into a configuration capable of 
emission. This supposition is supported also bv the fact— 
at least proved in He—that the ordinary normal He atom 
does not absorb any of the He lines: in other words, it 1s 
not the actual emitter of these radiations. Further, it 
explains the absence of affinity between their own atoms or 
with those of other elements as due to the non-availability 
of their separable electrons. We shall indicate some evidence 
below that in Ne and A this change from the normal to 
the einitting states may take place in at least two stages. 
In discussing these gases it will be convenient to use 
symbols for these atomic configurations. We shall employ 
the following, in which a small dot represents a potential 
level, or position in the atom, a large dot an electron, and a - 
the nucleus :— 


Normal atom ...... -@-@. 
Ist prepared atom... .@..@ or possibly @...@ 
Ist ionized atom .. T EFF m 0-.--.. 
2ud prepared atom. . Ó 255 
2nd ionized atom .. TE ET 


© Phil. Mag. xlii. p. 729 (Nov. 1921). 
Phil. Mag. S. 6. Vol. 45. No. 267. March 1923. 2] 
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3. On the suppositions that the He radiation involved is 
HeP"(1)—the strongest line,—and that the He* is that of 
14-1216 or 4N(1/2?—1/37), the values of the various 
voltages required were found to be 


lst prel. to raise one electron to radiating state ...... 20:8 volts 
2nd prel. to raise the second, after 1st has been ejected . 457 
True radiation potentials .......... Hezll4; Het= 7-4 
True ionization potentials ........ ]'e—-4 75; Het=135 


or for observed values 


Rad.: Jez 20:8--1:142z21:9; Het z06:5-- 7°4=73°9 volts 
Ion.: HMez20:84-470 25:0; Het 266:54-13:5— 80 


» 


It will be noted that the work to bring up the second 
electron after the first has been ejected is more than twice 
that required to bring up the first; which is to be 
expected. 

Experimentally, radiation 1s also observed at 20°8, the 
first preliminary voltage. This means that, as in the 
analogous case of H, there should be a very considerable 
number of prepared atoms present when this voltage is 
reached. Consequently, here also a very long life must be 
postulated for the prepared atom when produced. This 
postulate and the value of 4°75 for the true ionization, are 
now confirmed by some striking experimental results by 
F. Kannenstine *, 

He studies the potential current curves in an alternating 
unidirectional are in helium at different frequencies. When 
the frequency is small—about 60 cycles per sec.,—the arc 
strikes when the potential rises to 28 volts and dies out 
when it falls to about 4 volts, As the measures are not 
exact, it is clear that the first refers to the complete ionizing 
potential, i. e. prel.+ion., but that, as the voltage falls back, 
the prepared atoms subsist in suthcient number to enable 
the are to run with voltages down to about 4 volts, when it 
ceases. In other words, the ionizing potential of a prepared 
atom is about 4, which, allowing for observation uncertainties, 
agrees with the estimate of 4°75 found above from spectral 


* Astro. Journ, lv. p. 343 (1922). Kannenstine refers to an appar- 
ently similar modified atom proposed by Messrs. Franck, Reiche, and 
Knipping, but the present writer has not yet been able to refer to their 
original paper, published in the new German periodical, Zeitschrift fiir 
Physik. 
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considerations. If the frequency, however, is just over 
220 cycles per second, the striking of the arc occurs at 
4 volts, which Kannenstine explains by the life of the 
“metastable” atoms overlapping the time of a cycle ; so that, 
when the potential again rises to 4 volts, there are sufficient 
prepared atoms still present to be ionized at 4 volts and to 
start the arc. The life must then be comparable with 
1/220 sec.—a very long molecular interval. 

In a second set of experiments, in a continuous current 
arc at 35 volts the potential was suddenly reduced. If the 
reduced potential was less than 3:5, the current died out 
immediately ; if just over, there were indications that it 
died out not instantaneously *. When the lower voltage 
rose to 22:6, the arc seemed to be maintained for a short 
time before dying out, and a further slight increase to 23:6 
brought out another change in that the current died out 
in two steps. The first is clearly due to the persistence of 
prepared atoms. It may be suggested that the two steps 
ure due to the two possible prepared atoms .@-.@ and 
e.-.0, the second requiring about 1 volt more than the 
first and having a shorter life. In the first continuance of 
the arc the current is carried by both forms; then @...@ 
quickly changes to .@-.@ or . € -6., and in the second 
step the current is carried by .@2.@. In Kannenstine's 
work we thus have the first experimental proof of the 
existence of a specially prepared atom different from the 
normal, of long life, and with an ionization potential in tlie 
neighbourhood of 4 volts. 

The enhanced radiation of 73:9 has not—so far as the 
writer knows—been specially noted by any observer. It 
may be well, therefore, to consider in more detail tlie pro- 
cesses going on after the first ionization potential has been 
reached. For simplicity we shall take the two electrons as 
equivalent in the normal atom. Above 25 volts there may 
be present .6-6., .@-.@, @...@, and even Het; but 
as the life of an ion is probably short, the number of Het 
would be comparatively small, and their effect on enhanced 
radiation negligible. To make .@~.@ and @...@ radiate 
enhanced lines will require a potential o£ 4:75 4- 7:4— 12:1, so 
that the electron stream—now over 25 velts—could make a 
small proportion radiate in this way, and we should expect 
a small enhanced radiation effect, gradually increasing as 
the volts rise from 25 to 73. This will be superposed on a 


* Possibly the self-induction in the circuit kept the initial voltage 
above 47 volts just after the lowering. 


212 


484 Prof. W. M. Hicks on the Radiation and 


strong atomic or He radiation. Thus, even before the 73:9 
is reached, there will be a growing and noticeable radiation 
of enhanced quality, and the increase of this at 73:9 may 
not be sufficiently ma:ked to show the rate of change of the 
total. In other words, the direct radiation point of 73:9 
would be smoothed out. Somewhat similar effects would 
ensue also at the ionization point, except that the total change 
produced by direct ionization would be much greater and 
the change at 80 volts distinctly marked. 

The existence of two kinds of prepared atoms suggests a 
possible radiation difference. For instance, on the orbit 
theory of levels, the orbits must diller with what we may 
call different cores, as distinct from nucleus—7.e., the “core” 
is the nucleus with internal electrons. Here there would be 
two kinds of cores, -@=.. and €.-... We are tempted 
to take the second set of radiations as those of the HeP'. 
Now the difference of the two limits in P’ and P” is 


34853 (He") — 32033 (He’)= 6420, 


which is equivalent to *8 volt; and it is just this *8 volt 
which Kannenstine's results as to the dving of the current 
in two steps suggest. With several stages in preparation, 
a larger number of these cores would be at disposal, and on 
this basis a larger number of sets might be expected in 
each spectral series type. Indeed, this seems to be actually 
the case in the other gases. | 


Neon *. 
Rad. 11:8; 17:8. Ion. 167 ; 200; 22:8, 


4. In neon we find (1) a second set of radiation and 
ionization potentials, 11:8, 1677, with the same difference as 
the 17:8, 22:8, which appears atter the volts have been 
raised beyond 22:8 and then backed ; and (2) the existence 
of a third ionization potential 20:0, none belonging to Net 
radiators. The Ne* have not been investigated. The first 
phenomenon was explained on the same basis of the existence 
of long-lived prepared atoms after a sufficiently high 
potential had been exerted, but there still remained the 
difficulty that as this new potential was greater than 13:5 
(n>N), the radiation could not have been produced by a 
fully prepared atom. This, however, can he surmounted if 
more than one stage of preparation for gases beyond He 
exist — that is, for those possessing one or more sheath levels. 


* Horton & Davies, Proc. Roy. Soc. xcviii. p. 124 (1990). 
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The second set of potentials in Ne may then be supposed 
produced direct from configurations ..@..@. It may be 
interesting to attempt to obtain on this basis an estimate of the 
prelirninary and other voltages for Ne, starting from Horton 
and Davies’s* observations on the entrance of different 
lines as the voltage is increased. They are given with their 
several Zeeman patterns in the * Analysis' (p. 213). In A 
and the heavier gases the preponderating system of lines 
belong to the triplet type, analogous to those of group II. 
In this system the lines relating to the potentials are two, 
s —p' and $—5p,", corresponding therefore to the same 
ionization potential and two independent radiations. ‘These 
series have Zeeman patterns respectively 0/1/1 and 0/3/2. 
Although in Ne these triplets either do not exist or are far 
down in the ultra-violet, we should expect corresponding 
singlet types to be related to the potentials, and we must 
look for strong lines corresponding to these types and having 
the above Zeeman patterns. Amongst those which Horton 
and Davies find as appearing at the lowest voltage are two 
lines with these patterns, viz. 5852 (s,1— 5,2) and 6074 
(ss1—p;2), the s, p referring to Paschen’s allocations of 
types. But it must not be forgotten that there is evidence 
that the usual patterns exhibited by different series contain 
only the strongest components, some elements (e. g. Hg, Ba) 
showing additional ones. This would certainly be expected 
to be the case in Ne, which is notable for its complicated 
patterns. On this basis we should include also the lines 


- 6409 — s—p, — 0.1.2/6.7.8.9.10/6 
6090  s—p,  023/11.13.15/11, 


which, omitting the components after the first, both reduce 
to 0/1/1, but no others reduce to 0/3/2. Now ss, pi, pa. pa 
are subsidiary sequents, all link-connected, s, ss are the 
typical, and p, with p, the strongest of the p. Moreover, 
taking our assumption as to multiplicity of Zeeman pattern 
to be correct, the very numerous components in 6402 would 
seem to show that this is the representative of—at least— 
the chief s'p' line. Provisionally we will take itso. Hence 
the limit is s,(1) 239887 ; 5,2—24272, so that the wave 
number of the line is 15615. These give for the true 
ionization potential 4:92 volts and true radiation 1:91. 
With the observed ionization of 22:8, this gives the first full 
preliminary potential —17:9. Hence the observed radiation 
potential should be 17:9 .- 1:91— 19-8, whilst actually it is 


* Phil. Mag. xli. p. 921 (1921). 
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17:8, which means that the radiation begins from the prepared 
atom at once. But this is what we have learnt to expect 
from a long-lived prepared atom. There ought to be a 
large increase of radiation at 19°85, but any such effect 
might possibly be masked by the existence of the additional 
lonization potential at 20 volts. Weshould expect a radiation 
potential due to the s'p,"' line (Z. P20/3 2). If the repre- 
sentative of this line is the doubtful 6074, the potentials 
would not be distinguishable from the others. 

The “backed”? set 11:8, 1677 are 6:1 below the other. 
In other words, 6:1 volts have previously been applied. 
Thus the work to change the stage .. e-6.. (0 ..e-.e. 
is 61 volts, and to change the latter 2..0. t0 ..0...0 
is 1770—6:121L8. Tt may be just possible that the 
ionization potential of 20 may be that required to ionize 
the intermediate stage .@.2-@. 

An objection, which appears serious, may be raised to the 
choice of the lines taken as the potential representatives. 
In He, and as we shall see in A, the corresponding lines have 
each of their sequents (terme as Paschen ealls them) both 
of order m=1, whereas the above-mentioned in Ne have 
one pg (indeed all the p limits), with m=2. We should 
certainly he surprised if Ne does not stand in line with the 
others. It might be explained by supposing that these 5 21 
lines exist, e. g. p, N/(2:12)?, so that the first order would 
be in tlie neiehibourhiond of N](1:12)? or 87600, with 
negative n as in A and radiation potential of magnitude 
about (87600 —39887)/8100=5°9. But this again is out 
of step with He and A. 


A PION. 


Rad. 11:5. Ion. 15:1. 


. In argon a very doubtful attempt was made to illustrate 
tho Ao of the preliminary and true potentials by 
identifying two ultra- violet lines by Lyman as the repre- 
sentatives of s =p and s — p”. At the time the author 
was under the impression that this ultra-violet spectrum 
belonged to the red. Reference, however, to Lyman’s paper 
shows that it belon gs to the blue, and that the red spectrum 
definitely has no prolongation into this region. Moreover, 
as will be shown later, one of the lines involved belongs to 
the enhanced or A* system. Inthe present note an attempt 
is made to obtain a more secure basis by first determining 


the singlet and enhanced series on which the lines related 
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UE potentials depend. This discussion is given in $6 
elow. 

The potentials 11:5 and 15:1 are those determined by 
Horton and Davies *. As other observers had obtained 
values for the ionization varying between 15 and 17, they 
returned to the problem, and they f have lately published 
the results of an investigation in which they simultaneously 
observed current changes and the first appearance and the 
intensity changes in the spectrum as the accelerating 
potential was increased. The first part of their paper deals 
with voltages up to 20 in which atomic radiations only enter. 


They find : 


(1) the change in rate of increase of current at 11:5 is 
small ; 

(2) there is a more marked change at about 15 ; 

(3) at a few volts above 15, justover 17, there is a sudden 
sharp rise in current, and at this point the spectrum 
breaks out, showing lines belonging to the red 
spectrum. ' 


They attribute this to increase of the electron stream due to 
neutralization of space electrification. One criticizes the 
conclusions of such experienced workers with some diffidence. 
But it is difficult to see how this space electrification can he 
neutralized without the entrance of + ions, which means 
the previous ionization of the gas. In other words, I would 
regard this new potential of 17+ as the real ionization, 
i. e. that at which an electron at one impact prepares the 
atom and ejects one of its electrons. It is the instant at 
which ionization 1s produced at one impact that the large 
effects are produced and the spectrum strongly appears. 
Space electrification is then diminished and the total electron 
stream is further increased, but it is a sequel and not a 
cause. With 17+. as the typical observed ionization, those 
originally observed at 11:5 and 15:1 would correspond to 
the analogous ‘backed set" in Ne, i. e. be due to direct 
impacts on atoms in one of the intermediate stages. The 
radiation from these less numerous centres would explain 
the slight increase of current observed at the 11°5 point. 
The preliminary potential would then be 17-r«—true 
ionization, in which the true ionization is to be determined 
from spectral data which we must now consider. 

The lines observed by Horton and, Davies all belonged to 


* Proc. Roy. Soc. xcvii. P: 23 (1920). 
T Loc. cit. cii. p. 131 (1922). 
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the red spectrum, and could be arranged in two categories. 
In one the intensities increased on backing for a time before 
the final decrease to extinction. In others they decreased 
continuously. Amongst the first set they give 4510, 4345, 
4272. These are Ag, Ag, C, of Rydbergs Type IL." It is 
probable, therefore, that all of the set belong to this type. 
They seem to have some analogy to the secondary spectrum 
of H and the so-called band spectrum of He. Of the other 
category, 7067, 6967 are given as appearing amongst the 
first and gradually increasing with the voltage. On our 
supposition as to the nature of the lines associated with the 
potentials, they should belong to singlet series s'—p’, 
s — p," —of which, however, more than one set appear to be 
peculiar to the rare gases. The sets, however, are so near 
that the corresponding volt differences are inappreciable. 
The above two, for instance, only differ by :02 volt. The 
line 6967 shows the normal triplet 0/1/1 corresponding to 
s'—p'. We shall adopt then 6965 as the required s'— p', 
and 7067 as s'— p". The Zeeman pattern for 7067 has not 
been investigated, but there is also support for this allocation 
of tvpe in the fact that there is a weak line 7029 (intens. 
1 compared with 7 for 7067) at a separation of 75:28 ahead. 
Now the triplet separation v; or ps" — pg” is 7576, the same 
within observation errors. In other words, there is evidence 
of the presence of a line s'—p,"' if the wave number is 
negative. Any such line should be weak. We shall take 
this indication that the wave number is negative. Therefore, 
using T. A, 


A= 7067:218 f, 

s — p, = —1414594. 
Now, from the already known triplet series of A, 
Pe’ =51912°28, whence s’=377b6'34. 


If this allocation is correct, it should be accompanied by 
other lines of the series 5'(1) — pj (m) in the red spectrum, 
and possibly of the combinations p'""(1)—p" On), involving 
py Po Ps in the blue spectrum. Unfortunately the values of 
pon), m»]l,are not known directiy, as the corresponding 
P'"(m) lie in the ultra-violet far beyond any observed 


* Query, are these Type II. really radiations from our supposed 
intermediate stages ? 


t Meissner, Ann. d. Phys. li. p. 115 (1916). 
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region.. Buta search shows that the series and combinations 
exist (see $6 below). There is therefore converging and 
ample evidence that 427067 is the representative for 
8 —p:"' (m), and that consequently s —37766:34. 

Passing now to X=6965'432 *, n= 14352°62, we must put 


s —p' = + 14352°62, 
p =37766°34 F 14352°62. 


If 6965 is the representative of the first order of the series, 
as its great intensity indicates, p' corresponding to m=1 
must be large, or the lower sign must be taken. This is 
supported also by the fact that a weak line 6870 exists 
which is separated from 6965 by the same amount, 206-7, 
as 6965 is from 7067. This exact agreeinent shows that 
206:7 is a real relation, and consequently 


s'—p' —(8'—p!") =p" —p'= +2067 or s—p' and s!—p”” 
are of the same sign. Hence | 
p —952118:96. 

Again, if this allocation is correct, other lines belonging 
to the series s' — p'(m) should be found. This is so and also 
other lines corresponding to p’ — s'(m), combinations 
s'(1)— s'(m), and indications of collaterals of p'(1)—p'(m). 
For our present purposes we need only the first lines now 
considered fully established : 

s! — p" = —14145:94, s — p! = — 14352°65 
with s'=37766°34, p —52118:96. 

But at present there is nothing to show whether those 
named s', p' should not be the typical p’, s. This would 
seem to be settled by the fact that the series s' — p,""m is 
found, and not de Iu other words, s'—37760:34 is 


the limit which settles the ionization potential. There 
results 


true ion. potential zz 377:6684/81 — 4:66. 
rad. potentials = 143:526/81— 1:772, 
= 141-459/81=1-746, 
whence the first preliminary potential 
174+ 42—4°66=12°34 2. 


* Meissner, Ann. d. Phys. li. p. 115 (1910). 


490 Prof. W. M. Hicks on the Radiation and 


With our long-lived prepared atoms we should expect 
radiation to begin at this voltage, but any such radiation 
point would be smoothed out, in the way explained in the 
Ne discussion, by the presence of the radiation caused by 
direct impacts on the intermediate stage, and showing itself 
at 11:5. 

The continuance of the spectrum on backing is explained 
asin He and Ne. With very intense electron streams the 
voltage could be reduced below 11:5 without tle lines 
disappearing. The lowest value to which it could be backed 
was 6°5 volts. This denotes the value at which the lines 
ceased to be visible, so that the real limiting value would 
probably be slightly less. The theoretical limiting backing 
point is the “true” ionization potential or 4'7. 

lt is very desirable that Kannenstine's experiments should 
be extended to Ne, A, aud the other gases. Our re-ults 
show that it is probable that with sufficiently high frequencies, 
the are would strike in A at 4°66 volts, and that it would 
die away in more than two steps. 

We now pass to the consideration of the enhanced or At 
potentials. There is no justification for the assumption 
sometimes made that the blue (or spark) spectrum is due 
wholly to ionized atoms. The blue spectrum comprises, 
with enhanced lines, also the typical triplet series, which 
always require a higher voltage to produce their lines than 
do their associated singlet systems. The latter, as we have 
seen, predominate in the red spectrum, which contains in 
addition the Type IT. spectrum. With increasing voltage 
the lines of the triplet series in the blue spectrum should 
begin to appear, even before the second ionization is reached. 
The reason, why Horton and Davies have not observed them 
is that none exist in the visible region in which their obser- 
vations were made. The nearest is D'/"(1), X4203, or 
perhaps BF’ (3), about A4980, both outside. The first 
appearing should be P'"(1), A2344, and afterwards S'"(2), 
A3(05. In the case of At the line on which tlie potentials 
depend is the chief doublet line Pj". 

In extending their inv extigations thev found that as the 
voltage further increased, the blue lines appeared at about 
19 volts. “Their intensities increased as the voltage was 
raised from 10 to about 24 volts, after which it did not 
increase further until the voltage reached 34. From 34 volts 
up to 42 volts the blue spectrum lines increased very much 
in intensity.” The increase in intensity was first noticeable 
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at 34 volts. Their tables * I., II., III. give a view of the 
appearance and change of intensities of these lines as the 
potential increased in steps of 2 volts from 19 to 42. The 
great increase after 34 is apparent ata glance. The lines 
they specially note as first appearing are AX4430°4 and 
44262, whilst the table shows 4348 as quite distinctly the 
first to appear, and the first to intensify. The sudden rise 
in intensity at 34 (especially in 4348) is a clear indication 
that atoms are now being doubly ionized at one electron 
impact. The entrance of the lines at 19 shows either that 
the real radiation potential lias been reached, or that some 
of the numerous prepared atoms present are being made to 
radiate. Their fig. 5 would seem to show that the ionization 
potential must be close to34°0. But it must not be forgotten 
that the gas contains now a very large proportion of prepared 
atoms, and that 34 volts may refer to their ionization, and 
that the normal atom might require a higher voltage. 

For further progress it is necessary to know the enhanced 
doublet series in this element, which have not yet been 
allocated. An attempt to do so is made in $ 6 below. For 
reasons there given, I do not feel complete certainty in the 
correctness of the allocation, although the three arrange- 
ments for S", P", D" hold well together. A complete test 
is difficult because the higher orders run down into the far 
ultra-violet, and especially because a knowledze of the 
Zeeman patterns for the lines in question is wanting. The 
result is that the first-order P" lines are (Kayser’s measures) : 


A(R.A.). I. n. 
P,(2) 4426°165 8 22586:70 
P,(2) 4348°222 9 22991:57 


with the limit P,(2% ) 2 80965. 
With these allocations we find 


true rad. pot. —222:91/81— 2:84, 
true ion. pot. —809*65/812— 9:25. 


With the observed ionization at 34, the preliminary 
potential, i. e. that required to eject one electron and raise 


* For our purposes these tables should be regarded as one. Stark's 
categories indeed almost certainly comprise lines emitted by related 
configurations, but any definite interpretation of their state of ionization 
involves many difficulties (* Analysis of Spectra,’ p. 111). Itis generally 
understood that Stark himself has now somewhat modified his views. 


492 Prof. W. M. Hicks on the Radiation and 


the other to the radiating stage, is 340—9:25—24'8. All 
this is on the assumption that 34 volts is that required to 
fully ionize the normal atom .. ee... Asittakes 17+. 
volts to produce A*, it leaves 78— v as the work required 
to raise the second electron to the radiating state after the 
first has been ejected: in other words, less than to raise the 
first when the second is present. We should expect it, as in 
He, to be more than double. "This is an indication that the 
34 volts potential does not refer to ionization of the normal 
atom at one electron impact, but to ionization of the atom 
at an intermediate stage. The real ionization of the atom to 
Att must be at a few volts above 17 42 x 17, or greater 
than 51. It is, of course, possible that before this potential 
has been reached the greater proportion of the normal atoms 
may have been transformed into intermediate stages, especially 
that represented by the fully prepared atom @...@, in 
which case no increase of ionization would Le apparent at 
this highest voltage. We should scarcely expect a long life 
for the A*t atom, either .@2.. or e.-.., so that the 
proportion present would not be large except for intense 
electron streams. It would account, however, for the first 
faint appearance of enhanced radiation at a little over 19 
volts. With several possible stages it is impossible to say 
in detail what would happen without a knowledge of their 
various lives. But it may be suggested that the 34 volts 
may be due to the ionization of . € .. produced bv pre- 
paratory +ion. pot., supposing the preparatory voltage for 


the second preparation after the first electron is ejected is | 


somewhat larger than twice the first preliminary. If this 
be 2(12:3 4 .^), we should require 


94-6 4-2z 4- 0:95— 1M, 
w= 07, 


Nothing is to be gained at present by attempting a more 
intimate analysis. 


The singlets and doublets of argon. 


6. The triplet separations in A are v,2179:50 and 
yo 7560. The limit of the S, series, as determined from 
the first three lines, is 51731:05 RJA, whence 8.(2 ) or p,""(1) 
is 51912:28 I/A. The first and third orders lie in the ultra- 
violet with considerable possible observation errors, so that 
91912 is subject to an uncertainty of a few units. In fact, 
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the value * as deduced from the difference and summation 
series F and F, give it about 2 larger. 

The problem of determining the singlet series is compli- 
cated by the suspicion that these gases possess several sets 
of each type and by the certainty that displacement is very 
prevalent. Many of the red lines appear disrupted into 
several collaterals in the blue. Also these singlets in general 
do not appear very amenable to the usual formule. We 
have the direct evidence, however, indicated above, for the 
P'(1) and s'1—5p,"1, und thus get secure starting-points. 
The lines given in the following tables for S', P’ appear to 
form at least one set of related series. The O—C are not 
large compared with the possible, and are considerably 
diminished if the limits are taken a few units larger, as 
indicated above. But there are peculiarities. Whilst the 
combination p'l—p’2 is not a good agreement (displace- 
ment 10), there is a very close one for a sort of satellite to 
p (1), »2144104, and the same line serves as the first of a 
pl-—om set which form combinations with the s. In 
general, in the successive orders of the pm, the values of 
the A are very nearly the same or between A and ‘8A. It 
is thus easy to obtain approximate estimates of the values 
of the p'" separations for different orders although the lines 
themselves are not known. Here A,;=2519, A,=1057, and 
the resulting vi, v; for m=2, 3 with the same A are 

m=? v =37'37 n=1570 

m=3 p, 13:40 y, 5:03 
and may be somewhat less. It will be seen that these 
appear in the combinations p"'1—p'm. These series deserve 
a more exhaustive investigation in connexion with a com- 
parative study of the same series in the heavier gases. But 
it is too large a question for the present note. Theimportant 
point here is the support they give to the allocation o£ the 
first lines P'(1) and s'1— p," 1. 

In the enhanced doublet series, the P,S, D series, with 
y-—404:63 appear to hang well together, with formule of 
normal types, as well as representatives of the p"2—p"3 
combinations. There is evidence of a large number of 
related sets shown by the large number of the 404 separations 
in the spectrum. The normal v separation for this type has a 
value a little larger than twice the triplet v, —here 360—for 
which 404, although rather large, may serve. But perhaps the 
more significant relation is that in enhanced series in group II 
the mantisse difference on which v depends is always about 


* Trans. Roy. Soc. ccxx. p. 446, 
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the same as the triplet A, +A, here 3576. But with the 
limit here used, S (æ ) 203973, the difference required is 
8243, of the order of 1438, far exceeding the value of the 
oun multiple known for any other case. The 3576 would 
produce a separation of about 18). I suspect, therefore, that 
the actual limit of the true series is much larger, with this 
3576 + ? producing y 2404. In that case the series here 
adopted would be linked to normal ones f, and the formula 
for pm would be different. Further, many of the lines are 
attached to others by triplet links, of. the possibility of 
which between enhanced and triplet series we have no 
experience, ‘The matter must be left for further discussion 
before complete certitude of the correctness of the allocations 
can be felt. 

In the tables, measures in R.A are printed in italics, 
Small brackets after numbers or below the tables refer to the 
references immediately following this. Numbers enclosed 
in square brackets are calculated values. r, 5 refer to the red 
and blue spectra respectively. 
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2 5 ól1Ss UH) r 1926891. + 4 202Sh 371266 * 
8 2705 40b 36912:61 

3 2 J3oljolàr 28043 —35. 3 — 2255/24 4113123  —:?7 

2 vob 411771 : 
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| 
Ge dus 0 [32133-80] ] 21:50b — 411507 3 
| l 205750 487518 BB 


le (4); 15,2, 3 (1). la (4); 2...5 (2); 1 ^ (1). 
t Zeeman Patterns, 0/1/1. 


T Such parallel sets are the rule in the triplet systems of Kr, X, 
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Combinations. 
No s'—a'm, but l 
s'l—o'2 8 4481°172 (1) 4 22561:93 [... 60-0] 
s'l—o'3 2 8852248 (1)6 29823:32 [... 24°68] 
c1 —s'2 5 4401-156 (1)^ 22715'81 [...16:2] 
c1—5'3? ] 8361-973 (1) 6 2073705? [... 22:0] +13 
c'1—:'4 8 8054-846 (1)6 3272664 [... 240] 
pi-p2? 1 2972:60(1)r 33632-07 ? [... 621-56] - 11 
pl—p3 beyond obs. in red. 
w1—p2 2 2906839(1)r 3367978 [...9:27] 


all measures by (1). 
P'—37766:34 — N/| m 4-419427 + :081228/,4 }?, 
$'—52118:99 — N/(m 4-705374 — :001260/m )". 


TABLE II. 


m. ° I. | A. n. ae, L A. | fh. 


1 7 70060218r.—1414594 +» - | 
1 |?02921r |—142230 | | 
l | | 


| 50104? r 199537 * © 4 | 4965 2396 20135717 


ty 


2 34706894r | 28754°52 146% 2 | 84045646 | 2885818 


| phrase j | 
JE [32338-82] | | 


e & N 


1a(4); la, 2, 3 (1). | 2, 3 (1). 


l is gle p,"1. 

? This line is omitted by Kayser in his Handbuch. The value as given in 
the blue spectrum is 00007426, n=19957°57. It agrees better with the com- 
binations below. 

3 or the line is 5' —2,"'(3). 


Combinations (the "" are omitted). 


pl—p2 3  293:520) 9410836 noya [... 351] 
p-p,2 4 292468(1) — 3418310 

p,l- 2,3 not obs. [42911:32] 14-2 

pl-p,8 8  23209(2) 4979551 [... 24/72] 
pl-paà 2  216p2(2) — 464727 |, [... 8476, . 
pl—pA e15»3(2) — 46:985 1742 | 3107 1740 


1 
The obs. m=4 are 12 behind the calculated. 


pl-w2 3  293162(1) 341034 4g 
pl—w2 92  290103(2) — 342830 [... 81:1] 
p—w3 1  232;7(2) 430044 [... 4:12] 


p, "(m =N; Tai 4-509272 — 055732/m} ". 


| | 
m. | I. A. | n. dà. m. I À. | n. dÀ. 
SNE E pe ae Sak ONE —— 
2 | 9 4415222. —~2299157 « 2 | 3 (B6442 f'—15046-64 
8 , 4420105 = 2%586:70 | 8 16600106 Queis + 
| | ! | 1 (652783  |—1454L98 a 
3 | 5 | 430355 2256534) x | | 
4 14352368 2106907 3 2 [1 [248503] 
| | T mont 2390589, æ 
4 |3 25123 | 397924 | * | 3 |39585290 | 2625401. + | 
D 2/870 | Hor | | | | 
: | 4 | | [40783771] 
5 1 2072 | 481266 MUM 1 | 2453-0 { 407548 | 5 
és3r8e] | 2 0:901 411384 | 03 
i | 
i i 4 | 
Be. = [5979247] | 5 .. — | [48603-83] 
| | | 48614:8]- 
| prote ! 
: | 
2, 3 (1); 4.5 (2). 2a,3 (1); 2b, c (5); 4 (2). 


» —404:03. 

S Cn) =63073°65 — 4N/ { m +°272739 — 053466, m } 
D, (2) = 6397305 — AN/| m 4-336896 4-042312 my, 
D, (m) = 6397305 — 4N / |i 4333136 $ 0455520 f?, 

TABLE IV. 


a 
| m 1 À. n v 
Qu . 
2 8 |. A410 225086570 : 
| 0 | 4345222 2339157 40487 
| 
3 | 9 |! 18557 538703 P" 
| 4 i 15002 ó4U09077 160 4 
| 
4d Ub ui ees 66S808-5 
| | CUT 284 


2 (1); 3 (3). 
1 Abnormal separation, should be 150 or less, and intensities abrormal. 


Combinations. 
p,2—p,3 2  3S3937920(1) 49087530 150-8 [... 78:7] 
p2- p3 1 222183 (1) 8102610 410-46 [ 391] 
pj-p8 1 30930 (2) 314456 ggg [ 437] 
pi-pà 3  s19¢440(1) o — 31295693 [ 83] 


The normal separation for m=3 is 147 or less. That for m=3 of 160 is 
excessive nnd is due to displacement. “he combinations show the normal 
values. These combinations show that the displacement is in p,(3) causing a 
shift of 13, say p (BX +r), z about 12. Then in the second combination 
p,3 is normal, in the third it is p,(3)( rà), and in the fourth the same dis- 
placement is continued in p, and is p,(3)(7¢). This displacement in p,(3) 
will affect the constants in the formula for P (2): 

P (n) 86965:22 —4N/m4- 711777 —186144/m]", 
P n) 28606522 —4N/{ n 4-701675 — 182466/2 }?- 
December 8, 1922. 
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LIII. Thermodynamics and Statistical Mechanics. By 
R. H. Fow er, M.A., Fellow and Lecturer in Trinity 
College, Cambridge *. 


$ 1. ZwrzgopvcrioN and Summary.—In a series of papers t 
a method has been developed for calculating the distribution 
laws for assemblies in statistical equilibrium. The more 
general case is treated in the third paper, which deals with 
assemblies in which dissociation can take place. All the 
results obtained are proved purely as theorems in statistical 
mechanies based on the general principles of the quantum 
theory, and include the laws of dissociation-equilibria in 
perfect gases and of the vapour-pressure of crystals. No 
appeal is made at any stage to thermodynamic arguments— 
a feature which may legitimately be claimed as an advantage 
in molecular statistics. 

The equilibrium conditions of statistical mechanics are 
in general independent of the molecular mechanisms by 
which exchanges of energy are effected. It is not until 
the study of reaction velocities and analogous problems 
is taken up that the molecular mechanisms themselves 
become really of first-class importance. In spite of this 
limitation, the theory of statistical equilibrium does take 
oue a definite step beyond the field of classical thermo- 
dynamies, and for the systems to which it is applicable 
it must imply thermodynamical laws. It is therefore of 
some interest and importance to deduce the laws of thermo- 
dynamies from the theory of statistical equilibrium witli 
the widest possible generality. This is especially the case 
for the third law—i. e, Nernst’s Heat Theorem,—as 
Ehrenfest and Trkal f point out in a very interesting paper 
on this subject which is quoted extensively in the third 
paper. We have already done this for certain assemblies 
in which the number of individual systems of every type 
is fixed §. It is now possible to extend the argument to 
assemblies in dissociative equilibrium. 

* Communieated by the Author. 

t Darwin and Fowler, Phil. Mag. xliv. pp. 450, 823 (1922); Fowler, 
Phil. Mag. xlv. p. 1. These will be cited as first, second, and third papers 
respectively. 

take this opportunity of expressing my indebtedness to Mr. Darwin, 
whose share in the work is really by no means confined to the two papers 
written in collaboration. Mr. Darwin, however, must not be held re- 
sponaible for any erroneous statements which may be found here. 

t Ehrenfest and Trkal, Proc. Sect. Sciences Amsterdam, vol. xxiii. 
p. 162 (1920). 

$ Darwin and Fowler, Second paper. 


Phil. Mag. Ser. 6. Vol. 45. No. 267. March 1923. 2 K 
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The paper just referred to starts with a critical examination 
of the usual presentation of entropy in statistical mechanics. 
We were forced to conclude that a proper logical account 
of entropy starting from the well-known hypothesis of 
Boltzmann is, if possible at all, necessarily somewhat re- 
condite, and that the most satisfactory method is to use 
the classical equation dQ— T4S in the classical way. The 
idea of entropy in statistical. mechanics seems, in fact, 
to be of secondary impo:tance, and can usually, if not 
always, be dispensed with altogether. It is unnecessarv 
to repeat this discussion, which applies with at least equal 
force to the dissociating assemblies considered here. We 
shall accept the results and define the entropy of a dis- 
sociating assembly in the first instance by the classical 
equation. 

The contents of this paper are briefly as follows :—A fter 
summarizing in § 2 such of our previous results as are 
relevant, we prove in $3 that for dissociating assemblies 
in statistical equilibrium it is possible to define functions S 
and T which satisfy the equation d@@=TdS and have all the 
properties essential to entropy and absolute temperature in 
thermodynamics. Incidentally we thus establish in the only 
completely logical way the relation between the empirical 
temperature 3 and the absolute temperature T for such 
assemblies *. We obtain expressions for the entropy of 
the various groups of systems in the assembly which depend 
in a definite way on the number of systems in any group. 
In § 4 we show how the connexion with thermodynamics 
can alternatively be made by means of Planck’s Cha- 
racteristic Function. Up to this point we have assumed 
the point of view to which we were led by the discussion 
of the second paper. In $5 we reopen parts of this 
discussion. and examine shortly possible definitions of 
entropy for dissociating assemblies in connexion with the 
increasing property. This property is deduced in § 6 for 
entropy, suitably defined, from the characteristics of 
statistical equilibrium. 

We have thu3 shown that there exists for the assemblies 
with which we deal a function of their state, the entropy, 
with all the requisite thermodynamic properties. The laws 
of Thermodynamics and their consequences are therefore 


* We have insisted that the ideas of thermodynamics are of secondary 
importance in statistical mechanics. Here, in the logical introduction 
of T, they are, however, necessary; this is natural, for the absolute 
temperature ecale is essentially a thermodynamic idea, 
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true for such assemblies. We show further, in §7, that 
Nernst’s Heat Theorem must also be true for them. It 
is a direct consequence of the characteristics of statistical 
equilibrium, on one condition—that the weights of the 
lowest quantum states of the reacting systems are equal. 
There is every theoretical reason to suppose that this 
condition is fulfilled by all condensed systems, or at any 
rate by all crystals. In this way, this theorem and the 
resulting properties of the chemical constants can be 
placed in their true perspective as theorems in statistical 
mechanics. It is not necessary to postulate the existence 
of entropy at any stage in the argument. 

The general object of the paper is to amplify the dis- 
cussion of our second paper with the help of the additional 
theoretical material now available. 


$2. Summary of previous results.—The essential features 
of our method—the calculation of average values, the idea 
of weight, the use of partition functions (Planck's ** Zustand- 
summe " in another form), and the complex integral for the 
total number of weighted complexions representing the 
assembly—are expounded in the first two papers and fully 
suminarized in the third. They must be taken for granted 
here without further introduction. We must recall, how- 
ever, the notation and formule. It will be sufficient to 
give these in their general form applicable to cases of 
dissociation. 

Consider an assembly with M, ..M free atoms and 
N;, ..., Nj free molecules. Let gi(2), ..., 92), Ai(z), ..., hj) 
respectively be their partition functions for the kinetic 
energy of translation and potential energy in any external 
fields of force. Let 5b,(:), ..., 5;(z) be the partition functions 
for the rotational and vibrational energy (internal) of the 
molecules. The potential energy depends on certain para- 
meters Yı, ys, ... defining the external fields of force. The 
walls of the enclosure containing the assembly can be 
regarded as the limit of intense local fields of force, and are 
thus included above. We can only consider the case in 
which each type of gas is perfect, and then 


(lnm)? V 


g(2), h(z) = hë (log 1/25” (2:1) 


where m is the mass of, and V the volume * of the container 


9 The volume can be different for the different atoms and molecules 
if some of the walls are semi-permeable. 
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available to the atom or molecule concerned. Let E be the 
energy of the assembly, supposed zero when all the mole- 
cules are dissociated and the resulting atoms all at rest in 
a field of potential zero. E so defined can be negative, 
but that is of no account. Let xi, ys, ... be the energies 
required to dissociate the respective molecules, at rest in 
their lowest quantum state, into their individual atoms 
at rest. Then the number of weighted complexions e of 
any one exumple of such an assembly is 


1 dz 1 h (: h (2) N, 
^ Tm sen AOT Do 0T E 25 


2 1 


hj(z)bj (2) NG 
INCITI No 90. 
EDU JUNE. 
The integral is taken round a contour y, which is any circle 
with its centre at z=0 and radius less than unity. The 
number of different examples ot such an assembly w ith the 
same M'sand N's is" 


) CE M, M. 

Se Qr ae p w (2°21 

Mid MIT UNIT cerns aMi.. a; l ) 
where X,, ..., X, are the total number of atoms of each type 
(including those in the molecules) and a, ..., cj are the 
symmetry numbers of the molecules. The number of 
weighted cemplexions representing a specified statistical 
state of the assembly in which there are M, ..., M* atoms 
and N,, ..., Nj molecules of each type is therefore 


Kyl... Agi 


M,!...M,! Nl. N}! Ui uo : 2) 


If the rth molecule contains 4,,...2,, atoms of the various 
types, then 


A mM BARS IONS MSL aas) o (223) 


and the total number of weighted complexions for the 


assembly in any state (with given energy E) can be 
put in the form f 


, 1 (' dz 
C -34| zen Dno... 0,0) T 


Xil... X,1 gh... 9, N 

SOS ccc o ee ee 9. 
SMS NI NT en 
* Ehrenfest and Trkal, loc. cit. p. 169. 
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where 


B= h,(z) b, (z) 


or (gi (z) Jie... £g, (zp)! 


The summation Jy) is taken over all possible values of 
the N's from zero (included) to the largest values which 
leave all the M's positive or zero. 

The conditions of statistical equilibrium follow at once. 
We find that CN, is given by an integral identical with 
(224), except for the addition of a factor N, under the 
summation sign Zu, After evaluation, we find that 
the equilibrium values Mı, ..., Ms, N,,..., Nj are determined 
uniquely by the equations 


- (r=1,..,/). (225) 


——————— = B(3, (r=1,...,j), . (23) 


combined with (2:23), provided that 3 is determined as the 
unique root of the equation 


E = X,X,5.D. log (5), 8,92. log 8, (9), © à (24) 


= X,M,3 t log g: (9) + 2,592, log {h,(3) by(3)$ 


93 
—Z,N OX. (2°41) 


The quantity 3 may be identified with the empirical 
temperature. 

The foregoing equations still hold good if the assembly 
contains other systems which can share its energy besides 
the dissociating and associating free atoms and molecules. 
The only difference then is that the partition function 
for the additional systems appears as a factor in the 
integrand of (2:2) and of (2:24) outside the summation 
. sign, and gives rise to an extra term in (2:4) and (2:41). 
We can in this way, for example, include the energy of 
the temperature radiation in the assembly. The results 
as functions of 3 are unaffected. 

Similar arguments apply to a crystal in equilibrium with 
its own vapour, if we may suppose that the partition 
function for the crystal of M molecules can be put in 
the form (K(z)]M *. If y is now the work required to 


* That this form is possible follows from Born’s work. See Darwin 
and Fowler, Proc. Camb. Phil. Soc. vol. xxi. p. 262. 


202 Mr. R. H. Fowler on 


remove one molecule from the erystal in its lowest quantum 
state, and leave it at rest as a free molecule in its lowest 
quantum state, then the number of weighted complexions 
representing one example ofsuch an assembly is 


1 dz * 
ct gu EONO MAIN. . (os 


The number * of examples of the assembly is 
X ! k jd 
NI "' 

If the total number of molecules is X (=M+N), then 


the total number of complexions representing the assembly 
(X large) is proportional to 


(2:51) 


1 P d- - 7 b( z) A(z) 2X PT 
Cz Fri l, H [K(:)]* exp INE } (2:52) 
and 
x 003) A(9) 9% 9-53 
N = ~ @K(3) -9 z E ( ) 
provided 3 is determined by the equation 


E = X98 log K(9) +9 9%. ; 

The distribution laws for either of these assemblies can be 
shown to be the same as if the values of the M's and N’g 
were permanently fixed at their equilibrium values. The 
generalized force component f Y, tending to increase 
the coordinate 41 of the bodies (walls) external to the 
svstem is 


(2:54) 


"ol 1 Ó | ORE Ò : E A 
Yit ig ps Syr leg e SN, ày, ^£ 09h) F. (26) 


$3. The entropy of an assembly in dissociative equi- 
librium. —W'e shall show in this seetion that the assemblies 
of $2 obey the laws of classical thermodynamies by 
showing that functions S and T exist satisfying the equation 
dQ=Tds. 


* The number may differ from this by & constant factor which is 
irrelevant here. The X's are the total numbers of atoms composing the 
molecules. We must think of dissociation exchanges as stil] theoretically 
possible, in order to extend fully the trajectory of the assembly. 

T Second paper, $ 7. 


-—7 - 
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We take first the assembly of dissociating perfect gases. 
By the definition of dQ we have for any assembly, 


dQ = dE 4- Ydy. 
Formula (2:6) can be written in the form 
a gis Ug 15), logget BN "3 pus }. (3-1) 
The reduction to (3:1) follows at once from the fact 


that o and 9*r are necessarily independent of the y's. 
Further, by (2:4), dE can be written in the form 


dE = [2X IE log g, 3 Qs log x } 
+X N, {Slog 8, +9 Ss log B, | jas 
- log gu - 2, NS s log 8 ]dy+.. 


+È, E 3 log 8, | dN,. 


o? 
+ |. X,3 ETE 


Then 
1 j Ò 
dQ = log 1/5 | 3X4 f log g, t log 1/8. 9 <5 log a} 


XA {log 6,+10g1/9.9 log, | 
5 99 rj 
Ó = 
+3, (log 1/9. 9 $ log 8,)aN, | 


Ò 


= Tes E EX ‘(log 9, t log 1/3. 33 5 log 2 


+43,N,(log B,+log1/$.8 33 9 log B.) —X,.log 8,5, |- 


But by (2:3) ; - 
log 8, = log N,—2,4,,log Me. 
Therefore | 


£.log 8,4N, = E,.log N,4N,— X, log M,(S,qudN,), 
= X,log NN, X, log M, dM,, 
with the help of (2:23). "Thus this term is also a perfect 
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differential, and (log 1/3)4Q is a perfect differential. 
There exists, therefore, a function S of the equilibrium 
state of the assembly, called the entropy, and a function T 
of 3 called the absolute temperature, which are such that 
dQ=TdS if 

lop Io c DEED. eos xx X92) 


(S—Sj)/k = X,Xi (log grt log 19.3 2 log ge) 


-XSN, (log B, log 1/S. X log 8) 


—S,(N. log N, — N,) —E/(Milog M,—Mj. (33) 


The integration constant S, must be independent of any 
parameter in (CY2) which can change in the assembly. 
That is, So is independent of 3, N,, Mi, yi, ys, ..., but 
it can depend in any manner on the X’s. Except for 5, 
and the proportionality factor k, S and T are thus uniquely 
determined, and the identification of 9 and e7?4? is made 
with the full generality which is only possible by such 
an appeal to the Jorm of the second law of Thermodynamics. 

We can put (3:3) into a slightly different form by 
eliminating the X's with the help of (223). It then 
becomes 


: | fe) 
(S—Sjy/k = XM: (log Ss 14-log 1/3.3 35 log ge) 


—~+1+log 1/9.9 2 log Mere), 


z hb 
(3-4) 


o 


- MN Pv » h, b, 
= XM: log M LN (log Nu. +1) 
+(E+%,N,,) log 1/3. (3:11) 
The expected terms in $*- in (3:4) cancel. 

For the vapour of a solid (crystal) in equilibrium with 
the solid, similar considerations apply. If we assume for 
simplicity that the external fields of force affect only the 
vapour molecules, we find at once by arguments similar 
to those abovo that 


1 : Ò 
dQ = m "mE (log K+ log 1/3. 335/08 K) 


+a(X + log 1/539). 
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There exists, therefore, the required function S, given by 
(S—SQ/k = X log K(9) +N +E log 1/9. . (3:5) - 


This can be put into a form analogous to (3:4) with the 
help of (2:53). We obtain 


(S—S,)/k = (X— X) { tog K(9) +log 1/9. 9 log K o 
A(S) (9) 
Ss Í 


D 


, A(3)5(3) | d 
+N{ log Ea +1+log 1/9 351 
(3:51) 
Lu o af. A(G)(3) 
= (X- X) log K(9) +N (10g CC +1) 


+(E—Nyx) log 1/9. (3°52) 


The analogy between (3:4) and (3:51) is now complete 
since X —N is the number of molecules in the crystal 
and x is defined in opposite senses in the two cases. 

e can now, by comparison of (3*4) and (3:51), see that 
each particular constituent makes a defiuite independent 
contribution to the entropy. The contribution of the body 
of gaseous molecules of type v is in both cases 


N,k | log {ae } +1+log 1/3.3 3 log {Ore ) Y] M 


The contribution of a crystal of M molecules is 


Mk [og K(3)-4 log 1/5.3 Q log Kk). . (3°61) 
The entropy of the whole assembly of which these may be 
constituent parts contains an indeterminate constant, but 
this constant cannot depend on any parameter appearing 
in (3:6) or (2:61). The formal depeudence of these ex- 
pressions on the number of systems (N, M) is now fully 
specified, because we have considered systems in which the 
numbers of constituents can be reversibly changed *. 

It is further clear that the molecules of type r make 
the contribution (3:6) to the entropy of any assembly in 
statistical equilibrium in whieh there are N, molecules 
in a volume V at temperature 3. If we think of such 
an assembly in which the possibility of dissociation 1s 


* Ehrenfest and Trkal, loc. cit. p. 163. 
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temporarily suspended, so that the assembly is in statistical 
equilibrium with the N’s and M's fixed, the contribution 
to the entropy made bv the rth type of molecule can be 
regarded as still given by (3:6). 

In addition to the unspecified constant in the entropy 
of the whole assembly, the entropy contributions of the 
various species are not quite as absolute as they appear 
to be, for they depend on the precise convention by which 
unit weight is assigned. That is RS say, they really contain 
an unspecified multiple of M or N. A change in this con- 
vention will change the values of the entropy contributions, 
but in such a way as to make no difference to any phy sical 
result. Whether or no we admit the idea of absolute 
entropy, these formule for the entropy contributions which 
we have just obtained are all that can be required in actual 
argument, 


$ 4. Use of the characteristic function. —As we have already 
shown for non-dissociating assemblies, the connexion be- 
tween thermodynamics and statistical mechanics can be 
simplified by the use of Planck’s Characteristic Function ¥ 
as the primary thermodynamic quantity. ¥ is defined in 
thermodynamics by the equation ¥=S—E/T, and has the 
properties 


,0Y ov ov 
El e Deria Yee Ta. «a GU 
or ` Bie c 7 M 
In order to make WY fundamental, we recall the integral 
for C (2:24), and it is evident that we have only to define v 


in sucha way that 


the thermodynamic theorems follow at once. 

To make a simple definition, we use the fact that all the 
details of the distribution laws for tlie assembly, including 
to a sufficient approximation the value of C, are the same as 
if the M's and N's are fixed at their equilibrium values. 
Lhe number of such examples of the assembly is 


OR D e 7 
= Ce e : N N; 
M.M! ON. N! ej d 


DEFINITION. The characteristic function of an assembly ts 


k times the sum of the logarithms of the partition functions of 


all the component systems in the assembly plus the logarithm 


~ 
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of the number of possible examples of the assembly, when the 
numbers of the various systems have their equilibrium values 
and the argument of the partition functions is 82e7!, 

It is not conveniently possible to avoid making the 
identification of 3 and e^!*T part of the definition. No 
attempt to use the first equation in (4:1) as a means of 
connecting 3 and T, on the assumption that we know E 
and Y as functions of 3, can possibly succeed in making T 
precise—a difficulty pointed out in $ 6 of the second paper. 

According to these definitions, we find for the two types 
of assembly we are discussing : 


Ji x h, b, 
¥—¥ = - pc rip s S , 
( o)/k = X:M, (log M )z N (leg T +1) 
= (43) 
(y—*)|Etz Xlg K(S)+N, ©. .. .. . . (£4) 


€ ^ hb 
= (X- N)log K(5) N (log oput 1). (441) 


These definitions actually determine the value of the 
constants Y,, and therewith S, for Y =S, though the 
values of these constants are immaterial. In fact, with 
sufficient accuracy, 


Y^ = Xt log X¢— Xz) 
in (4°3), (44), or (4°41). 


§5. The usual introduction of entropy into statistical 
mechanivs and the “increasing property” of entropy.—In 
ordinary presentations of entropy in statistical mechanics 
the property of entropy which is taken as fundamental 
is its ** increasing property." This presentation has already 
been critically considered *, but we can now push the 
analysis somewhat further. 

Properly enunciated, the postulate of the increasing 
property is equivalent to some such statement as the 
following :— . 

(1) If an assembly in statistical equilibrium is divided 
into two parts by some such workless process as the closing 
of an ideal door, the sum of the entropies S, +S; for the 
two parts after separation is equal to the entropy Sj, of 
the whole before separation. 

(2) If two assemblies separately in equilibrium are joined 
together into one assembly in a similar way, the joint 


* Second paper. $ 4. 


508 Mr. R. H. Fowler on 


assembly takes up a new equilibrium in which S; > S, + 
equality being only possible under certain special condition 
oE equal temperatures and concentrations. 

It has already been shown for less goneral assemblies * 
that no introduction of entropy on the basis of this postulate 
can lead without ambiguity to the absolute temperature 
scale. These arguments are equally valid here in the 
general ease. It was shown further that the least objec- 
tionable definition of entropy from this standpoint is a 
definition of “kinetic entropy " as & times the logarithm 
of the number of weighted complexions representing. the 
specified state of the assembly. Kinetic entropy is a 
fluctuating quantity. If, as usual, a non- -fluctuating 
quantity is required, it was shown that we may best define 
the “statistical entropy ? as k times the logarithm of the 
total, average, or maximum number of weighted com- 
plexions, These numbers are indistinguishable from each 
other and from $log. In the previous case such a 
definition is reasonab ly satisfactory, as it provides naturally 
a function S which has the desired increasing property for 
simple cases of junction, in whieh the separate assemblies 

"n after junction exchange energy only, so that only 
their temperature can change. This S does in fact agree 
with the entropy of thermodynamics so long as the number 
of systems in a group does not change. Junctions resulting 
in changes of volume, for example, were not considered. 
For such junctions tho function klog C as detined in the 
simple case does not possess the required increasing 
property. 

To discuss general cases of junction, we must be prepared 
to allow changes in the number of systems in a group. 
Such changes can take place in a dissociating assembly, 
and a definition should therefore now be possible on these 
lines. If, as before, we take klogC for the statistical 
entropy, we obtain an expression w hich agrees with (3°41) 
in its variable part and assigns to So the value Y, of § 4. 
We shall show in the next section that the variable part 
of S does now in fact possess the increasing property in all 
circumstances, but 1t is obvious that the “complete k log C 
does not. It follows that klog C, af we drop the constant 
term, is a suitable definition for S. But the need to 
eliminate this constant term means that there is now uo 
entirely natural definition of this sort which can at once be 
shown to possess tlie increasing property. 


So, 
ns 


* Second paper, § 6. 
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It is now well to consider somewhat more closely the 
implications of postulating the increasing property as 
the fundamental property of entropy. It implies in 
particular that the entropy of two gram-molecules of a 
gas X must be twice that of one gram-molecule at the 
same temperature and concentration. This is as it should 
be (in agreement with $ 3) when the two gram-molecules 
or one gram-molecule are both parts of the same assembly in 
which the amount of X present can be reversibly changed. 
But the postulate asserts it in all cases, and asserts in 
general that entropies must be directly comparable whether 
or not they correspond to states which can be connected 
by a reversible process. There is no need whatever that 
this should be so. In asserting it, we are uctually going 
a long way towards asserting the existence of absolute 
entropy and making a special choice of the constant S, for 
the assembly and each of its parts. It is not therefore 
surprising that there is no natural method of detining S, 
constant and all, in such a way that the increasing property 
is satisfied. 

If we accept the position that the constant terms in the 
entropy are meaningless and need not satisfy the increasing 
property, then klog C retains its suitability for a definition 
of statistical entropy. We have already seen that it agrees 
with S as introduced by the classical method of $3. But 
klog C has of course the usual wider range of validity 
in that it applies to and defines the entropy for statistical 
states of the assembly which are in no sense equilibrium 
states. [t is perhaps chiefly to obtain this generalization 
of entropy that entropy has been introduced so often into 
statistical mechanics, as k times the logarithm of the 
“thermodynamic probability." The increasing property 
has been used as the simplest way of making this intro- 
duction plausible, and (probably) not from any real sense of 
its more fundamental character. When this generalization 
is required, my own attitude is that entropy is best defined 
outright as slog C and justified by comparison with S 
introduced as in § 3. 

Whether we prefer to take the increasing property as 
fundamental or as a deduction, the fact that, suitably de- 
fined, the entropy possesses it is interesting and important. 
We yive the necessary proofs in the next section. 


§ 6. Proof of the increasing property.—It is simplest to 
discuss the problem of junction in two stages. Consider a 
dissociating assembly in equilibrium, for which the external 
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forces represent only the retaining walls of the enclosure 
containing it. With S,—0, the entropy is given by 


S4 = EM, (log fi 1) e XN (log t +1) 
T(E + E.N y.) log 1/3,, (6:1) 


and the temperature 3, is given in terms of E, by an 
equation equivalent to 95,/03, 20. For convenience the 
suffixes f and rare temporarily omitted from the M's, N? 

g’s, and Xs which require a suffix 1 or 2 to distinguish the 
two assemblies, and the bars are dropped. A similar 
expression gives the entropy of the second assembly. When 
the assemblies are joined, the M's and Ns will in general 
chance. It will not attect, however, the final inequality if 
we suppose to start with that on junction all the M's and N's 
remain fixed. For such an assembly we can calculate an 
intermediate function * sja, which has the same form as Sy, 
with the artificial values of the M’s and N's.. This is the 
first stage. In the second stage we suppose the M’s and N's 
to change to their equilibrium values when the entropy 
is Niz 

At the end of the first stage we have therefore 


Siok = XC My + My) (los X M, + 1) 


h 
af 7 = hb 
X(N, + N3) ) (lo: NN, +1) 


T [(E; c E; XEX,(N; + N:)xr-] log 1/3,,. (611) 


In this equation we are to suppose, as is always possible, 
that 3j is determined in terms of E, +E, by the standard 
equation (2:41), which is equivalent to 


8s/03,2 0. . . . . . (613) 


Consider the value of (5,4 — 5, — $5)/£, taking separately the 
terms dependent on the volumes t Vj, Vg, and Vis, and on 
3, 3,, and 3j. The volume terms consist of a set of terms 


of the form 


"A * V, Vi , 


* If we accepta definition based on "un for the entropy, then 
8, 18 itself the entropy, and the statement of the proofs of this section 
can be slightly aim plitied. 

t There is no reason to suppose that the volumes are the same for all 
different molecular species in the two assemblies. So far as ditlerent 
volumes can be obtained by semi-permeable membranes, they can be 
beh to occur in these formulr. ‘Thus (geh contains the factor 
: gi etc. 
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Now f=0 when Mj/V,— M;/V;, and 
Di dep TE rs Mr. 
oM, M+M °M, 
so that 0f//OM,=0 when M;/V, 2 Mj/V, Finally 


oy _ 1 1 
dM? 7 MEM M O 


Thus in all cases /—0, and equality can only hold when 
M,/V,=M,/V.. The argument applies to each term of the 
set. 

Consider next the 3-terms. These are of exactly the same 
form as in the simple case of non-dissociating assemblies, 
and the argument of the former paper applies. It follows 
therefore that 


53 = Si 3, 
in all cases, and that the equality can hold if and only if 
(Me/Ve), = (M Vòn (t21,..5,5),  . (6°31) 
(N/V = (NV (r=1,...57), + (632) 
$à» 235. ......... (633) 
If (6:31), (6:32), and (6:33) are all satisfied, then 
$i — 39 = 3134. 

In the second stage we have a single assembly, for which 
we can drop the suffixes 1, 2, and a function s of the state 
of that assembly which is given by the same formula as S 
for the final equilibrium state. The only difference is that 
in general the values of the M's and N's are not the equi- 


librium values. As the M’s and N’s change subject to (2:23), 
$ will also change subject throughout to (6:12). Thus 


ds _ Os às OM: Os OS _ n Qs oM, . 
aN, = 3N- + 3M; ON, 88 ON, ON, TOM: ON, 
Vir dsr 
Lag MA Mtn T 


r 


When the N’s have their correct equilibrium values, 
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ds/dN,=0. Further, 


ds 1l q), dog 99 
UN? = TNT 2, F998 A ax. 


Ps) 2 
3 C lov B, 
HER e Em» nt (35er) . 
~ Ny 'Mi 39E/95 
83, on 8- (5 as toc 
d's E c B 39 ^£ B -) 


dN,dNp XM, 3 oE/03 : 
]t easily follows that the second-order terms in an expansion 
of s in the neighbourhood of its correct equilibrium value S 
ean be expressed as a set of square terms all with negative 
coefficients, and that therefore s— S is essentially negative. 
The second stage cau therefore only result in a further 
increase of S; over S, + Ss. 

We have therefore established, with a suitable definition 
of S, the relation 

S, 2 S8 - Ss. 


It remains only to show that the conditions (6:31), (6:32), 
and (6:33) are sufficient for actual equality, and for this it 
is only necessary to show that under these conditions the 
changes of the second stage are nil. The conditions that 
determine the M’s and N's in any assembly, written in full, 
üre 


Mj?rr, 7 Ms B N,o, SXr (6 5) 
(0,3)... (g(3) 7 — A (3)59) 


and for any value of r ond t 
ge) = V(G4(3), h. (3) = V,H,(5), 


where in G,(3) and H,(3) 3 is the sole variable. If, 
therefore, (6:5) is satisfied for the separate assemblies 
before junction, and the conditions (6:31), (6:32), and 
(6:33) are satisfied, (6:5) will still be satisfied for the 
complete assembly after junction, which will therefore be in 
-its equilibrium state without further change. The second 
process therefore vanishes, and we have the equality 


Sie — Sits. . e ° e. " . (6:6) 


These conditions are therefore both necessary and sufficient. 
If we carry out the converse process and divide the 


Thermodynamics and Statistical Mechanics. 513 


assembly into two separate parts, the same conditions 
will be automatically satisfied, ignoring fluctuations, and 
so the equality (6:6) is necessarily valid. The deduction 
of the increasing property of S for assemblies in statistical 
equilibrium is thus completed. 

An exactly similar proof holds for the entropy of the 
vapour-solid combination in equilibrium. 


$ 7. Nernst's Heat Theorem and the Chemical Constants. — 
Nernst's Heat Theorem may be enunciated in the following 
[orm:—4n a “ condensed system” the change of entropy in 
any isothermal reversible process tends to zero as the tempera- 
ture tends to zero. For any “condensed system” for which 
we can construct the partition function we can examine 
the position of Nernst’s Theorem in statistical theory. 
Suppose first that the partition function for one molecule 
before and after the reaction has respectively the simple 
form 


Spe? 5. 2292975 


All the degrees of freedom are thus thought of as of one 
type, and their total number can never be changed by any 
reaction. Now the contribution to the entropy of the 
assembly made up of N molecules of the substance in 
either form is 


where f is the partition function. As 3-»0, this tends to 
NA [1og p, 9^ log 1/9 .9 2 log po] = Nk log po 


before the reaction, or Nklog q after the reaction. Thus 
Nernst's Theorem is equivalent to the statement that the 
weights of the lowest quantum states must be equal*. If, 
and only if, this is the case, then Nernst’s Theorem follows 
at once as a direct consequence of statistical theory. There 
is no need for any appeal to the conception of absolute 
entropy. 

The simple case examined above hardly corresponds to 
actual facts. An important real case which we can examine 
is that of a reaction between solids in the crystailine form t. 


* This result was pointed out in a preliminary way in the Second 


paper, $8. 
+ The actual reaction may, if necessary, be supposed to take place in 
a vapour phase present in negligible quantity in the assembly. 


Phil. Mag. S. 6. Vol. 45. No. 267. March 1923. 2 L 
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The contribution to the entropy of the assembly of any 
crystal containing any molecules is 


Nk [log K(3) + log 1,9.9 ò 

09 

It can be shown * that Born’s f. results on the mean energy 

of acrystal can be translated at once into results on partition 

functions. If we ignore the possible ultra-violet absorption 

frequencies of tho crystal due to the motion of the eleetrons $ 
ax distinct from the complete atoms, we find 


log K (9) | : 


: 2 $ 1 40, Ps 1.3 1 m 
lgK() =- 5.11998 X pes | x? log (1—677) de 
n- 1) 
— X lg(1—35^"), . . . (TD 


je 
where n is the number of atoms in an elementary cell of the 
crystal lattice, and the ©), v; are constants characteristic 
of the crystal. We must interpret the molecule in the 


crystalline state for the purposes of this formula as the 
collection of all the atoms in one elementary cell. 


When 30, 
kO; log 1/9 -> », 


and 
* 40, log 1/9 * a 
pee ; = "OR NE c 
«0 o ] ^ 45 


The second set of terms all tend to zero like a power of 9, 
and thus except for a constant multiple log K(3) behaves 
like 
l 
(log 1/8)? 

Both terms in the entropy therefore tend to zero as 3>U, 
and as the entropy contributions all vanish, their difference 
vanishes and Nernst's lleat. Theorem holds for all such 
reactions. 

It is important, however, to look somewhat more closely 
into this resuit. Formula (771), on which it depends, is 
based on the usual analysis into normal coordinates of the 
motion of a dynamical system executing small vibrations. 


* Darwin and Fowler, Proc. Camb. Phil. Soc. Joc. cit. 

t ‘Der Dynamik der Rrystaligitter, Chap. 5. 

| It is correct to do so here, for we consider the atoms as the 
atructural units in this discussion. The internal mechanism and con- 
struction of the atoms we must ignore consistently throughout. 
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Each such coordinate is treated like Planck's line vibrator, 
and its lowest quantum state (of zero energy) is assigned 
the weight unity. The result, however, cannot and does not 
depend on this convention. If we assign the weight po to 
such a state, keeping of course relative weights unaltered, 
the expression (7:1) for log K(3) will be altered by the 
addition of the term 


3n log pe. 
The entropy is altered by the addition of the term 
3Nn log Po . . . . . . (T2) 


where Nn is the number of atoms in the crystal, and (7:2) 
is now the limit of the entropy as 3-20. This does :0ot in 
any way affect the vanishing of the entropy change as 3—0, 
for, as the total number of atoms cannot alter, the same 
constant limit must occur in both the values of the entropy 
before and after the reaction *. 

Nernst's Heat Theorem for reactions between crystals is 
therefore, on the general principles of the quantum theory, 
a deduction from the fact that the weights of the lowest 
quantum states of such systems are necessarily equal. This 
equality is a result of the form into which the internal 
motions of the crystals can be analysed. It is not yet 
possible to estaba fully the validity of the theorem on 
the same basis for other ty pes of condensed systems—liquids 
and supercooled liquids (glasses)—in the absence of suitable 
partition functions. It is, however, not unreasonable to 
suppose that its truth ultimately rests on the same analysis 
of the internal motion into normal modes and the same 
consequent equality of the weights of tho lowest quantum 
states. 

A particular use of Nernst's Theorem is to deduce the 
form of dissociation-equilibria in gases, from the vapour- 
pressure equation of each gas, showing in particular that 
the constant in the equation of dissociation-equilibrium 
can be expressed in terms of the constants in the vapour- 
pressure equations, the so-called chemical constants. It 
is, in fact, on account of this property that the chemical 
constants earn their name. It has been shown in the 
third papert that this property can be most naturally 

* [t is presumably not even necessary to assign the same weight to 
the lowest quantum state of different kinds of atoms executing simple 
harmonic vibrations. The weights for any one kind of atom must of 
course A the same in all crystals. But I have not examined this point 
in detail. 


{ in generalization of a similar theorem due to Ehrenfest and Trkal, 
loc. cit. 


2L2 


516 Mr.G. L. Addenbrooke on Electrical Properties 


established directly as a theorem in statistical mechanies 
without appeal to Nernst’s Theorem. It is now clear 
that both this property and Nernst's Theorem itself are 
consequences of the same facts: namely, the particular 
behaviour of the partition funetion for any crystal, and 
probably for other solids and liquids as well, as T->0. 


Summary.—Finally, one may perhaps briefly re-state the 
central idea of the series of papers here concluded. We have 
approached the subject of statistical equilibrium from the 
standpoint that its characteristics are determined by the 
average values of certain quantities taken over all dyna- 
mically possible states of an assembly—all states, that is 
to sav, with the given total energy. It has been found 
possible to work out the details of the equilibria in fairly 
general cases without any appeal to thermodynamical 
ideas. The position is maintained that such ideas are 
really irrelevant in statistical theory except for the logical 
introduction of the absolute temperature, and the ordinary 
introduction of entropy into statistical theory is criticized. 
At the same time the fact that the laws of thermodynamics 
are deductions from the theory is important, and has been 
established for all the assemblies discussed. 


LIV. Electrical Properties of a Flint Glass of Density 601. 
By G. L. ADDENBROOKE ". 


N a Royal Society paper (Phil. Trans., 1878) Hopkinson 
deseribed measurements of the specific inductive 

capacities or dielectric constants of four kinds of Flint 
Glass of increasing densities, which have since been quoted 
in tables of constants. 

He ends his paper as follows :— 

"ID the electrostatic capacities (K) be divided by the 
density (D) we find the following quotients :— 


" K Refractive index 
D. K. D D line. 
Very light Flint ... 2°87 6°57 2°29 10:541 
Light Flint | ......... 23 0:85 2:14 1574 
Dense Flint ......... 3:66 T4 2:02 1:622 
Double extra dense.. 45 (10:1) (2:25) 1:710 
(9:93) (2:22 


Communicated by the Author. 
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* Thus = is not vastly different from a constant quantity. 

“Messrs. Gibson and Barclay find for paraffin 1:077: 

taking the density of paraffin as 0°93, we have the quotient 

of 2:13. This empirical result cannot of course be generally 

true, or the capacity of a substance of small density would 
be less than unity." 


Dielectric Constants of Heavier Glasses. 


The glass of the greatest density examined by Hopkinson 
was 4:5. In 1909, Thornton made measurements on an 
ellipsoid of glass of density 4°65 (Proc. Royal Soc., 1909). 
The dielectric constant of this he givesas 10.64. In his paper 
he puts Hopkinson's and his own results in the form of a 
curve, which is reproduced and extended below. 

Shortly after the publication of 'Thornton's paper, Messrs. 
Hilger informed me that there was a glass of 4°85 density 
obtainable, from which they could cut a thin sheet 6 inches 
square. I obtained such a sheet and measured its dielectric 
constant, in 1911, by an alternating-current method, comparing 
it with a standard air-condenser, The constant 11:2 was again 
higher and fitted in with a prolongation of Thornton’s curve. 
Unfortunately it was broken before the final corrections 
could be made. At the same time I found that at the Jena 
factory they made a glass of about 6 density. Messrs. 
Hilger, however, stated that they could not get this in a size 
from which they could cut a disk more than 4 inches in 
diameter. 

I thought this too small at the time to get good results, 
having regard also to the risks of breakage and cost ; but it 
occurred to me that a test might be made of the glass in the 
form of fragments by a method of mixture, and Messrs. 
Hilger were good enough to procure for me some lumps of 
the vlass. 

The particulars are as follows :— 


Properties of Dense Silica Flint. 


Refractive Index Medium disp. Donde 

for D-line. C-F line. ensiy 

1:9201 0:04381 6:01 
Approximate Composition ...... SiO 227 ; PbO, 787. 


The glass has a decidedly vellow tinge but otherwise is 
quite transparent. Exposed since in the laboratory for 
some ten vears, the surface shows slight traces of action, 
but a little protection would evidently have obviated this. 
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Judging bv its density and composition, the density of 
natural silica being 2:61, fused silica 20, and lead 19:2, it 
must contain ever 30 per cent. by volume of metallic lead. 
It breaks easily, though hard. It softens and melts at a 
fairly low red-heat without showing any signs of blackening. 
That such a composition should be perfectly transparent and 
a high-class insulator is remarkable enough in itself. 

Other matters prevented me going further with this glass 
at the time, and the war coming on, it was not until lately 
that I was able to do more with it. 

In the meantime I found that the method of mixture had 
been used by Thwing to obtain the dielectric constants of a 
number of substances in fragments or powder form and that 
his results were accepted by writers of works of reference 
(Physical Review, July-Aug. 1894). Thwing does not give 
any details beyond the formula, but as there are several 
points of importance which need attention to secure accuracy, 
a memorandum is here appended dealing with them. In 
view of the preat improvements and facilities for measuring 
small capacities which have become available during the last 
few vears, the method is readily workable and could be 
employed for the measurement of the electrical properties of 
a number of substances of which at present little is known. 

As the result of several trials, the dielectric constant of 
the above glass of density 6 was finally found to be 13, 
within from 2 to 3 per cent. 

So far as I am aware this is not only the highest dielectric 
constant yet found for any glass, but it is the highest found 
for any material not of abnormal character and not com- 
plicated by the effects of absorption. Apparently also, the 
glass in question is the substance for which the deviation 
from Maxwell’s relation of the dielectric constant to the 
square of the refractive index is greatest, when uncomplicated 
by the effects of absorption. 

The data are given below for the range of glasses :— 


Relation of K to the Square of Refractive Index. 


(1) (2) (3) (4) (5) (6) 
Density......... 27 33 3:06 412 45 6:01 
| P 65; 6-85 T4 8:52 998 130 
INS eb scu 2-35 2:45 2:58 2:85 3:0 3:68 
K/N?............ 2:8 2°75 2-86 3:0 3:33 3:55 


The specimen of glass of density 6 is not quite the densest 
known, there is another (see Smithsonian Tables, 1910, p. 180) 
of a density of 6°33. The composition of this is given as 
SiO, 21:9 per cent , PbO 78 per cent., and traces of arsenic. 
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Now there is a definite chemical compound known as 
Pb SiO, ` If a calculation is made of the respective weights 
of its components, it would appear to be composed of PbO 
78°6 per cent. and SiO, 21:4 per cent. Consequently, this 
densest glass corresponds with the chemical compound 
Pb SiO, with a small fraction of silica dissolved or mixed 
in it, and the specimen under discussion with a density of 6 
io consist essentially of this compound plusa fraction more 
silica. 

Mr. Frink, the director of the Glass Research Association, 
informs me that with these very dense glasses tlie difficulty 
is to prevent this compound crystallizing out, and hence the 
great importance of stirring. He has given me a small 
specimen of this compound, and offered to try and obtain 
sufficient of it in a pure state to enable its electrical properties 
to be determined. A test on such a specimen would complete 
the investigation. It does not see.) probable that its pro- 
perties would differ appreciably. from those of the glass of 
6°33 density, the refractive index of which is 1 96. 

All these glasses are essentially a mixture of silica and lead 
oxide. Sinco the constituents can form a definite compound, 
apparently ihis compound will be formed as far as the pro- 
portions admit, and then this compound is dissolved in the 
remaining free silica, or mechanically mixed with it, each 
aggregate probably retaining essentially its physical pro- 
perties. 

AVote.—Since writing the above Mr. Frink has further 
pointed out to me that, if a specimen of heavy glass has 
crystallized out, and the crystals are examined with a good 
magnifying glass, it will be found that mixed with the usual 
form of the crystals there are a certain number of others, 
of the same order, but of a more elongated shape and with 
certain other slight differences, which point to there being 
present a second slightly different silicate of lead. It might 
therefore be that all the Silica is divided up between these 
two compounds. 


Thus the glass of density 6 seems to be very near the limit 
of what can be done by mixture, so that we are near the end 
of a definite series, and iis electrical and optical properties 
should closely approximate those of the definite chemical 
compound. [It will be noted that the relation of K to N? 
continually increases. It may be that the final density of 
6:33. which has been attained is due to a reduction of volume 
on crystallization, as natural quartz is denser than fused 
silica, rather than to a correspondingly higher proportion of 


lead. 
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Observations on Curves showing results for 
the Series of Flint Glasses. 
Electrical. Properties. 

Having now dealt with these matters it is interesting to 
plot for the series of glasses Hopkinson’s and Thornton's 
results with the new determination. 

Mr. Dye, of the N. P. L., has also drawn my attention to 
a communication to the Jahrbuch Zeitschrift pir Drachtlose 
Telesraphie und Telephonie for August 1921, in which 
E. Schott gives a new set of determinations of the dielectric 
constants of Jena glasses. The glass with the highest 
constant included in it is No. 195b. Having a dielectric 
constant of 11:3 and refractive index Lii, this is evidently 
the same glass of density slightly under 5 mentioned by me 
above for which I found a diclectrie constant of about T12. 

Į understand that since the war there has been a dithculty 
in making the glass of 6 density which forms tlie subject of 
this communication, and that it is not at present procurable. 

Three of Schott’s results are inserted in the diagram, Tt 
will be seen that they agree well with Hopkinson’s and 
Thornton’s, and thus ont them and the general character 
of the curve. 

The left-hand curve in the diagram covers the relation of 
density to K or ratherto(K —1). (On this point see Adden- 
brooke, Faraday Soe, Proceedings, Dec. 1919.) The values of 
the (K — 1) of these glasses lie in a curve of which a line 
drawn from the densest—or what we may venture to take as 
approximating the (K — 1) of the chemical compound—seems 
to form the axis. This point I hope to show later bas 
considerable significance. 

In considering the curves and data, as the electrical 
properties are volume properties, it is important to bear in 
mind the great differences in volume covered by different 
proportions in weicht of the various constituents, 

According to Pulfrich’s analysis (French Physical Society 
Tables) all the glasses of lower density have either potash or 
soda in their composition, also possibly barium, but as the 
density increases they are more and more completely com- 
posed of lead oxide and silica. The composition of Hop- 
kinson’s glasses is unknown, m probably silica does not 
differ much from that of the Jena glasses. 

The above analvsis of the composition of these glasses 1s 
given in percentages of PLO and SiO,. There appears to be 
some doubt amongst chemists as to how far these glasses are 
mixtures of these compounds or are increasingly Pb SiO; 
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plus SiO, From work on the relation of the dielectric 
constanis of substances to their other physical properties the 
evidence seems to me strongly in favour of chemical com- 
bination, and also against the inference that either lead or 


Fig. 1. 


AK Flint G/2sses. 
l2 Drelectric Constants 


and relation £o Density , 760 

H ri .50 
DCs e Ordinates, left r ‘40 

l0 N?s ---- x do. „right 30 

The two scales are not the Same,’ "dí 20 

: 2. uf 10 
Ti 3:00 

8 á -90 

:'80 

7 20 

'60 

6 VM oa 

/ x^ C. Curve Crown Glass Low 74-40 

: ^ Quartz - i Minsan, :30 

y e . Thornton. .20 

4 K pe 5.E. Schott. * 
o A. Addenbrooke. 00 


0 i 2 3 4 5 eA 


dissolved lead oxide has a specially high dielectric constant. 
The raising of the dielectric constant so high is the result of 
chemical combination. It would, however, take up too much 
space to give here the further evidence on which these views 
are formed. 
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Optical Properties. 


In the above diagram with ordinates on the right side, 
there is given for comparison a curve of the squares of the 
refractive indices for these glasses. Tt will be seen that the 
inflexion of the lower part ot the curve is also shown in this, 
though naturally to a less degree, and on a different scale. 

Details of the methods by which the above results were 
obtained are appended below. 


The method of obtaining Dielectric Constants 
of Substances in Micture. 


The method consists in forming an air-condenser with 
metal electrodes of known area, sav 250 sq. cm. spaced, say, 
2105 mm.apart. This air-condenser, being in the form of a 
box with open top, can be filled with granulesor powder of any 
material to be investigated. 

If the density of the material is known, the volume which 
fills the container can be found by adding previously weighed 
portions, and no filling with a second substance is necessary. 

If, however, the density of the substance is not known or 
it is desired for other purposes not to expose the material to 
the air, then a second liquid substance is added. In most 
cases, ordinary paraffin oil which has been dried by shaking | 
up with powdered calcium carbide is convenient, and its 
dielectric constant can be taken as very close to 2. 

From its dimensions we know the volume and area of the 
container. 

The true air capacity of the condenser between electrodes 
is found from the dimensions, but as the thickness is small 
it is advisable to correct this by a calculation of the volunie 
and area. The volume can be obtained very closely by first 
filling the container with liquid, say petrol, and then mea- 
suring the volume, after which the container can be dried 
before putting in the granules or powder. 

The container is then filled with granules or powder. 
Paraftin oi] is put in a litre measure-glass and its volume 
carefully noted. Oil is now poured into the container 
until it is full, after shaking to get rid of bubbles. The 
difference in the measure-glass gives the volume of oil 
needed ; as an extra precaution the container may be put 
under a receiver and exhausted of air. Then 


Vol. container — vol. oil = vol. solid. 


I have mentioned the true air capacity of the condenser 
because much turns on this. It is insufficient to trust to 
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calculation alone. A careful electric measurement of the 
capacity of the condenser when empty must first be made 
in the position in which it is to be finally used; this of 
course includes all stray and other lines which do not pass 
directly between the electrodes, and this correction will be 
found very considerable : this is the chief point requiring 
special attention to secure accuracy. 


We then have: 


Outside cap. of = Measured air cap. of — Calculated air 
condenser condenser capacity 
then 
True cap. of = Measured cap. of — — Outside cap. of 
mixture mixture condenser 
and 


True cap. of mixture 


BOUES s Calculated air cap. of condenser ' 


and this is the value of K, which should be used in Thwing’s 
formula 
(Vol. mix. x K mix.) (Vol. liq. x K liq.) 


E eoid Vol. solid 


The condenser or container was formed as follows :— 

Two flat sheets of plate-glass and a length of square rubber 
cord of 5 mm. section were taken. The rubber cord, cut 
nearly through at the corners, was fixed to one sheet of glass 
with strong rubber solution so as to enclose an area, say, of 
250 sq. cms., which was then coated with a thin varnish. 
When the varnish was nearly dry a stout sheet of tin-foil cut 
out to fit the area was laid on one side of the glass and 
pressed evenly down, the foil being left projecting at the 
upper edge to form a connexion. 

A similar sheet of foil was fixed on one side of the other 
sheet of glass, and the two tin-foil electrodes were then held 
fuce to face in place by screw-clamps, the pressure on these 
heing sufficient to reduce tle space between the foil electrodes 
to 4:5 mm. For permanent use another insulator might be 
substituted for rubber which absorbs paraffin in time and 
swells. 


Electrical Methods employed. 


The current for the electrical measurements was provided by 
an oscillating valve arrangement G, which gave an alternating 
current at about 150 ~ and 1200 ~. Both frequencies were 
employed. A variable resistance of 100,000 ohms is shunted 
across the circuit, and this was adjusted until the voltage on 
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the condenser to be tested was maintained steadily at 110 
volts, as shown by the electrostatic voltmeter V in the 
diagram. 

G is the valve generating apparatus, DE the variable re- 
sistance of 100,000 ohms for regulating the circuit voltage. 

V is the electrostatic voltmeter for preserving tle P.D. 
across the circuit constant. i 

'! is the condenser and AB a non-inductive resistance. 
Across this is a low reading electrostatic voltmeter which 
gave about 80 mm. deflexion for 1 volt between the terminals 
of AB, and the resistance of this being known therefore acts 
as an ammeter. AB was adjusted until a steady reading of 
about 200 mm. was obtainable on the ainmeter. 


Fig. 2. 


Variable R. 
< 


The testing leads were now transferred from the condenser 
to a calibrated variable airv-condenser, and the capacity of 
this was altered until the above reading was reproduced at 
the same voltage and frequency. The capacity indicated 
was then read off. Itis free from capacity of the leads, is not 
influenced by any slight self-induction in AB, and though the 
valve should give nearly a sine wave, as the same wave form 
is used in both cases there should be no correction needed 
for this. 

Measurements were first made on the empty condenser 
and then on the condenser filled, which gave the data for 
the calculations needed above. 

Finally, before accepting the results, measurements under 
the same conditions were made with the electrostatic watt- 
meter. 


The wattmeter W has a constant of about 40. That is, 
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with 110 volts on the needle, it gives a deflexion of about 
ne =440° for 1/10 volt drop between the quadrants at 
Unity power factor, or about 44° for a Power Factor of 
1 per cent. at 1 volt drop across AB. I have already dealt 
with the working of this instrament on Low Power Factors 
(Electrician, Feb. 21, 1922). 

This measurement, balancing out the capacity or reversible 
energy, gives separately the energy dissipated in leads, con- 
denser itself, and the mixture; it also enables one to see 
that there is no abnormal leakage. The loss in this case was 
small, therefore the capacity measurement was practically 
free from the effects of absorption. 

(As the result of long experience I find that absorption is 
always accompanied by dissipation of energy more or less 
directly proportionate to any increase of apparent capacity 
due to it. If, therefore, the loss is very small, being also at 
90? phase difference with the capacity component of tho 
current, we may conclude that the capacity found represents 
closely the true dielectric constant. See epitome of my 
lectures (Journal I. E. E. Jan. 1919, iadexed under Insti- 
tution Notes). 

This method of mixture can also be applied to sheets of 
material. It obviates the necessity for guard rings, and from 
an educational point of view it brings into prominence the 
fact that the dielectric constant is primarily aVolume constant 
of matter. 
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LV. On the Flow of Liquids into Capillary Tubes. By C. 
H. Bosanquet, M.A., Lee's Reader in Physics, Christ 
Church, Oxford *. 

qos equations of motion of a liquid flowing into a 

capillary tube under the influence of its surface ten- 
sion and of a hydrostatic pressure have been examined in some 
detail by Washburn (Phys. Rev. xvii. p. 273, 1921). He 
obtains a formula giving the time taken by the meniscus 
to pass between two points in a straight uniform capillary 
inclined at anv angle to the vertical. 

In his treatment, forces due to changes of the momentum 
of the liquid column are neglected, and the object of the 
present paper is to examine the effects due to these forces, 
and determine under what circumstances they become 


inappreciable. 
* Communicated by the Author. 
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The simplest case, which is capable of a rigorous solution 
if Poiseuille’s law be assumed to hold, is that of a liquid 
flowing from a reservoir of large area into an evacuated 
horizontal capillary. 

If P is the pressure at the entrance to the capillary, and 
the other symbols have the usual significance, then the 
accelerating force is Par?+2arT, the viscous retarding 
force is BSvrré and the momentum of the liquid column 
Tr pr. 

The equation of motion thus becomes :— 


» (mr*p.r£) + 8rnee = Pr? c 2mrT. 


Let 85 Pr+2T 
- m d —- = b, 
r!p rp 
f1* d ry . 
Then 2 qué Fas = b, 
dt 
0 ze. ot Ae T 
ti —-(l—e )T75:4* 


ad 


ài E O AES 


This case was treated by Rideal in a recent paper (Phil. 
Mag. Dec. 1922, p. 1152) with rather different results. He 
writes his differential equation 


vitari = b, 


omitting a term in (¢)? which represents the force required 
to impart momentum to the liquid entering the tube. As 
the result of this omission he obtains a different expression, 
which he gives as 


From this he concludes that x is a linear function of yt if x 
is neither very small nor very large, and his curves appear to 
be plotted on the assumption that 


2bt 
Tym = s T a constant 


as soon as a state of steady motion has been attained. 
Owing to the fact that in his experiments az; was fairly 
small, he obtains a linear relation within the error of experi- 


ment for values of 2,» 2.,, but the values of E deduced 
?] 
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from the slope of the curves must be subject to a systematic 
error of six or seven per cent. 

Equation (1) above reduces to that of Washburn if r is 
very small or if the meniscus is not timed from rest, but 
allowed to attain a state of steady motion before taking any 
readings. 


In the case of ether in a capillary of 1 mm. diameter a has 
the value 10 sec^! at about 20°, so that : is negligible for 


tuhes of smaller diameter. a> 10 for almost all other kiguu 
in a 1 mm. capillary. 

If the capillary has a total length l and initially condime 
a gas of viscosity y' and density p the viscous resistance 
becomes 8ri{fne+n (l—2)), and the momentum of the 
contents of the tube mr*i{px+p(l—wx)}. 


Let ly - lp! 


— 7 dy, - m = U3 
7-7" p—p s 
then 


d 
d Gt epp)? (e+ )(9— -rè = P+ 2, 


if (za) — ES  (aq—a,) = E, 
hei C(E-bjE+ate= B.C) 


As a first approximation E-5 after the initial period of 
acceleration, so that 
d 
dt (£- E)E = AB ; 
Using this result, 


BE 
aft = B—' e 
Proceeding.in this way by successive approximations a 


value of £ is obtained which is less than aË if zy» 
a 


=f, 


BBE, — LBE? 4 158° E, 
a3E* a E> a^ ES 
EC UN 
a? E! a? E" 
Then if the steady state has been attained by the time £—£, 
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and £, is very large, 


(m yg (Ë tHE) +e Brea (i-2) 
a-p h 


(cm (EIEN) RIA. oo Q) 


or 


If the density of the gas is negligible and the liquid starts 
from the end of the tube £=% ps $(£)-— 1, 


t= yo (BIB) + LT $0. . . o. Q) 


In this case the steady state is attained instantaneously so 
that no time is lost in accelerating. 
If £, is large compared with £, as a first approximation 


EE = Á (1—e-7*f), 
v Ef 8 Yd qug B So 
Et zo (14 ie) dl (EE) ep . E . 
Then from (2) 
d (t) = B—atE BE 


a(t~ ar) 
dt “ (eb) = i Tef T 


I£ l does not change appreciably while the liquid is 


accelerating, 


f= Ea ED) 


and if £, is very large compared with £, 
E HE ED 
al Eran) 
= Sete) (iE. (1 gt) to): 


to a first approximation, 
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If £, is large the last term is very small, also it disappears 
on continuing the approximation, so that if the steady state 
is reached before £— £, 


X (pa 3 l 
t = 380 —£?) + ~ (1—$ (€3)). 


This is identical with (4). 
In general 
t= EED HI-END) EAEN ear" 
28 a a NT 
(9) 
The subsequent terms in the exponential are terms in t? and 


un powers of t. 
ubstituting for a, £, £, 


Te m: p) a- — d (a, + tp) ) eI“ rto - e) - orig) 


pM ~ (uz) *) 


g EP igpay. a x) 


This reduces to (1) if ?' and p' are put equal to zero, and to 
Washburn's equation if the second term on each side of the 
equation is omitted. ` 

If the capillary is inclined upwards at an angle @ to 


the horizontal then, if y=gsin 0, B= DIT Ru and 
B r(p—p) 
X=- +£, 
Y 
d ; : 
ETENE + 288 = B—y(E—§,) = yX. 


As a first approximation gE = ? X, 


1 = at 1 xt EN Eo 
É y X. «XE a£" 


Phil. Mag. S. 6. Vol. 45. E 267. March 1923. 2M 
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ap a£, | B+ yh a = 
StS 31 yes M REED 


«(s Ds vE (ioe B+ybo—vh LE cB) 


—-&'ax«S-yEN EBEYE EE SE 


(7) 


To this must be added a correction if the liquid starts from 
rest. The magnitude of the correction will be 


007 : (1 E 3 (1 EU 29 


The time for a liquid starting from rest is thus given by :— 


t+- : “(= E)e nen 
= (e+ ay — 2d y£o zi.) los Bty£,—y& 
t 3B + yf) "8 B+ yE,— ves 


pa: 1 _ & YEn E — Eo 
Ga a a © 


This reduces to (5) if y is vanishingly small and $(£) = 2, 
and if the terms 1n : are omitted it reduces to Washburn’s 


equation. Developing the series as far as first order terms 
in y the formula becomes :— 


t+ - :(i- E e -Eu 


E. (Er mkir) ge &" see L-8*.(1-£). 
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This form gives the effect due to a slight change of head 
with motion ef the meniscus. 

Observations of the rate of flow of a liquid into or out of 
a horizontal capillary under the influence of various initial 
values of P providea method of determining both viscosity 
and surface tension. If ¢’ is the value which the time would 
have if the density were zero, then 


d£ UP 2rT 
dt! dy ^" 


and measurements with two values of P yield both the 
viscosity and the surface tension. 

The dynamic method of measuring surface tension has 
certain advantages over the static method ; the mean radius 
of the tube is required instead of the radius at one point, also 
the surface is being continuously renewed, thus reducing the 
risk of contamination. The method is also adaptable to the 
measurement of interfacial surface tensions and to the com- 
parison of angles of contact with an advancing or receding 
meniscus. 


In conclusion I wish to thank Professor F. A. Lindemann, 
F.R.S., for the interest which he has taken in this work. 


Summary. 


(1) The motion of a liquid flowing into a horizontal 
evacuated capillary under the influence of a constant head is 
examined and an expression is obtained which is rigorous if 
Poiseuille's law holds. 

(2) The eqnations are extended to the case of two fluids 
in contact and an approximate solution is obtained. 

(3) Similar formulæ are deduced for the case of a liquid 
flowing into an inclined tube. 
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Tix OBJECT OF THE PRESENT Work. 


HE Einthoven galvanometer (see Pl. IX. fig. 1) has been 
used by a anbar of investigators t for the purpose of 
determining temperatures in the gas-engine cylinder, and 
their work clearly shows the practicability of recording 
quantitative results for the cycle of temperature in the heat- 
engine cylinder. 

In order that the results recorded may be interpreted as 
temperature of the gas itself, it is necessary to know the 
relationship between the true temperature and the tempera- 
ture assumed by the thermometer. It is the object of this 
research to inv estigate this relationship. 

The difference between the temperature assumed by the 
thermometer and the temperature of the gas at any instant, 
which may be termed the * temperature lag,” will depend 


* Communicated by Prof. F. W. Burstall, M.Sc., M.A., M.Inst.C.E., 
M.L Mech.E. 

f Fora history of Temperature Measurement in the Internal Com- 
bustion Engine, see the following :— 


Burstall: “On the Measurement of Cyclically Varying Temperature,” 
Phil. Mag., Sept. 1805. 

B. Hopkinson: “On the Measurement of Gas Engine Temperatures," 
Phil. Mag., 1907. 

Callendar and Dalby: “On the Measurement of Temperatures in the 
Cylinder of a Gas Engine," Proc. R. S., A lxx., 1908. 

Coker and Scoble: Proc. Inst. C.E. vol. excvi. , Part H., 1913-14. 

Petersen: Verfahren zur Messung Schnell W echselnder Tempera- 
turen, 1913. 

Navel: Zeitschrift des Vereins Deutscher Ingenieure, 5th July, 1913. 

E. B. Wolff: Temperatuurmetingen in een Dieselmotor, 1913. 
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mainly on the following points, the effects of which require 
investigation :— 


(1) The form of the thermometer employed. 

(2) The rate of variation of temperature of the gas. 

(3) The nature and temperature of the walls of the 
containing vessel. 

(4) The velocity of gas relative to the thermometer. 


It is intended that the thermometer which will be em- 
ployed in the gas engine shall be of the type used in 
Professor Burstall’s earlier work, i. e. the platinum resistance 
thermometer. The investigation, therefore, refers primarily 
to the platinum resistance thermometer, and apparatus has 
been designed and constructed accordingly. 

The scheme adopted consists of maintaining steady tem- 
peratures of different intensity in different regions and 
moving the thermometer through these regions to obtain the 
cyclical variation of temperature ; the rate of variation of 
temperature is determined by the frequency of movement 
of the thermometer through the different temperature 
regions, and this can be varied within wide limits. 

To study the effect of point (3), different methods of 
heating and cooling in the respective regions must be em- 
ployed. The first type of apparatus embodies a vertical 
silica tube of which the upper part is wound with an 
electrical resistance heater, and the lower part is enclosed 
in a box through which water can be circulated. The 
thermometer can be reciprocated axially in the interior of 
the silica tube. Precautions are taken to reduce motion 
of the air in the tube to the minimum, and the natural con- 
vection tends to the same end; but it is clear that the 
heating of the thermometer is largely by radiation from 
the walls of the silica tube. 

Further work will he necessary to determine the effect of 
conditions such as those obtaining in the gas-engine cylinder, 
viz. cold walls and hot gas. These conditions would be 
approximated in an apparatus wherein a current of heated 
air and a current of air at atmospheric temperature pass 
along adjacent channels, the walls of which are water- 
jacketed. The thermometer would reciprocate between the 
two channels. 

The effect of varying the velocity of vas relative to the 
thermometer may be studied in the apparatus under con- 
sideration oy varying the frequency of reciprocation of the 
thermometer, and, to avoid changing the rate of variation of 
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the temperature at the same time, the limits of temperature 
may be varied as necessary. 

In the design of the experimental thermometer it was 
necessary to provide for the fulfillment of the following 
conditions as elosely as possible. 

The carrying device must be light in weight so that the 
inertia when moving the thermometer at considerable speeds 
should not be excessive. 

The air through which the thermometer moves should be 
disturbed as little as possible by the reciprocation of the 
thermometer. 

Conditions favouring the formation of a pocket of air 
round the thermometer and carried with it must be avoided. 

The temperature throughout the path of the thermometer 
travel must be known, and means must be provided for 
independent measurement of this while the thermometer is 
reciprocating. 

The whole of the thermometer must be in a region of 
uniform temperature at any instant, and the compensating 
leads must be at the same temperature as the main leads at 
any corresponding part of their length. 


DESCRIPTION OF TIIE APPARATUS. 


A silica tube (1) (see fig. 2 and Pl. X. fig. 3), of two inches 
internal diameter and twelve inches long, is mounted verti- 
cally between two hard asbestos sheets (2), which are bolted 
to brackets on the main framework. The upper part of the 
silica tube is wound with a resistance coil (3) embedded. 
in Alundum cement, and lagged with non-conducting 
material (4). 

The lower part of the silica tube is enclosed by a water 
vessel (5) which has glands (6) packed with asbestos. 
Access to the glands is obtained by removing the sides of 
the water vessel (7). Provision is made so that water may 
be circulated through the vessel, the overflow being near 
tlie top. 

The brackets (8) carry slide-bars on which the cross-head 
(9) reciproeates. A pointer and scale are provided to indi- 
cate the position of the cross-head with respect to the main 
frame and the stroke length. The frame (10) is bolted to 
the cross-head and carries the insulating heads(11) and (12). 
Between pairs of terminals on the insulating heads (11) and 

(12) run four carrying wires through the interior of the 
silica tube. The thermometer wire spans two of the carrying 
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wires and two more are bridged to form a compensating 
circuit. 

The carrying wires are placed in such positions that the 
fine thermometer wire is about one inch long and the fine 
wire in the compensator circuit about half an inch long. 


Fig. 2. 


Sectional Elevation of Apparatus. 


Short pieces, about 0°1 in. long, of platinum wire, 0°01 in. 
diameter, are silver soldered to the carrying wires and the 
fine platinum wire in each circuit is gold soldered to these 
short pieces. The two circuits are made exactly similar 
except for the difference in length of the fine platinum wire. 
This difference is the length of platinum wire in the ideal 
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resistance thermometer to which the experimental thermo- 
meter corresponds. The platinum wires in the two circuits 
lie in one plane normal to the axis of the silica tube so that 
they shall be as nearly as possible at the same temperature. 

Between the fine wires in the thermometer and compen- 
sator circuits, a fine wire therm couple is carried inside the 
silica tube by the insulating heads (13) and (14) attached to 
the frame (15). This is capable of independent movement 
parallel to the motion of the thermometer by movement of 
the slider (16) on the slide-bars (17), which are carried by 
brackets (18) on the main framework. This slider can a 
clamped at any part of its travel by a clamping bolt (19) 
and small movements can be effected by rotating the knob 
(20). A pointer attached to the slider registers positions 
of the thermocouple by means of a scale fixed to the main 
framework. 

The procedure in mounting the thermometer and. thermo- 
couple is as follows :—A steel rod is passed through a hole 
provided in the head (11) and into the silica tube and then 
screwed into the head (12), after which the head (11) is 
secured to the rod. The steel rod thus forms an auxiliary 
frame by means of which, after releasing the fixing screws 
the insulating heads are removed from the frame (10). The 
upper thermocouple head (13) is removed from the frame 
(15) to allow the auxiliary frame to be lifted vertically clear 
of the apparatus. 

The earrving wires for the thermometer are mounted 
between the insulating heads (11) and (12) and the fine 
wires are soldered to them. The thermocouple is mounted 
up, being temporarily attached to the heads (11) and (12). 
The thermojunction and the fine wires of the thermometer 
and compensator circuits are arranged to be all in the same 
plane. When this assembly is complete it is inserted 
through the silica tube and the insulating heads ure attached 
to the frame (10), after which the steel rod is detached and 
removed. The cross-head is brought to the middle of its 
stroke and the thermocouple slider to its mid-position, and 
the readings on the respective scales are noted. The thermo- 
couple is attached to the insulating heads (13) and (14) and 
then released from the thermometer assembly, The thermo- 
couple can be brought to any desired point in the stroke of 
the thermometer by ‘reference to the two initial readings. 

The thermometer may at any time be removed from the 
apparatus for inspection by inserting the steel rod and fixing 
to it the heads (11) and (12) and releasing them from the 
frame (10) ; hut the thermocouple must first be clamped tothese 
heads and released from its insulating heads (13) and (14). 


,» 


Measurement with the Einthoven Galvanometer. 537 


The cross-head (9) of the thermometer frame is actuated 
through a connecting-rod by a crank pin on the crank disk 
(see Pl. X. fig. 3). The crank disk functions as a flywheel, 
giving a small coefficient of irregularity of angular velocity 
at high speed. Balance weights are formed integral with 
the crank disk so that a static balance of the reciprocating 
parts is obtained, giving a small coefficient of irregularity of 
angular velocity at slow speeds. 

The crank disk is carried on a shaft running in the 
two bearings of a pedestal and the shaft is driven by 
a pullev. A similar pedestal is mounted on the frame- 
work and carries a countershaft. A flat leather belt runs 
on a pulley on the countershaft and the pulley on the 
main shaft, giving a speed reduction of four to one. An 
electric motor which runs at maximum speed of 1350 r.p.m. 
drives the apparatus by a cotton driving-rope running 
over a pair of grooved pulleys having five steps, giving 
a series of speeds which form an arithmetic progres- 
sion. One cone pulley is keyed to the countershaft and 
the other is carried on the motor shaft. After a number 
of experiments had been carried out, another shaft with a 
pair of pullevs was introduced between the countershaft 
shown in Pl. X. fig. 3 and the main shaft in order to 
give further reduction in speed. 

Speed regulation of the motor is obtained by means of a 
rheostat in the armature circuit which can be connected 
either as a potentiometer or as a series resistance. 

Four leads from the insulating head (11) to some fixed 
part of the apparatus are required to connect the thermo- 
meter and compensating circuits to the bridge. It is of 
great importance that the resistance of these leads should 
be unaffected by the reciprocation, so that sliding contacts 
cannot be used. Two swinging links (28) and (29) connect 
the cross-head to a bracket (30) on the main framework. 
Insulating blocks (31) are screwed to the cross-head, the two - 
swinging links, and the bracket; and groups of four ter- 
minals (32) are attached to each insulating block. 

Coiled around the axis pin of each moving joint, a helix of 
springy brass wire connects each corresponding pair of ter- 
minals. Movement of the cross-head produces flexion in the 
wire of the helix, but the strain is kept low and no change 
in resistance can be detected. From the terminals on the 
fixed bracket (30) stout leads are taken to the Wheatstone's 
bridge. 

In order to register the temperature readings on the 
photographie plate with respect to the position of the ther- 
mometer in iis stroke, a small pointer was attached to the 
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armature of an electromagnet which was mounted on 
the front of the camera. The electric circuit through this 
magnet was completed by a contact made at the top and 
bottom of the stroke, thus producing a continuous line on 
the plate with a small kick each time the current was 
allowed to pass. For this idea the authors are indebted to 


Dr. E. B. Wolff (Temperatuurmetingen in een Dieselmotor, 
1913). 


THE MATHEMATICAL THEORY OF THE UNBALANCED 
WHEATSTONE S BRIDGE. 
In fig. 4, let P, Q, R, and S ke the resistance of the four 
arms of the bridge, and G the resistance of the galvano- 
meter. Let e be the potential difference across the bridge 


Fig. 4 


Diazram of Wheatstone's Bridge. 


and v the potential difference across the galvanometer. Leti, 
be the current in P, 44 the current in R, andi the current in 
the galvanometer. 

The current in Q will be i, +72. 

The current in S will be 44 —:. 

The potential difference across P will be P. 

The potential difference across Q will be (1, + 2) Q. 

The potential difference across R will be iR. 

The potential difference across S will be (1, —1)8. 

The potential difference across G will be 7G. 

The three currents 4, i, and : are connected by the 
following three equations :— 


Sum of p.d.’s across P and Q, 4P-rF(442))Q e. . (1) 
Sum of p.d.’s across Rand S, iR 4 (4 —: 8 =e. . (2) 
Dif. of p.d.’s across P and R, i4P—4R — veziG. (3) 
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These three equations are now to be solved. 
From (1) and (3), 
P—5.5R 
P+ (ato ace.... 0 
From (2) and (3), 


R+ (i. a as Saco x up up O 
From (4), 
PG TuGQ- i;RQ 4-4 PQ = eG, 
(PG + GQ+ PQ) —1,RQ = eG. e e œ (6) 
From (5), ' | 
í RG + LGS LRS — i PS = eG, 
(RG+GS+RS)—7,P8=eG.. . . (7) 
From (6), 
4(P*SG + PQSG + P?QS) —i,PQRS =ePSG. . (8) 
From (7), 


—i, (P'SG + PQSG + P?QS) +7,(PRG?+ QRG?+ PQRG 
+ PSG? + QSG?+ PQSG + PRSG + QRSG + PQRS) 
=eG*P+eG?Q+eGPQ... . (9) 

From (8) and (9), | 

i (PRG? + QKG?+ PQRG + PSG? + QSG? + PQSG 
+ PRSG+QRSG) = ePSG 4eG?P E eG?Q-r eGPQ, 
PS +GP+GQ+PQ 

"PRG QRG+ PQR+ PSG + Q8G + PQS’ | 10) 


+PRS+QRS 
From (7) and (10), 


, (RG 4- G8 + RS) (PS+GP+ GQ + PQ) 
TT E — C | 


PRG+QRG + PQR+PSG+QSG 
+PQS+PRS+QRS 
+ QSG?+ POSG + PRS? + QRSG + PQRS 
T 2PRSG+ PRG*+ QRG? + PQRG + PGS?+ PSG? 
PRG + UO + PQR-r PSG + QSG + PQS 
+PRS+QRS 
PQRS + PRSG + PGS? + PRS? 
= “PRG+ QRG +PQR+PSG+QSG+PQS — — 
-PRS 4 QRS 
QR 4- RG 4- G8 - RS 
| (11) 


—G 


=e 


PRG + QRG + PQR + PSG + QSG + PQS 
+ PRS 4 QRS 
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From (10), (11), and (3), 
—QRG—PQR 
PQR + RPG + PSG - PRS—PRS—PRG 
PRG + QRG + POR + PSG + QSG + PQS 
+PRS+QKRS 


B |OPSG-QRG | m 
= *PRG--QRG + PQR + PSG 4 QSG + PQS | (12) 


v=1G =e 


+PRS+QRS 

i | PS-QN een 
—~ “RPG + QRG + PQR + PSG + QSG + PQS’ | (13) 

+PRS+QRS 


Application to Resistance Thermometer. 


In the ordinary form of resistance thermometer, a resis- 
tance wire is inserted in the arm P of the bridge, and a pair 
of compensating leads is inserted in the arm Q to neutralize 
the effect of change in resistance of the main loads. In order 
that the compensation shall be accurate it is necessary that 
the resistance S bear to R the same ratio as the resistance of 
the compensating leads bears to the resistance of the main 
leads, and the balance obtained by adding extra resistance to 
the Q arm. It is convenient to make the compensating leads 
exactly similar to the main leads and this necessitates R and 
N being equal. When a balance is obtained, therefore, P 2 Q. 
When a balance is not obtained, the p.d. across the galvano- 
meter is given, from equation (12), by 


(P—Q)G 


v= “TP + Q)(2G + R)+2PQ 
P—Q 


~ (24 NPO 2 PQ im) 

2e) FQ 

(2+ a) G 
This method of connecting up the Wheatstone’s bridge 
may be termed a “series” arrangement, since the thermo- 
meter and compensating circuits are in serles with respect 
to the battery current. If weinterchange the battery and 
galvanometer we obtain what may be termed a ** parallel ” 
arrangement, since the thermometer and compensating 
cireuits will now be in parallel with respect to the battery 
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current. This method of connecting up will now be con- 
sidered. The most convenient way to do this is to inter- 
change P and S in equation (12). This gives 


= i SPG-QRG — — — . 
v = e SRG FQRG+SQR + SPO + QPG+S8QP 
. +5RP+QRP 
Putting S=R, 
" RPG—QRG 
v= “RG + QRG + h?Q+ RPG + QPG+ RQP 
+ RP +QRP 
= (P-Q)RG 
—C'RQPTQGG)TFRG(PXrQ)TPQGR3G) 
T (P—Q)RG 
=e (P+ Q)(R? + RG) + RG + PQ@R+G) 
P—Q 


" (Becocne(2 «Tro 


The Relative Advantages of “ Series" and “ Parallel” 
Arrangements. : 


In the resistance thermometer as generally used, for 
example, in the Callendar Temperature Recorder, a slide 
wire 1s inserted between P and Q, and a connexion is made 
by means of a jockey at a balance point. Under these cir- 
cumstances it is considered preferable that the sliding contact 
should not carry the main current, so the *series" arrange- 
ment is adopted, whereby the jockey only carries the gal- 
vanometer current, which is of necessity always small, and. 
which vanishes when a balance is obtained. 

For measuring cyclically varying temperatures, however, | 
the slide wire is not necessary and other matters exert their 
claim for consideration, namely, the battery heating of the 
thermometer wire and the efficacy of the compensating. 
circuit. 
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Prof. G. Forbes gives for bare overhead wires :— 


— 
Current z ya 


where d=diameter of wire in ems. 
—difference in temperature between wire and air 
in ° C. . 
and R=specific resistance of wire at limiting temperature 
in ohms per cm. cube. 


According to this formula, if the specific resistance of 
platinum be assumed to be 44 x 107° ohm per em. cube at 
1000? C., and the temperature difference be limited to 5° C., 
the current in the thermometer wire will be as follows:— 


Dia. of thermometer wire. Current. 
inches. am peres. 
AUT EE A A P TOE '0704 
E e M M 0342 
Dl — 0138 
DUSO: Ginn eaaa Ds 00958 
OOF cd eH EE Pe YI es 700085 
D015  ....... ———— 00445 
OOM peser enc 00242 


In all the theoretical calculations, this is assumed to be 
the maximum safe current, and this forms the basis of the 
comparison between the different arrangements and between 
different values of the resistances R and G in equations 
(14) and (15). 

If this current be constant, as it will be very nearly if the 
platinum resistanee forms only a small part of the resistance 
of the whole circuit, the temperature difference when the 
platinum is at 0? C. (taking the specific resistance as 
11x1075 ohm per em. cube) is found by the same formula 
to be 1:25»? €. 

Thus, if tliis value be adopted, the heating of the platinum 
‘due to battery current is quite negligible. 


Compensation. 


It will be noticed that in both equations (14) and (15) 
ithe expressions (P +Q) and PQ occur in the denominator, 
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consequently any increase in resistance which affects P and 
Q equally reduces the p.d. across the galvanometer—in other 
words, the compensators do not compensate except when a 
balance is obtained. This is a serious matter when using 
the Wheatstone’s bridge for measuring cyclically varying 
temperatures, and its effect will now be considered. 

It can be proved that when R is greater than P the 
parallel arrangement gives greater sensitivity and better . 
compensation than the series, and that when R is less than P 
the series arrangement gives greater sensitivity and better 
compensation than the parallel. 

This is best illustrated by taking an actual case. The 
expressions for v in equations (14) and (15) involve five 
quantities, e, R, G, P, and Q. Of these, P and Q, only, vary 
with the temperature of the thermometer ; the remainder 
can have any values assigned to them, but, when once 
decided upon, remain constant throughout the experiment. 

The method adopted for treating the problem mathemati- 
cally is to obtain a balance when the thermometer is at 0? C. 
and calculate the p.d. across the galvanometer produced when 
the thermometer is at 1000? C. This is done for various 
values of e, R, and G, and for the series and parallel 
arrangements. 

These results are plotted in figs. 5 and 6 for an ex- 
perimental thermometer the particulars of which are as 
follows :— 


Dia. of thermometer wire ‘0032 inch. 
P circuit includes platinum the resistance of which at 


0° C. is *51 ohm. 

Q circuit includes platinum the resistance of which at 
0? C. is :22 ohm. 

Q circuit includes external resistance of ‘29 ohm in order 
to obtain a balance at 0? C. 


Each circuit includes leads the resistance of which at 


0° C. is :88 ohm. 


In order to find the effect of a change in resistance in 
leads, the resistance of the leads is assumed to increase by 
*66 ohm for the curves marked “ leads varying." This in- 
crease in resistance would be occasioned by a length of 
3 inches of the steel carrying wires, with which the experi- 
mental thermometer was originally mounted up, assuming 
the same temperature as the platinum. 


v mstfiro/fs 


4 


PO acres1 Calvanometer 
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Fig. 5. 
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Tables showing Error due to Heating of Carrying Wires. 


Series Arrangement, 


G= 20 ohms. 


R Error 
ohms. per cent. 
One wae T 22:4 
TO iris aaas 22:1 
| Se ee 21-9 
UU. EETA 218 
A) cene ete dnd 217 
OWN Liste toD Debes 21:6 
(WD: iriri naien 215 
PO oeiia 214 
LOU S oo as ccu 21:3 
100 c oed dea nd 21:2 
UO. x1 dat te fers 211 
IT. eodera ES 20:0 


Parallel Arrangement, 
G= 20 ohms. 


R Error 
ohms. per cent. 
Dac — 
I: etica dun 21:2 
| A EEE 19:9 
| (D eve EUN 13:5 
DOS ecie tots es ans 9°4 
zac 13 
10075 ist eer 6:0 
200. os VENE ANSR vd 
Mba cen es xeu epa bus 19 


Tables showing Error duo to Heating of Carrying Wires. 


Parallel Arrangement, 
G —200 ohms. 


R Error 
ohms. per cent. 
m — 
pom 29'8 
E 18:1 
BO: eetarea 10:5 
20 PN ets 6:4 
dU osse bles 37 
100 ET 2:2 
LOD € 17 
€ "85 


Parallel Arrangement. 
R=150 ohms. 


G Error 
ohms. per cent. 
n — 
eer ere 18:5 
E TEE eR 13:0 
TO! seac 8:7 
PA EEEE yore 57 
TOU sioe enm 2:2 
PAL AREE A 1:5 
I000. vehere 1:04 
dUOD Sereno iti e i 97 
Mi asse erwies 93 


From calculations and these curves (figs. 5 and 6), the 
following deductions have been drawn :— 


1. If R is greater than P, the parallel arrangement 
requires a higher e.m.f. than the series. 

2. I£ R is greater than P, the parallel arrangement gives 
a greater sensitivity than the series. 


Phil. Mag. S. 6. Vol. 45. No. 267. March 1923. 2N 
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3. If R is greater than P, the parallel arrangement gives 
better compensation than the series. 

i. With the series arrangement, greater sensitivity is 
obtained with a small value for R. 

9. With the parallel arrangement, greater sensitivity is 
obtained with a large value for R, but very little 
is gained by increasing R beyond 150 ohms. 

. With the series arrangement, better compensation is 
obtained with a large value for R, but the improvement 
is small. 

7. With the parallel arrangement, better compensation is 
obtained with a large value for R, but very little is 
gained by increasing R beyond 150 ohms. 

8. For fibres which give the same deflexion per millivolt, 
greater sensitivity and better compensation are ob- 
tained with a high resistance fibre, but in neither 
case is there much to be gained by increasing G 
beyond 200 ohins. 


cC. 


The fibres supplied for use in the galvanometer had a 
resistance of the order of 20 olims; the curves have, there- 
fore, been drawn for this value and also for 200 ohms. 

In view of these deductions, it was decided to adopt the 
parallel arrangement, and make R equal to 150 ohms. This 
value has the advantage of requiring an e.m.f. which is very 
conveniently obtained, namely, 2:09 volts, or the e.m.f. of 
one accumulator cell. l 

For other diameters of thermometer wire and a 20-olim 
fibre the corresponding values are as follows :— 


Diameter, R e v for 10009 C. 

ins. ohms. volts. volts, 
OL t 50 4 0058 
00589. coni eshn 150 4 ‘0060 
00:9. cid ninek 150 2 'QUO4 
OUS. dieisate daa sid s 200 2 0007 

OOD: Lees ven eese 300 2 0008 
OUTD dat cong ten reta 400 2 "0094 

OOL aunoi mex eire 800 2 0076 


' Tn view of the fact that the compensation is not exact 


when the bridge is unbalanced, it is important that the 
carrying wires should change their resistance by as small 
an amount as possible. After some trials copper was selected 
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as the most suitable material fer two reasons: first, because 
its specific resistance is so low that any change in resistance 
is small compared with the platinum resistance, and, secondly, 
because its thermo e.m.f. with platinum is very small. The 
error due to heating of copper carrying wires is *85 per cent. 
against 5°7 per cent. for the stainless steel under the con- 
ditions adopted for the experiments. 

The extent of the variation in the resistance of the leads 
and carrying wires can be halved by adopting the Siemens 
three-lead arrangement. As the variation in the resistance 
of the common lead will in general be negligible compared 
with the ratio-arms, the error due to heating of the carrying 
wires will consequently also be about halved. 

The reason why the three-lead arrangement was not 
adopted in the present experiments was because it was 
thought desirable to make the thermocouple and resistance 
thermometer as symmetrical as possible, and a three-lead 
resistance thermometer would have been difficult to arrange 
symmetrically with respect to the thermocouple. 

This objection would not hold in the case of a thermometer 
intended for use in a gas engine or in a gas engine type of 
apparatus, and it is therefore suggested that if experiments 
are carried out in a gas engine or gasengine type of apparatus 
the three-lead arrangement should be adopted. 


EXPERIMENTAL RESULTS. 


The procedure in making a set of tests was as follows. 
The resistance thermometer was set at the bottom of its 
stroke, that is in the cold part of the furnace tube, and the 
external resistance in the Q circuit was adjusted till an 
approximate balance was obtained, using the millivoltmeter 
in the bridge to avoid damaging the Einthoven fibre. 

The Einthoven galvanometer was then connected to the 
bridge in place of the millivoltmeter and the latter was 
connected to the thermocouple. 

By means of the scales provided for the purpose, the silica 
tube was explored with the resistance thermometer and 
thermocouple side by side. This provided both the sta- 
tionary temperature distribution and the calibration of the 
resistance thermometer. 

The resistance thermometer was then reciprocated by 
the motor and the speed counted by means of a stop- 
watch. 
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A loaded dark slide was inserted in the camera and the 
dashpot controlling the speed of fall of tlie plate carrier was 
adjusted so that between one and two cycles appeared on the 
plate. 

After opening the dark slide the battery key was de- 
pressed and the plate allowed to fall, recording the 
galvanometer deflexion. 

Dy means of a special stop having three steps the plate 

was brought to rest a short distance before the end of the 
plate had passed the slit. The battery key was released and 
the plate allowed to fall until the second step of the stop 
came into action, giving the zero position. of the fibre. 
The motor was then shut down and the resistance thermo- 
meter set at the bottom of its stroke. With the battery kev 
depressed the plate was allowed to fall until the third step of 
the stop came into action, giving the lower limit of tempera- 
ture. The resistance thermometer was then moved to the 
top of its stroke, the battery key depressed, and the plate 
allowed to complete its fall, giving the upper limit of 
temperature. The battery key was rele: ised, the dark slide 
closed and taken out of the camera for dev elopment. 

Thus each record consists of a wave and three. discon- 
tinuous straight lines. The object of the zero position is 
obvious. The temperature limits are required to check 
variations in the voltage of the mains, and to correct the 
sensitivity accordingly. 

Prints were taken from the plates and the interval between 
successive dead centres as indicated by the pointer in front 
of the camera was divided into intervals of. 20 degrees of 
angle. The ordinates corresponding to these abscissie were 
read and by reference to the calibration curve translated 
into temperatures. 

Then all the curves corresponding to one set of tests, in- 
cluding the stationary temperature distribution, were plotted 
on the same crank angle base. 

Figs. 7-15 show these resultant diagrams. Tle greatest. 
discrepancy between the curve taken at speed and the sta- 
tionary temperature distribution curve occurs at the upper 
dead centre. This is termed the temperature lag and is taken 
as a measure of the ability of the thermometer to follow the 
temperature changes. 
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This is plotted in fig. 16 against speed for one diameter of 
wire (0032 in.) and three different temperature ranges 


(370°, 260°, and 180? C). 
Fig. 10. 
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Curve showing Temperature Lag against Temperature Rarge for 
the 0032 in. measuring wire. 


Fig. 17 shows lag against range for the ‘0032 in. wire at 
speeds of 10, 20, 30, 40, 60, and 15 r.p.m. This diagram is 
constructed from fig. 16. It will be noticed that at all 
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speeds the ratio of the lag to the range appears to be 
constant. 


Fig. 18. 
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Curve showing Ratio of Temperature Lag to Temperature Range 
, against Speed for all diameters of measuring wire used. 


Assuming this to be true for all diameters of measuring 
wire, fig. 18 shows the ratio of temperature lag to tempera- 
ture range against speed for all the diameters of wire used. 

It is seen that for low speeds, the temperature lag is nearly 
proportional to the speed, but at higher speeds it approaches 
.a limit. | 

The results of the first test on the ‘001 in. wire were so 
inconsistent with each other that a second test was carried 
out, but the results were no better and eould not be plotted 
in fig. 18. 

It will be noticed that in successive tests the upper limit 
of stationary temperature increased, whereas the lower 
limit remained more or less constant. The shape of the 
stationary temperature distribution curve also gradually 
changed, commencing with a flat base and becoming more 
and more nearly symmetrical. This is taken to be due to 
the drying of the lagging material which was put round the 
heating element. 

For this reason, the results obtained with the different 
diameters of wire are not comparable with each other, and 
it is not possible to draw any conclusions as to how the lag 
depends on the diameter of the measuring wire. 
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However, sufficient work has been done to show that, at 
atmospheric pressure and with comparatively quiescent air, 
the platinum resistance thermometer is not capable of fol- 
lowing with sufficient accuracy temperature changes which 
take place with the rapidity which obtains in a gas-engine 
evcle. 

It is anticipated that the conditions obtaining in the gas 
engine cylinder are much more favourable to thermometry 
on account both of the higher pressures existing and also of 
the turbulence, and experiments are now being conducted 
on a gas engine type of apparatus to determine whether this 
is the case. 


CONCLUSION. 2 


The whole of the casting, forging, and machining, besides 
most of the pattern making required in the construction of 
the apparatus have been carried out in the Mechanical 
Engineering Department of the University of Birmingham, 
and a considerable amount of the authors’ time was taken 
up with this work. 

The thanks of the authors are due to the members of the 
staff of the Workshops of the Department for assistance and 
facilities given in connexion win the work. 


LVII. Magnetic Rotary Dispersion in Gases. 
Dy T. H. HAvELock, 7. A.S.* 


l. l^ studving the possible influence of anisotropy of 

the molecule on expressions for the dispersion 
of magnetic rotation in gases, it appeared that little com- 
parison had been made with observations on the commoner 
gases such as hydrogen, nitrogen, and oxygen in regions 
free from absorption. In fact there are not many av ailable 
results, as experimental work on gases has been chiefly 
concerned with the relatively large rotations in the neigh- 
bourhood of absorption. 

In the following notes the point of view is the connexion 
between ordinary "dispersion and that of magnetic rotation, 
and the comparison with experimental results ; the survey 
covers briefly the various types of formule which have 
been used for the ordinary dispersion of a simple gas. 
In the first place, a single-term formula for an isotropic 
static molecule is compared with Siertsema’s observations 


* Communicated by the Author. 
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in the visible spectrum. The theory is then extended to 
an anisotropic static molecule, and the corresponding 
formule deduced; various cases are compared numeri- 
cally with Sirks’ values of the rotation in the ultra-violet. 
Finally, a similar study is made of the Bohr molecule for 
hydrogen, following the analysis developed by Sommerfeld 
and others. 


Isotropic Static Molecule. 


2. Assume the gas to consist of similar isotropic mole- 
cules, each containing a single elastically-bound vibrator of 
given charge and mass; and suppose further that the 
refractive index differs little from unity. Then, in the 
usual notation, the dispersion formula is 


2 2 
_ ArNe 10 _ Ne 1 - 4 


n=l = aLa oem drt ee 
m pomp mem Ny *—À 


The corresponding expression for Verdet’s constant for 
the magnetic rotation is 


y= 2r Nep? 1 Ne? 1 (3) 


d» (Qi py Zea oN 


Further, in this simple case, we have the equivalent 
expressions : 


ern dn T 
V = Icm dX == 9NeX? (13 —1». . . . . (3) 


Extensions of the formule have followed the usual course 
in the theory of dispersion : firstly by having on the left 
of (1) tho quantity (n?— 1)/(n? +2) with the corresponding 
changes in (2) and (3), and secondly by a summation of 
terms on the right of (1) and (2) to include several natural 
periods of vibration. The latter extension has chiefly been 
made in applying a semi-empirical formula like 


? Vi TN NT 
Vas QS XT uris Axis 
to liquids ; in such cases, A, and A, are taken to be the 
natural wave-lengths of the corresponding dispersion 
formula, while a, and a, which are associated with the 
Zeeman coefficients for these lines, are left to be determined 
from experimental values of the magnetic rotation. 
For gases when there is no absorption the rotation is 
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small, and this probably accounts for the lack of results 
obtained under ordinary conditions and extending over any 
considerable range of wave-length. Apart from the early 
work of Becquerel and others, there appear to be only two 
sets of experimental results. We shall consider first those 
obtained by Siertsema*. The observations were made with 
the gases under varying high pressures, and were reduced to 
uniform conditions under the assumption that the rotation 
is proportional to the density. 

3. In Table I. column 2 shows Siertsema’s values of 
Verdet’s constant for hydrogen at 9°5 C. and a pressure 
of 85 kg./em.?; the rotations are in minutes and have 
been multiplied bv 10°, and the wave-lengths are in up. 
Column 3 shows the relative values of VA, which is the 
suitable quantity for which to form a dispersion formula ; 
the departure from Biot’s law is slight, but regular. 


TABLE I.—Hydrogen. 


À. Vx10*. VA’. From 6). 
656 365 1:00 1:00 
619 412 1:005 1:004 
589 456 1:007 1:008 
555 517 1:014 1-014 
527 576 1:018 1:019 
517 600 1:021 1:021 
486 684 1:329 1:029 
451 791 1:038 1:038 
431 884 1-45 1:047 
423 21 1:049 1:050 


Siertsema expressed liis results by two empirical formule, 
one a/X- b/A* and the other a/A2--b[A*. We use now a 
formula of the type (2), where A, is derived from a simple 
dispersion formula. If we take the Cuthbertsons’ formula 
for hydrogen, 

3°76 x 1071 5) 
Lars? lu 500 0 


we have for the rotation 


n —] = 


» 
(L3i8117—107MA-3)* 7 7 t o7 (0) 
The value of A, is 851:6 A.U. Column 4 in Table I. 


shows the relative values calculated from (6). The agree- 
ment is quite satisfectory ; hence, as far as this range ol 


* Siertsema, Arch. Néerland. ii. p. 291 (1899) 
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wave-length is concerned, a single-term formula with the 
same natural period is sufficient for both dispersions. 

In regard to absolute values, there are various possible 
interpretations. Comparing (1) and (2) with (5) and (6), 
we may, for instance, regard e and m as the two unknown 
quantities and thus determine their values for a simple 
equivalent vibrator which will fit both the ordinary and the 
rotary dispersion. 

Reducing Siertsema’s results to absolute measure, we find 
that at normal temperature and pressure the value of V 
at the wave-length 656 is L:335 x 107?. Hence, taking 
N2270x10?, we have from (5) and (6) e?/m=3-96 x 10° 
and ¢?/m?=1:99x 10%. From these, e—7:9x107!* and 
m — 1:57 x 107?! ; both values are less than twice the accepted 
electronic values, but the ratio e/m=1°68 x 10’ e.m.u. The 
usual numerical analysis follows rather different lines. It 
is more customary to assume, say, the electronic value of e 
and deduce e/m or the number of valency electrons and so 
forth, from the various relations between (1) and (2). 

4. For nitrogen, Siertsema's values are shown in Table II.; 
the second column gives V in minutes at 14? C. and 
100 kg./ecm.?, and the third column the relative values 


of Vx. 


TABLE II.— Nitrogen. 


À. V x 105. VN, From (7). 
656 439 1:00 . 100 
619 495 1:004 1:003 
.589 548 1:006 1:006 
555 620 1:011 1-011 
527 691 1:016 1:015 
517 719 1:017 1:017 
486 818 1:023 1:023 
454 946 1:030 1:030 
431 1054 1:036 1:037 
493 100) . 039 1-039 


The value of A, found by the Cuthbertsons from ordinary 
dispersion is 725 A.U. Using this for the rotation, we 
obtain values of VA? which rise too slowly. With unity 
at 656, the value at 517 is 1:015 and at 423 is 1:036 ; the 
differences are no doubt within experimental error, but 
they are systematic. The fact is that experimental dis- 
persion formule for nitrogen do not show very concordant 


202 
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results when only a single term is used; recent experi- 
ments * indicate a considerably higher equivalent value 
of Ag than tliat found by Cuthbertson. Fur ther, it must be 
remembered that Siertsema’s observations were made at 
high pressures. In this case, then, we take the relative 
experimental values of VA? from Table HI., at the wave- 
lengths 656 and 423, and calculate the value of A9; we 
obtain thus A2 159/7, a rather higher value than the 
Cuthbertsons! result for ordinary dispersion. With this 
value, we have 
(^ 
TA? — 
VA Tm j363—iü-fex-o!n c cocos (7) 


The ealeulated values are shown in column 4 of Table HI. 

9. We note incidentally the anomalous behaviour of 
oxygen, which is brought out clearly when we consider VA? 
instead of V as is usually the case Siertsema's values are 
given in Table III. for oxygen at 7? C. and 100 kg./em.? 


TABLE II[.—Oxygen. 


À. Vx 10°, VX. 
656 484 1:00 
619 523 0:002 
ASY 559 Q:u3l 
555 004 0:803 
D27 046 0:861 
n 663 0:851 
4x6 721 0:518 
4^4 799 O71 
431 79 0:781 
423 908 0-780 


The striking result, shown in the third column, is that 
VA? decreases with decreasing wave-length. It is obvious 
that a single-term formula like (2) is useless in this case. 
It would be necessar v to use an inn two-term formula 
like (4), with. one of the constants a, and a, positive and 
the other negative. It would be possible to represent the 
course o£ VA? in this way, but the range is not suflicient to 
determine the four constants of such a formula ; even if we 
include later observations by Sirks, which carry the range 
into the ultra-violet, the results are not sufficiently definite 
and concordant. In addition, there is no corresponding 
formula for the ordinary dispersion of oxygen with which 
to make comparison. The anomalous behaviour of oxygen 


* Stoll, Ann. der Phys, No, 18 (1922 
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may naturally be ascribed to the fact that the gas is para- 
magnetic; and the suggested occurrence of a term signifying 
negative rotation may be associated with the reverse action 
of inter-molecular magnetic fields. In fact, it would be 
necessary to take into account magnetic properties of the 
molecule in devising a model to cover such a case. 


Anisotropic Static Molecule. 


6. In extending the previous formule to the ultra-violet, 
we shall find that the calculated values fall short of the 
observed dispersion. We proceed to modify the formule 
by taking into account the anisotropy of the molecule—an 
extension which has already been made in the theory of 
ordinary dispersion and related phenomena. 

The medium is supposed to be a gas, with the refractive 
index nearly unity, composed of similar molecules for which 
all orientations are equally probable. Each molecule contains 
a vibrator of charge e and mass m, whose equilibrium 
position may be taken as the origin O ; let the principal 
axes of the molecule for small vibrations be O(£, 7, £), and 
let O(x, y, z) be fixed directions in space, where the 
direction-cosines of the two sets of axes are given by 
the scheme : 


| 3 | n | 4 | 
pe ws em | 
| T | a, | a, | a 
ean eee NAHE ONE 

| _ 2 

| Y | B, | D. | Ba 

| | 

| ic 
| ad Yı | Y2 | 3 | 


The external magnetic field H being along Oz, we have 


(Hj Hy, H,) = (Yis "ya: y;) H, 


and the equations of motion of the vibrator are 
- l. - i 
më +mp E = e(Er+ zy; H E zit), 
: i ee ps 
ny) + mps' = e( En + oon Eyal , el] (8) 


- 1; l. 
m+ mpz g = e (E+ A Ey oH = LH) 
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The two sets of components of electric force are connected 
by relations of the form 


Eg @,E,+f,Ey+yib, . . . . . (9) 
and the components of the displacement by equations like 
a = aE dam + asl. e e e e e (10) 
Suppose the electric force to vary as e?* ; then, writing k 
for ipeH/em, and a, for pj? — j?, ete., the equations (8) give 
aE — kyn + ky: = (e/m) Es, 
hy3E& +a — ky = (e/m)B,, 7 . . . . (1l) 
—ky¥ + kyin + a£ = (e/m) Er. | 
We require to find the mean electric moment of the 
molecules per unit volume: that is, tho mean values of 
ex, ey, ez in terms of E, E, E, for all possible orientations 
of the axes (E, n, £). The process consists in solving (11) 
for E, n, €, and using (9) and (10). Neglecting powers of k 
higher than the first, we obtain after reduction 
ev = (e?/mayagts) [(aSasag + adya + agaa) E; 
+ {a Biart + assay, + a3 83112 + kyla — 0585), 
+ kylas Bi — Bs de + kysla B: — ai) JE, 
+ kyo layi — ays) + kya (aiy — ary, a3} E. ], (12) 
with similar expressions for ey and ez. 

The mean values may be found by expressing the direction- 
cosines in terms of Eulerian angles 0, $, yr, and taking the 
average for all possible values. We have 

a= vere - 3; agi m .....=03 
¥1( 4233 — aBa) = Y3( 4:8, — a B4) = i ; Yı (asy; — aya) = 0 

It N is the number of molecules per unit volume, we 

obtain finally for the components of mean polarization : 


- Ne? 1 ^ ipeH | 
Pee gy ia [Drm By Sar) 
Ne? 1 ipH 
*C 39m aya (- EDT E, Za +E, Zasas), | E 
Ne 1 
P: = NN E; Xa5a;. 


BM alyd; 
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The refractive index is derived from the relation 
P/E = (1? —1)/4c ; 


we neglect the influence of neighbouring molecules on the 
force acting on a vibrator. 

In the absence of an external magnetic field, the aggregate 
behaves like an isotropic medium of refractive index given by 


n’ — 


—_—— 


An Ne? 1 1 1 
2 — meni — — —À ————— m 
l= » cater er) 


(14) 


With a magnetic field H, parallel to Oz, we have from (13) 
the usual analysis for waves travelling along Oz; forming 
P,-IP, we obtain the refractive indices for right and left 
circularly polarized waves : 


p.f (gems ll) |, qs 


2 
t m a, Cm Q3 


n 


Since Verdet's constant is equal to p(n. —n,)/2cH, we 
obtain, with the assumption that n is nearly unity, 


_ em mu ee een eee 
T Bem U (pe? —p*)(ps?—p”) (P-P? o) 


1 
phe uere | . 8 16 
(p —p»)p-m) ( ) 


These are the direct generalizations of (1) und (2) for an 
isotropic molecule. It will be noticed that we do not have 
now formule like (3), such as Becquerel’s relation ; V cannot 
be expressed directly in terms of n. 

If the molecule has an axis of symmetry, so that p; p», 
we have 


ArNe ( 1 2 
2 -— meee —— ————————— + aaa ` e. e. . e e 1 1 


QarNesp? { MEME NEM | m 
x Bem? (rr Ep) ne 
We may put these into a form suitable for comparison 
later with Sommerfeld’s formule for the Bohr molecule. If 
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we write g=1/(p?— p°) and g'=1/(p.?—p*), we have 


(2 
u-1212 IF jee oue ow hum, UE) 
r 2T Ne D dy’ 3 
des Ben? (2 ugly 4, ) boy oue SEE) 


The influence of asv mmetry of the molecule upon magnetic 
rotation has previously been studied by Gans *, who gives a 
result of the form 


1 2 const 
b = const.( + >) = —— z na (21 
9 y lá po -2pp)— Yy ) 


This appears to have been obtained bv an incorrect method 
of finding the mean polarization for all possible orientations. 
Using data for the asymmetry derived from the polarization 
of scattered light, Gans applies his formule to Siertsema’s 
experiments, “But. we: Davo-sacn-tint-tloso mte quite well 
fitted by a simple formula, and we shall see that in this 
range the difference between formule (2) and (18) is quite 
inappreciable compared with possible experimental error ; 
therefore information about the asymmetry of the molecule 
annot be derived from magnetic rotation without obser- 
vations of greater accuracy or covering a greater range 
of wave-le ngth, 

T: Before discussing numerical results, we may consider 
briefly the case of a paramagnetic molecule with an intrinsic 
magnetice moment M. There is now an orientation of the 
molecule in the magnetic field, so that in averaging the 
electric moment all orientations are not equally probable 
]f we assume the magnetic axis to be the axis O£, the 
distribution function is 

eMHys kT, 


where & is the gas constant and T the absolute temperature. 
Thus, assuming MH KT to be small, we must multiply 
the previous expressions (12) for the electrie moment by 
14+ Ml y./AT and then take mean values as before. It can 
easily be verified that the additional terms of the first order 
in H so obtained do not give any final contribution to the 
value of the mean polarization, On this theory the orientation 
of paramagnetic molecules only introduces terms of order 


* R. Gans, Ann. der Phys. lxv. p. 119 (1921). 
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higher than the first. This statement applies to a molecule 
in which the electric charges vibrate about positions of equi- 
librium. It is otherwise for a molecule, such as the Bohr 
model, in which the vibrations are about a steady state of 
rotation ; then orientation affects the magnetic rotation with 
terms of the first order in H. 

8. We turn now to comparison with experiment. Siert- 
sema's work has been extended by Sirks *, whose relative 
values of V for hydrogen are shown in Table IV. ; the 
corresponding relative values of VA? are given in the third. 
column. 


TABLE IV.—Hydrogen. 


A. V. VA 

578 1:00 1:00 

540 11125 1:003 
486 1:44 1:018 
436 1:815 1:033 
404 2-15 ^ l054 
366 2:64 1-061 
313 3:90 1:144 
280 5:14 1:210 
205 5:075 1:261 
253 6:67 1:283 
248 1:09 1:305 
240 716 1:338 
238 194 1:346 


In the first place, VA? has been calculated for a few wave- 
lengths from the formula (6); these are shown in Table V. 
The values fall short considerably in the ultra-violet. 

I have shown previously t that the ordinary dispersion 
of hvdrogen can be represented by two formule of the 
tvpe (17) over the range 5462 to 1854 A.U.; and that 
these formulz also give "reasonable agreement with obser- 

vations on the — of scattered light. They are 


LO = :91295 )-4 FEN NEN 
n*5—] —12412958x1t 13 SEIT Ua 
L'638331 — 1071.72 2 


* J. F. Sirks, Phys. Zeit. xiv. p. 886 (1913). 
T Proc. Roy. Soc. A, ci. p. 154 (1922). 
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and 
n?— 1 = L2429588 x 10-4 — — 
l 2:088392— 10- 1X3 
2 
ETT 9 
+ 1-169513— 10- 9A i E c 
From (18) the corresponding formule for VX? are; 
C 1 2 
"42 — f "RE a es Pan ARN "eR +) 
Mar F l bert rosa 09 
and 


C f 1 2 
4242. "m O os 
MA = (l 1695 —.r) UL 1695 =v + ossis] (25) 


where x has been put for LO-"A7?. 


The caleulated values are shown in the third and fourth 
columns ot Table V. 


TasLE V.—Caleulated VX. 


À. (6) (24) (25) (27) 
578 1:00 1:00 1:00 ]:00 
436 1:034 1:035 1:037 1:030 
280 1:161 1:167 1:171 1:139 
245 1:230 1:339 1:245 1:201 
238 12:9 1:210 1:275 1227 


The values are better than those from (6), but they still 
fall much short of Sirks’ values in the smaller wave-lengths. 
‘There are various reasons for not accepting the comparison 
as conclusive, but taking it as it stands it would seem that 
the model of (22) and (23) does not include fully the dis- 
persion of. magnetie rotation. Comparing (22) and (23) 
with (17), we “hnd that if e and m have tkeir electronic 

values, and if. there are two electrons per.molecule, then the 
constant 1:243 in (22) and (23) should have been 1:606 ; 
the smaller value denotes coupling between the two 
electrons. There is perhaps no reason to expect that 
the magnetic rotation should be expressed accurately by the 
same equivalent vibrator as for ordinary dispersion or other 
electrical effects. This suggests trying a dispersion formula 
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for hydrogen in which tke constant has the accepted elec- 
tronic value. One of this character has been given by 
Lundblad *; it was obtained by regarding the molecule — 
as made up of two interacting doublets. When put into 

partial fractions and expressed in wave-lengths, it becomes 


n!—1  1:605896 x 10-4 1 

n+ 2 3 L.0°976725—10- "a 

NNNM a ? (26) 
2-977210 — 107A? $ ` 


4 


This formula fits the ordinary dispersion well in the 
range 546 to 220, but, as I have shown previously, it does 
not agree with observations on the polarization of scattered 
light. Treating it as of type (17), the corresponding 
magnetic rotatien should be | 


C 1 2 
d oam ue dietus fs eet ERN CI REN 
VM = 09.9779 2) i SEEM E ten. 


Calculated values are shown in the last column of 
Table V.; the agreement with observation is much worse 
than for (22) and (23). 

But it is quite possible that the experimental results are 
not suitable for elaborate analysis. It should be remarked 
that the dispersion formule (22) and (23) were derived from 
the dispersion of hydrogen under usual conditions, while 
for the magnetic rotation the gas was under a pressure of 
70-90 atmospheres ; further, different samples of gas gave 
rather different results. It may Le that the ordinary dis- 
persion was different under these conditions ; in fact, Sirks, 
in attempting to deduce e/m from his results by a formula 
like (1) or (2), assumes the natural wave-length A, to 
be 870, which is appreciably higher than the value 851 of 
Cuthbertson’s formula (5) or than the mean in either (22) 
or (23). Further, this difference is in the right direction 
for accounting for the discrepancy. ‘This opinion is con- 
firmed if we use the Becquerel formula (3) «nd calculate 
VA? as proportional to A*dn/dÀ. Seeing that (22) and (23) 
represent tle dispersion of hydrogen with great accuracy, 
this is equivalent to calculating VA? from a formula of the 


* Lundbled, Unta sich. üler die Cptik, p. 162 (1920). 
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type (4), in which the natural vibrations specified by 2, 
and A, are treated as due to independent vibrators with 
the same Zeeman coefficient. The calculation gives the 
ratio 1:3 for the extreme wave-lengths instead of the ob- 
served value 1:346, and it seems that any modification 
like (24) or (25) should give a less value than 1'3. Before 
attempting any further “analy sis, it would be desirable to 
have parallel sets of observations of ordinary and rotary 
dispersion carried out, if possiblo, on the same gas under 
similir conditions. 


Bohr [Hydrogen Molecule. 


9. To complete this survey it is of interest to make the 
same comparison for the Bohr molecule, as an ex xample of 
vibrations about steady motion, in contrast to the previous 
static molecules. It is not our intention to criticize the 
defects of the original Bohr model, or the foundations of the 
dispersion theory : : for the latter, one may refer to a recent 
critical study by Epstein *. The theory of dispersion and 
of magnetic rotation has ben developed by Sommerteld t 
and by Pauerf, from whose work we quote the results 
necessary to illustrate the points in question, making some 
slight ehanges in notation. 

Using the notation of § 6, with Of as the line Joining the 
two nuclei of the molecule, the components of electric 
moment of the molecule in the absence of any external 
magnetic field are given by 


9 


I mu ms i fen) +A =a) i hy + H fier) i =a E, ]. 


P= gr e [4 foe) +2) | Egis fr) — f — 2)! )4 Ez], 


Pz = — a p(x) Ez, 


mpo” 
wow (28) 

where æ - p] po. 
Here p, is the angular velocity of the two ring-electrons 
in the steady state, and is determined by applying the 


* P. S. Epstein, Zeit. für Phys. ix. p. 92 (10922). 
f A. Sommerfeld, Ann. der Phys. liii. p. 497 (1917). 
[ F. Pauer, Ann. der Phys. lvi. p. 201 (1918). 
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quantum rule to each electron ; the numerical value so 
found is 4:55 x 10!5. 

` The small vibrations about the steady state are assumed 
to follow the ordinary laws of dynamies, and the functions 
f and 4 in (28) are found in this way from the equations 
of motion of the ring-electrons for forced vibrations of 
frequency p. It may be noted that the molecule, so defined, 
is dynamically unstable. For hydrogen, 


(m E 

AT) = eT) 169042 (e— 1)?— 0607197" 
1 

OC) = 33 0-30958' 


| (29) 


With all orientations of the molecule equally probable, 
the refractive index follows from (28) by the usual method 
of averaging, with the result 


nL = — o) Cr) éG). . 00 


where e and m are the charge and mass of a single 
electron. | 

When there is an external magnetic field, the application 
of the quantum rule is a point that requires further investi-. 
gation. For various reasons, Sommerfeld and Pauer in their 
analysis use the rule as determining the steady state only in 
the absence of a magnetic field. The small vibrations are 
determined from the equatiens of motion. Apart from the 
form of the functions f and $, the analysis proceeds on 
similar lines to that for a static molecule ; the resulting 
expression for Verdet's constant for hydrogen is 


4TNe? ; i 
Va FES BAA) + —2)} HS ee]. 
Po 
(31) 
The functions $ and f are associated with axial vibra- 


tions and those in the plane of the ring respectively ; if 
we put 


A 


--éGp: 9 =—{f@) eA) . (m 


then y and g' correspond to the same quantities as in § 6. 
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Equation (30) is now 

n?— l = —— (g+29'), . . . . (33) 
and (31) reduces to 


_ taNeip? r, l dy "EC 
ETT 


These results are of the same form as (19) and (20) for 
the static molecule, as might have been expected, since the 
quantu n rule was only used to define the ste idv state. 

10. There is, however, a notable difference between the 
two cases if the medium is paramagnetic. Hore again, 
as in $7, we have to multiply the expressions for the 
electric polarization by 14- MlIIyj4£T, before taking mean 
values. But there remain now terms of the first order; 
Sommerfeld's expression for Verdet's constant is (31) with 
an ad ditional term within the square brackets, namely 


(mM /2hkeT){ /((m) f(—2)). . . . . (35) 


Numerical calculation shows that for oxygen this new 
term is many times greater than the other terms of (31); 
in fact, the same reir would hold for the Bohr bui 
oole: Sommerfeld avoids the difficulty by concluding 
that paramagnetism is atomic and not molecular, SO that 
orientation does not affect directly the orbits which are 
under consideration in the theory of dispersion. 

It is obvious that the difference from the static molecule 
arises from the fact that the medium would have intrinsic 
rotational properties if the molecules were not orientated 
at random. If, for instance, we imagine the axes of the 
molecules to be all in the same direction, without con- 
‘sidering any other effects that might be produced, it 
follows from (28) that the medium "would be rotational 
with a gyrie coefficient 


ETSER d g(P )-r(-? be . . (36) 


mepo Po Po 


A numerical estimate for the hydrogen molecule shows 
that this would have an enormous value compared with 
„actual rotational coefficients. 

11. For comparison with experimental results, Sommerfeld 
-expanded (30) and (31) in. powers of z and used the first 
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two terms of the expansion in each case ; it was found that 
the values agreed fairly well with the ordinary dispersion, and 
also with Siertsema’s results for magnetic rotation, provided 
py was taken as 4°51 x 10 instead of the supposed quantum 
value 4:55 x 107°, 

The calculations are now extended to the ultra-violet, 
using the exact formula (31) with pọ= 4:51x10!5 aud 
fand $ asin (29). The relative values of VA? are shown 
in the second column of Table VI., and may be compared 
with Sirks’ results given in Table IV. 

For absolute values we take the wave-length 656. We 
saw in $3 that Siertsema's value for V is L:335 x 107? ; 
the formula (31) gives 1:2 x 107°. 

The comparison between the formula (30) and ordinary 
dispersion has been extended recently to the ultra-violet by 
Gans *, using the experimental values of. Kirn. Gans finds 
that the dispersion, apart from absolute values, is fitted 
more accurately by taking p,=4'3 x 10:5, Calculating now 
the magnetic: rotation from (31) with this value of py, 
we find the relative values of VA? as given in the third 


column of Table VI. 


TABLE VI.—Values of VX. 


A. p —451. Py= 43. 
578 1:00 1:00 
436 1*033 1:036 
280 1:183 1:206 
238 1:207 1:336 


The new value of p, gives a better agreement with Sirks' 
results for the relative rotary dispersion ; but this has been 
obtained by some sacrifice as regards absolute values both 
for the ordinary and the rotary dispersion. With the 
accepted values of N, e, and m, and with po=4°3 x 1015, 
the values of n?—1 from (30) are about 10 per cent. gréater 
than Kirn's experimental values ; further, the corresponding 
value of Verdet's constant at wave-length 656 is 1:454 x 107%, 
which is larger than Siertsema’s value. Another way of 
expressing the divergence is by calculating dn/d from (30) 
or (33) ; the ratio of A*dn/dX at the wave-lengths 238 and 


* R. Gans, Zeit. für Phys. ix. p. 81 (1922). 
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578 is found to be 1:378, which is considerably higher than 
the value L:3 obtained in §8 from Kirn's results. In any 
case it appears that, in order to make (30) and (31) agree 
with observed posite: it is necessary to treat them as 
formule with two or three disposable constants ; the theory 
then loses its value as one giving results directly in terms 
of known electronic constants. 


Summary. 


12. A comparison is made between the ordinary dis- 
persion of certain. gases and the dispersion of magnetic 
rotation in regions free from absorption. It is shown 
that formule derived from a simple static molecule with 
one type of vibrator are sufficient for both dispersions in 
the visible spectrum for gases like hydrogen and nitrogen. 
On the other hand, the case of oxygen, in which VA? de- 
creases with decreasing wave-length, ‘indicates the necessity 
of including the magnetic properties of the molecule before 
a complete theory can be formed. 

Omitting paramagnetic effects, expressions for the rotary 
dispersion are obtained for an anisotropie static molecule, 
such as has been used for the ordinary dispersion of hydrogen. 
Two formule of this kind are compared with Sirks’ obser- 

vations in the ultra-violet; the modification improves the 
agreement, but not toa &ullicient extent. 

Similar conclusions are reached after a numerical study 
of the Bohr molecule for hydrogen, following Sommerteld’s 
analysis of the ordinary and magnetic dispersion. 

It is pointed out that in all cases the adjustable constants 
of the ordinary dispersion formule were found by com- 
parison with experiments on gases under ordinary conditions 
of temperature and pressure ; while the available data for 
magnetic rotation were obtained from gases under high 
pressures. It may well be the case that the results are not 
strictly comparable ; and it is desirable that parallel sets of 
observations should be made on the same gas under similar 
conditions, 
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LVIII. The Sum of Series of Cosecants. By G. N. Watson, 
Sc. D., F.R.S., Professor of Mathematics in the University 


of Birmingham *. 


1. p a paper on Atomic Systems recently published in 
this Magazine by Mr. R. Hargreaves f, the series 


n ; 
m 


n-1 -l 
1 mr 3 
SP = J cosee—, S?z cosec?- 
? , 
mal n zl n 


m 


where n is a large integer, were encountered in the course of 
the analysis. I have already published f an investigation 
of the asymptotic expansion of the former, with a table 
of numerical values, and, in view of the interest aroused in 
the latter by Mr. Hargeaves's researches, I propose to in-. 
vestigate it by the same methods. I must admit that my 
methods are of a slightly more recondite nature than the 
elementary methods used by Mr. Hargreaves; but, to 
compensate for this, they give complete asymptotic expan- 
sions, and, moreover, they indicate the nature of the 
asymptotic expansion when any odd powers of the cosecants, 
other than tbe first and third, are involved. | 
The result contained in my former paper was 


TS, ~ 2n log, (2n) + 2n(y—log. 7) 
42 3 CO BAsih(2 1-1) 


mat — m.(2m)! n?^-1 


In this formula, y is Euler's constant, Bi, Ba, B,, ... are 
the numbers of Bernoulli, while the error due to stopping at 
any term of the series is of the same sign as, and numeri- 
cally less than, the first term neglected. 


2. To investigate S; we twice differentiate Euler’s 
formula 
"ride m 
Jo l2 sinam! 


(0 «a« 1) 


with respect to a, and get 
( "(loga)z*!dz —— c 


; aer 
do 1+2' sin? aar 


(2 —sin? arr). 


* Communicated by the Author. 
+ Phil. Mag. ,6) vol. xliv. pp. 1065-1105 (1922), 
f Phil. Mag. (6) vol. xxxi. pp. 111-118 (1916). 


Phil. Mag. S. 6. Vol. 45. No. 261. March 1923. 2 P 
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It follows at once that 


? (log wz)? 
9S sS = f GL (atn ah pss pan Dn) de 


=f ” (log à)*(z* "n —.) dz 
0 


w(1+.2)(1—2!") 
_,2( (og yA- y") dy 
| J | Cy") (Ly) 
-—— C (1 —e7 01) dt 

2e (1 e7"!) (4 —1) 


saf Rs 

Ju (bye etl) 

when we sum the geometrical progression and then write 
cozIye-i; the final step, of bisecting the range of in- 
tegration, is justified by the consideration that the integrand 
is an even function of f, 


3. To obtain the asymptotic expansion of the last integral 
we proceed much as in my former paper, the analysis being 
simplified by the presence of the factor é? in the numerator. 

We re-write the integrand thus: 


ÜHlI-—ecU-D0) 2 2e—nt P t? 
(1 te^") (e! — 1) "e —] x 1+e-" E= *gb 


and if, for brevity, we put 


1 1 1 
ja t gm t+ gs te 5am 


we have 


t Ld 
Jo eL rg 


t? t? B 8 B DP i t2r+1 
Ey Mise T 191 — 34] * TP 4-(-)) Br apy! 
t?r *3 
T (—)98B.. 


(2r -2) !! 
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where 0 - 0 <1; and so we get 


247 8 — SO —4g,n3 — tn? KLOA 
o x1 
m dt r emt 
3 mee dr — M Mio 
4 4n | 1E C Pe east 
af (= HOB. t2r+3 l 
(2r4- 2)! 


When we make use of the formula 


? wu? du 
f "T1 sm! (L—2-")om41, 


which was established in my former paper, we find, on 
writing u in place of nt, 
945389 — PG 4c 4n? — 2na3 


2m+ 1)B,,(1 — 2-2»-1Jo 4» 


neml 


9 


+4 x (=M 


the error due to stopping at any term being of the same 

sign as, and numerically less than, the first term neglected. 
Replacing 95,,2 by 2?"*Wr?"*?B, ,,/(2m -2)!, and sub- 

stituting for S; the expansion quoted in $ 1, we find that 


T8 — 20g + T)n log, n + 7*0 (y — 1 —log, $77) 
aD ENS mp, 2m -rF2 92m—-1 NEN | 92m41 —] 
+ X in ) B 1 RIETI Bat Ue TIS Bii } 9 


mci (Om) nm m m+l 


the series possessing the usual property concerning the 
magnitude and sign of the remainder. 

For purposes of tabulation this expansion may be written 
in the form 


SP =n? x 007753 63592 05833 59787 
+ (n logio 2n) x 0°73293 55992 —n x 0°23369 70348 
—n^!x0:07417 64932 -+n x 001561 93435 
—n^5x0:01319 98 +n" x 004576. 


From these numerical results, the following table was con- 
structed, with the exception of the entries for n=2, 3, 4, 5, 
2 P2 
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which were calculated directly and not from the asymptotic 


expansion :— 


n. A n. SO), 
2. 1:00000 DU. ENPE 123679111 
^ NEC 3:07020 96 ......... 1389:40079 
d octets 665685 OF ME 155411838 
Lear 12317352 ee 1731°40865 
OF. aiai 2007920 OU ne 1921773639 
(ae eae 3082881 SO NON 2125-36643 
Bro M S 4pNSOI4 |. 35 ........ 3363:52172 
RE RA 6269252 | BOS EN 5008-77095 

10. Sarees: 8472710 45 eese 1119:43714 

Ib rin 11144650 50 ....... 975365213 

lU et cere 143°31156 55 ee 12901-54859 

TS N 180: 18572 60 ......... 16825:26489 

E MM 924:33215 65 ...... 21373-94118 

JW een nena 27441434 AOR ah 2668871951 

le osos cur 33140209 ES ENEA 3281274333 

IT: reise disent 39004101 | 80 ......... 30809:15746 

P MPH 46851343  ! | 85 ........ 41736:10739 

b: SERMONE 54137 7460 90 ......... 56651-73956 

D): as cetoterass 63009736 ! 95 ........ 66614-20104 

2 MMC 138 03754 100 ........ . — Ti681:63944 

DU Ince eer ise 846-6244 SOO) cios ous 361820617062 

eee ee 966 03000 1000 ......... T 5385544:05112 

i S DEMO 1003-82461 — | 


4. If the formula 


E aide T 
o lte sinar 


is differentiated 2r times with respect to ‘a (r being any 
assigned positive integer) it is easy to prove by the methods 
already used that the dominant term of gthe asymptotic 
expansion of 


n-l 


Y cosec?rt! Z 
Amd n 
ls 2 7?'-lg., Uer (rz 1). 
In like manner it may be found from the formula 
p (~ alde m 
«6 l—z — tanar 
that the dominant term of the series for 
S cosec?r 27 
m=0 n 


is 2-77, ?*, which is equal to 


(2n)?"B,/(2r)! 
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But, since the values of cosec*(m/n), for acute values of 
mar/n, are the roots of the equations 


n” — 23 (n? — 27)(n? — 4?) 


gerd ow | 3 p aes + X qin-3 NAE =0, 


n-a HoE ee-ta ae) hr—5) m " =0, 


(according as n is even or odd), it is evident that the 
series for 

n=l 

E cosec?r t 

m=0 n 
terminates, and that it is a polynomial in n? of degree r in 
which the coefficients can be calculated with sufficient labour 
for any assigned value of r. 


LIX. A simple Form of Apparatus for observing the Rate 
of Reaction between Gases and Liquids, and its Use in 
determining the Rate of Solution of Oxygen by Water 
under Different Conditions of mixing., By H.G. BECKER, 
A.R.C.Sc.I., A.I.C., Demonstrator in Chemistry, Royal 
College of Science, Dublin *. 


I. INTRODUCTION. 
fee apparatus described in this paper was primarily 


devised as an alternative method of carrying out the 
* Five Days' Dissolved Oxygen Absorption Test," and is 
based on a principle previously utilized by Prof. Adeney 
for the same purpose t. 

In the course of the work, however, it became apparent 
that the principle was capable of wider application, and the 
apparatus was finally designed with a view to its possible 
use for the study of gas-liquid systems in general. 

‘The effect "4 different rates of stirring on the rate of 
solution of oxygen in water has been determined by means 
of the apparatus, and the results of the experiments are 
given in this communication, as they have a direct bearing 
on some previously published work 1. 


* Communicated by Prof. W. E. Adeney, A.R.C.Sc.L, D.Sc. Re- 

printed from the Proceedings of the Royal Dublin Society, vol. xvi. (n..). 
f Fifth Report, Royal Commission on Sewage Disposal, Appendix vi. 
438 


p. 438. 
1 Adeney and Becker, Scientific Proc. R. D. S. xv. p. 609 (1919). 
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II. THE PRINCIPLE ON WHICH THE APPARATUS IS BASED. 


The principle utilized in the apparatus depeuds on the 
changes in pressure which occur i a liquid is placed in 
contact with a closed volume of a gas which it is capable of 
absorbing, and the action of the apparatus will be understood 
by reference to fig. 1. 

In the system shown in the diagram there is a volume of 
gas Va connected through a manometer with a volume of 
gas V,, there being sufficient liquid in V, to ensure saturation 
of the gas with vapour, and the liquid under test is in 
contact with the gas in Vy. When the tap is closed, any 
absorption of gas by the liquid from V; results in a decrease 
in pressure, which 1s indicated on the manometer, and from 


Fig. 1. 


Th 


y 


the manometer reading the volume of gas absorbed can be 
calculated. With such an arrangement it is possible to vary 
the sensitivity of the manometer considerably. The smaller 
the volume V; becomes in comparison with V,, the greater 
the movement of the manometer (within limits) for a given 
absorption of gas by the liquid. Further, when the tap 
connecting V, and V, is opened the manometer returns to 
zero, and the difference in pressure previously existing in V, 
is distributed between the combined volume, thus making 
it a much smaller fraction of the whole. With such an 
arrangement it become possible to reset the manometer to 
zero several times during the course of an experiment, 
without allowing the pressure in V; to fall to such a value 
as would seriously affect the solubility of the gas. The tap 
also affords an easy method of replenishing the supply of one 
of the constituent gases of a mixture contained in V}. Thus, 
if V, contains atmospheric air in contact with a liquid 
absorbing oxygen, and V; contains pure oxygen, then, after 
a given absorption, the opening of tap resets the manometer, 
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and also replaces the oxygen absorbed to an extent which 
will depend on the ratio E 


1 

The conditions at the start of an experiment are such that 
the pressures in V; and V, are equal to each other and to 
the atmospheric pressure P mm. 

Now, suppose an absorption of Q c.c. takes place in V,, 
and that the resulting manometer reading is p mm., then 
(V,—Q) c.c. at P are occupying (V,—v,) at P,, where v, = 
the volume of liquid which has risen above the zero point in 
SE RELY and V;c.c. at P are occupying (V, +) c.c. 
at P, i 

<N ow, since Py=P. +p, 


"EVi Q P(Vs~Q) 


Vi tu E Vs—i ui 
which gives 
_. (Va V3) Pu. 
Q= B7 ru t P (V; v). 


If the two vessels are now connected by opening the tap, 
P, becomes equal to P,, and p=0. | 
There is then V; -F(V,—Q) c.c. at P occupying a volume 
V,+ Ne at Ps. 
Hence P= P(V,+ V;—Q) 
Vy Vs 


= Q 
zm (1 Vi tv, f 

Hence the pressure in the air spaces after resetting the 
manometer will be less than that anog at the start by a 
quantity dependent on the ratio of the volume of gas 
absorbed to the combined volume of the two air spaces. By 
making the latter large this quantity can be made very 
small at will. 


III. DESCRIPTION OF APPARATUS. 


The apparatus which was devised on this principle is 
shown diagrammatically in fig. 2. 

It consists of two cylindrical glass vessels about 30 mm. 
in diameter, which are connected to two branches of a three- 
way tap. The lower vessel is of such a size as to contain a 
suitable volume (say, 100 c.c.) of liquid to be tested, and still 
leave room for an air space of about 50 c.c.; the upper 
vessel also has a capacity of about 50 c.c. The three-way 
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tap allows of the two air spaces Fig. 2. 
being connected through the 

manometer, or directly, accord- i 
ing to its position. Hence, 


when an absorption has taken = 
place, the manometer can be uc murum J ame 
reset to zero by suitably.turning | 
the tap. 

The whole apparatus, inclu- 
ding the manometer, is enclosed 
in a cylindrical water-jacket, 
through which water is circu- 
lated from a thermostat. The 
handle of the three-way tap 
projects through a hole blown 
in this water jacket, the joint 
being kept water-tight by means 
of a rubber diaphragm. The 


water-jacket is closed at each = 
end by flanges. which may be ] 


made of brass, tin, or ebonite, 
according to the purpose for 
which the apparatus is to be 
used. 

The stirrer passes through a 
long sleeve in the lower flange, 
and is provided with two conical 
surfaces, one of. which can be 
adjusted by means of a screw, 
so that the whole is water-tight. 
In addition, the glass part of the 
stirrer is expanded into a cone 
at the lower end, which is 
ground to fit a corresponding 
cone on the bearing, so that the 
metallic parts of the stirrer do 
not come into contact with the 
liquid at any point. : 

‘The glass Dur of the stirrer =) 
13 so designed that, when ro- 

tated at a high speed, it causes 
a stream of fine bubbles of the 
gas to circulate through the 
liquid, thus ensuring equilibrium between the liquid and 
the gas. 

The manometer is provided with a scale of millimetres 
etched on the glass. 
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IV. CALIBRATION OF THE APPARATUS. 


In order to check the formula derived for the calculation 
of the volume of gas absorbed, use was made of ferrovs 
hydrate as an absorbent for oxygen. The following experi- 
ments were made :— 

The apparatus was filled with 110 c.c. of distilled water 
which had been previously saturated with air at 20? C. by 
bubbling air through it for some hours, and the water 
circulation from the thermostat through the water-jacket 
started. When everything was in equilibrium, about 25 c.c. 
of the water was withdrawn. and in place of it was added 
exactly 10 c.c. of a solution of ferrous sulphate containing 
8&2 grams per litre, followed by 10 c.c. of a 10 per cent. 
solution of sodium carbonate, the whole being carefully 
washed iuto the apparatus. The barometer was then read, 
and the taps of the apparatus having been suitably adjusted, 
the stirrer was started, and the manometer watched until the 
reading became constant. The maximum reading was then 
used to calculate the volume of oxygen absorbed by the 
ferrous hydrate. 


Experiment À.— Temperature, 20:0? C; barometer, 


168:1mm. 
Maximum reading of manometer ...... 114:0 divisions. 
Second reading after resetting to zero. 55 j 
114 divisions at 768:1 mm. correpond to 1:525 cm. 
55 93 23 99 073 99 


Total... 1:598 
Total volume absorbed, calculated for N.T.P.— 1:504 c.c. 


Experiment B.—Temperature, 20? C.; barometer, 769:9 mm. 


Maximum reading of manometer, 118 divisions. | 

118 divisions at 769:9 mm. correspond to 1:610 c.c., which 
at N.T.P. reduces to 1:520 c.c. 

The mean of the two experiments gives 1:512 c.c. absorbed. 


Since the partial pressure of the oxygen in the air in the 
10:5 9*0 
vessel was reduced from 50 to = 
must be applied. The pressure in the vessel before the 
experiments was 768°1 mm., and at the end was 758:0 mm. 
Taking the composition of atmospheric air to be approxi- 
mately : nitrogen, 79 per cent., oxygen, 21 per cent., and the 
coefficient of absorption of oxygen as 0°0310 at 20° C., we 
can calculate the amounts of oxygen in solution at the 
beginning and at the end of the experiments. 


, a correction for this 
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The pressure of aqueous vapour at 20:0? C. is 17-5 mm. 
The volume of oxygen in solution at the start is : 


10:5 7506 


V,2::0310 x 110 x 750 x 760 = “706 C.C. 
The volume in solution at the end is: 
9 7405 . 
V12:0310 x 110 x 50 * 360 ^ 598 c.c. 


Hence the difference due to change in the saturation value 
is *108 c.c., and this, when added to the volume indicated by 
the manometer reading, gives a total of 1:62 c.c. as the 
actual absorption. 

The 10 c.c. of ferrous sulphate used should have absorbed 
1:64 c.c. oxygen according to its titre by potassium perman- 
ganate, hence the two values agree within 1} per cent. 


Oxygen absorbed in CC 


Time in Minutes 


The graph, fig. 3, shows the course of the absorption. 
During the first part of the absorption the water is completely 
de-aerated by the excess of ferrous hydrate, and, consequently, 
the oxygen is absorbed at a constant rate, as shown by the 
fact that the graph at this portion is practically a straight line. 
In the second stage, when all the ferrous hydrate has been 
oxidized, the absorption falls off gradually, so that the 
graph becomes a logarithmic curve. During this stage the 
water becomes completely re-aerated. In the figure, the 
second graph shows a more gradual approach to satura- 
ation than the first; this is due to the fact that during this 
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experiment the speed of the motor driving the stirrer varied 
suddenly owing to variation in the voltage of the supply. 
This observation indicated the advisability of determining 
the time necessary to attain equilibrium under certain 
conditions. As this was intimately connected with some 
work which had been done previously on the rate of solution 
of gases by water, it was considered worth while to examine 
it more fully. 


V. EXPERIMENTS ON THE EFFECT OF STIRRING ON THE 
RATE OF SOLUTION OF OXYGEN IN WATER. 


The method consisted in introducing into the apparatus 
known amounts of a solution of ferrous sulphate and 
precipitating the hydrate by means of a solution of caustic 


Fig. 4. 


potash ; the stirrer was then driven at certain definite speeds 
by means of a small alternating-current motor (which could 
be relied upon not to vary in speed to any large extent), 
and the rate at which the oxygen was absorbed noted by 
observing the manometer. 

The complete apparatus used for these experiments is 
shown in the photograph (fig. 4). The motor at the right of 
the picture drives the small circulating pump (which is 
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immersed in the water in the thermostat), and also a stirrer 
in the thermostat. The water is pumped along the horizontal 
glass tube to the left, and into the water-jacket of the 
apparatus already danen from which it returns to the 
thermostat bv the rubber tube from the top. 

To the extreme right will be seen one of a series ot 
horizontal pulleys which we connected to the small alternating- 
current motor in order to vive the desired variation in ‘speed 
of stirring. This pulley is connected to the stirrer of the 
apparatus by the long belt appearing in the foreground, 
thus imparting motion to the stirrer at a rate which could 
be determined by the ratio of the various pulleys. The water 
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circulation was continued, and the stirrer run at a constant 
speed during the course of each experiment. The lower 
speeds of revolution were counted directly, using a stop- 
watch to check the time, and for the higher speeds the rate 
of one of the slower-moving pulleys was found and that of 
the stirrer by calculation. 

live experiments were made with different rates of 
stirring, and one experiment was made to compare the rate 
at which quiescent water absorbs oxygen with the rates at 
which the thoroughly stirred water absorbs it. The results 
of these experiments are shown in fig. 5. 
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The rate of stirring in these experiments varied from zero 
to about 1000 revolutions per minute. The lower rates up 
to about 140 revolutions per minute did not appreciably 
distort the surface of the water, but above this speed the 
surface varied in shape and area with each variation in the 
speed of the stirrer. The shapes assumed by the water 
surface are shown in fig. 6; and it will be seen that they 
range from the nearly flat surface of still water to the point - 
at which the air is drawn down into the water in small 
bubbles. At this point the surface area becomes uncertain, 
so that no conclusions can be drawn from experiments at 
higher speeds. In the other cases the surface area was 
taken to be approximately equal to that of a cone with the 


Fig. 6. 


IL 
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vertical axis equal in depth to that attained by the lowest 
point of the water surface. ` 

The progress of the absorption followed a linear law, as 
will be seen from the graph, fig. 5, and this shows that the 
ferrous hydrate de-oxygenated the water completely almost 
at once, so that the rate of solution of the oxygen remained 
constant until all the hydrate was oxidized. 

The variation in the value of the rate of solution with 
stirring is shown in the table and in fig. 7. On the graph 
the lower line shows the rate of solution under the conditions 
of the experiment plotted against rate of stirring, and the 
points lie approximately on a straight line. Hence under 
the conditions of these experiments the rate of solution 
varies directly as the rate of stirring. 
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Values of Rate of Solution for different Rates of Stirring. 


| | 


Sneed Estimated Rate of Rate of 
peed of | . solution | 
Experiment stirrer arens of solution )er unit area 
l i PAM i surface, in c.c. l ye i 
PD. | aq. em. per min. Ge. 
; A 
l. ag EAS TEE EEE — (— — —— M P PER 
^ A and B. 1000 | 19:0 "050 * :0016 
1 ; 590 1:1 ‘O14 ‘0013 | 
2 340 RR | ‘O08 :0009 
3 140 8:1 04 ‘0005 
4 80 8:1 | :003 0004 
à | 60 | 8] 002 00025 
6 o ! 81 0001 00001 


Rate of Solutión in CC. per minutė. 


SCALE Il 1090 200 
Rate of Shoring. a Rivolurions | par minute 


When, however, the effect of increased surface area is 
taken into account, and the rate of solution per unit area 
plotted agaiust rate of stirring, the result is the upper line 
in fig. 7. This curve shows t ie rapid increase in the rate 
of solution at first, which gradually falls off as the higher 
values are reached, and tends to reach a maximum. 
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VI. CoMPARISON oF RESULTS. 


The results obtained in Experiment 6 are shown as a 
graph in fig. 8 in order to afford a comparison between the 
rate at which the oxygen is absorbed by quiescent water and 
the rate when the water is stirred. The water was at first 
stirred for two minutes in order to mix the ferrous hydrate 
with the liquid, and thus reduce the oxygen content to zero. 
During this period the rate of absorption was of the same 
order as obtained in the other experiments. The stirring 
was then stopped, and the rate fell off slowly as the liquid 


Fig. 8. 
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Time in Days. E 
came to rest until it reached a value which remained nearly 
constant for three days. On the third day this suddenly 
changed to a higher value, which remained constant until 
the sixth day, by which time only about half the saturation 
value had been reached. The liquid was then stirred again, 
and the remainder of the absorption was completed in about 
five hours. Hence a process of absorption which may take 
many days to complete when the water is quiescent takes 
place in as many hours with moderate stirring. | 

The sudden change in the rate of solution of oxygen by 
the quiescent water indicated above is characteristic of the 
process under these cenditions, for the rate of solution of 
gases by water is then liable to sudden and unaccountable 
variations within narrow limits. 

The greatest value for the rate of solution per unit area 
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given in the table represents the maximum rate attainable 
under the conditions of these experiments, without allowing 
the surface exposed to become indefinite: hence it is of 
interest to compare this with the rate of solution as deter- 
mined in previous experiments *, 

The rate of solution of oxygen into air-free water has 
been found by a totally different method to be *0161 c.c. 
per minute per square centimetre of area exposed. Hence 
for the oxvgen in the atmosphere the rate should be 


016i x 100 0034 c.c. per minute under similar conditions, 


siuce the rate of solution has been shown to be proportional 
to the partial pressure. 

This value is more than twice as great as the maximum 
"lue attained in these experiments (0016), showing that 
the rate of mixing that was reached under these circumstances 
was not so rapid as that obtaining in the experiments referred 
to. This was to be expected, since in those experiments the 

"ter was exposed to the oxygen in very thin layers, and 
very perfectly mixed immediately afterwards. However, the 
fact that the two values come so near each other shows that 
with more perfect stirring arrangements it might be possible 
to approximate very closely to the maximum rate of solution. 

These experiments therefore afford a connecting - link 
between the conditions obtaining in the work referred to 
and those obtaining in nature. They also emphasize the 
important part played by mixing of the water in determining 
the rate of solution. It will be seen on reference to the 
table that very gentle stirring of the under layers of the 
water increases the rate of solution as much as twenty-fold 
as compared with the stationary water. This bears out the 
view put forward previously f, that the rate of solution of 
air by water under ordinary conditions 1s largely determined 
by the rate of mixing. Experiments are being continued 
with this apparatus ; and it is hoped to publish further results 
in the future. 


Chemical Department, 
Roval College of Science, Dublin. 


* Adeney and Becker, Scientific Proc. R. D. S. xv. p. 625 (1919), 
T Adeney and Becker, Scientific Proc. R. D. S. xvi. p. 148 (1920). 
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LX. Some Photoelectric Experiments on Platinum relating 
to the Influence of Gases. By Lars A. WELO, PA. D.* 


ACT the problems in connexion with the photo- 

electric effect it seems that none has led, for so lont a 
time, to such conflicting experimental results and hence to 
so wide a difference of opinion as that concerning the 
influence of gases. Among those who dissent from the 
pene view that gases are merely of secondary influence 
are to be mentioned, particularly, Hallwachs and his 
students t. The reason for the differing results and opinions 
is, I believe, that attention has been directed too much 
towards the entire elimination of gases without a study of 
the change in photo-sensitiveness when the gas is being 
removed. The complete removal of gas is extremely diffi- 
cult and is always a questionable achievement. A more 
certain procedure would seem to be to observe the changes 
of photo-sensitiveness accompanying a gradual removal of 
gas and then, by a sort of process of passing to the limit, on 
the basis of the observed changes, draw conclusions as to the 
effect to be expected when all the gas is removed. 

This plan has been adopted by M. Sende and H. Simon f 
al the suggestion of Hallwachs. By beating a platinum foil 
in a vacuum at fixed high temperatures, they liave obtained 
the sensitiveness as a function of the time of heating. 
Discontinuing the experiment at too early a stage and 
consequently approaching tlie limit on the basis of incomplete 
data, they have come to conclusions that must be said to be 
quite erroneous. | 

Auother procedure on this principle is that first used by 
Piersol $ and later by myself ||. The metal foil is heated at 
various increasing heating currents and the photo-sensitive- 
ness is determined after the foil has become cool. The 
curve showing the sensitiveness as a function of the heatin 
current with which gas was driven off, exhibits rad 
maxima and minima. The experiments herein described are 
of this type and may be regarded as in continuation of those 
previously reported upon, under improved experimental 
conditions. 

* Communicated by Professor Gustaf Granqvist. 

t See, among other papers: G. Wiedemann and W. Hallwachs, Verh. 
d. D. Phys. Ges. xvi. p. 107 (1914); W. Hallwachs, Phys. Zeit. xxi. 

. 661 (1920) ; II. Küstner, Phys. Zeit. xv. p. 68 (1914) ; M. Sende and 

. Simon, Ann. d. Phys. lxv. p. 697 (19z1). 

Ann. d. Phys. lxv. p. 697 (1921). 
Phys. Rev. viii. p. $38 (1916). 
| Phys. Rev. xii. p. 251 (1918). 


Phil. Mag. Ser. 6. Vol. 45. No. 267. March 1923. 2 Q 
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The original aim was two-fold. First, to work in much 
higher vacua in order to eliminate possible effects of residual 
gases. Second, to use two extreme wave-lengths for which 
platinum is sensitive, rather than the total radiation ; making 
possible, not only conclusions as to the manner in which gas 
affects the photoelectric effect, but also as to the structure of 
the adsorbed layer. As the work proceeded, it became 
apparent that time is quite as important a factor in the 
removal of occluded and adsorbed gases as high tempe- 
ratures and high vacua. Accordingly, heating-current- 
photo-current curves were obtained after the platinum had 
been heated in a vacuum for a very long time. On the 
basis of the changed type of curve thus obtained, the 
principal conclusion is drawn: namely, that the platinum 
itself is the seat of electronic emission and that the layer of 
gas at the surface merely hinders their escape. 


The Apparatus and Method of Eveperiment. 
Fig. 1. 


Jo TRANSFORMER OR 
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Jo FUNP 
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PLATINUM Fol. 


In the early part of the work when emphasis was placed 
on very high vacua and the fullest possible elimination of 
vapours, the tube shown in fig. 1 was used. All glass joints 
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were blown, as was also the direct connexion to the Volmer 
condensation pump. A hard white sealing-wax was used to 
attach the quartz plate. Eight sealed-in platinum leads 
entered the tube at the top and were welded in groups ot 
four io the iron wires supporting the platinum foil. The 
receiving electrode was an oxidized copper cylinder com- 
pletely surrounding the foil, except for a small opening to 
admit the radiation. The platinum foil was 6 cm. long, 
3:4 mm. wide, and 0:08 mm. thick. 


| Fig. 2. 
Jo TRANSFORMER OR 
a BATTERY 


ZZPZE 


WATER 


STICA INSULATION 


70 ELECTROMETER 
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Fig 2. shows the tube used later, when it was known that 
residual gases and vapours at low pressures play a negligible 
part, and when some cooling arrangement was necessary 
while heating fora long time. It was designed to make use 
of longer foils in order to reduce the effects of gas diffusion 
frem the cold ends. The foils were of the same width and 
thickness as before, but 13 cm. long and mounted in the form 
of a U. The receiving electrode was a copper cylinder 
slipped into the side tube admitting the radiation. The 
brass rods passed through a x stopper closely fitting the 

2Q2 
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glass tube. One of the rods was insulated with mica. 
Picein was used to make the joints tight and also to attach 
the quartz plate. 

The Volmer condensation pump was backed by a Gaede 
mercury and oil pump. A Mcleod gauge between the 
pumps showed that the back pressure on the condensation 
pump was easily kept less than 6x 107? mm. of mercury 
when the foil was not being heated. From observations 
with the induction-coil discharge it is known that the 
pressures in tlie tubes were much smaller. During a run 
the condensation pump was continually operated. The other 
pumps were only run from time to time to keep the back 
pressure small. When the foil was to be heated, connexion 
was made to a step-down transformer. When the photo- 
electrie current was to be measured, the transformer 
connexion was broken and connexion made with the 
negative pole of a 125 volt battery so that saturation was 
certain. The currents were measured by the high resistance 
method. The resistance of about 4:5 x 10° ohms was a fine, 
long capillary tube containing a 10 per cent. solution of 
alcohol in xylol. The electrometer had a sensibility of 
520 mm. per volt at 1:5 metres distance. A Heraus quartz 
mereury lamp served as source of radiation. Its constant 
power consumption was frequently checked during a run. 
The slit-width of 1:5 mm. was rather large, so that the light, 
after passing through the Hilger monochromator, was not 
strictly monochromatic. In view of the decided differences 
obtained with the extreme wave-lengths employed it was not 
deemed necessary to have the light purely monochromatic. 
Ten minutes was adopted as the standard time of heating 
with each current, although times of 5 or 7 minutes gave the 
same type of curve. The photoelectric currents were 
generally measured two minutes after heating was stopped. 
In the latter stages of the work when the foils were more 
nearly gas-free, the photo-sensitiveness was rather unsteady, 
and it was necessary to wait until a fairly constant value 
was reached. 


Independence of Degree of Evacuation. 


As remarked in the foregoing, a heating-current-plioto- 
current curve shows marked maxima and minima. The 
process of getting rid of gas seems to be accompanied by 
some complicating features. One would expect that the 
photo-sensitiveness should gradually increase or that it 
should remain constant beyond a certain heating-current., 
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In my former paper* I discussed a possible explanation if 
one supposes that active layers are built up from residual 
gases and vapours whose effect is superposed upon that of 
the metal ; or, that a destructive layer from the same source 
is the cause of the depressions in the curve. The curves of 
fig. 3 t afford a test on this point when compared with the 
previously published curves of Piersol and myself. The 
vacua of the present experiments were of the order 10^" mm. 
of mercury and at least 100 times better than before. The 
variations beyond the first maximum should thus be much 
less marked if not entirely absent. In fact, they are still 
enormous and fully as pronounced as in the former work. 
The source of the disturbing: pas-layer is, then, the occluded 
or dissolved gas in the platinum itself, and not that which 
remains in the tube. This result was confirmed later in that 
the irregularities in the curves disappeared after heating and 
pumping for several hours. 

In fig. 3 the curves to the left are for the original run on 
a piece of platinum subjected to no treatment, aside from 
washing in acid and distilled water, followed by thorough 
drying. The curves to the right are for the same foil after 
it had stood, for 40 hours, in dry air admitted immediately 
after completing the original run. It will be shown in a 
following section of this paper that air has little or nothing 
to do with the shapes of these curves. Except in their first 
part, similar curves would have been secured if the second 
run had been made immediately on completing the first. It 
will be noted that the first maximum in the left-hand curve 
is not fully developed. The peak was missed since no 
observation was made at 2 amperes of heating-current. 


Differences with respect to Wave-lengths. 


The possibilities in the way of explaining the varying 
sensitiveness observed in a heating-current—photo-current 
curve may be summarized as follows :— 


(1) Change of Photoelectric property of Metal. 
(a) Chemical combination with gas. 
(^) Change of gas concentration. 

(2) Absorption of a Constant Initial Emission. 


(a) Transition Layer theory of Adsorption. 
(^) Layer one molecule thick. 


* Loc. cit. 
t The smaller heating-currents shown here are due to the use of 
narrower foils. 


598 Dr. L. A. Welo: Some Photoelectric Experiments 


The first possibility is readily tested by observations on 
the long wave limit at various heating-currents. No shift of 
the wave-length limit was observed, either dier the runs 
shown in fig. 2, or in any of the later runs made on other 
foils. Special effort was made to detect such changes at the 
peaks of the curves or at heating-currents corresponding to 
low sensitiveness. Similar results with respect to constant 
wave-length limits have been reported by Koppius*, although 
the absolute value of the photo-current from pure platinum 


Fig. 3. 
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varied somewhat with the temperature und very much with 
time. Possibility (1) is thus excluded and with it the need 
of deciding between (a) and (b). This statement is, of 
course, subject to the validity of the general rule that the 
photoelectric wave-length limit is a characteristic constant 
for an element or a compound. 

If, during an experiment of this sort, we make observations 
with two extreme wave-lengths instead of the total radiation, 
it is possible to decide between the cases (a) and (b) of the 
remaining possibility. In the transition layer theory of 


* Phys. Rev. xviii. p. 443 (1921). 
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adsorption the gas is assumed to constitute a miniature 
atmosphere at the surface. Cleaning of the substance is 
looked upon as a decrease in the thickness or density of the 
adsorbed layer. In the primary valence theory the layer is 
imagined to be, on the whole, only one molecule thick, and 
cleaning must be thought of as the opening up of gaps or 
clean patches on the surface. | 

The differences with respect to the effect on the electron 
emission is apparent. In the case of the transition layer 
there will be selective absorption with regard to the electron’s 
velocity. The relative proportion of slow and fast electrons 
breaking through the layer and reaching the receiving 
electrode will depend on the stage of cleaning. On the 
other hand, if cleaned patches are formed on the surface, all 
of the emitted electrons, fast or slow, reach the receiving 
electrode, while all of the electrons emitted from the gas- 
covered metal are stopped. If one is to assume a layer of 
molecular thickness at all one must also make this last 
assumption in order to account for the low sensitiveness 
before cleaning, even with short wave-length radiation. 

The ratio of the photo-current for the long-wave radiation 
to the photo-current for radiation of short wave-length thus 
becomes the test between the two theories of adsorption. 
The relative intensities of the two radiations must, of course, 
be constant. Since the slower electrons are absorbed, the 
peaks and the depressions in the curves should be more 
prominent in those for radiation of long wave-length. The 
ratio, at each heating-current, of the two photo-currents will 
not be constant but will be larger when the sensitiveness is 
high. If, on heating, clean patches are formed, the photo- 
emission for each wave-length is proportional to the total 
clean area and the ratio should be the same at all heating- 
currents. 

The results of this test are shown in fig. 3. The conditions 
under which the data were taken are described in the 
preceding sections. The observations with the two radi- 
ations were, of course, made during the same runs and for 
each heating-current, at as nearly the same time as possible. 
The scale of ratios is at the right. They are seen to vary 
from less than one to almost 10, so that the test is de- 
cisively against the primary valence theory of adsorption. 
There must be an atmosphere of more than molecular 
thickness, or some equivalent system, which sifts out the 
slowly moving electrons. 
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Repeated runs on the same Foil. 


Fig. 4 shows the original and two typical repetition curves 
for a new foil. “Immediate” means that the run was 
made immediately atter completing the previous run. 
“ Vacuum” means that the foil had stood in the exhausted 
tube for some time following the previous run or heating, in 
this case 91 hours. The lower absolute values of the photo- 
currents, as compared with fig. 3, are due partly to the use 
of another foil and partly to the fact that another tube 
(see fig. 2) was employed. In this tube the receiving 
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electrode is placed in front of the foil and does not 
completely surround it so that some of the electrons may 
miss the eleetrode. The original and immediate curves are 
consecutive, while the vacuum curve is for the fifth run. 
Similar immediate and vacuum curves were obtained even 
after a dozen runs had been made, showing that the 
disturbing gas is not removed during one or even several 
runs. In each succeeding run, however, the minimum at 
4 amperes of heating-current becomes less and less marked. 
Time is required as well as high vacua and temperatures in 
order to remove tlie gases. 
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The Temperatures. 


In fig. 4 and the succeeding figures the approximate 
temperatures corresponding to the most interesting parts of 
the curves are given. They are taken from a calibration 
curve determined by fusing small bits of substances of 
known melting-points on the foils when the work was 
completed. The heating-current necessary to raise the foil 
to the melting temperature was noted. The substances 
were: paraffine, 42°5 C. ; sulphur, 112°-5 C. and potassium 
bichromate, 395°C. The heating-currents at melting were, 
respectivelv, 1:13, 2°42, and 4:63 amperes. The temperature 
corresponding to a heating-current of 11 amperes is esti- 
mated to be about 1300°C. The maximum heating current 
was as high as possible consistent with a barely perceptible 
evaporation of the platinum. 


Continued Heating at High Temperatures. 


In fig. 5 we see the importance of time as a factor in the 
removal of occluded or dissolved gases. Foil No. 3 was cut 
from the same sheet and adjoining foil No. 2. Since the 
same tube (fig. 2) was employed, the absolute values of the 
photo-currents are comparable with those shown in fig. 4. 
The heating was doneat 11 amperes. It was not continuous, 
and the times indicated merely show the total time of 
heating. A vacuum curve taken after 5 hours of heating 
shows the usual minimum, but it is not so well developed. 
When the total time of heating is extended to 10 hours the 
minimum in a curve has disappeared. Now, for the first 
time, a curve of the expected form is realized: namely, one 
showing an increase in photo-sensitiveness at first and an 
approach to constancy at the larger heating-currents. It 
was expected that by heating for a still longer time, the 
vacuum and especially the immediate curve should show 
greater constancy of photo-sensitiveness during a run. The 
vacuum curve after heating 43 hours is not essentially 
different from that secured after 10 hours of heating. 
Contrary to expectation, the immediate curve shows that the 
foil is not at its highest sensitiveness immediately atter a 
long period of heating. The gradual rise is not accidental, 
for it was observed during other similar runs. In the 
vacnum curves the gradual rise is due to the removal of the 
fatigue effect introduced by the residual air which is present 
in the tube in very small amounts. In a following section 
it will be seen that so large a. fatigue does not oecur in the 
presence of other gases. 
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The curves of fig. 5 represent, it is believed, the closest 
possible approach to the “ideal” heating-current-photo- 
current curve. lt is not claimed that the vases are entirely 
absent, but the remaining quantities are so small atter 10 or 
more hours of heating that not enough remains to develop 
the minima so prominent in the original and in the repetition 
curves, Further, the fundamental photoelectric current for 
platinum is seen to be that of the maxima in the earlier 
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curves. There is scen to be, always, in these curves of fig. 5, 
an approach to the limiting sensitiveness of about 250 scale 
divisions under the existing experimental conditions. The 
limiting value is never zero. 


The Gases Emitted. 


The gases driven from the foil were frequently examined 
with a spectroscope during the 43 hour. period of heating. 
The condensation pump forced them into a large bulb in 
connexion with a Geissler discharge-tube of small volume. 
With mercury, the gases in the bulb were compressed into 
the diseharge-tube to suitable pressures. During the first 
12 hours of heating the only lines or bands to be seen were 
those of carbon dioxide. According to Kayser * the same 
spectrum is given by carbon monoxide. After 12 hours of 


* Handbuch der Spektroskopie. 
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heating the carbon compounds disappeared and the hydrogen 
lines alone were seen. A marked diminution of the rate ot 
gas emission also occurred when their character changed. 


Gas Treatment not Effective. 


The attempt was made to reintroduce the irregularities in 
the curves by letting the gas-free foil stand in gas from 1 to 
4 days. In view of the spectroscopic results it was natural 
to try the oxides of carbon and hydrogen and finally air. 
As these gases failed to introduce the irregularities, particu- 
larly the minimum at 4 amperes of heating-current, an 
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attempt was made with city illuminating gas. The possibility 
as to variety is great with this gas. It also failed. The 
resulting curves shown in fig. 6 are of the same general type 
as those of fig. 5, and the approximate absolute value of the 
limiting photoelectric current is again 250 scale-divisions. 
The differences in the cases of hydrogen and carbon 
monoxide are probably accidental since these gases are 
present in illuminating gas. At any rate the looked for 
minimum was not found. Itis noted that for air and the 
illuminating gas, which contains traces of air, the initial 
photo-sensitiveness is lower than for the other gases. This 
indicates that the fatigue discussed in connexion with fig. 5 
is to be traced to air. 
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These generally negative results are in direct conflict with 
some of those I reported in a previous paper *. It: is quite 
evident now that the effects I once attributed to added 
gases are due to the remaining gases in the foil. The need 
of long periods of heating was not realized at the time. 


Efect of Heating in Flame. 


The original behaviour with respect to gases can, however, 
be introduced by heating ina flame. The blow-toreh was 
allowed to play,on the part of the foil subjected to radiation, 
for about 15 minutes. The platinum became white hot. 


Fig.7. 
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After remounting and evacuating, the original curve of fig. 7 
was secured. It is of the usual type, but the photo-currents 
are for some unknown reason smaller. The vacuum run 
made 20 hours later is not only of the expected type but the 
usual sensitiveness of 250 scale-divisions is approached at 
the end. The second vacuum run was made after heating 
with 11 amperes for 9 hours. The foil is again nearly gas- 
free, and the curve is like those of fig. 5 both as to type and 
the values of the photo-currents. The gases which disturb 
the photoelectric emission of platinum are shown to be 
introduced during the process of its preparation. 


* Loc. cit. 
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The results of this section exclude the bare possibility that 
the greater regularity in photo-sensitiveness hows in figs. 5 
and 6 is caused by a more stable crystalline structure given 
to the platinum when it is heated for a long time. 

The influence of water vapour has been much discussed in 
the literature of the photoelectric effect. The experiment 
was tried of letting the foil stand over-night in water vapour. 
A little air accidentally entered. The short curve of fig. 7 
was obtained. It was not continued since its course is 
exactly as if the foil had stood in a vacuum or in the 
presence of air only. 


A Small Time Effect. 


It has been mentioned that when the metal becomes nearl 
gas-free, the photo-currents are rather unsteady after ec 
heating. During the original run, however, and the first few 
repetition runs the time variation is small and has a perfectly 
definite direction depending on the heating-current. It was 
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observed that while working on the ascending part of the- 
heating-current-photo-current curve the sensitiveness de- 
creased after heating, but that on the descending part the 
sensitiveness increased. Fig. 8 gives the results of a more- 
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detailed study of this phenomenon. It represents an early 
vacuum run, so that the foil still contains much gas. The 
curve drawn solid is based on readings taken 2 minutes after 
heating. The broken curve is for readings taken after 
constancy is reached following each heating. The changes 
are proportionally small and do not affect the type of 
curve. 

Such a vacuum run was once diseontinued at the mini- 
mum at 4 amperes, and the foil allowed to remain in the 
'acuum until the next day. The run was again taken up, 
beginning with 5 amperes of heating-current. The curve 
duplicated those of fig. 8. Interruption of the run does not 
affect the type of curve. The type of curve is determined 
by the stage of pas elimination only and is not modified by 
superposed time effects. 


Primary Photoelectric Lect independent of Gas Content. 


Let us first consider the most likely explanation of the 
minima of the heating-current-photo-current. curves. It 
has already been concluded that they are due to the 
absorption of the slowly moving electrons by the miniature 
atmosphere covering the platinum, The formation of this 
atmosphere at particular temperatures or heating-currents 
and its entire absence at others is readily conceived. The 
elimination of gas from a metal involves two distinct 
processes. In one the gas must be carried to the surface by 
diffusion. In the other the gas must be released from the 
surface. Diffusion is known to increase continually with 
the temperature. The release of gas is generally considered 
to be in the nature of a threshold phenomenon and does not 
become marked until particular temperatures characteristic 
of the system solid-gas are attained. Equilibrium between 
the two processes is “brought about by an adjustment in the 
thickness or density of the layer of gas. The thickness or 
density thus becomes a function of the temperature, or, more 
snecitically here, the heating-current. Take, for example, 
the minimum in the heating- current-photo-eurrent curve 
at 4 amperes where the temperature is 290°C. On the 
present view the equilibrium requirement is a dense or thick 
layer. At succeeding heating-currents the release of gas is 
more rapid in proportion to the diffusion, and equilibrium is 
established with a thinner or less dense layer. To account 
for tle development of a minimum beyond 10 amperes of 
heating-current, it is only necessary to assume the existence 
-of another gas having a smaller temperature coefficient of 
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diffusion and a higher threshold temperature of release. 
The assumption that another disturbing gas is present is 
believed to be justified since the second minimum seldom 
appears in.other than the original runs. When released it 
evidently comes very rapidly. Then, too, it may be present 
in only small amounts. 

The view that has been outlined gains support from the 
time effects described in the-preceding section. After a 
heating on the descending part of the curve, the accumulation 
of gas is greater than the equilibrium requirement as the 
metal cools. ‘The pas diffuses back into the metal and the 
photo-current increases. On the ascending part, more gas 
1s required for equilibrium on cooling, and it can come from 
the metal by diffusion or from the tube until the pumps have 
liad time to reduce the pressure. 

The results recently published by M. Sende and H. Simon * 
receive an entirely different interpretation if the foregoing 
view is adopted. We will direct our attention first to fig. 9 
of their paper, according to which the photo-sensitiveness of 
platinum was reduced to jj, of its maximum value by 
repeated heating ata fixed high temperature. They consider 
that the gas is nearly gone and that by further heating a 
limiting photo-sensitiveness of zero would be approached. 
It is most probable that their experiment was discontinued 
just at the stage when an absorbing layer of gas was at 
its greatest thickness or density in order to maintain the 
equilibrium between the rate of diffusion and the rate of 
release from the surface. A mere beginning had been made 
in the way of removing gases since the total time of heating 
was only 130x 20 seconds or 43 minutes. Times of the 
order 9 hours were necessary in the writer's experiments. 
The writer believes that he could, with equal justification, 
extrapolate the original curves of fig. 3 of the present paper 
(especially for 42254 uu) beyond 12 amperes of heating- 
current and claim that the photo-electric effect of platinum 
vanishes when the gas is gone. 

The same experimenters observed the sensitiveness of 
platinum immediately after fusion in a very high vacuum. 
It was less than 41,9 of a previous maximum value. Fig. 9 
of this paper represents the writer's results in a similar ex- 
periment. The accompanying time changesareshown. The 
platinum was fused, after completing the runs shown in fig. 3, 
in a vacuum ef the order 1075 mm. of mercury. Although the 
photo-currents are smaller than the maxima shown in fig. 3 


* Loc. cit. 
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they are by no means zero. At most three minutes elapsed 
between the time of fusion and the first measurement, so that 
it is not possible to extrapolate backward to zero photo- 
sensitiveness, Nor can it be said that the electrons come 
from the supporting iron wire behind the foil. The portion 
of platinum that was fused was less than a tenth of that 
illuminated. Moreover, the final values of the photoelectric 
current are smaller than the initial. 


Fig. 9. 
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The smaller sensitiveness shown here and the close 
approach to zero sensitiveness in the experiment of M. Sende 
and H. Simon is readily explained on the theory of an 
absorbing laver. During fusion the increase of temperature 
is very sudden. If much gas remains the contribution to 
the surface by diffusion overwhelms the. rate of release. 
The time of fusion is, however, too short to allow of the 
equilibrium adjustment to a thinner or less dense layer. 


Conclusions and Summary. 


The photoelectrie effect in platinum has been studied as it 
is changed by inereasing temperatures of heating in a high 
vacuum. The effect, measured after cooling of the metal, 
was plotted against tlie heating-current. The wave-length 
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limit proved to be constant, but the largest variations in 
sensitiveness took place with radiation of long wave-length. 
It is concluded that the primary emission from the platinum 
is constant but that an adsorbed layer of gas, whose effectiv- 
ness depends on the temperature of heating, stops the 
electrons of low velocity. 

The evidence is considered to be in favour of the tran- 
sition layer theory of adsorption and decisively against 
the view that the adsorbed gas consists of a single layer of 
molecules. 

The type of curve becomes very different after the foil has 
been heated at as high a temperature as possible for a time 
of 9 hours or more. The minima of the original curves do 
not appear. There is always an approach to a sensitiveness 
of approximately 250 scale-divisions under the given experi- 
mental conditions. The sensitiveness never approaches zero. 
Hence the photoelectric property is primarily that of the 
platinum itself. The gases merely modify and always reduce 
the effect. 

The minima of the original or repetition curves could not 
be reintroduced by letting the gas-free foil stand in various 
ans They were reintroduced by heating with a blow- 
torch. 

The minima of the curves are qualitatively explained in a 
simple manner by considering the driving off of gas as 
involving two distinct processes. In the first, the gas is 
brought to the surface by diffusion and in the second it 
must be released. At each heating-current or temperature, 
with given gas concentration in the metal, a gas layer of 
characteristic thickness or density brings about the equi- 
librium adjustment. 


The experiments were performed at the Physical Institute 
in Uppsala. I wish to thank the Staff of the Institute and 
particularly its Director, Professor Gustaf Granqvist, for the 
aid and equipment placed at my disposal and the many 
courtesies shown me during my year of study in Sweden. 


Physical Institute, 
Uppsala, Sweden. 
April 25, 1922. 
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LXI. On the Theory of Generalized Quanta and the 
Balmer Lines. By S. C. Kan *. 


HE general principles governing the quantaic structure 
of phase-space were given by Planck in the Ann. d. 
Phys. vol. 50+. This structure depends on the integrals 
of the motion, and in 2f-dimensional phase-space the 
elementary cell has, according to Planck. a volume equal to 
hf where h is Planck's constant. Rules are also given 
depending on what Planck bas called coherence or in- 
coherence of coordinates which determine the splitting up of 
the single quantum condition respecting the volume of the 
cell into f different quanta conditions regarding the /(g, p)- 
planes. 

In the next volume of the Annalen t somewhat different 
and simpler conditions—and these are now largely accepted 
—are laid down by Sommerfeld. | According to Sommerfeld 
the elementary volume Mlgudjsi.. d qudp, of phase-space may 
be regarded as determined by the f projections fdyidpa, 


(dijs ps, eap, on the /(g,p)-planes. Each of these 
intevrals is then integrated with respect to p, and then he 


proceeds to write 
\pidg z f podg=h, 
fpzla— f mdg=h, 


f padq - f pada =h, 
J (pape) dq =nh. 


Assuming now that of the group of curves on the (4, p)- 
planes a path may be obtained such that | p9dg —O along it, 


Sommerfeld gets the simplified form | dq m uh. For the 
limits of integration he gives the rule that it should be 
performed over that length of the orbit which brings up 
fresh phases in phase-space so that in periodic orbits the 
integration is over one complete cycle. In Newtonian 
orbits of the relativistic type or other quasi-periodic orbits 
where there is a regular forward motion (or backward) ot 


* Communicated by the Author. 
T Ann. d. Phys. vol. 1. p. 385 (1916). 
T inn. d. Phys. vol. li. p. 1 (1916). 
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the perihelion, this means a path of integration for f pede 
from ra, to fai through raar or, what amounts to the 


same, double the path from r to r,,,. Eor the azimuthal 
phase-integral f Pod the path is taken to be just one 
complete cycle of 27 and not from rq, to r,;, through Taar. 
The reason for this variation as given by Sommerfeld seems 
to be that attention should be directed not so much to the 
actual orbit as to 1ts counterpart in phase-space, and since 
an ellipse of a given size may have any position as regards 
the azimuth of its perihelion, and since the whole set of such 
ellipses should be taken into account, all phases are compre- 
hended in a path of integration from 0 to 27. The results 
obtained from these quanta conditions taken along with 
Bohr’s famous rule for the frequency of the emitted radiation 
receive startling confirmation in the experimental results of 
Paschen * on tlie Balmer lines of hydrogen. The behaviour 
of the Rydberg number and of doublets and triplets is 
sufficiently near to the requirements of the formula. 

It is at once possible, however, to raise certain theoretical 
objections to Sommerfeld’s theory. In the first place, the 


elementary volume V dg; dp, .... dq, dpp which I take to be 
equal to h/ after Planck, cannot be represented as 


| dqidpi A dgadp; dee [doy dp,. 

This objection is met partly if, on the authority of Epstein 
and Schwarzschild—and to this Sommerfeld agrees,—the 
choice o£ the coordinates is determined by the possibility of 
separation of variables in the Hamilton-Jacobi equation. 
If such separation can be effected we should have according 
to Staeckel —at least in regard to a Staude-Staeckel 
dynamical system—p, a function solely of qj. The limits 
for qi, qa, .... 9, Still remain interdependent, and this disposes 
of the possibility of the latter mode of representation even 
where the choice is made after the Epstein-Schwarzschild 
rule. 

Secondly, the reasoning adduced by Sommerfeld in 
support of the path of integration for the azimuthal phase- 
integral Sp de appears to be far from convincing. It goes 
too far and would appear to indicate an identical path of 
integration for the phase-integral | pdr, On the other hand, 
having in view the concepts of the time-total (Zeitgesamt- 
heit) of phases and of the space-total (Raumgesamtheit) 


* Ann. d. Phys. vol. l. p. 901 et seg. (1916). 
2 R2 
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of phases employed in statistical mechanies and the pro- 
position that the time-total of phases of a single orbit is 
equal to the space-total of phases of all similar orbits *, we 
should rather have the path of integration extended over the 
complete orbit from ram to r,,, through raars seeing that 
although p, is constant the phase-point in phase-space does 
not come back to itself until starting from rin we come 
back to rain through raae | 

A third objection to Sommerfeld's treatment of the 
relativistic motion is that advanced by Planck f and Schwarz- 
schild also in regard to the azimuthal phase-integral. 
According to Sommerfeld himself, the integral dq dy is 


n 


reducible to the form | padq 2 nh onlv where a path may be 


obtained such that | podg=0 along it. This, however, is not 
possible owing to a minimum value of the angular momentum 
whieh cannot be passed if the elliptic motion is preserved. 
Planck himself, in his own treatment of the relativistic 
motion arrives at the result 2z( p, — po) 2 nh as the azimuthal 
quanta condition where po is the limiting value of the 
angular momentum, The behaviour of the Rydberg number 
in the experimental results of Paschen, however, tells 
against the form 2z(p,—po)- nh. 

In the present paper I shall venture to suggest a fresh 
standpoint in regard to quanta conditions and to develop it 
bv reference to the particular cases of (i.) the linear 
oscillator, (ii.) the rotator, (1ii.) the ordinary Newtonian 
ellipse, and (iv.) the relativistic Newtonian ellipse. While 
they meet all the objections stated against Sommerfeld’s 
theory, they give results identical with those of Planck and 
of Sommerfeld in the first three cases. The results 
obtained, however, in the case of the relativistic ellipses are 
at variance alike with those of Sommerfeld and of Planck 
as well as with those which Sommerfeld would have obtained 
if he had taken the path of integration for the integral 
f pedo as he appears at first to have done from Tain tO Tmin 
through r,,,. The central idea in this investigation is still 
that of Planck, namely, the structure of phase-space must be 
on the basis of the integrals of the motion. As regards the 
experimental aspects of those conditions, I have to admit 
the disappearance of the doublets and the triplets; but the 
behaviour of the Rydberg number may be deemed to be 
sufħciently encouraging. 

* Repertorium der Physik, Ganz u. Weber, p. 455. 
T Ann. d. Phys. vol. l. p. 404 (1910). 
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$ 1. One degree of freedom. Linear oscillator, rotator. 


We may state the quantum condition in the form 


e 
N dtóH or | T6H 2 nA, 
«0 0 


where H is the energy and T is the periodic time *. 


(a) Linear oscillator. 


The equation of motion is Zr = 0; therefore 
4? + pwa = const. = 2H (twice the energy) = pa’, where a 


is the amplitude. jt therefore T is independent of 


H, w being an absolute constant. We therefore have 
T(H, — Ho) =nh or if Hy 0, TH, —»^. In Planck's 


notation e, (the energy) — z = nh» (where v is the 
frequency). 


(b) Rotator. 
The integral of energy is 4Jw*= H (J being the moment 


of das me w the angular velocity). T = - =7 d ; 
2a TH = c 2J.2H!— ^h; if Hy=0 we have 
nèh? 
H= arg’ 


§ 2. Two degrees of freedom. The ordinary 
Newtonian ellipse. 


.We may state the quanta conditions in the forms 
T di 6H. = nh, fj dep, = = nh, or in the alternative forms 


{ TéH = nh, and E = n'h .... where p, is the angular 
0 


momentum and 4 is the azimuthal period which in the 


present case is 27. 


The energy H2 —E- H (i+ $s) HZ , and 


the angular momentum = p = mr?$. 


* The symbol f is used throughout to mean integration over a 
complete cirouit. 
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The periodic time 


Tmax 


T=2( oye P oo o o AY. o rdr 
; A ae aa MR V (m—r)r-n) 


y . 
min m me 


— & 


m e? , e 
ut o prel”= Tmar’ 717 "win. ]- 
Therefore 


nh — (ren = f ea = Tre? V 2in E 
0 


0 
9m377?e* 
therefore H, = —E, ops 9 
nh? 
which is in perfect accord with Sommerfeld’s expression 
2 mare! 


B iro,» IE it is lc at the single quanta number n 
(naa ee noticed that the single q 
really absorbs nx’ and stands for n +7’. 


n' 
For the azimuthal  phase-integral (esp we have 


2T py n'h. j 


$3. JL heoretical considerations underlying the present 
mode of writing the quanta conditions. 


(i.) One had of freedom;  plase-integral :— 


| f dtàH = 


[n integrating with respect to ¢ over the whole period it 
is evident that we are taking account of all phases which a 
particular system passes through with constant energy, d 
in so doing we are also taking the space-total of all phases 
which systems with a given energy may have in phase- 
space. In subsequent integration with respect to H, 
therefore, we are accounting for the whole of phase-space 
corresponding to every variation. of the energy. The 


elementary cell in this phase-space being equal to h, we have 


( ( HSH or fran = A. 
(ii.) Two degrees of freedom ; ordinary Newtonian 


ellipse : : phase-integrals ff dióH — ^; 
| í d$àp = h. 


bd 


Generalized Quanta and the Bulmer Lines. 615 


What has been said respecting the case of one degree of 
freedom will apply equally well iu this case to the phase- 
e 


intevral | (uon. But fresh phases come up by reason of 


the fact that keeping H and T constant we can vary p or 

the azimuth. The phases brought up by variation of 

azimuth have no necessary relation with those depending on 
e 


time-difference, for T is a function of H while \ dd is either 


an absolute constant or, as it is in the case of the relativistic 
ellipse, a function of p. Having regard, therefore, to the 
proposition that the space-total of phases of different 
svstems having the sume p, T, and H would be equal to the 
time-total of phases of a single system, we integrate fdo 
over the complete period. Subsequent integration with 
respect to p therefore accounts for all phases which can 
arise through these sources. 

The observation may be made that the canonical coordinates 
Ji di» P242, ete. of a dynamical system are not unique and 
that it is easy to substitute for any pair ( p, q) the pair (H, t). 
It is possible therefore to represent phase-space as deter- 

mined by the system of coordinates p; 99; pa q3, .... H, t. The 
elementary volume of this space in the present case would 
be (dé pdt 6H = \d¢ bp .\dtsH ... because p and H are 
independent constants and ® and T are functions of p and 
H respectively. This volume tharefore is equal to A’. 


$4. Possibility of reduction of the present quanta 
integrals to Sommerfeld's forms. 


Writing the Hamiltonian equations of motion in the 
bilinear form we have Z(dg6p—dp8Q) = dt 6H. where d 
refers to a variation with time and therefore along the orbit, 
and 6 refers to a variation independent of the time. In the 
present case 


(dq,6p, — dp,84,) * dg êp, — dt OH, because dy, = 0. 
Therefore 8( palg,) —d(p,dq,) + da sop, = (dt èH. 


Integrating this form over a complete cycle we have 


è [f pido] — [p99,] + 278p, TSH * ; 


* The symbol [ ] is used to mean the difference of values at the 
extremities of a complete circuit. 
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since PAZA is zero—and this may be easily verified—we 
may write 


SL) pulg] + 27 8p, = TH. 


Integrating this equation between two orbits we have 
e À 2 
[] pdy]? + (27 pg? = ( TSH. 


It is now obvious that inste: ad of associating a quanta number 


with the phase-integral V Tól we may associate another 


with the integral [V pdy}, which will be the difference of 


the quanta numbers associated with tho former and with the 
expression 274, and this is exactly what Sommerfeld has 
done. 


§5. Cause of the relativistic ellipse ; phase-integrals 
(rat 6H =nh, NET ps — n'h. 


Sommerfeld writes for the equations of motion 


d : . e? d x e? : 

a (ma) zr cos d, 3, 0) = — z sin $, 
where m —my/[ V1—g8? and B= - 
Putting K = —m,c /1—j we have 

oK 


— = mi ome my 
Oe By 
The equations of motion are therefore oe from 


ê \(K- — V)dt=0, where V is the potential — = The angular 


momentum ok = s s ) = mi*Ó = const. = p- 
00 v1—458 
The energy 
,9h aK moc? e? 
+ —K4-V2—-——-—- =H (constant). 
i EET. VICO qM 


For the bilinear form of the Hamiltonian equations we 
proceed thus :— 


"4 
Let | (k-v)u- 8 


el 
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then 
‘2 2 (dK ; oK ; 
— -— = CU Ô -t t T oW |a \ 
$8 — | (K- V) EE: (8x48) + Sg (y 980 f 


therefore ôS = | (Zp 99 —H6t). 
] 


If d is a variation with time and therefore along the orbit, 
we have easily 
(dq.8p, — dp,99,) + dg, 6p, = dt OH, 
i.e. O(p,dq,) —d(p,0g,) 4 dg, Op, = dt dH. 


Now the differential equation of the orbit has been deduced 
by Sommerfeld in the form 


oc et =f H ! 
apti aj T rit wal 


and the equation to the orbit in the form o = A(1+ ecos yẹ), 


1 Ka =) i. et 
where c=, Rs er , y=l--. 


e is given by the relation which is easily deduced, 


H / pP- p’ e 
1+ Moc? = p-ep? 9 where Do "E 


The azimuthal period -= ; therefore the phase-integral 


? e 
NET 
0 


= "22 op = 2r 
vo Yy 


POR uui car 
J aapa NP, 


2m Vp — pè = wh. 
(CX 
For the phase integral È dt 6H. we integrate the bilinear 


0 
form over the whole orbit and obtain 


TSH =ô [ [978 —[p.59,] + = Sp. 
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> : 6A 
But [j5904,] = Pi g? Vl lg? 7 ^ Ail F ecos yd y$) 


an 


ew 


. 6ecos yp e sin yd I E 
~ A(1+ecos yp? oY Aenea gay nt Q. 


Therefore TSH = 8 [| pdy + 26 Vp? pe), 


which shows that TSH is an exact differential and T is a 
function solely of Il. 
Sommerfeld evaluates 


d /7—— , 1 
\pdq.= Ir p — pg i {as - 


"M NE. 
Therefore TéH = 6 [27 Vs; 4 


H 2 E 
But l+--,= Veg = Ws (say), 
myc? py Me 3 
p—py).uw 


from which we obtain r= ; 
l—e ]—5s 


Therefore 


n EN 
( T6H = an ( pel | = nh (s,—0, for the zero path), 


H, nh 
moc’ yhe + Am p 


or l+ 


It will be seen that the energy thus depends on a single 
quanta number, and the doublets and triplets of the Balmer 
series would receive no explanation. 


§ 6. Comparison with the quanta propositions of 


Planck and Sommerfeld. 


Sommerfeld writes 
-— | 
2n / p! pi | qund 


while with Planck the latter would stand in the form 


—] ! =nh and 2mp = nh, 


2m(p—p) = nh. 
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According to Sommerfeld's original view of the path of 
integration for the azimuthal phase-integral the latter would 
stand in the form 


All the azimuthal relations are therefore different from the 
relation 2v V p! — py? = wh proposed in this paper, while if 
the present relation is admitted then the radial quanta 
number of Sommerfeld would appear to be the difference 
of the quanta numbers associated with the time-energy 
integral and with the azimuthal integral. 

It is also obvious that 


(d$ 8pdt&H = f dpôp .(dt8H, 


since the period in $ is a function entirely of p, and the 
period in ¢ that of H. Thus the elementary cell in phase- 
space has a volume equal to A42. It will also appear that the 
least value of p, which is po, cannot be passed in quanta 
changes. 


$7. Comparison with Paschen’s experimental results on the 
behaviour of the Rydberg number in the Balmer Series. 


H, nh 


mid = 
m rr e 
? n7h? + 4r? E 


We have =l. 


But e=47.10°%; h= 65.1077; c= 3.10! 


2,4 
therefore er . is of the order of 1073. 


ch? 
Therefore 
H, B 1 
— NEN 
(1+ Au) 
2qre, Orte! 


=— z 0 434], ete ; 
nth? C888 Ó 
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therefore 


L 
ie 


2T?^ng|( 1 1 f 37r7e4 (1 1 
= ao Cs a) f LE (atza) I 


1 l\ | 3mret/ 1 l 
=N- ~ 2) ) pe: ve ee + e) Bell 


where N is the Rydberg number. 
The corrected Rydberg number N' therefore for the 


hydrogen lines 
oet (1 1 
oN {1~ "Firat a) }- 


According to Sommerfeld 


= met (1 1 
N= y | 14 usi " sr 


It will thus appear that the order of the correction here 
proposed, unlike that suggested by Planck, agrees with that 
of Sommerfeld's formula. There is however a difference 
in sign. However, if we observe Paschen's experimental 
values for Ha, Hy, H}, Hs, which are as follow * ; 


H. Hy H, H,. 
N’ | 109678:205 | 109678164 | 109678167 | 109678°198 | , 


it will be noticed that apart from H, the successive numbers 
show an increase and not a decrease, and this fact is in 
harmony with the formula here proposed rather than with 
Sommerfeld’s form which by making AN positive would cause 
N to decrease down the series. 


§ 8. Conclusion. 


The extension of the theory of the present paper to a case 
of n degrees of freedom may be made provided we have the 
n first-integrals of the motion of which one is necessarily the 
integral of energy. When the positional coordinates, which 
are canonical conjugates of the integration-constants treated 


* Ann. d. Phys, vol. 1. p. 935 (1916). 
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as momenta, are obtained, the quanta-integrals may be 
written in the forms 


ES: =nh, | dp, = n'h, f ey = nh, etc., 
0 0 0 


T, $, V, etc. being the periods of the system with respect to 
such positional coordinates. 

It is evident that a quanta integral would tend to become 
infinite if the periodic time or the period of the positional 
coordinate is infinite, 1. e. if the dynamical system in respect 
of that particular coordinate is not periodic. It would thus 
follow that quantaic changes of energy or momenta are a 
property of periodic or quasi-periodic motions and that 
where there is no periodicity the energy changes or momenta 
changes must be gradual—a fact which will ensure a finite 
value for the quanta-integral. 


Summary. 


In this paper the suggestion has been made on theoretical 
grounds of statistics that the quanta integral in the case of 
one degree of freedom should be written in the form 


n: = nl, 


0 


and that in the case of Newtonian elliptic motion both of the 
ordinary and the relativistic type quanta integrals should be 
written in the forms 


[ron = nh, E —nuh 
0 


* 0 


(where T is the periodic time, H the energy, ® the complete 
azimuthal period, and p the angular momentum). The 
consequences of this theory are compared with those of 
Sommerfeld's and with the observations of Paschen on the 
Balmer lines of hydrogen, and it is shown tbat while the 
doublets and triplets receive no direct explanation, there 
being no splitting of energy as with Sommerfeld, the 
behaviour of the Rydberg number may be regarded as. 
somewhat more satisfactory. 
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LXII. The Meaning of “a” and “b” in the Equation of 
State. By Anavs F. Cong, Chemical Department, Uni- 
versity of Manchester * 


N the second part of a paper entitled ‘ Notes on the Kinetic 
Theory of Gases” (Phil. Mag., May 1922) Mr. Fowler 
calculates the value of van der Waals’ “a.” There seems to 
me to be something uns: iu in taking the “a” that he 
finds to correspond. to the “a” of van der Waals’ Md of 
state. This equation may i written in the form 


p= RT + RTb/v —ajr 


when the gas is moderately rarefied. The general virial 
equation so far as the second virial term is pr=RT + B/r. 
Now except under certain conditions, even when the 
molecules contain perfectly hard kernels, the term B/v does 
not naturally fall into two parts corresponding to RT5/v and 
aj v, that is into two parts one of which is proportional to the 
temperature and the other independent of the temperature. 
Therefore, in order to Ps du into two parts it is 
necessary to define either “a” or “b.” 

When the molecules ave perfeetly hard kernels, then 
RTb/v may be defined as that part of the virial due to the 
forces that arise when the kernels actually collide. If c is 
the diameter of the kernels and —x(c) the work required to 
separate to infinity two molecules in contact, then, as 
Reinganum showed, this collision virial equals 


2m No? = T. 
ET 
The rest of the virial 


B 9-«No? - [s 
e , 


vu 3v 


may be called —a/r, but this does not mean that the “a” so 
defined corresponds satisfactorily with the “a” of van der 
Waals. 

B/v can, however, be separated into two parts by defining 
the meaning of * a." Thus a/v may be defined as half the 
work required to abstract N molecules chosen at random 
from the interior of the gas to infinity outside the gas. This 
definition is, however, ambiguous. The ambiguity is re- 
moved by stating that when a molecule is being removed 
the other molecules are to be considered fixed in position. 


* Communicated by Prof. A. W. Porter, F.R.S. 
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The work done on a molecule then gives the change in the 
potential of the molecule usually referred to as y ; and the 
work for the N molecules will give the increase in potential 
energy consequent on the removal of one gram molecule from 
the interior of a vessel filled with the gas. Minus half this 
quantity, that is —a/v, is the potential energy of a gram 
molecule of the gas. To the same degree of approximation 
as results from the neglect of all the virial terms beyond the 
second, “a” is independent of v. Therefore 


a 
d- 
v 

= — 


"n de` 


' A«xcording to the classical kinetic theory the kinetic energy 
is constant so long as the temperature is constant, so that if 
U is the total energy of the gas per gram molecule 


EA 


t-(0-2) 


This allows a/v to be caleulated wheu the equation of state 
is known. Expressed directly in terms of the molecular 
field, the potential energy per gram molecule is given by 


Therefore 


in which x is the potential of a molecule at a distance r from 
the centre of another molecule. 

It is the a/v thus defined that corresponds most closely 
with the a/v of the equation of van der Waals. The re- 
maining part of the second virial term may be called RT6/v. 
This cannot be called the collision virial, for when the 
molecules contain a hard kernel it does not in general 
reduce to the collision virial of Reinganum. Perhaps the 
best name for the two parts of the second virial term as 
defined above are the potential part and the non-potential 
part. 

a/v may, however, be defined as half the work required to 
remove N molecules chosen at random when, during the 
removal, the other molecules are allowed to move into their 
new positions of statistical equilibrium, the volume of the gas 
being kept constant. ‘This work does not equal the increase 
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of potential energy, and is usually less. If carried out under 
isothermal conditions there will be an exchange of heat with 
the surroundings. When the gas is sufficiently rarefied so 
that the variation in density towards the boundary can be 
neglected, then —a/v thus defined must equal the entire 
term B/r. 

When the molecules contain a hard kernel we may modify 
this definition of a/v by excluding from this term that part 
of the work done by the impulse forces arising on collision. 
This, in effect, is what Mr. Fowler does. But even then 
this remaining ‘work does not give the increase in potential 
energy consequent on the removal of the molecules. 

The division of the term B/v which follows from this 
definition of a/e must be the same as that of Reinganum, 
for the other part of the term—that is RTb/r, is due to the 
collision impulses. 

This method of division, apart from the fact that it is onlv 
applicable when the kernels are perfectly hard, may give 
rise to a separation which has very little significance. 
Suppose, for example, that the field of the molecule consists 
of an inner spherical region of radius ø throughout which 
the potential is infinite, surrounded by a shell of thickness d 
across which the potential rises from x(o) on the surface just 
outside the inner region to zero on tlie outer surface. The 
collision virial is equal to 


9T No? -XP 
e 


Bu : 
whatever be the value of d. If d is made indefinitely small 
- 2T NG 1 
the total virial must be —5—— ., for the molecules are in- 
ðv 
distinguishable from simple hard spheres of diameter ø. 
Therefore, if we insist on making the collision virial corre- 
spond to RTb/v, the value of a/r must be 


RENDIR 


But it is evident that, the molecule now being a hard sphere 


without external field, the proper value of the a/v of van der 
aui nc TIN 
Waals is 0, and that of RT6/v is ud 
The University, Manchester, ` 
September 1922, 


——— o a o 
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LXIII. On the Molecular Scattering and Extinction of Light 
in Liquids and the Determination of the Avogadro Constant. 
By C. V. Raman, M.Á., Hon. D.Sc., Palit Professor of 
Physics in the Calcutta University, and K. SusHaciri Rao, 
M.A., University of Madras Research Scholar *. 


l. Introduction. 


THE phenomena of molecular scattering of light in liquids 

are of great interest from several different points 
of view. Apart from the importance they possess as an 
illustration of optical theory, their study throws light on 
fundamental problems concerning the nature of the liquid 
state and the anisotropic structure of atoms and molecules. 
They are also concerned in the explanation of one of the 
most beautiful of natural phenomena, that is, the colour of 
the deep sea and of other large masses of clear water, as has 
been explained bv one of us in a recently published book f. 
It may also be pointed out that the molecular scattering of 
light in the oceanic waters contributes in a noticeable degree 
to the albedo of the earth and thus possesses an astronomical 
significance. It is proposed in this paper to discuss in 
detail the theory of molecular diffraction in liquids and to 
describe further experimental work on the subject. - 


9. Einstein-Smoluchowski Formula. 


A suggestion has been made by some previous writers f 
that the Rayleigh law of scattering according to which the 
fraction of the incident energy that is laterally scattered in 
passing through a unit volume of the substance is 


32m*(u — 1)? 
AAA ee s (D 


applies also to liquids. This is not true. The assumption on 
which the law of scattering stated in (1) is derived, namely, 
that the scattered waves arising from the individual mele- 
cules arrive in arbitrary phases at the point of observation, 
is certainly not applicable in the case of condensed media, as 


* Commnnicated hy the Authors. — — 

t ‘Molecular Diffraction of Light, Calcutta University Press, Feb- 
ruary 1929. See also ‘Nature,’ Nov. 24, 1921, and * The Molecular 
Scattering of Light in Water and the Colour of the Sea," Proc. Roy. 
Soc. April 1922. 

t F. E. Fowle, Astrophysical Journal, vol. xxxviii. p. 392 (1913) ; 
Cabannes, Ann. de Phys. tome xv. pp. 1-150 (1920). 


Phil. Mag. S. 6. Vol. 45. No. 267. March 1923. 2 S 
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was indeed pointed out by the late Lord Rayleigh himself. 
The molecules in such a media are within each other's sphere 
of action practically all the time, and their ordering in space 
is therefore very far indeed from being a random arrange- 
ment. The relative phases of the scattered waves from the 
individual molecules are hence not uncorrelated, and we 
cannot expect the fraction of the incident energy which 
appears as scattered light to be given by (1). 

A more promising method of approach for dealing with 
the problem of molecular scattering of light in liquids is the 
“Theory of Fluctuations” developed by Einstein and 
Smoluchowski, of which a discussion has been given in the 
paper on molecular scattering in dense vapours and gases *. 
According to this theory, the fraction of the incident energy 
which is scattered in passing through unit volume of fluid is 


8 RTAB(uA — 1) (uh 4 2)* : 
TENE ooa oo s 2) 


where S8 and p are respectively the compressibility and 
refractive index of the fluid, T is the absolute temperature, 
X is the wave-length of the incident light, R is the gas- 
constant, and N the Avogadro number, both the latter 
referring to a gram-molecule. According to this theorv, 
the light scattered by a liquid in a direction transverse 
to the primary beam should be completely polarized. It has 
been already pointed out by one of us f that the intensity of 
the transversely scattered light is correctly given by the 
Einstein-Smoluchowski formula in the case of those liquids 
in which its polarization is tolerably complete. In the case 
of many liquids, however, a very considerable admixture of 
unpolarized light appears, and we have now to consider the 
explanation of this fact and the modification of the theory 
that it necessitates. i 


3. Imperfect Polarization of Transversely Scattered 
Light in Liquids. 


As already explained in the paper on scattering in dense 
vapours and gases, the Einstein-Smoluchowski theory is 
based on purely thermodynamic conceptions and practically 
does not consider the molecular structure of the fluid at all. 
It, in fact, regards a fluid as a continuous medium which is, 
however, subject to local fluctuations of density, and makes 


* C. V. Raman and K. R. Ramanathan, Phil. Mag. January 1923. 
t Loc.cit. . 
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use of the Lorentz-Mosotti relation connecting changes of 
. refractive index with the density to evaluate the intensity 
of the scattered light. If, however, we consider the subject 
from a molecular standpoint, the same result as that con- 
tained in the Einstein-Smoluchowski formula would be 
obtained, provided it be assumed that the molecules are 
isotropic. In the general case of a liquid consisting of 
anisotropic molecules, we may divide the effect to be ex- 
pected into two parts: (a) a part due to the thermal fluctua- 
tions of density, and (b) a part due to the anisotropy and 
varying orientations ofthe molecules. We may assume without 
appreciable error that part (a) would bequantitatively deter- 
mined by the Einstein-Smoluchowski theory, and that this 
part of the scattered light observed transversely to the primary 
beam would be completely polarized. From general consi- 
derations it would appear that part (b) should consist almost 
entirely of unpolarized light having an equal intensity in all 
directions. For, in an ordinary liquid, the molecules do not 
tend to set themselves definitely in any particular direction, 
and though in the case of molecules possessing permanent 
electrical or magnetic moments, a mutually directive in- 
fluence may be perceptible, the molecules in any appreciable 
volume of the liquid find themselves, on the average, in all 
possible orientations relatively to the direction of the incident 
light vector. Hence the light vector in part (b) lies mostly 
in all possible orientations. However, to be quite accurate, 
we may assume that part (b) also includes a certain pro- 
portion of polarized light, and proceed to find the increase 
resulting therefrom in the intensity of the transversely 
scattered light. Assuming the incident and scattered beams 
to lie iu a horizontal plane and the former to be unpolarized, 
we may write down the expressions for the intensity of the 
vertical and horizontal components in the scattered beam. 
The intensity of the vertical component is £-- eQ; 4- 20, 
and of the horizontal component is 20, where €), is the 
contribution arising from density fluctuations and ©, that 
arisinz from molecular anisotropy, of which the polarized 
part ef), appears only in the vertical component. The un- 
polarized part Q, appearing both in the horizontal and 
vertical components is multiplied by the factor 2 in each 
case as it arises in equal proportions from the vertical and 
horizontal components of the ¿ncident light. 

The ratio of the intensities of the horizontal and the 
vertical components is thus 


2€) 
0,30, £20, =? OY) (3) 


28 2 
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and the total intensity is 


OQ, eO, +49), e . . . . ° (4) 
which may be written in the form 
rae (5) 
6—(6 4 3Je)p 
The intensity of the light transversely scattered is thus 
greater than that indieated by the Einstein-Smoluchowski 
formula in the ratio 
6+ 6p 
6 —(6-F3e)p' 
We have now to determine the values of p and e in the case 
of liquids. The case of gases with anisotropic (ellipsoidal) 
molecules has been inv estigated by the late Lord Rayleigh, 
who has shown that if A, “B, C are three parameters ex- 
pressing the light-scattering power of a molecule for three 
mutually perpendicular directions of vibration fixed in it, 
the ratio of the intensities of the weaker and stronger com- 
ponents of the transversely scattered light is 


_ 2(A?+ B+ CT -AB—- BC - CA) - 
4(A*-D*4 0) AB BO CA^ c 0 O 
The total intensity is proportional to 
LOCA? ED? C?) —(AB+BC4+CA)].. . (8) 


Since (y —1)? for the gas is proportional to (A+B+C), it 
may easily be shown by eliminating A, B, and C with the 
aid of (7), as has been done bv Cabannes, that the actual 
intensity of scattering given by (8) is greater than for a gas 
of equal refractivity having isotropic molecules in the ratio 


6(1- p) 
émet 9 


(8) 


In order that our formula (6) may be applicable generally 
(that is, both for liquids and gases) it must reduce to (9) in 
the case of gases, and this will be so provided e=4. This 
value of e (that is, the proportion of polarized to unpolarized 
light in the additional scattering due to molecular aniso- 
tropy) agrees with*the result of an investigation by Born * 
for the cases of gases with anisotropic molecules, and since, 


* Verh, Deutsch. Phys. Gesell. vol. xix. p. 243 (1917); vol. xx. p. 16 
(1918). 


Scattering and Extinction of Light in Liquids. 629 


in any event, its influence is small, as may be seen from (4), 
we may at least tentatively take e=4 generally. The actual 
intensity of transverse scattering is thus greater than the 
scattering given by the Hinstein-Smoluchowski formula 


in the ratio dug We shall refer to this multiplying 


factor in future as the Cabannes correction. "The value of p, 
as can be seen from (3) and (4), depends on the relative 
magnitudes of Q, and Q,, that is, on the relative importance 
of density fluctuations and of anisotropy in the total light- 
scattering, and will thus vary considerably with the condition 
of the substance. In a gas obeying Boyle’s law, both the 
position and orientations of the molecules may be taken to 
be absolutely at random, and the intensity of both types of 
scattering is in proportion to the density of the gas. The 
state of polarization of the light scattered by a gas or vapour 
obeying Boyle’s law does not therefore depend on its density 
or temperature. The case is, however, altered when the 
conditious are such that there are considerable deviations 
from Boyle’s law, or when the substance is in the state of 
liquid. Jn liquids under ordinary conditions, owing to the 
very small value of the compressibility, the scattering due to 
density fluctuations is considerably less than in proportion 
to the density of the liquid. The scattering due to the 
anisotropy of the molecules, on the other hand, would be 
simply proportional to the number of molecules per unit 
volume: that is, to the density, provided we assume that in the 
liquid state the molecules are oriented at random and their 
mutually directive influences do not exercise any sensible effect. 
It follows from (3) that the proportion of the unpolarized to 
the polarized part in the light scattered by a liquid would 
therefore be much greater than for the same substance in 
the cundition of vapour at ordinary pressure. The state of 
affairs, on the other hand, is reversed when we consider 
a liquid at higher temperatures and pressures approaching 
the critical condition, when the scattering power given by 
the Einstein-Smoluchowski formula is greater than in pro- 
portion to the density. The ratio of the unpolarized to the 
polarized part would then be smaller than for vapours at 
ordinary pressures. In any case, the percentage of un- 
polarized light may be calculated theoretically for any 
arbitrary condition of temperature and pressure on the basis 
of the assumption referred to, when it is known for one 
particular case, e. g., for the state of rarefied vapour. In the 
case of a gas or vapour the maximum value of p is 4, corre- 
sponding to the case of a linear molecule. In the case of a 
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liquid the maximum value of p is $, which is only reached 
when the scattering due to density fluctuations is altogether 
negligible in comparison. with that due to orientation 
fluctuations. If e=0, then p may have any value up to unity. 


4. Observations of Light Scattering in Liquids. 


In the paper on ** The Colour of the Sea” *, some obser- 
vations on the intensity and polarization of comparatively 
mote-free water obtained by simple distillation and settling 
have already been described. For a more careful quan- 
titative examination, liquids purified by repeated slow 
distillations in vacuo may be wed. A convenient form of 
apparatus for this purpose has been described by W. H. 
Martin f... A bulb of the form shown in fig. 1 may be used. 


Fig. 1. 


A quantity of the pure liquid under examination is intro- 
duced through C into the bulb A, and the vessel is then 
exhausted and sealed off at C. Warming up A a little and 
lowering the temperature of B, the liquid distils over into 
the latter, and in order to cleanse it thoroughly, the distillate 
is rinsed back into A several times. The fourth or fifth 
distillate, if considered satisfactory, is retained in the bulb B, 
which is then sealed off at D and detached. If the bulb 


* Proc. Roy. Soc. April 1922; see also ‘Molecular Diffraction of 
Light, /oc. cit. 
t Journal of Physical Chemistry, xxiv. (1920) p. 478 and Jan. 1922. 
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be now placed in the path of a narrow cone of sunlight from 
a condensing lens which is focussed at its centre, the 
brilliant blue track of the beam in the liquid can be easily 
seen. In order to avoid the effect of stray light reflected 
from the sides of the bulb, it may be painted dead black 
outside, or in the alternative be immersed in a large beaker 
containing clear distilled water, which is painted dead black 
outside, openings being left for admission and exit of the 
beam and observation of the scattered cone of light passing 
through the liquid. The intensities of the scattered light 
from different liquids may be accurately compared with each 
other or with that in ether vapour saturated at room- 
temperature by a photographic method. The tracks are 
photographed side by side with equal exposures on a plate, 
the aperture of the camera-lens being varied by trial so as 
to obtain a record with the same degree of blackening. The 
ratio of the apertures gives immediately the ratio of the 
intensities. Since the scattering power of ether vapour at 
ordinary temperature is known absolutely from the experi- 
ments of Lord Rayleigh, the observations enable a com- 
parison to be made of the scattering power of the liquid with 
the theoretical value indicated by the Einstein-Smoluchowski 
formula with the Cabannes correction. 

The degree of polarization of the scattered light may be 
easily determined visually with the aid of a double-image 
prism and a nicol. The double-image prism gives two 
images of the track polarized respectively in horizontal and 
vertical planes, and by rotating the nicol placed behind it, 
two positions may be found in which the images appear of 
equal intensity. If 20 be the angle between these two 
positions of the nicol, then, obviously, p=tan?@. By 
inserting in the path of the cone of the sunlight before it 
enters the bulb one or other of a succession of Wratten 
colour filters transmitting restricted regions of the spectrum, 
the dependence of the degree of polarization on the wave- 
. length of the scattered light has been studied. 


9. Some Experimental Results. 


The results shown in Table I. illustrate the agreement of 
the observed light scattering power of liquids with that 
caleulated from the theoretical considerations set out in 
articles 2 and 3. The observed data relate to the integrated 
effect of the whole spectrum when colour filters were 
not used. 


—— —Á 
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TABLE I. 
| | p= | Obs d | 
| Oaba served | 
| i oe Compressibility | Weak comp. rag ecattefing | Calc 
Liquid ür š x 108 strong comp.| G(] 4. g) power in terms 
index | +p) . value. 
| per atmosphere. of Go7o°) Of pure air 
| p. polarization. P| at N.T.P. | 
| Per cont, 
Water ......... 1:337 42 12:5 1:30 165 1 
p Ether............ 1:368 200 83 1:19 860 926 
! 
| Methyl . . -è 
Jupe) mm 1:333 130 151 1-39 495 560 
| Ethyl 1:306 120 130 | 133 620 653 
| alcohol TT n) ~ ~ 
Benzene ...... 1:010 100 39:8 2:62 3135 2861 
| Chloroform ...| 1:450 145 15:0 1°39 | 1567 1503 
| Carbon . TOME 7 
| tetrachloride | | 1407 100 11-0 1-27 1040 — | 1056 
| Toluene ...... 1:510 110 40:0 2773 2970 3146 
i 
! . Carbon "n" s a 
bisulphide } +| 1650 104 wo | 927 | 100 psia | 


The general agreement is satisfactory, any discrepancies 
noted being in all probability due to uncertainty in the value 
of the compressibility 8 of the liquid, except in the case of 
carbon disulphide for which we get a better result if in (3) 
and (4) e is taken as zero. 


6. Dependence of Polarization and Intensity on the 
Frequency of the Light. 


In several liquids studied, a distinct dependence of tlie 
value of p (the ratio of the weak to the strong com) onent of 
polarization) on the frequency of light was found. The 
results are shown in Table II. 

This observed dependence of the state of polarization of 
the scattered light on its frequency is very important, as it 
indicates that the molecular anisotropy indicated by the 
experiment is connected with the optical resonance fre- 
quencies of the molecules. 

The dependence of the intensity of the scattered light on 
the frequeney is determined by three factors. The first 
is the X7* law, which is obviously the most important and 
determines the blue colour of the scattered light. Then 
again the refractive index p of the liquid which appears in 
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the formula is not independent of the wave-length, and in 
the case of highly dispersive liquids, its variation would not 
have a negligible influence. Finally, since p depends on the 
wave-length, the Cabannes correction which, as we have seen, 


TABLE II. 


p expressed in percentages. 


| Mean value Value of p. 
| Liquid. of p for 

| whole spectrum. 
| 


4 | 
Red. | Yellow. Green. Blue. | Violet. 


| — M 


Per cent. 

Water ... 12:5 94 | 106 107 .155 | 210 
| Ether ...... 8:3 82 | 82 | 82 90 | 92 
Methyl : =, : 
d 151 125 | 196 | 126 150 | 172 
| Ethyl } 13-0 109 | 109 : 109 180 | 150 
alcohol l 
' Benzene ... 39:8 - 398 | 398 | 398 410 | 410 
' Toluene ... 40-0 400 | 40:0 | 400. 400 | 400 


1 


is of great importance in the case of liquids, would vary with 
the frequency in à manner characteristic of the liquid. Thus 
we cannot expect the ratio of intensities of the scattered 
light to the incident light to vary exactly in inverse propor- 
tion to the fourth power of the wave-length. This is no 
doubt the explanation of the fact that the colours of the 
track of the primary beam in different liquids do not exactly 
match each other, even when the intensities are equalized by 
altering the apertures. 


T. Dependence of Intensity and Polartzation on Temperature. 


From the Einstein-Smoluchowski formula, it is clear that 
the scattering power of a fluid is proportional to the absolute 
temperature T, and it is also influenced by the changes of 
the refractive index and the compressibility 8, which are 
both functions of temperature. In general, us the tempera- 
ture rises, the density and therefore also the refractive index 
diminishes and the compressibility increases. The influence 
of the latter usually preponderates, with the result that 
increase of temperature generally means a considerable in- 
crease in the scattering power of the liquid. In special 
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cases, e. u., water, where the compressibility shows a fall 
with rising temperature, a moderate increase of temperature 
sliould aot produce much effect, but ultimately here as well 
a sufficient increase of temperature must result in an in- 
creased scattering. As the critical temperature of the 
substance is approached, the compressibility increases rapidly 
and ultimately becomes very large, and the scattering in the 
liquid becomes very great, giving rise to the well. known 
opalescence observed under the critical conditions, — This 
Increase in seattering may be verv readily observed by 
putting the liquid in a strong sealed bulb and placing it in 
an enclosed electrical heater provided with suitable windows 
for ingress and egress of the illuminating pencil and for 
observation of the scattered light. Studies of this kind have 
been carried out by other workers in the author’s laboratory 
for a number of liquids (ether, benzene, pentane, etc.) over 
a large range of temperatures, and the results together 
with a discussion are being published in separate papers. 
In the case of liquid ether, the increase in scattering with 
the rise and its decrease with the fall of temperature may 
easily be demonstrated by immersing the bulb in a heaker 
of hot water or in a Dewar flask containing a suitable cooled 
liquid. As an instance of the effects observed may be 
mentioned some measurements made with ether at 0° C. 
and 60? C. The ratio of the scattering powers at these 
temperatures was observed and found to be 1:60. "The 
compressibility increases from 160 x 1075 to 300 x 1078 and 
the refractive index falls from 1:370 to 1:334, and the ratio 
of the scattering. powers at these temperatures indicated by 
the Einstcin-Smoluchowski formula is 1:41, showing a fair 
agreement with observation. 

It is important to notice that the state of polarization of 
the scattered light also alters considerably with change 
of temperature. The quantity p and the Cabannes factor 
6(l- p) 
6—p 
is to be expected has already been pointed out in Art. 3, 
inasmuch as the scattering Qo due to density fluctuations 
follows the Kinstein-Smoluchowski formula and thus in- 
creases with rise of temperature, while the scattering =O 
due to anisotropy should (on the assumption of Darii 
random orientation of the molecules) be proportional to the 
density, and thus actually diminish with the fall of tempera- 
ture. Actually, by working with sealed tubes, the changes 
in the polarization of the light scattered both by liquids and 


are thus both functions of temperature. That this 
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by vapours have been studied, and it has been found in 
general agreement with the theory that the polarization 
becomes more and more nearly perfect as the critical tem- 
perature is approached. It does not fall within the scope 
of this paper to go more fully into the experimental details 
on this point, but it is worth while here to draw attention to 
the question how far the relation between the value of p 
for the vapour and for the liquid obtained on the assumption 
that the molecules are oriented absolutely at random in 
both cases, and that the mutual orienting influence of the 
molecules is negligible, is in agreement with facts. 


TABLE III. 


p is expressed in percentages. 


——— —————— ——— ee — ——- — MA anm. 


Observed value 


of p in vapour. Calc. value of p | Oba, value of p 


Liquid. 


| 
IE d for liquid. for liquid. 
Rayleigh. Authors. | 
~~ a Per cent. Per cent. 
Ether ............ I7 = 17 10°9 &3 
Benzene ......... 6:0 70 | 40:0 39:8 
Chloroform ... 3:0 90 | 18:2 15:0 
Carbon | | Te ` 
| tetrachloride |: 392 C 30 | e 1r0 
Carbon 3. ' z, i 
| bisulphide } 170 $ | 45-0 700 
| 


| 


The values of p iu the state of vapour for the substances 
shown in Table III. have been given by Lord Rayleigh as 
determined by a photographic method. They have been 
redetermined by the authors by a direct visual observation 
of the track of a concentrated beam of sunlight in respective 
vapours contained in a cross tube, a nicol and double-image 
prism being used. The value of p for carbon bisulphide 
vapour is marked by Lord Rayleigh as doubtful, owing to 
the formation of cloud. The experimental value of p for the 
different liquids is given as determined by the authors at 
ordinary temperatures (35? C.). It will be seen in the case 
of benzene that there is a fairly good quantitative agreement 
between theory and observation. In ile other cases the 
agreement, is only qualitative, showing that the assumption 
of absolutely random orientation of the molecules in the 
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liquid and gaseous states and neglect of their mutual orien- 
ting influence is not fully justified. The fuller explanation 
of these discrepancies and of their changes at different 
temperatures is a matter for further investigation. 


8. Relation between Polarization of Scattered Light and 
Dispersion Formula. 


That the degree of optical anisotropy of the molecule may 
depend on the frequency of the incident light has been 
suggested by a number of writers, including the late Lord 
Rayleigh * „and as we have seen ahove, the examination of 
molecular scattering of light in liquids furnishes ovidence 
that this is actually the case. Formula have been suggested 
connecting the degree of imperfection of the polarized light 
with the resonance frequencies of the molecules in different 
directions. Recently Havelock f has attempted, apparently 
with success, to pursue the matter further by utilizing the 
empirical dispersion formule for this purpose and has ‘dealt 
with the case of hydrogen. It is obvious that the method 
may be extended further, and that the data made available 
by the observation of the authors on liquids with different 
wave-lengths enables a closer test to be made of the idea. 
We propose to deal with this more fully in a separate paper. 


Molecular Latinetion of Liaht in Liquids. 


From the Einstein-Smoluchowski formula it follows that. 
the intensity of a beam of light traversing a liquid would 
diminish owing to the scattering of light according to the 
formula 

IzI,-*, 
where 


_ 8s! RTB(p? — 1 (gu? + 2)? 


E. Nx! 
This formnla, however, 1equires correction for the effect of 
molecular anisotropy and will only be valid for those parts 
of the spectrum for which the liquid exercises no selective 
absorption, and it also assumes that the liquid contains no 
suspended matter. It has already been pointed out in a 
note in * Nature,’ that the corrected formula agrees with the 
experimenta] result obtained by Martin for dust-free benzene 
for wave-lengths 5461 and 4358 A.U. The determination 
of the extinction coefficient for other wave-lengths and for 


* Born, Ferh. Deutsch, Phys. Gesel, xvi. (1918) and see also Zeit. 


für Physik, xxxvii. (1921) ; and J. J. Thomson, Phil, Mag, xl. (1920). 
t Proce. Roy. Soc. May 1922. 
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other liquids (for which the coefficient is much larger than 
in water) should not present serious difficulties. Even with 
relatively short columns by the use of photo-electric cells 
balanced against one another, small extinction-coefficients 
should be capable of being determined with accuracy. 
Experimental work on this point is now in progress in the 
authors' laboratory. 


10. Absolute measurements and the Determination of the 
Avogadro Constant. 


Cabannes* has determined the Avogadro constant by 
means of absolute determination of the light-scattering in 
gases. Since the Einstein-Smoluchowski formula for the 
scattering of light in fluids contains the Avogadro number 
(the other quantities p, T, R, 8, and X being known), the 
Avogadro constant may also be determined by observations 
on light-scattering in liquids. This has been done by the 
writers in the following way. 

In order to be able to measure the amount o£ scattered 
light in terms of the incident light, it is necessary to use 
monochromatic light and also to cut down the incident light 
so as to enable comparisons to be made between it and the 
scattered light. As the source of light a mercury are in 
silica was used. The 4358 line was used, all the other lines 
being filtered out by cuprammonium and quinine sulphate 
solutions. For reducing the. incident light a solution of 
potassium dichromate was prepared. The arrangement was 
as shown in fig. 2. 

The water that was used was distilled water that had been 
allowed to stand for a long time in a plane-sided glass bottle. 
The water was very clear, the motes all having settled 
.down. The track when illuminated by a concentrated beam 
of sunlight was a fine blue one showing practically no motes. 
It was dead-blacked on all sides excepting apertures for 
ingress and egress of light, and observation of the track. 
The light from the arc S was focussed by a lens on the 
bottle through a rectangular aperture O. A and B were 
celis containing cuprammonium and quinine sulphate, re- 
spectively, to filter out the 4358 radiation. A square-sided 
bottle M contained the absorbing solution of potassium di- 
chromate. The strength of the solution was varied by trial 
till the incident light.was reduced in the proper ratio, such 
that its brightness was quite comparable with that of the: 
track. To ensure that all the longer wave-lengths, 4916 ete., 


* Ann. de Physique, tome xv. (1920). 
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were absolutely cut off, another cell N containing a strong 
solution of cuprammonium was placed in the path of the 
incident beam. — Wave-lengths smaller than 4358 had been 
initially cut off by the quinine sulphate solution, and the 
potassium dichromate solution reduces them further mere 
equally well with the 4358 line. Thus it was ensured that 
both the reduced incident light and the scattered light were 
strictly of the same wave-length, a condition which is abso- 
lutely necessary since the intensity of the scattered light 
varies as A7~4, The method of comparison consisted in 
photographing the track at P by means of a lens Ly, at a 
definite distance r from the track, and in photographing the 
incident light at P by the same lens at L, and at the same 
distance r. When photographing the incident beam the 


Fig. 2. 


absorbing solutions M and N were placed in position to cut 
down the incident light. Photographs of both were taken 
on the same plate, the time of exposure being the same, and 
the final adjustments for the equality of the two tracks being 
made by altering the aperture of the lens L. The absorption 
of the solutions was determined accurately by means of a 
Nutting photometer, using a cell of a centimetre thickness 
to contain the solution. In calculating the total absorption, 
a correction for the reflexions at the glass surfaces of the 
cell and the bottle was made. The ratio thus obtained had 
to be further corrected owing to the fact that the incident 
light was slightly converging, while the diffused light is 
scattered in all directions. According to the Einstein- 
Smoluchowski formula, the total amount of ight scattered 
in all directions is 


Xa RTA(u? — 1)? (u? + 2)? 
27 Nat 
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per unit volume, which is distributed over a solid angle 47. 
The fraction of the total diffused energy caught by lens L is 
Garr? 


only "E 3 of the whole, where a is the area of the lens. 


In the case of the incident light the fraction of energy 


caught by the lens is a/4err? sin, where @ is the angle of 
convergence of light. Taking this correction into account the 
ratio was calculated. From this, and putting R— 1:37 x 10716 
per molecule; 42x 107? dynes[cm.? ; T=305° ; w=1°337, 
N was evaluated (taking into account the Cabannes factor) 
and found to be 7:3 x 105, which is of the right order of 


magnitude. 
Summary. 


The paper deals with the problem of molecular scattering 
and extinction o£ light in liquids, both from the experimental 
and the theoretical standpoints, and the following are the 
general results obtained :— 

(1) It is shown that the intensity of the light diffused in 
liquids is not given by the Rayleigh law of scattering. The 
“ Theory of Fluctuations” of density considered by Einstein 
and Smoluchowski, however, gives a quantitative explana- 
tion of the observed phenomena, provided account is taken 
of the influence of molecular anisotropy which, in general, 
is very important in the case of liquids. 

(2) The light scattered transversely by liquids is, in 
general, very imperfectly polarized, in fact, far more so than 
in the case of the vapour of the same substance. It is shown 


that this fact receives explanation when we consider the | 


general character of the distribution in the liquids of the 
molecules separately as regards position and orientation. 
The theory may be given a quantitative form, and enables 
the polarization in the liquid to be calculated when that 
of the vapour is known. Good agreement with facts is 
observed in the case o£ some liquids, but in others it is only 
qualitatively correct. 

(3) In accordance with the indications of theory, the 
intensity of scattering increases with the temperature in 
liquids and becomes very large as the critical point is 
approached, The polarization of the scattered light tends 
at the same time to become more and more perfect. i 

(4) The state of polarization of the scattered light is 
found experimentally in liquids to bea function of the wave- 
length of the incident light, and this indicates that the 
observed optical anisotropy is probably connected with the 


Dies c Cb m e ee ai 
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resonance frequencies of the molecules in different directions 
and with the dispersive properties of the substance. 
(5) The absolute determination of the light scattering in 
liquids enables the Avogadro constant to be evaluated. 
Further work with the subject is in progress. 


Calcutta, 
Ist of June, 1922. 


Note added in proof dated 11th Dec. 1922.—4 fuller dis- 
cussion of the effect of molecular anisotropy on the scattering 
and extinction of light in liquids, based on the electron theory 
of dispersion, will appear in a paper by Mr. K. R. Ramanathan 
shortly to be published. In his treatment, the fact that the 
electric polarization is not the same within the liquid as 
outside it is considered and taken into account. 
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LXIV. Znutelligence and Miscellaneous Articles. 


ON THE VISCOSITY OF GASES IN A TRANSVERSE 
ELECTRIC FIELD. 


To the Editors of the Philosophical Magazine. 

GENTLEMEN,—— 
I^ a paper published in your June number of 1922 on 

“Viscosity of Air in a Transverse Electric Field," Mr. Satyendra 
Ray communicates experiments to test whether there is a change 
in the viscosity of air in a transverse electric field. In Zeitschrift 
f. Physik, I am publishing now a paper which treats this subject 
from the point of view of the kinetic theory of gases, assuming 
that the molecules ave electric quadruples acquiring in an electric 
field a momentum proportional to the field-strength. In a field 
of 100 C.G.S. units the ratio of the viscosity in a transverse field 
to the viseosity without field would be 


for nitrogen z1-—4.10-$, 
for oxygen —1—3.10-?. 


Mr. Ray found the absence of change in the viscosity of air 
greater than or equal to 0:3 per cent. in a transverse field of 
in 60 C.G.S. units, which is in accord with my calculations. 


Institut f. theoretische Physik Yours faithfully, 


an der Universitat, Vienna. H. SIRK. 
Dec. 7, 1922. 
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LXV. The Reaction consequent upon the Evaporation of 
a Liquid and upon the Emission T, Vapours from Small 
Orifices.—PART I. Argument. ART Il.  Appendiz. 
By Prof. W. G. DurriELp, D.Sc., University College, 
Reading *. 


INTRODUCTION. 


THE object of this communication is to draw attention to a type of 
interference between the molecules of a vapour and those of an 
external medium, which appears to play a considerable part in the phe- 
nomenon of evaporation and in the discharge of a vapour from a boiler. 

It deals also with the manner in which a vapour is discharged into 
the atmosphere from a boiling liquid and with the reaction consequent 
upon the discharge of molecules from a boiler maintained at a steady 
temperature and pressure, and with certain phenomena associated with 
saturated vapours which have to be considered in the light of the 
existence of molecular interference. | 

The paper is divided into two parts:—the first sketches the main 
features of the investigation and describes the results; this we have 
termed the Argument; the second, which consists of an Appendix 
divided into several Sections, comprises fuller details of the experimenta 
described in the first part, together with a certain amount of mathematical 
treatment, whose inclusion in the outline of the dissertation would tend 
to obscure the trend of the discussion. 


* Communicated by the Author. 
Phil. Mag. S. 6. Vol. 45. No. 268. April 1923. — 2T 
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PART I. 
THE ARGUMENT. 
The Origin of the Investigation, 


N .the course of a series of experiments upon an electric 
arc burning in air, it was discovered that each pole 
behaved as though there were a mechanical pressure upon it 
which caused it to move away from the opposite pole *. 
It is not necessary here to discuss this phenomenon, it is 
sufficient to state that various explanations of this pressure 
suggested themselves, amongst others that it was the reaction 
consequent upon the evaporation of carbon atoms from the 
hot poles. It was the necessity for testing this experi- 
mentally which led to the present investigation; the results 
of some of the earlier experiments have been briefly stated 
in the papers to which reference has been made. A some- 
what similar problem had previouslv confronted Osborne 
Reynolds, who gave reasons, stated in Section 10 (Appendix), 
for expecting a reaction upon an evaporating surface. 


Evidence of Interference in the Process of Evaporation. 


The investigation has been carried much further than the 
original problem demanded, which was merely to discover 
whether in the process of evaporation or boiling into the 
open air, there were any measurable mechanical reaction 
upon the surface from which the molecules were issuing. 
This was, however, the first matter submitted to experimental 
test. Water and ethér were the substances found most 
suitable and, briefly, it may be stated that no measurable 
reaction was observed when these evaporated into the open 
air. This experimental fact led to an examination of the 
reasons why it is absent, or at least too small to be measured. 

There is a real and, I believe, a new problem here : for 
suppose that there is an escape of molecules of water vapour 
at the rate of something like ‘03 gm. per second (as in an 
actual experiment), and that the molecules of steam are 
escaping from the liquid with a speed which is of the order 
of magnitude associated with a gas molecule at the tempe- 
rature of the experiment (roughly 7x 10* em. per second 
for steam at 100? C.). This is, I believe, the generally, but 
not universally, accepted view; it was adopted by O. Reynolds 
(loc. cit.), and experiments by Knudsen seem to support it. 


* Duffield, Burnham, and Davis, Phil. Trans Roy. Soc. A. 220, 
p. 109 (1919). Proc. Roy. Soc. A. 97, p. 396 (1920). 
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The matter is further considered in Section 4, Appendix, but 
we adopt it here provisionally as a working hypothesis. On 
this basis we see that the surface should be losing momentum 
at the rate of 03 x 7 x 10*= 2100 dynes, which is nearly equal 
to the weight of 2:14 gms. This is, therefore, the order of 
magnitude of the force to be expected if the molecular pro- 
jections were the only factor to be taken into account ; if 
only the fastest molecules were projected the rate of loss of 
momentum would be still greater; on the other hand, if the 
projection were at random instead of normal to the surface, 
we should divide by 4/3. 

In another experiment, the evaporation proceeded so 
rapidly that the rate at which the ue lost momentum, on 
account of the projection of molecules, corresponded to the 
weight of 11:4 gms. Obviously no very refined experiment 
should be required to detect so large a reaction, and that is 
why we have been content in the first instance with a rough 
experimental investigation whose object was to detect 
whether or not there is a reaction of this order or- 
magnitude. l 

The first experiment was conducted by allowing ether to 
evaporate from the pan of a balance and observing the rate 
at which the pointer moved (Section 1)*. Subsequently 
(Section 2), it was shown that it was legitimate to experiment 
with a liquid which was boiling, because it was found that a 
boiling liquid does not in the main, or even largely, discharge 
its vapour through the bursting of bubbles, but by the 
passage of the material through the bubble-wall after the 
bubble has risen to the surface; so that in its final stage 
the phenomenon of boiling is closely allied to that of 
evaporation in that the essential action takes place at the 
surface. 

A second set of experiments was therefore carried out in 

which a liquid was boiled upon the pan of a balance 
(Section 3). The writer wouid be the last to claim that 
these experiments are of a refined character, but they 
certainly appear to be adequate to determine whether 
the molecular projection was the only factor involved 
in the process of evaporation and boiling into the open air. 
. In none of the experiments was any pressure upon the 
surface observed, and we are well within the limits of ex- 
perimental errors when we say that we could easily have 
detected a reaction equal to the hundredth part of that whose 
existence we wished to test. 

* The reference is to Section l of the Appendix forming Part II. of 
this paper. Subsequent references will be similarly abbreviated. 


2T2 


644 Prof. W.G. Duffield on the Reaction consequent 


The problem is to account for the absence of any measurable 
reaction. 

Is it absent because (1) the general view is wrong that 
the molecules issue with the velocitv we have assigned to 
them ; do they, instead of being projected like bullets, just 
drop off ? Do they suffer so much in velocity in penetrating 
the surface layer? Do they, in fact, behave like electrons 
liberated photoelectrically jon a metal at the threshold 
frequency? We devote Section 4, Appendix, to a consi- 
deration of this point, and as the evidence obtained in vacuo 
points to a high velocity of projection, it seems that this is 
not the explanation, so we proceed to consider the other 
alternative (2), namely, that there is some compensating 
interaction between the projected molecules and the mole- 
cules of air or previously evaporated material in the space 
above the iad, which prevents the loss of momentum of 
the projected material from becoming evident as a pressure 
upon the surface? 

The gist of the experimental evidence, though not abso- 
lutely conclusive, is that the evaporative reaction tn vacuo 
is powerful und in air imperceptible, hence we conclude 
that the explanation lies in this latter alternative, and 

what we must next proceed to do is to examine the 
. effect upon the motions of the molecules of air or vapour 
above the liquid of the projection among them of a large 
number of molecules moving with high speeds from the 
liquid below. We must observe two precautions in dealing 
with the problem—it would be misleading and erroneous to 
treat the problem as though the evaporated material were 
introduced into the atmosphere as an ordinary mass of gas 
with the usual Maxwellian velocity distribution ; this is not 
the case, since the molecular motions are all in the forward 
direction though precisely how distributed about the normal 
to the surface is not at present known. Moreover, the 
permanently escaping material is not to be treated as 
saturated vapour; this we may see by comparing the 
number of molecules which would cross unit plane within a 
saturated vapour with the number actually lost by the same 
urea of a liquid surface under vigorous boiling. As we show 
later, the ratio is not likely to be much less than 5000 to 1. 
Or we may put the matter thus :—The quantity of vapour 
crossing unit plane in a saturated vapour in a second at 
atmospheric pressure is obtained by writing II =10¢=2mnr, 
where n is the number of molecules crossing unit plane in 
one second with velocity v normal to it, whence for steam at 
100" C. the mass mr=10%/2v= 1059/2 x 6:6 x 10* — T6 gms. 
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This is enormously greater than the greatest rate of boiling 
attained, namely :0015 gm. per sec. per unit area. 

It is true of course that the newly evaporated molecules 
will, after projection, find themselves amongst previously 
evaporated material, and that the whole space may be satu- 
rated, but the point is that the material as it issues is far 
from possessing the density of saturated vapour; we might 
indeed imagine so slow a supply of heat that only one 
molecule issued from each sq. cm. in a second. It should 
be clear from this that the ordinary equations relating to the 
mass-motion of a vapour are not applicable to this problem ; 
we proceed therefore from another point of view. 

If the external molecules which are set in motion by 
collision with the projected material were originally stag- 
nant, at rest, the momentum of the whole mass would still 
be that of the projected material. Imagine a platform on 
which a thousand cannon were mounted, all pointing in 
the same horizontal direction, and each of which fired a 
cannon-ball per second. The reaction upon the platform 
would be the same, whether the space before it were empty 
or were occupied by a large number of siwilar balls sus- 
pended by eords which broke when the balls were struck. 
The loss of momentum per second by the platform would be 
the same, but there would be a different number of balls in 
motion in the two cases—in the first a thousand would be 
set in very rapid motion in each second, whereas in the 
latter there would be many thousand moving with much 
smaller speeds, but representing the same total momentum 
away from the platform. The full recoil would be felt by 
the platform in each case. 

Clearly, since in our actual experiments an evaporating 
surface remains sensibly at atmospheric pressure even when 
discharging molecules with enormous velocities, there must 
be a further factor to be taken into account. 

It was suggested that the condensation of the vapour into 
water above the liquid might occasion a reduction in the 
pressure which would just balance matters. This was tested, 
not by the rather insensitive balance method, but by using a 
jet of steam and observing the reaction upon the vessel from 
which it was issuing by a delicate torsion method, both when 
the steam was condensed upon a cold body placed close to 
the orifice, and also when a body at a temperature over 
100° C. was substituted. Though in one case the conden- 
sation was vigorous and in the other was absent, no difference 
in the reaction was observed. The areas of the hot and cold 
bodies were 100,000 times that of the orifice, and they were 
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a in turn at distances varying from 7 cms. to 0:2 cm. 
rom the orifice. This is strong evidence that condensation, 
as usually understood, is not the cause of the phenomenon. 

What then is the further factor to be taken into account ? 
In the writer’s opinion itis that the molecules of the external 
medium are in motion and that this is profoundly affected 
by the projected material. . 

The liquid is being continually bombarded by molecules 
of air or vapour whose impacts occasion the usual gas 
pressure, but, as the rate of evaporation increases, some or 
all of these suffer encounters with the molecules projected 
from the liquid, so that they are prevented from commun:- 
cating their full momentum to the surface. 

This may happen either through the deflexion of the 
molecule or the reduction of its velocity normal to the 
surface as the result of a collision or series of collisions. 
The precise mechanism whereby the momentum is diverted 
or neutralized we do not propose to examine here; we should 
not, however, dismiss lightly the possibility of some collisions 
being of an inelastic character, because Wood has shown 
from spectroscopic evidence that a newly evaporated molecule 
of mercury may, instead of condensing, attach itself to a 
molecule of hydrogen in the space above the boiling liquid, 
and there is also in a vapour always the possibility of 
molecular association. Also we find Langmuir urging the 
inelastic nature of the encounters close to an evaporating 
solid surface. 

Our view thus is that there is a type of interference 
between the rising molecules and those directed downwards 
from above, and the reason why the pressure upon the 
surface is not the simple sum of the atmospheric pressure 
and that due to the recoil is that the downward stream fails 
to impart to the surface the momentum which has been 
deflected or otherwise absorbed. | 

It is as though our gun-platform were being bombarded 
by enemy fire, which we can picture as occasioning a pressure 
which might be measured by the compression of a spring. 
Upon our opening fire, there is an additional reaction if our 
cannon balls do not strike those of the enemy (i. e. if the 
cannon ball density is low), but if they do collide in such 
a way that each ball stops or diverts an enemy ball, the 
reading of the spring will remain unaffected by the discharge 
of our guns, since each discharge both contributes a certain 
amount of kick to the platform and robs it of the impact of 
an enemy shell. 


But it is not infinitely probable that each enemy shell will 
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meet one of ours in such a way as to be prevented from 
delivering its momentum to the platform, so the neutralization 
is not likely to be complete unless the discharge rate is very 
great. The amount of momentum stopped depends, for 
example, upon the size of the shot and the number fired in 
each second. This then is much what is happening in the 
case of a liquid which is evaporating or boiling—it depends 
upon the rate of evaporation how much of the external 
atmosphere is prevented from exerting its pressure upon the 
surface. 

In the experiments we have described the number of 
molecules escaping per second was always a very small 
fraction of those incident upon the surface in that time :— 
for example, for a moderately rapid rate of boiling, 0:0015 
gm. or 9x 10'? molecules, escaped per second from each 
Sq. cm., whereas the number incident from above was 
approximately 3:4 x 10? in the same time, so that the number 
escaping was less than the 1/5000th part of those with 
velocities directed towards the surface. In no case was this 
rate of evaporation greatly exceeded, so to test our theory 
it becomes increasingly important to find other means whereby 
we may achieve a greater ratio between those emitted and 
those approaching the surface from without. 

Before discussing these, there is one simple case of some 
theoretical interest— suppose that even with small discharges 
all emitted molecules were to meet external molecules in 
effective encounters; let us gradually increase the rate of 
discharge ; we should expect to find no reaction upon the 
liquid so long as there were molecules in the external medium 
with velocities directed towards the surface, which could be 
stopped or diverted by those emitted. When the latter are 
all met compensation ceases, and any additional molecule 
projected from the liquid will then contribute a reaction 
which cannot be balanced by any interaction , with the 
atmospheric molecules, so a pressure in excess of that of the 
atmosphere will be experienced. It is easy to see, or if 
there is any difficulty, Section 8, which will be referred to 
later in the Argument, will make it clear, that the limiting 
rate of discharge without reaction occurs when twice as 
many molecules leave the surface as would have struck it 
from above if there had been no evaporation; a simple 
calculation (loc. cit.) indicates that if the liquid and the 
vapour above are both sensibly at 100° C., the limiting rate 
is approximately 15 gms. per second per sq. cm., so, for the 
particular case we have imagined, we should expect zero 
reaction bolow this rate and a rapidly increasing reaction 
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above it. We shall see later that there is some indirect 
experimental evidence in ac ord with the figure we have 
obtained. 

We may now return to our search for a method of testing 
the interference between the emitted and external molecules. 
Two means suggested tliemselves— we may either alter the 
number of external molecules or we may increase the number 
emitted. 

The former was tried first :—the theory indicated that if 
the external atmosphere were removed, we should obtain the 
full effect of the reaction due to the projection of molecules 
and, consequently, that we should find a measurable reaction. 
The experiment has already been described in Appendix, 
Sections 4 and 5, and as a powerful reaction was observed, 
it was in accord with our theory. 

As this mode of attacking the problem did not lend itself 
readily to quantitative measurement, it seemed desirable to 
find a means of increasing the rate of discharge per sq. cm. 
of high speed molecules into the atmosphere at ordinary 
pressures. It occurred to the writer that the efflux of steam 
from a small aperture in the side of the boiler might be 
made to fulfil the necessary conditions. By using a large 
boiling surface and a small aperture the number of molecules 
driven out in each second per unit area may be increased 
enormously. 


Evidence of Interference in the Discharge of Vapour 
from an Orijice. 

If heat were supplied to a boiler at such a rate that the 
wall and contents always remained at a uniform temperature, 
it is clear that the molecules would issue into a vacuous 
space with velocities appropriate to the temperature. It 
seemed, therefore, legitimate to rogard the effect of dis- 
charging into an external atmosphere as compounded of an 
effect due to the issue of these molecules with their temper- 
ature velocities and that due to the external medium after 
collision with them. It seemed very probable that across 
some section, not necessarily identical with the plane of 
the aperture and not necessarily within the boiler, it would 
be permissible to treat the discharge as we have already 
treated that from a liquid surface. Indeed, it seems rea- 
sonable to imagine that across this section, which we muy 
designate as the ‘effective aperture," provided the boiler 
is maintained at a steady temperature and pressure, the 
molecules escape with the same speed as that with which 
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they enter the vapour space from the liquid. This point is 
argued in Section 6, Appendix. It marks a departure 
from the usually accepted idea of the efflux of vapour from 
an orifice, but for the case considered, namely that in which 
the efflux is due to the evaporation of a liquid, it is believed 
to be correct. It is possible that the reason why it has not 
been recognized is that the interference between the emitted 
molecules and those outside the vessel has masked the 
effect. | 

The case differs, of course, from the escape of a gas or 
vapour into the atmosphere from a vessel ata higher pressure, 
because the pressure will not then be steady, and steadiness 
of temperature and pressure are essential conditions, but we 
can attain steady conditions if we introduce molecules to the 
same number and with the same speeds as those which 
depart. This is automatically done in the case of the boiler 
with a hole in it, if we keep the supply of heat steady. 

It is almost as though we could regard each molecule 
introduced into the vapour space as a little piston moving 
with the molecular velocity whose effect would be to drive 
one molecule out from the * effective aperture" with the 
same speed. 

We may repeat what we have already said concerning the 
material evaporated from a liquid, namely that the Seapine 
vapour cannot be treated as a mass of saturated vapour wit 
the density ordinarily associated with that temperature. 

The justification of this and the preceding theory of 
molecular interference lies in its simplicity and its ability to 
give a reasonable explanation of experimental results, as we 
shall now attempt to show. We shall first outline the 
experimental results, then derive a mathematical formula 
from the theoretical considerations which we have already 
adduced, and finally indicate the measure of agreement 
between them. 

The experiments were carried out with a form of Hero’s 
engine, consisting of a boiler (fig. 1) suspended by a torsion 
fibre, and so disposed that the issue of steam twisted this 
through an angle which could be measured. The total 
reaction, R, in excess of the atmosphere, was thus calculable. 
The apertures at the ends of the arms were circular holes in 
thin brass sheet; their size and number could be varied. 
Further details of the apparatus and method of experimenting 
are relegated to Section 7, it is sufficient for the purpose of 
the Argument to indicate the relationship between R and D, 
the quantity of steam discharged per second, for apertures 
of different diameters. 
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When the aperture was as large as the undisturbed surface 
of the boiling liquid, it was not possible to obtain a rate of 
discharge which would occasion any measurable recoil— 
this appears to be strong evidence of the existence of inter- 
ference between the issuing and external material: in one 


Fig. 1. 


experiment the rate at which the boiler lost momentum on 
account of the projection of molecules would have occasioned 
a twist of 30,000 degrees if there had been no compensating 
interaction with the surrounding medium, or if it had 


been discharging into a vacuous space, but no twist was 
observed. 
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Other experiments with less sensitive suspensions are 
quoted in Table I. to the same effect. 


TABLE I. 


The Reaction observed with large apertures. 


Observers: W. G. Duffield & J. S. Burgess. 


| Deflexion which 


| Ratio of area | Mass evaporated : would have been 


of apertures to per second, :  Deflexion | 
boiling surface 3 observed. sae SEHE 
| mem gms | interference. 
| 0016 | -590 6300? 
| 
| 0:077 | 0° 39000? 
] | | 
0:026 09 9510? 
0-086 ^ 4490 30200? 
| | 
| 
0:044 0° 16300° 
15 | 
0:018 | 0o 810° 
| f 
0:034 | "$198 12300° 
5 0:024 | 290 1060? 
i 
0:040 | 99.0 ! 17109 
| 0-057 | 99.9 907000 
2h 0-032 : 19-6 11600? 
| — 40 2580? 


| | 0:007 
Torsion wires of varying sensitivities were used in different experiments. 


Upon diminishing the aperture area a small reaction was 
observed which increased slightly as the aperture was further 
reduced in size; this is shown by the latter half of Table I., 
but the reaction is still almost negligibly small in comparison 
with the effect which would have been produced if the 
atmosphere had been stagnant. 
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Further Experiments upon the Discharge of Vapour 
from Small Orijices. 


The results of experiments with still smaller apertures are 
given in Table IlI., Section 7, from which it will be seen 
that reactions of the order of some hundreds of dynes were 
obtained; it is sufficient here to indicate the results graphically, 
as in fig. 2, where D and R are plotted. The interesting 
fact emerges that for a given discharge rate the reaction is 


Fig. 2. 


Reaction 1" 


2 "Y 


4" 


4 Apertures 
Loe "m diam. 
x 
5 Yn 
ae ™ 


Total discharge, D, in Gms. per Second. 
Ol ‘02 -03 -04 


greatest when the aperture is smallest. The effect of 
doubling the number of apertures is approximately to halve 
the reaction. We note the rate at which the reaction varies 
with the discharge ; at first it is approximately parabolic 
but subsequently becomes more nearly linear. The character 
of the graph tor very high rates is best shown by fig. 3, 
which represents the results of a series of observations by 
Rosenhain with an orifice 4:75 mm.in diam. (vide Section 7) ; 
here, however, we have plotted the reaction, R, against D/A, 
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the discharge per unit area per second, instead of D, as in 
the previous figure.  Disregarding the theoretical curve, 
which will be discussed later, we note that the graph shows 
a nearly linear relationship as high values of D/A are 
reached. 


Fig. 3. 


Total 


Diemeter of Aperture 4:75 m. 
6 
2-0jx10 


Theoretical Curve, 
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Theoretical Curve. 
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Theoretical Investigation of the Discharge jrom Orifices 
upon the Interference Hypothesis. 


Let us now see if our theory can account for the shapes 
of theso curves. Jn dealing with this problem, which is 
really a statistical phenomenon of considerable complexity, 
we shall make certain assumptions which will greatly 
simplify the mathematical treatment; they should at least 
provide us with the form of equation relating the reaction to 
the discharge. For example, we suppose all molecules to 
~ possess the average velocity associated with their temperature 
on the kinetic theory, and we also suppose that interference 
between two streams of molecules, instead of reducing the . 
velocities of a large number of them, completely stops a 
certain fraction of each stream, the remainder proceeding 
with undiminished velocities; these simplifications would 
probably affect the values of the constants in our final 
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equation if we were to attempt to evaluate them from 
probability considerations, but, as we shall determine their 
value from the data of a particular experiment, it is probable 
that our results do not suffer. 


Our view of the phenomenon of the discharge is as 
follows :— 


From the “ effective aperture" a certain number of 
vapour molecules n; are discharged in each second, a certain 
number enter in each second, and L is the excess of those 
emitted over those which enter in that time. These m; 
molecules leave with an average velocity appropriate to the 
temperature, as already explained (Section 6), of which v; is 
the average.component normal to the orifice. Their distri- 
bution about the normal to the orifice is unknown, it may 
be that it is a Maxwellian distribution in the forward 
direction only, or the projection except very close 10 the 
edges may be normal. 

There will be a reaction upon the vessel due to these, 
amounting to mnv. 

The otlier source of pressure upon the vessel arises from 
its bombardment by molecules from the atmosphere, which 
we may assume to be molecules of water-vapour. These, if 
there were no molecular interference, would contribute a 
pressure to each unit area of the effective aperture equal to 
the rate at which they deliver momentum to it, but the fact 
that collisions will occur between these molecules and the 
projected molecules occasions a reduction in the momentum 
which reaches it from the external medium.. An important 
part of our problem is to find out how much of this 
atmospheric momentum is prevented from reaching the 
vessel, and how much gets through to it; we shall, for the 
present, denote by 8 the fraction which is prevented from 
reaching unit area of the effective aperture. We shall see 
later that it is likely to be a simple function of the rate of 
discharge of vapour from the vessel. The conditions near 
an evaporating surface and near an orifice are set forth in 
Sections 8 and 9. The problems are regarded as identical, 
except that the question of reflexion does not arise in the 
case of the orifice, and that simplifies matters. The orifice 
problem is free also from the possibility, which arises when 
using a horizontal discharging surface, of some condensed 
vapour falling back upon the liquid. We may note that if 
this did occur in the evaporation experiments, which the 
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writer doubts, it would mean that there was more interference 
than was supposed, because the original discharge would have 
been underestimated. 

In the case of tle discharge from an orifice the formula 
(see Section 8, Equation 11) for the total reaction R upon a 
vessel from which steam is issuing at the rate of D gms. per 
second from an aperture of area A is given by 


R=Dv+ 1^ p1) matt lg. 


where r is the ratio of the average velocity v, of the 
dis harge in the normal direction, to v,, the velocity with 
which an external molecule strikes the surface. The 
assumption has been made that interference operates by 
reducing the number of external molecules which penetrate 
to the aperture rather tlian by reducing their velocity. 

lf we wish to compare this theoretical result with those 
obtained experimentally, we require further information 
regarding the value of £. 

The simplest. way of examining the nature of the function 
B is to look upon the ejected material as ‘absorbing ” the 
momentum of those molecules of the external medium which 
would have entered the vessel if there had been no discharge. 
We do not know precisely how the “absorption” takes 
place, whether the external molecules are merely diverted 
from the orifice, or whether their momentum is partially 
neutralized by non-elastic collision with the issuing mole- 
cules. We may obtain the form of the equation relating the 
loss of momentum to the rate of discharze of the material 
by considering a simple case :— 

Assume that the jet is parallel and that condensation does 
not occur in the range under discussion ; assume also that 
all the issuing molecules move in a direction normal to tlie 
aperture, aud that the pressure of the external atmosphere 
is due to a stream of molecules directed along the axis of the 
jet, each molecule being assumed to possess the average 
velocity of the stream. There are thus two opposing streams 
of which the former tends to neutralize or absorb the 
momentum of the latter. Letthe jet be of unit cross-section, 
and let M be the total momentum of all the particles of the 
external medium which penetrate to a distance x from the 
orifice in each second. In traversing a further distance ôr, 
there will be a further loss or absorption of momentum, dm, 
in each second. We should expect this to be proportional 
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to M and to the number of emitted molecules in the volume 
du. We may examine the matter as follows :— 


Orifice 
xa aeeweene owe > ae amn m e 
External Mzmnivi : : c Emitted 
——— M — i material 


medium á 
A 8 | 


Let n,' be the number of molecules of the external medium 
which cross the section A, distant x from the orifice, in each 
second. Let their average velocity at this point be v,'. We 
require in the first instance to know the total number of 
collisions made by these n,' molecules in traversing ôx. We 
shall first find the probable number of encountera with 
the emitted molecules which a plane area at A would 
suffer if it were moved forward to B :—The molecules of 


emitted material which are at A at the beginning of a 
particular second would, if their velocity were maintained, 
be at C at the end of that interval, where ACsev;', the 
velocity of that material at the point z. In the meantime 
the plane would have moved from A to D, a distance v,', and 
so would have encountered all the molecules contained in 
the length CD in one second, where CD e/o v. But the 
time taken by the plane to go from A to B is &2/v,', con- 
sequently, in going this distance the plane sweeps through a 
column of molecules whose length is (77'+0,')d2/v¢. 

Let there be N, projected molecules in each unit length 
near the point z at any instant, then the number of molecules 
encountered by the unit plane is 


N (tr + v, )6z[v,l. 


But the effective area of the n,' molecules which cross 
plane A in one second is mo?n/, where ø is the molecular 
diameter, so the probable number of collisions between the 
two streains in the region &z in one second is 


yang N XC ei + Ue’ )6.r/ Vy, 


where y is a constant. Of these a certain fraction X may be 
classed as effective in absorbing the momentum of the 
external medium. 

X is possibly a function of the relative velocities of the 
molecules in the two streams, but there are two reasons for 
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regarding it as approximately a constant, (1) because Jeans 
found that the expectation of the velocity of an individual 
molecule after an elastic encounter being in the original 
direction varied only from +33 to °5, though the relative 
velocities varied from 0 to o», and (2) because the case 
which we shall follow most dlosely is that in which the 
absorption of momentum is due to a diminution in the 
number of molecules reaching the surface, the velocities of 
the remainder being unaffected, though a similar expression 
results from a consideration of a general reduction in the 
molecular velocities. On this basis wesee that each effective 
collision deprives the oncoming stream of mv,’ units of 
momentum; consequently the amount of momentum ab- 


sorbed is given by 
6M =Ayrra?mn,'v,' (vi! + vy ) NS fos, 
which, since M 2 mn,'v,', and v; =v, and v,’=v,, becomes 
6M-A'MN,Gec(vi + te) /to, 


where A' is another constant. Writing v,/v,=7r, as before, 
we have 
6M/M zX'(r -- 1)N,Gx. 

We may integrate this from the region «=v, where we 
should have M=man,v, to the aperture where z—0, and M 
has the value M,, thus :— 

M -mnyt, r-vl 
{ Lee Ndz. 
M=Mo M 1-0 
The quantity under the integral on the right-hand side is 
the total number of molecules, n; emitted in one second, 
whence 


log M, — log mn,v, = —A'(r-- 1)n; 
! 
=— t (r+ 1)mn,z —p(r * 1)mn, 


where u i$ a constant for a given set of external conditions, 


hence 
My=mn,v,e Pett, 

If, instead of assuming that all the material were confined 
to a parallel jet normal to the aperture, we regarded it as 
distributed over a hemisphere, we should expect to obtain an 
expression of the same form but with a constant of different 


value. 


Phil. Mag. S. 6. Vol. 45. No. 268. April 1923. 2U 


658 Prof. W. G. Duffield on the Reaction consequent 


We have previously written £ for the fraction of the 
momentum mn,v, Which was directed towards, but failed to 
reach the effective aperture (Section 8, Appendix), conse- 
quently 

Bsis "run . (13a) 

Let us now apply this formula to the jet experiments. 
For reasons given in the note below, we write mn;zmL- D/A, 
where, as before, D is the discharge from area À, whence 


B == | gers, 


Substituting in equation (11), Section 8, Appendix, we have 
R=Dry—MA+ mae cece 2. (4) 


Note.— We have written L the excess number of molecules 
emitted over those which return, in place of m, the total 
number emitted ; this was originally an assumption but it 
seems amply justified by results and is probably correct for 
two reasons: first, because, as we have stated in Section 6, 
it is doubtful in the jet experiments if any of the n,(1 — 8) 
molecules actually reach the vessel, in which case the observed 
loss, D, is the loss of all the »; molecules, and secondly, 
because in the present case we deal with what may be called 
“ external” interference only, t. e. interference additional to 
that which may take place when the exchanges are equal 
and there is no loss of weight; the latter type of inter- 
ference we may term “internal,” and, as we shall see, there 
is some evidence that it is of importance in the process of 
evaporation of a liquid into its own vapour. Thus only the 
excess, L, will be involved in the shielding action. 

In order to be consistent we have taken mn,v, as equal to 
II/2, ignoring the possibility of a diminution of this quantity 
of momentum as it penetrates the stream of projected 
molecules—strictly speaking n, is not the total number of 
molecules which would have crossed the aperture if there 
were no projection of molecules from it, but the number 
which would have crossed it if there were equality of 
exchanges, t. e. if L=0. This aspect of the subject is 
further discussed in Section 10, Appendix, and on p. 665. 

We may note that if L could not be regarded as equal to 
n, in the jet experiments, u would vary slightly with the 
discharge rate and the value we obtain for it would be its 
limiting value when L=0. Our treatment of Internal 
Interference on p. 665 would not be affected. 
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Application of Formule to Experimental Results. 


Let us now see if the equation (14) which we have ob- 
tained is in accord with our experimental results. Unfortu- 
uately the constant u is not obtainable from theoretical 
considerations, while we remain in ignorance of the precise 
mechanism whereby a collision is rendered effective ; we 
require to know wherein an effective differs from an 
ineffective collision. We may, however, evaluate p from a 
single series of observations and test its applicability to other 
serles. If our equation be tested this way we have very 
excellent evidence that it is of the right form. 


Fig. 4. 
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From the series of observations with the ‘53 mm. aperture 
it was found that u was a constant and equal to 0:033. 
Introducing this value into the equation and solving for 
values of À appropriate to the different apertures, we find 
the reactions plotted in figs. 4, 5, 6, and 7, full lines, for 
different values of D/A. It will be seen that in all cases the 
observed reactions fall very approximately upon the theoretical 
curves, showing a very satisfactory measure of agreement 
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between theory and experiment. Numerical values are 
given in Table III., Appendix, Section 7. 

The above comparison indicates that our theory satis- 
factorily explains the behaviour of steam issuing from an 
orifice under pressures varying from 1/4000 to 1/3 of an 


Fig. 7. 
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atmosphere. We next proceed to test our equation for the 
high rates of discharge and high boiler pressures examined 
by HRosenhain. For the first two or three observations we 
take ~=0°033 as before, but after these the value of D 


D 
becomes so large that the factor e Oa becomes negligible ; 
8 is then practically equal to unity, which means that all 
the external momentum is absorbed before it reaches the 
aperture ; the curve then approximates to 
RzDy-1IIA. .... . (15 
We have shown in Section 7, Table III. (note), how the 
value of v; has been determined, so we may calculate the 
values of R for different values of D/A; these are represented 
by the full line in fig. 3, the experimental values are shown 
by crosses, and again the agreement is very good. Thus our 
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equation proves satisfactory over a range of reactions varying 
from 6 dynes (as in fig. 4) to over 10° dynes (as in fig. 3), 
the corresponding rates of discharge varying from 0'2 to 
over 150 gms. per sq. cm. per second. Is it possible that 
such a measure of agreement can be accidental? * 


We may here draw attention to three interesting features 
of these researches :—(1) We saw on p. 647 that, on the 
supposition that a surface was discharging molecules into a 
vapour at the same temperature (r —1) and that each mole- 
cule approaching the surface was effective in neutralizing 
the momentum of an issuing molecule (81), it should be 
possible to attain a rate of discharge of approximately 15 gms. 
per sq. cm. per second without incurring a reaction above 
that of the atmospheric pressure ; we saw also that this was 
the condition determining that twice as many molecules left 
the surface as would ordinarily have been incident upon it. 
It would be interesting to test this experimentally, but 
unfortunately the conditions are not capable of realization in 
practice, because for low discharge rates, when r~1, every 
external molecule does not succeed in colliding effectively 
with one of the projected molecules, i. e. 8 is not unity; and 
also because, if we were to attain such a high rate of discharge 
that B=1, we could not do so without increasing the 
temperature of the interior, when r becomes greater than 1. 
We may, however, note that for the highest rates of discharge 
shown in fig. 3, for which 8 is nearly equal to unity, the 
points of observation lie very approximately on a straight 
> [The agreement is certainly greater than might have been expected 
in view of the incomplete data available for the high pressure work, in 
the reduction of which we have had to make certain approximations 


referred to in the note attached to the Table recording them (Section 7, 
Appendix). If we had attributed to v, the mean value instead of 


the R..M.S. value of the molecular velocity, the agreement would have 
been less good by about 8 per cent. for the highest rate of discharye, 
but, as we have stated, there seemed a definite reason for regarding the 
mean value as being too low; how much higher to take it we did not 
know, and we ought not to claim more than that it was a good guess to 
have taken it as the R.M.S. value, since that makes the agreement 
practically perfect over the whole range. We me note, however, that 
the matters referred to in the next two paragraphs are independent of 
the precise value assigned to v, in the high pressure work. 


We had not hoped to show more than that the general phenomenon 
of evaporation and discharge was of the nature we have described— 
there must be other factors to be superposed upon our main theory. 
We should, for example, expect & small effect due to the priming of the 
steam, to the flow of vapour near the edge of the orifice, and perhaps to 
the presence of associated molecules in the escaping vapour. But it 
: would seem that these effects are small compared with those which 
constitute the main lines of the Argument.] | 
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line, as we should expect from equation (12), Section 8, 
since v, varies but slightly. If we produce this line, which 
represents the condition @=1, backwards until it cuts the 
horizontal axis, we arrive at the point for which 8-1, r— 1, 
and R —0, and consequently realize, by extrapolation, the 
conditions we have imagined. For this point we note that 
D/A is very approximately equal to 15 gms. per sq. cm. per 
second, in excellent agreement with our simple theoretical 
conclusion. 


Fig. 8. 
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It is interesting to find that not only does the aperture in 
a thin plate givea curve whose asymptote cuts the horizontal 
axis at D/A=15, but also that nozzles of various lengths, 
diameters, and tapers agree in giving this value to a very 
considerable degree of accuracy. Particulars of the nozzles 
used by Rosenhain and the reactions experienced at different 
discharge rates are given in Table IV., Section 7. The 
results are plotted in fig. 8. We are only concerned with 
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those portions of the curves for which 82 1, i. e. with those 
parts which are appreciably straight. Drawing the asym- 
ptotes we find two things: first, that all, with ‘the possible 
exception of that for nozzle IIT, converge towards a point 
on the axis; and secondly, that this point corresponds to 
D/A=15 gms. per sq. cm. per second. In view of the fact 
that the nozzles possessed tapers varving from 1 in 30 to 
lin 12, and areas which varied from (*177 sq. cm. to four 
times that area, the result is a remarkable one. In the 
writer’s opinion it would be difficult to account for it on any 
theorv other than that outlined in the preceding pages. 
In other respects, however, our formula does not apply to 
expanding Jets. 

(2) The second point of interest is this :—We can easily 
show that the asymptote to the theoretical curve in fig. 3 
produced backwards cuts the vertical axis at a point corre- 
sponding to —10® dynes per sq. cm. excess pressure, which 
is the same as zero, absolute, pressure. Consequently, points 
on the asymptote represent relationships which would have 
been obtained if the external medium exerted no pressure. 
Since the theoretical curve is experimentally indistin- 
guishable from its asymptote a little before the first experi- 
mental point. (which was obtained with a boiler pressure of 
20 ]b. per sq. inch) it appears that above this boiler pressure 
the rate of discharge is independent of tlie external pressure. 
It is thus satisfactory to find that our theory is in agreement 
with the well-recognized fact that the rate of discharge is 
independent of the external pressure when that pressure is 
less than half the internal pressure. 

(3) We have pointed out that when the discharge rates 
are very small tho effectof doubling the area of the aperture 
is to diminish the reaction by approximately one-half (cf. 
p. 652) for a constant value of the quantity discharged 
per second. This point is not an obvious deduction from 
equation (14) in its present form, but if we expand the 
exponential function, we may write it thus : 


Rz Dv —2&4I0I D -2,?*II D*/A 
if we confine our attention to small discharge rates for which 
r does not differappreciably from unity. Since r;— 6*6 x 16? 
and 24II 2:066 x 109, we see that the first two terms on the 
right-hand side destroy one another, leaving 
R-225IID?/A, . . . . . (16) 


whence R is inversely proportional to the area, which is in 
accord with our observations. This, as we shall see by the 
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next Section, will hold good as long as the discharge is very 
small and takes place into a dense medium, and will be true 
for all vapours. 


Internal Interference *. 


Let us see if we can apply the foregoing investigation to 
obtain more detailed knowledge of the conditions governing 
the discharge of vapour from a liquid during the process 
of evaporation. 

Consider the case of a saturated vapour above the mercury 
in a barometer tube. The vapour pressure is measured by 
the depression of the mercury below its normal level and is 
made up of the reaction due to the evaporation of molecules 
from the small stratuin of liquid on the top of the mercury 
column and the impact of molecules from the vapour space. 
Unless the molecules are infinitesimal there is the probability 
of collisions between the two streams, so that all those with 
velocities directed downwards, which would have struck the 
liquid in the absence of evaporation, will not actually reach it, 
or, if they do, will impinge upon it with diminished velocity. 

We have previously directed our attention chiefly to the 
effect of this interference upon the pressure upon the liquid— 
let us now consider the proportion of molecules in the 
vapour space which are prevented from reaching the liquid 
under conditions of saturation. 

Since there is no loss of weight of the liquid, we have, in 
our previous notation, but writing £; for the internal inter- 
ference coefficient, and taking n, as the number reaching 
the surface in the absence of all molecular projection from it: 


L-2»n-—n(1—58)-20.. . : . (16a) 


Also the vapour pressure, R,, is the pressure upon the 
surface and is given by 


R,-mnvtmm(l—8)w 
=mn,(v 4 v)(1—]5;), or since v/v, =r, 


-»-A(r*iü-B. > «© OD) |F [ered 


mE —p(rt+ ljn, 
Bi =l—e , 


whence, from (16 a) 
B= 1 — eT Bet nll e 
or, using (17), HR, 
Beale Wao doe sa x ox (18) 
* For definition, see Note, p. 698, 
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From our experiments with the suspended boiler we found 
tle quantity u for water vapour at atmospheric pressure to 
be ‘033. Since the temperature was 100? C., r»=6°6 x 10* 
em./sec. and as R,=1:01x10° dynes, it follows that 
Pie — «50, whence ;2:393. This means that at ordinary 

v 
pressures °393 of the momentum directed downwards is 
prevented from reaching the liquid. 

A number of experiments were devised to measure p for 
different liquids at their boiling-points, the apparatus already 
described and shown in fig. 1 being used. Electrical heating 
was substituted for the flame as some fumes were inflam- 
mable, and to avoid prolonged inhalation, the experiments 
were conducted within a draught chamber. The greater 
number were carried out by Mr. J. Webber, B.Sc. The 
results obtained are shown in Table II. The liquids used 
were carbon tetrachloride, ether, and alcohol in addition to 
water, which had previously been examined. 

The value of u was calculated as in the case of water 
vapour, and again we find a remarkable agreement in the 
values obtained for any particular substance for all rates of 
discharge. More remarkable, however, is the fact that at 


: R 
the same atmospheric pressure the values of F^ * are 
Uv 


practically the same for all these substances in spite of the 
differences in v, consequent upon the different temperatures 
at which they boiled. The liquids had been chosen largely 
on account of their widely divergent molecular weights, 
which varied from 18 for water to 153°8 for carbon 
tetrachloride. 

This discovery led to a suspicion that it might be a purely 
geometrie result consequent upon the approximation of the 
experimental curve to a parabola ; if these were parabolic 
throughout it might be substantiated, but the suspicion is 
dispelled by the fact that the curves are only parabolic near 
the origin ; they soon definitely depart from this condition 
and become nearly linear, vide the points of observation in 
figs. 3 and & On the other hand, our formula is satisfied 
over the whole of the graph. It is more probable that the 
invariability of pR,/v is the property of a liquid which 
governs the conditions whereby it remains in equilibrium 
with its saturated vapour, or, in other words, it enables us 
to define the boiling-point in terms of the numbers of 
molecules directed towards and away from the surface. 
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TABLE II. 


I. Experiments at Atmospheric Pressure. 


Area of Aperture :00754 sq. cm. Diameter ‘98 mm. 


! 


| | 

; | | | | 

Atm. |Discbarge Temp. | nans Re- | | 
Pressure} per | o | Velocty P action | 

dyme. | second. | Vapour. "Uv obed, d | 

Bo. p | D/A. | Tag, © vr r. | Py v | 


Carbon Tetrachloride CCl, 


x 106! | x10! . 
1:018 0205 | 391| .. |2185 : 10 ^ 9281]-0909 | :49 
1-018 0537 ' 712 3488 5» 7o. 51140 | 0208 | :49 
1-018 0470 | 629 | 3487 » | » . 748 | 0212 | :495 
1:018 0650 | 862 | 350-0 »  , 1610 | 0207 | :485 
1-018 0918 '1218 ' 3508] „ | , 3000-0206 | -480 
1:018 1586 211 3520 »  » [89401[0193] [-45] 


1:022 0492. 6°52 | 2:96 — , 10 151 | 0985 49 
1-021 | 01105 | ‘47 3 » | T5 Eg 49 
1-015 0546 T24 | | ” |181 |-0288 | 495 
[1010] ! [-0548] | [7:27] " „ .212 [0277] [476] 


Ether (C,H,),O. B. Pt. 34^6 C. Formula Weight 74-08. 
6 
1 


667 


49 


| 49 


Alcohol C,H, OH. B. Pt. 78*3 C. Formula Weight 46:05. 


1-010 0716 . 953 | 351 |401 | T0 | 506 | 0389 | :491 
1:012 0345 . 4:57 T » | » 1142 1:039 492 
1-015 0607 805| , A » 1394 1:039 | -495 
Water H,O. B.Pt. 106? C. Formula Weight 18. 
Mean of the first 27 observations recorded in Table III. .............. se 


R, the atmospheric pressure approx. 1:01 x 108 dynes 


p, average value*033. — v, — 6:6 x 104 


*€*«**006009090009909099* 2090906006 


€6€990-*90906252/9*056*700090924606092s0*2009600060090€0*909002€9€9*9 


II. Experiments below Atmospheric Pressure. 


Ether. 
x 10° | | X10! 
:28 :0177 2:35 | 2812 27806 | 10 67:0 | 0992 | :49 
64 0118 l:50, 3000 | 2°92 " 13:3 | 0154 | 497 
:243 "0212 281. 2807 2°85 is 94:2 |°116 "495 , 
317 02045 | 2°71 " 19:0 |:087 484 


| 987 2:86 


| 49 


B. Pt. 76^ 7 C. Formula Weight 153:8. 
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We may note that the graph near tlie origin is parabolic 
at ordinary pressures because the probability of collisions is 
considerable and the exponential term important ; at. very 
low pressures we should expect to find it departing from 
this because the probability of collisions is small, so that 


both streams of molecules. would independently affect the 
pressure. 


ERv 

Vo 
follows that Æ; will also be the same for each, provided of 
course that u is always measured for temperatures and 
pressures which correspond to a condition of saturation. 
Also since 8; 2:393, we have n; n,(1— 8) 2:6062,. 

Some caution is necessary in interpreting this :—2, and n, 
are numbers of molecules defined on the assumption that all 
possess the mean molecular velocity ; it indicates that, in so 
far as it is legitimate to replace the actual velocity distri- 
bution by this conception, a smaller number are projected in 
each second than those with velocities in the downward 
direction. It is not, however, dependent upon any assump- 
tion regarding the relative velocities of the ejected and 
cireumambient molecules since equation (18) does not 
involve r. 

The ratio of m to n, obtained above appears reasonable, 
because, since there is no loss of weight of a liquid in 
equilibrium with its saturated vapour, we have nz n,(1— £). 
Moreover, since tlie number of vapour molecules stopped 
cannot be greater than the number rising, we have Sins ni. 


Writing Bin, Knj, where k varies from 0 to 1, it follows 
that 


Since has the same value for all liquids tested, it 


nin,—kn, or mijn — 
pets ly (oe la 

This ratio may clearly have any value between $4 and 1. 
If the pressure is low we have such small densities that 
collisions are improbable, so k=O and n;zn,; on the other 
hand, an increase of density is favourable for collisions and 
the limiting case occurs when s=1 and min, This 
happens when all projected material is stopped and would 
only be likely at high pressures. 

Fresh experiments were undertaken to find the variation 
of n/ng with temperature and pressure. Mr. J. Burgess 
kindly gave me great assistance in these investigations. 

A smaller and improved form of reaction boiler or Hero's 
engine was constructed and suspended within a bell-jar, so 
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arranged tht bv electrical heating the liquid within could 
he boiled. Ether was used. After one or two attempts we 
found it possible to measure p for pressures varying from 
1/4 to 1 atmosphere. Though p had proved to be a constant 
for a particular external pressure for all rates of discharge, 
it is now shown to be a function of the external pressure. 
One factor we had not taken into account in estimating the 
amount of interference between two opposing streams of 
molecules was the effect of further collisions upon those 
which bad suffered effective collisions. Working back- 
wards, it seems that, for a given total number of encounters, 
the chance of a collision being effective becomes less as the 
number of molecules in the external atmosphere increases. 
Possibly because subsequent encounters cause an associated 
pair to be resolved, or possibly because collisions are only 
effective when they occur between ejected molecules and 
newly evaporated material. 

A very curious fact emerged from these experiments, 
which are also tabulated in Table II., namely, that, though u 


varies with the pressure employed, the value of ^ 2 remains 
v 


unaltered at the value we had previously found for water 

and other liquids at their boiling-points. It has never 

been found to differ very appreciably from ‘5. Since 
BR, 

B;2l—e ° , we see that 8; for all saturated vapours. 

examined has the value ‘393, and that »;/n,2::607. 

It is not the writer's opinion that these quantities would 
prove to be universal constants for ail saturated vapours at 
all pressures. If the experiments could be conducted under 
sufficiently high vacua, it seems almost inevitable that the 
ratio of "n; to n, will approach unity. It is desirable, but 
difficult, to test this. 

It is certainly very surprising to find no certain variation 
in 8; when the pressure undergoes a 4 to 1 change. We 
should not expect to find a stationary value until »/n, 2:5, 
when k=1 and all the projected material is effective in 
preventing the external momentum from reaching the 
surface. It would be interesting to find whethera statistical 
examination of our problem would alter our value of 8; from. 
:393 to °5, which would be in accord with this point of 
view. 

[ Another possible modificatien of our problem also requires 
consideration. We have previously supposed that the Bny. 
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molecules which had been prevented from *reaching the 
‘surface by collisions remained part of the vapour, but it 
is possible that some sort of ie system is formed which 
drifts back eventually to the surface and is to be added to 
the liquid. This would be in keeping with the simplification 
introduced into our mathematical treatment, namely, that 
interference operated through the complete stoppage of a 
few molecules, the rest maintaining their velocities un- 
impaired, It is interesting to note that on the assumption 
that binaries are formed, and that all fall back upon the 
liquid, equation (16a) becomes 


Le n, — ne(1— 8) —28;in,-n -—n.(l + 8:0, 
and we should find 8;2:632 and n,/ny=1°632, which is not 


an improvement upon our earlier estimate. If, however, 
only the projected material which suffers interference drifts 
‘back to the liquid, we have 


L=n—no(1— Bs) — Bing = nmn =l. 


This gives us in place of equation (17) 


= mngt,(r+1—8;), 
whence it follows that 
BPR, rl aie: DEI. 
xe rii-B; 
Bi = 1 — Pf n d 1—e ; 
or, if r=1, 
2 1 


PE eS DE 


B;-1-—e e E | , 


an equation which is satisfied with considerable accuracy 
if 9,25, t. e. if half the material directed downwards is 
stopped by collisions. 

We may note that our treatment of the jet experiments 
is not affected by this assumption, it is most improbable that 
-any material condensed outside the vessel will re-enter it. | 

It thus seems that when a liquid is in equilibrium with its 
saturated vapour, there is always a definite ratio between the 
number of molecules issuing from the surface and those 
directed towards it; this ratio is ‘607 (or possibly 1). As 
the boiling-point is defined as the temperature at which 
the vapour pressure of the liquid is equal to that of the 
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surrounding atmosphere, we may define the boiling-point as 
that temperature at which the emission is such that :393 
(or possibly °5) of the downward momentum is prevented 
from reaching the liquid by the shielding action of the 
projected material. At a higher temperature for a een 
pressure, the emission increases and more molecules leave 
than enter the liquid, which therefore boils away ; at a lower 
temperature the emission is less and there is condensation. 

One consequence of the invariability of »R,/v is that we 
may apply it to equation (16) when, since the discharge is 
small, the pressure of the vapour in the boiler will be nearly. 
equal to th» external pressure, ?. e. R,=II, so that by sub- 
stituting for u from the equation &uII/v;—:5, we have for 
the total reaction, R, upon a vessel with an aperture of 
area A 


R-(Dv)/21IA, 


which is a great simplification of equation (14); it holds 
good with considerable accuracy, but is, of course, only 
applicable to small rates of discharge. We are, however, 
now in a position to predict the reaction experienced by an 
orifice of any small area A in a thin plate for all discharge 
rates and for all liquids which behave like those we have 
examined. We can find wu for the particular liquid, external 

ressure, and boiler temperature from the above equation ; 
Enowiog D and obtaining v; from the kinetic theory, we can 
at once calculate R from equation (14). 


In conclusion, I wish to thank Professor J. W. Nicholson, 
F.R S., for his continued interest in this research and for 
his encouragement to publish it. I am also indebted to 
Dr. Harold Jeffreys for reading it through ; I do not think 
there is anything in it at variance with his own treatment of 
evaporation. I have mentioned in the text the members of 
my own laboratory, Messrs. H. Tunley, J. Webber, and 
J. S. Burgess, to whom I am very grateful for willing 
assistance. 


University College, 
Reading. 
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SECTION I. 


* . 


Erperiments upon liquids evaporating into the open air. 
(Vide Part I. Argument, page 643.) 


In the two pans of a balance similar crystallizing dishes 
were placed, one containing ether, and the other counter- 
poise weights. Each was provided with a cover-vlass, that 
over the ether being ground to fit tightly: these were 
made equal in weight by pasting strips of paper on the 
lighter one. Balance being obtained, the two covers were 
removed, when the ether began to evaporate. The motion 
of the pointer was watched. After one minute the covers 
were replaced and weights added to restore the balance and 
to measure the amount of ether which had evaporated in the 
interval. In a typical experiment the rate x: evaporation, 
D, was 0:00133 gm. per sec., the temperature was 15? C., 
hence the molecular velocity, v, was approximately 4 x 10* 
ems./sec., whence, assuming normal projection, the rate of 
loss of momentum = Dv=52°5 dynes- 0:054 gm. weight. 
From the measured rate of loss of material 0:054 gm. 
would evaporate in 41 seconds: consequently, if there were 
no compensating action, the pan containing the liquid should 
have been depressed until 41 seconds from the beginning 
of the experiment. Observation showed that from the 
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start this pan rose, consequently we conclude that there is 
no such unbalanced pressure under the conditions of the 
experiment. The balance was easily sensitive to 0:001 gm. 
Other experiments carried out in the same manner gave 
siinilar results. | 


SECTION 2. 


Note upon the mechanism whereby a boiling liquid discharges 
| its vapour. 


At first it seemed doubtful whether the projection of 
molecules from a boiling liquid could be usefully examined. 
The bubbles originate at the base of the liquid and rise to 
the surface; if, as is generally held, they then burst and 
discharge their vapour into the space above the liquid, we 
could not regard the molecules as crossing the surface with 
anything approaching their temperature velocities, but close 
examination of the process does not confirm this view of the 
manner in which the vapour escapes. Only a very small 
fraction of those which reach the surface burst, the bulk of: 
them appear to part with their vapour by a process akin to 
diffusion through their enclosing skins—perhaps by evapor- 
ation from their exterior surfaces accompanied by con- 
densation of the vapour within. At any rate they gradually 
subside to the general level of the liquid ; this 1s true even 
for the large bubbles formed by the coalescence of several 
small ones; it is rare for-one to burst. 

The phenomenon has been carefully watched in shallow 
and in deep vessels, and I am indebted to Mr. H. Tunley 
and Mr. J. Webber for checking this observation with me. 
The phenomenon was well shown by water boiled in the 
shallow lid of a square tin in which tlie liquid bulged high 
over the edges. The bubbles rose chiefly at the corners 
where many coalesced into large bubbles. ‘These then 
floated towards the centre, growing gradually smaller until 
all that was left there was a froth of tiny bubbles. Ina 
typical experiment the surface lost 0°0015 gm. per sy. cm. 
per second, which is a rapid rate for boiling in the open 
and I doubt if a single bubble burst when the surface was 
convex. 

When the vessel is deep the bubbles rise in a stream and 
sometimes float on the surface, but frequently condensation 
takes place a little below the surface ; the motion occasions 
a pronounce! convexity which increases the surface area, 
and therefore the amount of evaporation. In this way a 
balance is arrived at between the rates at which heat is 
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applied and removed from the liquid. Sometimes minute 
droplets are thrown 4 or 5 inches above the liquid and then 
fall back; they do not appear to be due to condensed vapour, 
but to a jerking upwards of the liquid above a string of 
rising bubbles which collapse suddenly. 

Blowing upon a bubble-strewn surface does not cause 
them to burst, but stops their formation below the point 
towards which the stream of air is directed. Bubbles of 
dissolved air burst when they reach the surface. 

The last stage in the boiling of water in a smooth tin is 
the formation of a laver of water in a thin skin at the 
bottom, this evaporates without bubbling, even though 
ebullition may have been brisk when the water was deep. 


SECTION 3. 
Experiments upon liquids boiling in the open air. 


Since we have shown in the Argument that no delicate 
experiments were required in the first instance, the in- 
vestigation of a possible recoil was made in much the same 
wav as before, water being boiled on the seale-pan of a 
balance and the motion of the pointer observed. A flame 
was first applied below an empty pan and balance obtained ; 
a small quantity of water contained in a tube was then 
suspended above this pan and a counterpoise placed in 
the other pan. It was arranged that when a wax plug in 
the bottom of the tube melted, the water would flow out 
on to the pan, where it should at once begin to boil. Any 
resultant reaction would be measured by a downward motion 
of the pan, allowance being made for the rate at which 
it lost weight and for convection and allied effects. 

In an actual experiment 5°5 gms. of water boiled away in 
3 minutes, whence, as we have seen, the quantity Dv is 
equal to the weight of 2:14 gms. (or 1:23 gms. if the pro- 
jection is at random instead of normal) ; though tlie pointer 
showed small oscillations as it gradually moved in accordance 
with the rate at which weight was being lost, no oscillation 
corresponded to a pressure upon the surface as great as 
01 gm. weight. Had there been an unbalanced reaction 
due to the molecular projection, the pan containing the 
liquid should have been depressed by a force varying from 
not less than the weight of 1:23 gms. at the outset to zero 
40 seconds later. 

In a second experiment a more sensitive test was provided, 
ihe water was contained in a small test-tube, which was 
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held in a vertical position bya thread ; balance was obtained 
with a flame below the pan and the cotton burnt ; the water 
then spilled on to the pan and quickly boiled away. The 
pointer of the balance showed a continuously increasing 
downward tip of the other pan. The mass of the water was 
3:20 gms. and this boiled away in 20 seconds, tle rate of 
loss being 0:16 gm. per second. The quantity Dv lias the 
value 1:12 x 10* dynes, whicl is equivalent to the weight of 
11-4 gms., a quantity more than 3 times greater than the 
whole weight of water, a force which could not lave escaped 
observation if it were in operation and unbalanced, and 
which should have persisted until all the water had boiled 
away. Preliminary experiments had shown that the dis- 
placement of the little tube, when the cotton was burnt, did 
not disturb the balance appreciably, and that convection 
currents provided no effect comparable with the magnitude 
of Dr. 


SECTION 4. 


Note upon the velocities of molecules evaporating from a 
liquid. surface. 


As we have stated in the outline of the Argument a con- 
ceivable explanation of the absence of a reaction upon an 
evaporating surface is that the molecules issue with zero 
or very small velocity. We might imagine that the molecule 
in the liquid state possesses just sufficient energy to carry it 
clear of the surface, where it remains at the absolute zero of 
temperature or with very small velocity until it is swept 
away by the vapour above and caused to share in the 
general motion of the rest of the molecules. The enorgy 
necessary to produce this motion would presumably be 
derived from the vapour, which would receive the equivalent 
heat from contact with, or radiation from, tlie hot liquid or 
the sides of the vessel. 

This view is far from the usual interpretation of the 
phenomenon of boiling or evaporation, but it is difficult to 
quote any quite conclusive argument against it. Since 
distillation can take place in a vacuum it seems improbable, 
but provided the molecules issue with just sufficient energy 
to carry them clear of the surface, we could understand the 
liquid losing weight. The strongest argument against it 
lies, I think, in Knudsen's experiments ( Annalen der Physik, 
xlvii. p. 697 (1915)), in which he observed the rate of 
evaporation of a drop of mercury in vacuo, and found that 
it agreed with a formula derived from the kinetic theory on 
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the assumption that evaporation was the reverse process 
of condensation, and, therefore, that the molecules escaped 
with the velocity of the vapour molecules at the same 
temperature. The formula bad previously been obtained by 
Langmuir. 

The writer thought it possible to test this matter further, 
so devised some experiments whereby it was sought to 
investigate the character of the reuction upon a surface 
evaporating in a vacuum. If evaporation from such a 
surface were suddenly permitted, it seemed that the reaction 
should attain its maximum value instantaneously if the 
molecules escaped with their molecular speeds, but that if 
they merely “dropped off," it would take an appreciable 
time for the molecules to acquire velocities appropriate 
to the temperature by radiation or contact with the sides of 
the vessel, or, in other words, that their vapour pressure 
would take an appreciable time to develop. | 

The apparatus deseribed in Section 5 was employed, and 
it is sufficient here to say that (1) a reaction of a powerful 
nature was observed, and (2) that it appeared to be of a 
sudden explosive character, as though the molecules were 
projected with initial speeds of grent magnitude. 

The accumulated evidence is thus, in tlie writer's opinion, 
in favour of molecular projections with high velocities, 
though whether these are appropriate to tlie temperature as 
given by the kinetic theory was not determined. As far 
as our evidence goes it favours Knudsen's view. We may, 
however, note that the precise value of the velocity does not 
enter into our final equations dealing with the phenomena of 
evaporation. 

SECTION 5. 
Experiments upon a liquid evaporatiny tn vacuo. 


The experiments devised to observe if there is any recoil 
m vacuo, and referred to in Section 4 and on p. 649 et segq. 
of the Argument, were carried out as shown in fig. 9. 
Fig. 10 shows a larger scale elevation of the tap A. The 
experiment consisted in filling the hole drilled through this 
tap half with mereury and half with water when the tube 
was vertical, and then turning it round until the tube was 
horizontal, when both ends were simultaneously thrown into 
communication with the tubes B and C, which were con- 
nected to the equally exhausted reservoirs D. If the 
molecules possess sensible velocities of escape they will 
occasion a reaction upon the liquid surface, which will result 
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in the expulsion of the mercury from the tap into the tube B. 
Preliminary experiments showed the importance of el imin- 
ating any layer of air in the interface between the mercury 
and the water, because if it is present, the mercury will go 
off in one direction and the water in the other. To get rid 
of the air, the water and the mercury were first boiled 
separately and then brought together in a reservoir below F. 


Fig. 9. 


This was boiled so that steam filled the tube F and the tap, 
and finally, when the tube was thus as free from air as 
possible, the water and mercury were sucked up into the tap 
until it was half full of both ; the tap was then turned through 
45°, while DD were exhausted. On turning tap A quickly 
until the tube through it was horizontal, the behaviour of 
the mercury was observed. 

With one exception, possibly due to a leak in the tap, a 
large number of experiments agreed in showing a recoil of 
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the mercury in tlie direction to be expected if tlie molecules 
were projected from the water with high speeds. It had been 
hoped to obtain an accurate measure of the pressure at which 
the recoil first became apparent, but an improved form of the 
apparatus ordered twelve montlis ago has not yet been 
delivered, so this extension of the investigation has been 
postponed. 

The feature of tlic experiment was the sudden, explosive 
character of the reaction, the mercury being blown violently 
into the tube behind it, sometimes being shattered into a 
number of small drops. 

In devising the experiment it had been assumed, apparently 
with justification, that the rate of evaporation of mercury at 
the temperature of the experiment would be negligible 
compared with that of water. | 

In Section 10 is quoted an experiment carried out by 
Osborne Reynolds which, as he interprets it, seems to indicate 
that at pressures below about 2:5 mm. there is a reaction 
when water evaporates. 


SECTION 6. 
T he discharae of molecules from an aperture in a boiler. 


The apparatus used to test the reaction due to the projection 
of steam from an aperture was of such a form that the 
molecules, which were originally emitted vertically from 
the horizontal surface of a liquid, eseaped horizontally from 
an aperture whose plane was vertical. Thus all molecules 
which escaped had either themselves struck the side opposite 
the aperture, or had collided with others which were them- 
selves driven back upon it. 

As far as the reaction due to the escaping molecules is 
concerned, we may thus regard a small area of the opposite 
wall as the emitting surface, and, since we are only con- 
cerned with tlie component of the molecular velocity normal 
to the aperture, we may regard this area as the geometric 
shadow of the aperture itself. 

Any interference which takes place between the issuing 
material and that incident from outside will occur somewhere 
along the jet based upon this small area, and may happen 
either within, or, more probably, outside the vessel. Alon 
this jet it should be possible to find some section m 
serves as the boundary between regions in which interference 
does and does not take place, it marks the limit to which the 
external molecules can penetrate and still be liable to inter- 
ference ; all external molecules which succeed in reaching 
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it will affect the reaction experienced by the vessel in the 
ordinary way. This may be the wall itself or a plane near 
the aperture, or even some section beyond the aperture. 
We shall designate this section the “ effective aperture ” of 
the vessel. Our object in defining it is to indicate that it 
corresponds to the surface of an evaporating liquid so far 
as our particular problem is concerned. 

We may note that if the effective aperture is within the 
vessel, it is probable that external vapour molecules will be 
condensed within it, whereas, if it is outside, such molecules 
will not necessarily, or even probably, be captured, though 
their momentum cannot fail to be conveyed by elastic 
collisions to the opposite wall. | 

The problem of the discharge of steam from such a vessel 
is thus very similar to the projection of molecules from a 
liquid in the process of evaporation. In the former, the 
molecules which pass outwards through the effective aperture 
will have occasioned a reaction upon the opposite wall given 
by their mass multiplied by the normal component of their 
molecular velocity, and the total force upon the vessel is 
compounded of this reaction, together with that due to the 
incidence of the external atmosphere after it has suffered 
encounters with the issuing stream. 

There may, however, be differences in the distributions of 
the velocities of the discharged molecules about the normals 
to the evaporating surface and the aperture respectively ; 
at present we make no assumptions concerning them. We 
may note, however, that from an investigation upon quite 
different lines, Knudsen (Annalen der Physik, xlvii. p. 697 
(1915)) finds that the evaporation of molecules from a liquid 
surface in vacuo is equivalent to the efflux of gas molecules 
from an aperture of the same dimensions. In the writer's 
opinion the resemblance extends to discharges into the atmo- 
sphere. 


SECTION 7. 


Experiments upon the reaction consequent upon the emission 
of steam from an orifice in a boiler. 


The experiments were performed with a piece of apparatus 
of the general form of Hero's engine :—a cylindrical brass 
vessel 3°1 cms. internal diameter was provided with four 
radial arms (7:5 cms. to centre) as shown in fig. 1. It 
contained water and was heated by a flame below it. 

Steam issued tangentially and provided a torque which 
was measured by noting the twist given to a torsion fibre, a 
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circular scale being attached to tho apparatus and read 
against a fixed pointer. There was at first a good deal of 
irregularity in the rate of boiling, so it was necessary to 
take the mean of a large number of swings on both sides, 
but with experience, the amplitudes of tlie oscillations were 
greatly reduced. The apparatus was weighed cold before 
and after each run, so that tbe rate of loss of steam could 
be determined. 

A thermometer with its bulb in the steam gave the 
temperature, and in some experiments a U-tube gauge was 
used to give the pressure, but when the excess within was 
small this could not be determined with much accuracy. The 
apertures were holes drilled in thin sheet brass, and between 
experiments were varied in number and size. 

Convection currents were found to produce no appreciable 
effect. After the flame was applied, but before the steam 
issued, the pointer remained at zero. It also returned to 
zero immediately the flame was removed and steam ceased 
to escape, though the apparatus was still very hot. While 
steam was actually issuing no variation of the reaction could 
be produced by screening the rear parts of the arms from 
which the steam issued ; also, as we have stated, the intro- 
duction of an obstacle within 2:5 mm. of the orifice and 
within the jet had no effect. 

The first experiments related to the efflux of steam from 
the four apertures fully open, when the sum of their areas 
was equal to that of the cross-section of the central tube in 
which the water was boiling. The temperature of the steam 
in the orifice was sensibly the same as that immediately 
above the liquid. The first three experiments quoted in 
Table I. show that the observed reaction was either zero or 
differed from zero by a negligible quantity. In order to 
show that the interaetions with the atmosphere are of great 
importance, we may contrast this with the rate at which the 
vessel was losing momentum from the escape of vapour 
molecules on the supposition that this is the only factor. 
We have already indicated that the velocity of rebound 
from the wall opposite the aperture previous to escape is 
of the order of magnitude of that with which the molecule 
leaves the liquid: consequently the rate of change of 
momentum on the assumption that the jets are parallel, 
which is not quite the case, may be calculated from the 
quantity De, where D is the number of gms. discharged in 
one second, and v is of the order of 7 x 10* cms. per second 
for steam at 100? C. Thus in the three experiments the 
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deflexions which would have been occasioned by these forces, 
if there were no compens:ting action, would have amounted 
to 6300°, 32000°, aud 9510? respectively. Since in the 
actual experiments the deflexion was sensibly zero, we must 
conclude that in this case, as in the evaporation experiments, 
the outgoing molecules encountered the molecules of the 
external medium, which were advancing towards the aperture, 
and prevented them from reaching the vessel and communi- 
cating their momenta to it. These experiments may be 
said to confirm our view of the interference of the two 
streams of momentum. 

The remaining observations recorded in Table I. show 
that as tlie number of apertures was reduced from four to 
one a reaction upon the vessel was observed, but that it was 
always very small. It is, however, clear that we must 
reduce our aperture if we wish to increase the reaction for 
a given rate of discharge. 

Table III. records a number of experiments made by 
Mr. Tunley and the writer using small orifices varying 
from *1 to *6 cm. in diameter, and also deals with a special 
set by Mr. Burgess and the writer made upon an orifice 
only 05 cm. in diameter. 7 : 

Data for higher rates of discharge are available from a 
series of experiments conducted by Rosenhain in 1900, in an 
investigation upon nozzles used in steam turbines; his 
experiments were carried out on a large scale, with an 
aperture of -475 cm. in a thin plate, the steam being pro- 
duced in an engine-boiler under pressures up to 200 lb. per 
sq. inch. The steam escaped in a horizontal jet. from a 
chamber suspended by a flexible tube, the reaction being 
measured by means of a weight attached to a cord passing 
over a pulley, which gave the chamber a horizontal thrust. 

The rate at which steam was discharged was ascertained 
by condensing it in a vessel surrounding the jet. Though 
the object of the experiments was entirely different from 
that of those under discussion, it js possible to derive the 
necessary data from cross reference to Rosenliain's diagrams. 
This is given in the final section of Table III. Attention is 
for the present drawn to the observations and quantities 
deduced directly from them; the calculated values will be 
discussed later. 

Table IV. records observations made by Rosenhain when 
nozzles of various forms were substituted for the orifice in a 
thin plate. 
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TABLE III. 
Observers: J. S. Burgess, H. Tunley, G. Duffield. 


| Dis- | ! 
Diam. Dis- charge | . . Reaction 
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pe Aper- er er unit | velocity. vyt i AS | lated. 
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TABLE III. (cont.). 


High Pressure Discharge (Rosenhain). 
Diameter of Aperture 475 mm. 


Boiler | 

P 

Ib 3 oni D. | D/A. | Toate, | vı P: Robs Reale. 
8q. in. i ! 
20 | 61| 315| 399 , 746x10 104 | :29x10*| :29x10* 
40 , 97 | 547] 415 . 7°60 1:06 | :58 56 
50 . 113 | 639] 421 | 7-66 107 | 3 69 
100 | 203 |1145| 443 | 7°86 L10 | 44 1-41 
150 | 238011580] 459 | 8:0 112 | 208 2-05 
200 (354) (2000) 471 | 81 . 118 |(282) 2:67 

| 


Note upon Table III. :— 


(1) Low pressure experiments.—Though the application of the 
quantities recorded in the Table is reserved for later discussion, 
we may state here the manner in which they were evaluated. 

D was found by weighing, as described in the text. The diameter 
of the 0-53 mm. orifice was obtained with the help of a travelling 
microscope; the other orifices were less carefully measured. The 
temperatures were those given by the inserted thermometers after 
eorrecting for stem-exposure, etc. Only in the case of the 0°53 mm. 
aperture did this differ appreciably from 373? Abs. 

The molecular velocity was calculated from the formula 


v 2 JT 
—]1f£8: 1 = ae. 
V=18-4x 10 A is 573° 


und the value of v; taken as ‘921 V, so that in the low-pressure 
experiments it is the mean velocity of the molecule. 

In calculating r, the ratio of the velocity of the escaping 
molecules to that of those outside, the external raedium was taken 
to be steam at 100°C.; it is difficult to be sure of this, but the 
value of r is not a very important quantity in our subsequent 
equations. Upon no reasonable assumption could it differ greatly 
from unity. 

(2) High pressure experiments. — Unfortunately Rosenhain’s 
published data are incomplete (Proc. Inst. C. E. vol. cxl. pt. ii., 
1899-1900), and our measuremeuts have becn taken from his 
diagrams. The boiler temperatures are not stated, so we have 
estimated them on the assumption that the stenm was saturated 
vapour at the given boiler pressure by using steam tables. But it is 
probable that the temperature was a little higher than the value 
thus obtained, because, since steam was escaping rapidlv, the 
measured pressure was probably less than that of stagnant saturated 
vapour corresponding to the actual temperature. We have 
calculated V as before, but v, has been given the R.M.S. value, 
instead of the mean value, as was done when the temperature was 
actually observed. 
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The Reaction upon Nozzles ( Rosenhain). 


Boiler Pressure in lb. per aq. in. 


"7. ME" M MER ME 
w M € Taper. — 200 140 80 40 20 
A TC: LL = TEM 
i 8q. i | | 
cis. CIS. R. DAJ R D/A. R. D/A. R. D/A. R. D 


| x 10" x10" x10 x 108 x 108 


. 0 "177 none 282 (200). 20 1151 115 945 058 6547 29 35. 
| 


2053 I7 1in20 344 948 2:35 
| 


o 55 686 Linl2 315 ^^ 535 2-07 


| TET 
4.20 329 linl2 330 109 (234| 785 L18 483 049 2745 N 
| i 
t 


The nozzles were of the expanding type. The iniet edges of 
Mt, HLA, and 1V D were slightly rounded. 


SECTION 8. 


Theoretical considerations relating to the phenomenon 
of evaporation. 


We proceed next to consider in more detail the conditions 
which determine the pressure upon an evaporating surface. 

The pressure is made up of two parts: (a) that due to the 
impact of molecules of vapour from above—we shall assume 
in the first instance that the external medium close to the 
Surface consists entirely of the vapour of the liquid ; and 
(6) that due to the rate of loss of momentum from the 
evaporating surface. 

Let n, be the number of vapour molecules which, if there 
were no loss by evaporation from the liquid, would strike a 
unit plane area within the vapour space close to the liquid 
in one second, let v, be the mean velocity component of 
these molecules normal to the surface, and m the mass of 
each ; then tlie pressure upon unit area II due to these is 
given by the momentum delivered in each second, namely 


IIz2mns. . . . . . . (1) 


If now evaporation takes place, it is clear that the 
momentum of which we have been speaking will encounter 
an opposing stream of rising molecules, and that collisions 
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will tend to reduce the number penetrating to the surface. 
Some of the molecules will have their velocities reduced to 
zero, so that they do not reach the surtace at all. 

Let us regard the loss of momentum of the downward 
stream as equivalent to the complete stopping of a fraction 
B of the original n, molecules. 

Thus the number of molecules actually reaching the liquid 
is (1—8)n, ; of these let the fraction a be reflected, so that 
the number penetrating the surface is n,(1— 8)(1—2). 
Since it is possible that the surface discriminates between 
fast and slow moving molecules, let us write v,' for the 
normal component of the velocity of those which penetrate 
it, and v," for those which do not. 

Let n; molecules leave unit area of the surface per second 
on account of the evaporation process, and let v; be their 
mean velocity component normal to the surface. Then the 
number of molecules, L, permanently lost by each unit of 
area in one second is the difference between n, and those 
which penetrate the surface, or 


L-2»—»(1—8)(1—a) . . ; (2) 
When a liquid is evaporating freely into the atmosphere, 


for example from the pan of a balance, the conditions close 
to the surface are as represented in the accompanying 


i^v 


nt a (1-8)ny 
(I-B) ny VA | 
(1-8) (Io) ny 


TI 


figure. Here R is the applied force necessary to secure 
equilibrium, and II the pressure of the atmosphere acting 
upwards upon the base of the pan. The arrow marking n, is 
supposed to be sufficiently removed to be free from the effect 
ot the rising molecules. 

Let Mg be the weight of the vessel and its contents at 
any instant, then, since each escaping molecule contributes 
to the resultant downward pressure a quantity mv, each 
molecule reflected from the surface an amount 2mv,", and 
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each molecule which penetrates the surface an amount mvs’, 
we have 


R +10 — My = mari + 2a(1—B8) mno," | 
 (1—8)(1—a)mn,r,.. ip o) 


The natural limits between which a and 8 may lie are 
O and 1, but the available evidence for a clean surface 
indicates that «0. (Bennewitz, Annalen der Physik, lix. 
p. 193 (1919); Knudsen, tbid. xlvi. p. 697 (1915)). 
Accepting this value, it follows that e,— vé, since the whole 
of the advancing stream of momentum m(1—)n,ve pene- 
trates the surface. Substituting these values for æ and vs’, 
it follows that 


IR -I-—Mgzmnuvt(l—8)nne, . . (3a) 


or, since we may suppose the instantaneous value of Mg to 
be balanced by a weight in the other pan, we have, if we 
substitute for II from (1) 


h2nmuru-(lc-8)mne,. . . . . (4) 
L-nu—(l-8)w. . .. . . (9) 


It is not possihle to observe m, directly, but, using its 
value as given by (5) in (4), we obtain 


R2nLbyu-42uasl-B8) T(l-t8)mnnee. . . (6) 


We mav also write 


Also from (2) 


r= ri] ey " . . . . . . (7) 


where r is the ratio of the velocity of the molecules escaping 
from the liquid to that of those in the vapour space. 

We therefore have for the reaction in excess of the 
atmospheric pressure at any moment 


R=mLvj— mn {Bir+1l)—(r—D}, . . (8) 
II (r+ 1) —1 
or R=mLrj— {8-2} sc & e 9) 


If we deal with area A the mass of the discharge per 
second, D, mav be written 


D=mLA, . . . . . . (10) 


whence the total reaction is given by 


te Da4 HE o1 - H5 eng. e. Q1) 
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Note.—For the particular case in which the liquid and 
vapour are at the same temperature we have v; = v, and 
r=1. Writing r=1 in (11) we have 


R-Du4—-8HA, . .. . . (12) 


or from equation (8) 
R=mryA{L—2Bnp}. . " . ° (13) 


If, as on page 647 of the Argument, we suppose 8 = 1 when 
r=1 (a condition unattainable in practice but nevertheless 
of interest in what follows), we should have R=0 until L 
exceeded 2n,, 1. e. until twice as many molecules were emitted 
as would have been incident upon the surface if there had 
heen no interference. This is equivalent to writing Dv; — IIA. 
For IT=10° dynes, unit area, and v; 26:6 x 10* cms. per 
second for steam at 100? C. the maximum value of D 
attainable theoretically without a reaction is given by 
Dz109/5*:6 x 101215 gms. approximately. 


SECTION 9. 


Theoretical investigation relating to the efflux of vapour 
molecules from a boiler under steady conditions. 


The equations arrived at from the consideration of the 
conditions under which a liquid evaporates (Section 8) are 
without modification applicable to the discharge of vapour 
from an orifice. For stean escaping from an aperture in 
the vertical side of a boiler, as in the apparatus shown in 
fig. 1, we see that the case is simpler, because there is no 
need to take account of the weight of the apparatus, also 
ans there can be no reflexion at the aperture of molecules 
advancing towards it from outside, we have a=0 as before. 
R is now measured by the torsion of the wire, and we have 
equation (11) holding good, — 

IIA 


Rz Dv, + > (r— 


. (11) 


where v; now applies to the molecules leaving the ** effective 
aperture." 
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SECTION 10. 


Previous experiments bearing upon an evaporative 
reaction. 


Osborne Reynolds has described an experiment in which 
two pith balls were suspended at the ends of a light beam bv 
a torsion fibre within a vessel containing water-vapour under 
reduced pressures. It was found that at pressures below 
about 2:5 mm., a flame held outside the vessel appeared to 
repel the nearest pith ball and a lump of ice to attract it. 
Reynolds * explains the phenomenon in these terms :— 


* According to the kinetic theory, the molecules which constitute 
the gas are in rapid motion, and the pressure which the gas exerts 
against the bounding surface is due to the successive impulses of 
these molecules, whose course directs them against the surfaee, 
from which they rebound with unimpaired velocity. According to 
this theory, therefore, whenever a molecule of liquid leaves the 
surface henceforth to become a molecule of gas, it must leave it 
with a velocity equal to that with which the other particles of gas 
rebound, that is to say, instead of being just detached and quietly 
passing off into the gas, it must shoot off with a velocity greater 
than that of a cannon ball. Whatever may be the nature of the 
forces which give it the velocity, and which consume the latent 
heat in doing so, it is certain, from the principle of the conservation 
of momentum, that they must react on the surface with a force 
equal to that exerted on the molecule, just as in a gun the pressure 
of the powder on the breech is the same as on the shot. 

“The impulse on the surface from each molecule which is driven 
off by evaporation must therefore be equal to that caused by the 
rebound of one of the reflected molecules, supposing all the mole- 
cules to be of the same size; that is to say, since the force of 
rebound will be equal to that of stopping, the impulse from a 
particle driven off by evaporation will be half the impulse received 
from the stopping and reflection of a particle of gas at the surface. 
Thus the effect of evaporation will he to increase the number of 
impulses on the surface; and although each of the new impulses 


will only be half as effective as the ordinary ones, they will add to 
the pressure." 


This is a delightfully clear picture of the molecular motions 
near an evaporating surface, but it does not take into 
account the interference between the opposing streams of 
molecules, which we have shown to be a vital part of the 
phenomenon of molecular discharges. 


* O. Reynolds, Roy. Soc. Proc. A. p. 401 (1874). 
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LXVI. The Whirling of an Overhung Evcentrically Loaded 
Shaft. By S. Lees, M.A., St. John’s College, Cambridge". 


Introduction. 


$1. TN the Phil. Mag. vol. xxxvii. p. 515 (1919), the 

author contributed a paper under tle above title, 
dealing with the problem of a whirling overhung shaft of 
negligible weight provided at its unsupported end with a 
disk fly wheel which is not perfectly balanced. The formula 
for the whirling speed given in equation (18) of the paper 
agrees with the result obtained by Chree f, whilst tlie steady 
motion given by equation (17) of the paper is new, so far 
as the author knows. Unfortunately, some serious errors 
arise in the paper, and the periods obtained are wrong. In 
addition, the author's resultsindicated that when the whirling 
speed was exceeded, the shaft became unstable. This is 
contrary to tle results of observation. The author is 
indebted to Prof. W. McF. Orr, F.R.S., not only for pointing 
out these errors, but for giving him valuable criticisms as to 
the method of attack adopted in the paper referred to. 
These criticisms have led to the following paper, in which . 
tle whole of the questions involved are redealt with, and in 
addition, some new points of view are given. 

In connexion with the previous paper (loc. cit.) by the 
author on this subject, it was at first objected to by Prof. 
Orr that the use of Lagrange's equations in obtaining tlie 
results there found was not legitimate. It would now 
appear that the chief objection to the author's development 
lay not in such use of the Lagrangian method, which is 
here quite legitimate, but in the choice of coordinates. 
These were not sufficiently general to define the dynamical 
svstem under all circumstances. Thus (and the same error 
was made by Chree) the author assumed that the shaft could 
be treated as if its geometrical axis were constrained to 
rotate round the axis of bearings. The present paper 
endeavours to show that whilst this is no doubt true for 
steady motion, it is not true in general. Thus the present 
paper verifies Chree’s result for the whirling speed and the 
author's result for the:steady bending for any given speed, 
but for the periods gives quite different results from those 
obtained previously by the author. It would appear that 
the problem really discussed in this previous paper by the 
author was that of the whirling of a shaft compelled to 
remain in one diametral plane, which plane is itself com- 
pelled to rotate with the shaft at the constrainod end. 

* Communicated by the Author. 
T Phil. Mag., May 1904. 
Phil. Mag. S. 6. Vol. 45. No. 268. April 1923. 2.Y 
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Neglect of Torsional fects. 

§2. In the paper referred to and in what follows the 
assumption is made that the whirling load can be taken as 
a perfectly true disk flywheel mounted slightly eccentrically 
on the shaft. lt is also assumed that torsional effects are 
negligible. This last proviso requires a slight discussion. 

It is clear that for negligible twisting of the shalt, we 
must have (1) the eccentricity of the load, i. e., the displace- 
ment of the centre of gravity of the fly wheel from the axis 
of tlie shatt when ut rest, small compared with the radius of 
vyration K of the flywheel about the axis of the shaft ; 
(2) the time of a torsional oscillation small compared with 
the time of an oscillation involving pure bending only. A 
discussion of these two times of oscillation shows that the 
length L of the shaft from the bearing of the flywheel must 
be large compared with K. Throughout the present paper, 
this will be assumed, and torsional effects will be neglected. 


Coordinates specifying the Configuration. 
$3. To specify the position of the shaft, we shall employ 
four coordinates. Referring to fig. 1, we shall take it that 


Fig. 1. 


the deflexions of the shaft from the straight original condition 
are small, and that the movement of the free end of the 
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axis parallel to the direction of the axis at the constrained 
eud is absolutely negligible. The free end C of the axis may 
therefore be considered to move in a plane perpendicular to 
the axis of bearings. The axes of reference will accordingly 
be taken such that the constrained axis coincides with Oz, 
whilst Oz and Oy lie in the plane just referred to. ‘The 
coordinates of C will thus be (z, y, 0). In addition, we 
shall require the direction-cosines of the tangent to the axis 
at its free end. ‘These will be taken us (A, p, 1). The four 
coordinates specifying the position of the shaft are thus 
€, Y, À, phe 

We have yet to define the position of tle centre of 
gravity G of the flywheel. The distance CG (the eccen- 
tricity of the flywheel) will be denoted by b. It may easily 
be shown that, provided torsional effects may be neglected, 
the angular mation of the line CG is the same as that of the 
shaft at its constrained end. This result, which is purely 
kinematical, arises as follows :— 

Assume that the shaft is of radius b, so that G lies on its 
outer surface (see fig. 2). By taking the generator an the 


Fig. 2. 


R Q 


surface of the shaft which passes through G, we obtain, 
corresponding to G, a point Q on the cross-section of the 
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shaft at the constrained end O,. If we take on this cross- 
section a point R, so that O,R is parallel to the plane zO», 
we can find the corresponding point N on the cross-section 
at the free end lying on the generator through R. If O, 
represent tlie centre of the shaft at tlie constrained end, we 
must have in all cases angle RO,Q=angle SCG. If the 
shaft be compelled to turn uniformly with angular velocity œ 
at the constrained end (bv means of a heavy flywheel at the 
constrained end), then the angle SCG must increase at the 
constant rate e. Now the relationship between S and R is 
one purely depending on the shape of the bent shaft. If, 
then, we consider the purely geometrical relationship in- 
volved in the most general type of small bending deformation * 
of the shaft (i. e., not necessarily assuming that the axis of 
the shaft lies in one plane), we see that to tlie degree 
of approximation here taken, the projection (on the plane 
RO,Q) of SC is always parallel to IO;, and, in consequence, 
CG rotates in the plane xOy with uniform angular velocity 
w. This result is clearly independent of tlie assumption that 
the shatt is of radius b. 

We are thus entitled to take as the coordinates of G 
the values 


fg=uwthvos(wt+e), yg — yb sin (wt +2), :520. (1) 


Here æ represents the angle which CG makes with Ox 
when t=0. 


Equations of Motion, 


§ 4. In order to get the equations of motion involving X and 
p, we make use of the following theorem: Ifa rigid body 
have moments of inertia A, B, C (with B= A) about mutually 
perpendicular principal axes OA, OB, OC respectively, 
where O is fixed relatively to the body and is either fixed in 
space or, if in motion, coincides with the centre of gravity, 
and if the angular velocities wj, w about the principal axes 
OA, OB respectively be always small compared with w, the 
angular velocity about OC, then correct to the first order 
of small quantities :—- 

Moment of momentum about 


Or=Crw;— Ap, . e. . . . e (2) 

and about OyzCpe;tAX. . . . . . . (3) 

* A deformation due to pure bending might be defined as one in 
which the projection of any straight lire in the cross-section of the 


shaft on a plane normal to the fixed end ot the axis remains parallel to 
its original direction. 
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are fixed, and OZ is such that OC nearlv coincides with it ; 
also X, u, v are the direction-cosines of OC referred to Oz, 
Oy, Oz respectively, so that X and u are small, and v may 
be taken as unity. 

To prove this theorem, we note that 


w,=w, cos AOX + w; cos BOX + w; cos COX, 
and hence moment of momentum about 


OX = A (w; cos AOX + w cos BOX) + Cw, cos COX 
=A(w,—Aw3)+CAw3 . . . . . . . . (4) 


Now the point (A, w, v) lies on OC at unit. distance 
from O ; hence such point has velocities 


X-voy—p0;, JL X0,— V0,, V= 0; — Noy, 
and it follows that 
py —vp = ou? +i?) —Xuo, — vAo, 
=w: —ÀA(Xo; + Loy + Vw, ) — 0, —X05. 


Under our assumptions v is constant at the value unity ; 
hence (4) may be written —Aù+Cħw;, which agrees 
with (2). The expression (3) is similarly obtained. 

To get the forces acting on the shaft due to independent 
bendings in two perpendicular planes, twisting being 
neglected, we take for the potential energy 


V =2EA,F(3(2? +y) —3L (uz + py) + L( + u?) )/L*. (5) 


This may be regarded as.a generalization of the result 
given by Rayleigh (* Sound,’ vol. i. $183). The notation is 
such that E represents Young's Modulus for the material of 
the shaft, A; represents the area of cross-section which has a 
radius of gyration k about any diameter, whilst L is the 
length of the shaft from the bearing to the free end. For 
convenience, we shall write B, = 2EA,47/L?. 

From (5), the restoring force parallel to Ox is 


V, 
2 —2JB,(2z— LA), e è > o œ (6) 
whilst the restoring couple parallel to the plane 2Oz is 
oV 


On = B,(—3L2+ 2L7A). . . . . (7) 
Similar results hold for the restoring force parallel to Oy, 
and for the restoring couple parallel to the plane zOy. 
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The equations of motion of the system of shaft and 
ecoentrically loaded fly wheel are now obtained in the form 


2 
B [z-4-bcos (ot a)] -3B((2r — LA)/M 0, . (8) 
“aly +bsin (wt+a)] +3B,(2y—Ly)/M=0, . (9) 
S (Cho — Aji) - Bi( - 3Ly + 2*1) =0, . (10) 
© (Cp - AX) B -3Lz 2L) 0.. . (11) 
In the equations (8) and (9) M stands for the mass of the 
eccentrically loaded flywheel ; whilst in (10) and (11) the 


moments of the restoring forces round the axes through G 
are neglected (being of the second order). 


Solution of the Equations of Motion. 
$5. The effect of the terms in E (mt -- a) in the above 


equations is clearly that of a disturbing force. To find the 
“free” oscillations, we have to solve 


(D?+6B,/M)2~—3B,LA/M=0, . (12) 

(D?*+6B,/M)y—3B,Ly/M=0, . (13) 

—3B, Lr + (AD%4+2B,L?)A+ CoDu-0, . (14) 

—3B,Ly+ (AD?+2B,L?)y+CoDA=0. . (15) 

In these equations D denotes d/dt. To solve them, we 

write 

z=rcos (pe+y), y=r sin (pt +y), X0 cos (pt +y), 

p=ĝsin(pt+y) . . . . . (16) 


Here r and @ ave constants which are connected, however, 
so that only one of them is arbitrary. To determine r/0 
and p, we liave 


(—p*+ 6B,/M)r—3B,LO/M=0, . (17) 
—3B,Lr+(—Ap? + 2B,L?4 Cop)0—0. . (18) 
Elimination of r and 0 between (17) and (18) gives for 

the periods 
— p?+6B,/M, —3IuL/M, | 


=(). 19 
—3BiL, — Ap? + Cop + 2B,L?, | (19) 
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It may be remarked that the Lbi-quadratié equation (19) 
has four real roots, as is easily seen on noticing the change 
of sign of the expression on the left-hand side, when for p 
is substituted in succession the values —«, = /6B;/M, 0, 
/6B,/M, c. For any one of the four periods, the 
corresponding ratio of r to is given by either (18) or (19). 

The most general “ free” motion is a linear combination 
of expressions of the type (16) corresponding to the four 
periods. To each motion of the type (16), there are two 
arbitrary constants, viz., r and y. Hence, the general 
solution involves eight arbitrary constants, which is clearly 
correct to enable arbitrarily assigned values to be given to 
Z, T, y, YA, X, ji, and y. The existence of four real periods 
p implies that so far us the “free” or “natural” vibrations 
are concerned, there is no question of instability. 

To complete the solution of equations (8) to (11), we 


require the “forced” oscillation due to the terms in 


id (wt --a), i. e. due to want of balance in the fly wheel. 


Such an oscillation is obtained by supposing the centre of 
the flywheel or disk to describe a circle of radius R with 
angular velocity w in the same direction as the rotation of 
the shaft. Such a motion must satisfy 
w=Reos(wt+a), y=R sin (wt +a), etc., 
and thus (6B,/M — w)R -3B,LO/M = ob, 
—3B,LR + (2L?B, — Aw? + Cw?) 20; 
where @ represents the steady deviation of the free end of 
the shaft in such a motion. From these equations we find 
R bea ees OF 
2L7B,—Aow?+ Co? | 3BL 


eb 
~ (6B,/M—o?)(2L?B, — Aw? -+ Cw?) 9B L2/M * 
This agrees with the result (equation 17) given in the 


author’s previous paper (loc. cit.) Whirling will take place 
when 


(6B,/M — o*)(2L?B, — Aw? + Cw?) —9B PY L?/M=0, (21) 
for in this case the values of R and © become infinite. It 
may be noted that (21) agrees with Chree’s result (see Phil. 
Mag , May 1904, equation (10)). These results accordingly 
indicate that whirling is the only cause of instability, and 
provided the internal friction of the shaft prevents the shaft 
from excessive whirling as the system is speeded up through 


(20) 


696 Mr. S. Lees oa the Whirling of an 


the whirling speed, once this speed is left behind, the shaft 
is as safe as ever. It ought to be mentioned that equation 
(21), which is a quadratic in @?, has only one positive root 
for o? *, so that there is only one whirling speed. 

The general solution of equations (8) to (11) is obtained 
bv combining the most general set of free oscillations with 
the forced circular motion given by (20). In actual practice 
there will be a certain amount of energy dissipation taking 
place, and this may be relied on to cause tlie terms repre- 
senting the free vibrations ultimatelv to disappear, leaving 
the forced motion given bv (20) representing the steady 
state of motion ultimately set up. d 

It may be noticed that in both the forced motion and in 
any one of the free motions tvpified bv (16), the path of the 
centre of gravity G of the flywheel or disk is a circle con- 
centric with the axis of z, i. e., the constrained axis. The 
axis of the shaft is also bent in one plane, which must pass 
through Oz and include the centre of gravity G. These 
results would not hold, however, for the most general motion 
involving all the four periods. 

It is easy to verify that for speeds below the whirling 
speed, the centre of gravity G in the steady motion is always 
on the opposite side of the bent shaft to the axis Oz. For 
speeds above the whirling speed, G is on the same side of 
the bent shaft as Oz, in the steady motion. 


Effect of Internal Viscosity Terms on the Motton. 


§ 6. The causes of the various frictional resistances which 
affect the system will be complex (sound-waves, wind- 
resistance, viscosity of material of shaft). We shall first 
assume that at the constrained end of the shaft, arrangements 
are provided to keep the speed from falling, and for the 
rest, that friction is effectively represented bv linear terms 
in the rates of variation (relative to the constrained end of 
the shaft) of the coordinates specifying the configuration 
of the system. We also assume that the frictional terms 
will be unaltered if the shaft be considered at rest at the 
bearing, and the same relative motions take place in the 
system ; this in effect assumes that internal viscosity is the 
principal factor in the frictional terms. 

If we take axes O,£, O,ņ rotating with the shaft at angular 
velocity w in a plane parallel to «Oy, the new origin O, 
being on the axis of the shaft at its constrained end (the 
bearing), we may easily express the above assumptions. 


* Provided, of course, the shaft is long enough, i. e. L 23(C— A)/M. 
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Relative to such axes, we have to change the constant 
B, to Bi(1--aD/Dt), where D/Dt represents differentiation 
with the moving axes. The constant a is a constant of 
viscosity. 

The restoring force parallel to Oj£ instead of being 
3B,(2£— L/) is now 3B,(1 + aD/DO (2£— LI). The direction- 
cosines of the end of the shaft at € relative to the moving 
axes and the axis of z are now taken as/,m,1. Thus the 
viscous force & in the direction O,€ is 


3Bys y 2e-LD. 
Similarly, parallel to On, we get the viscous force 
H= 3B,a (29 Lm). 
Now the viscous force along the fired axis Ox is 
X=Hcoswt—Hsinwt, . . . . (22) 
whilst E= r cos wt + y sin wt 
and n = — zx sin wt + y cos wt. 
On evaluating (22), and employing 
l=) cos wt + usin wt, 


m= — sin wt + u cos wt, 
we find that 


X =6B,a(.¢+@y)/M—3B,La(A+op)/M. . (23) 


By similar reasoning, the viscous force parallel to the 
fixed axis Oy is 


Y-6Bja(j—eoc|M—3B,La(a—eX)/M. . (24) 


A similar procedure to the above gives the viscous couples, 
and we are led to the equations of motion | 


(D? + 6B,/M)*—3B,L\/M+ 6Ba(e+oy)/M — ) 
—3B,La(A + ou)/M = bo? cos ot, 
(D? + 6B,/M)y — 3B, Ly/M + 6B,a(y—w2r)/M 
| —3B,La( ù — wx)/ M — bo? sin ot, 
—3B,L« + (AD? + 2B,L?)A + CoDy 
— 3ByaL(% + oy) + 2B aL + ou) =0, 
—3B,Ly + (AD? + 2BIL3)u — CoDX 
—3B;aL(5 — wx) + 2BiaL?(n — oX) —0, J 
where, as before, D stands for d/dt. 


(25) 
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These equations can be solved in the usual way, when it 
will be seen that the effect of internal viscous effects is to 
modifv slightly the periods given by (19) and to introduce 
damping. It is easy to see, however, that the forced motion 
is not affected in the slightest, as terms of the type (roy) 
then disappear. Hence for whirling, (21) still holds. 

For a perfectly balanced shaft we may put b=0. In such 
a case, it may appear at first sight that there is a possibility 
of there being a state of steady motion with x, y, A, and 
p constant, That there is no such possibility may be seen by 
first wiping out all terms in equations (25) involving d/dt, 
and thence showing that the eliminant of the simple linear 
equations left can never vanish * 


Friction which may prevent. Whirlina. 


$7. Although purely internal elastic (or viscous) friction 
does not in the slightest degree prevent whirling, yet external 
friction (e. g., of air) of a suitable tvpe may do so. We shall 
consider the case of such external frictional effects being 
dependent linearly on the coordinate velocities, which have 
no longer to be referred to moving axes. A simple case 
would be obtained by changing B, into Bj(1-4 8d[dt), where 
d[dt has now no reference to moving axes. A more general 
case could be obtained by assuming a dissipation function 

F=3(Kyr? + 2K,0d + KA? + Ry + 2Koywt+ Ku) (26) 
such that, e. g., the frictional force parallel to Ox is @F/d.z, 
the frictional couple in the plane zO« is F/O. Withont 
going into the details, it will be noticed that the effect of 
friction in these cases will be (1) to alter the period equations 
slightly and thus to give rise to damping of the free vibra- 
tions; (2) to prevent the forced oscillation from ever 
becoming infinite. The general argument for the latter 
statement will be found in i" wleigh’s i Sound,’ vol. i. § 104. 
Thus triction of the type indicated. may enable the system to 
pass through the critical speed, without disaster occurring. 


Elastic Yielding at the Bearing. 


§ 8. The effect of elastic yielding at the bearing will now 
be discussed with the assumption that the forces involved are 
not sufficient to produce any appreciable movement at the 

* The vanishing of the eliminant would require 

17w'æ + 2w%e?+1=0, 


which for real values of w can never be satistied. 
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centre of the bearing, but only produce small changes in the 
direction of the aris of the bearing. For the sake of 
generality, this ylelding will be taken as different (for the 
satne bending moment) for two directions at right angles to 
one another. 

Referring to fig. 3, let the direction-cosines of the deflected 
axis of the bearing at O, relative to fixed axes be Ay, pi, 1, 
and of the axis of the shaft at C be À, u, 1. Relative to O,:' ", 


Fig. 3. 


the direction-cosines are A,(=A—A,), u3( —4&— u), 1, correct 
to first order terms. If x and y be the coordinates of the 
centre of the shaft at C relative to the same fixed axes, then 
relative to 0,2’, the coordinates are 
tg=x2—Ld,, ya y— Ly. 

The energy of bending of the shaft is 
Bi(3(2! + yo?) -3LQo rs + poya) + L(A? £u,?)). (27) 
We shall take the energy of deformation of the bearing as 
KPuQa), .. . . . (28) 


whert the constant P is not assumed to be equal to Q, and a 
term involving Au, is omitted. The bending moment at O, 
in a plane parallel to zO;z is accordingly d (3PA42)/dX, = Pry. 


* The other axes may here be taken as lying in the planes 20,2, zO,y. 
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Similarly, we get Qu; for the bending moment in a plane 
parallel to zO,y. The restoring force at C parallel to Oz is 
3D,(2 2$? — LX), whilst the bending moment at C in the same 
plane 20x is B,(— 3Lz, + 2L2,). Hence the bending 


moment at O, in the same plane (20,2) is also 
3B; (2z,— LA.) L  Bi( —3Lz; + 2L) x 3B, Los, — B LAs, 
which must equal PA,. Hence 
PAX,23BDBj4L(z —LXA,)) — B LA —À4), 
or A, = (JB;Lz— B,L7A)/(P--2B4L?), . . (29) 
Similarly &4,-(3B,Ly—Bj,L*5)/(Q4-2B,L?). . . (30) 
Thus the total potential energy is 
V=B,{3[(c—LaA,)?+ (y— La] -3L((X— X — LA) 
+ (&— p) y Laj)] +L 04)? 
tium] HAPN +Q . o... (8D) 
where A, and y; are to be replaced by their values (29) and 
(30) respectively. 
If we write B,L7/(P + 2B,L?) =a, 
and B,L7/(Q+2B,L’) 28, 


where æ and 9 need not necessarily be small, we find for 
example : 


Restoring force parallel to Ox 

= 3B, [ 2 (1- ta) - E EP . (32) 
Restoring couple in plane zOz 

-B, [-3140—2)4 a^ (1 = 5) | eo. (33) 


The equations of motion of the system now become 
(neglecting frictional effects) 


pii [2(1- 3)- —LA( 1—2)|/M= 0, 
; 3 : 

as mem wt) + 3D, [2(1- ;)-ma-&] M=0, 

d 

ji C» - An) — B, [-3100- « 21, (1-5)] =0, 

d. 

ii (Cuo + AX) +B, | -31.1 —a)+ aLa( 1— =) | 


34) 


3B,L(1—«)R,—Cw'®, +0, | Ao? 2B,L"(1— 5) 
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For the natural periods (ignoring the terms in b), we find 
solutions of the type 


x=r, cos (pt +y), Merge aid 
yomr,sin(pt--y), m=O,sin(pt+y).J— 


Of the four constants (ri, 72, Ôi, 02) only one is arbitrary, 
the others being given by (34). For the vaiues of p, we 
have the equation 


(35) 


A(p) = 
ps Se (1-3), 0 aa) 0 
0 , 3BL0-8) , Oup , Ap'—2B, Lt (1-5 
3BLü-a) , 0 , Ap! -2B, L? (1- z), ion 


—0. . . . . (36) 


This is a biquadratic in p’, and for small values of a and £, 
the values of p will differ little from those given by (19). 
We may take it that the natural oscillations will ultimately 
be damped out. The steady forced oscillation left can be 
aun by assuming 
x=R, en wt, X-0, di "e (31) 
y=R,sin@wt, p=@, sin ot. 


Substituting these values in equations (34), we find 


R, ( eb (1- *) i-o ! —3B,L6,(1 —2)/M — ob, ) 


R { 6B, (1— 7) M-e} —3B,L6,(1 — 8)/M — ob, 
=), | | 
| 


f 

2 | mm 

The four equations (38) determine H;, R,, @,, and 9. 

If the determinant arising oul of the left-hand sides of these 

equations (on elimination of R,, R,, @,, and 9) vanishes, 

the amplitudes R,, etc. become infinite, and we get whirling. 

The whirling equation is easily seen to be the result of 
substituting w for p in the equation (36). 


3B,L(1— 8)R, — Co'8, + 8, f Ao? —2B,L2(1— 9 


s) 


i 
| 
| 


Ac 
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Tle path of the free extremity C of the axis of the shaft 


is the ellipse 
PIRE a ytR3 =l. etc Moe d (39) 


This elliptical path is to be expected when the constrained 
end of the axis is not very rigidly held. 

$ 9, We shall now discuss at greater length some of the 
points iuvolved in $ 8. 

With regard to the period d is (36), it is possible to 
show that this equation always has real positive roots for p?, 
and hence (except ata whirling speed) there is no question of 
instability. To prove this statement, we follow the method 
outlined by Routh (* Rigid Dynamics, vol. ii. p. 50 (1905)). 

We write (36) in the form 


6B, /. 3a 3B,L | 
-P°+ y (1- 2) d Jib o cL W 


°) 
as 


6B, /, 33 3B, L 
0 Pty (1-5), 0 -u =8) 


« . 


—3B,L!—a«) , 0 -Ap +B, L (1- 2): Cop 


0M 
—3B,L(1— a), ?B,L(1— 5) ETE 2B,L*(1- 5) 


0 | -39BId-B) , Cup ,—Apt+aB, L (1— 5) 
=0. . . (36a) 


and denote by à, the first minor obtained by deleting the 
first row and the first column. The second minor obtained 
bv deleting the first row and first column of A, mav be 
denoted by Ay. We proceed similarly for Àj, which will be 


—Ap' + 2B? ( — 2). We also let 4,21. Each of the 
determinants referred to will be a function of p?, and clearly 
when p?= æ, we shall have 

A=n, A=, A= 9, A= —90, A,=1. 
In this series, we have four changes of sign. 


We now consider the values of the determinants when we 
take p?=0. In this case, we find 


2: M 2 


6B. Bay BBL 16B,/, 3 3B,L 
(1- s). a) | “a | -) -y 0-8) 


(40) 
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Hence (assuming that æ and 8 are both positive and less * 
than %) we get A positive. We also find 


BRIL a | 
A=" yy (1-$)a- 29» 2. . (AD 


which is also positive, provided «1. Similarly, As, As, 
aud A, are positive, and there are no changes in sign in the 
series A, Aj, Ay, A, and A,. In consequence, in going 
from p?=0 to j?zo, four changes of sign are gained in 
the series A, A, etc, and the roots (in p?) of the bi- 
quadratic (36a) all lie between 0 and o». Hence p is 
always real. 

We proceed to discuss the question of whirling. Solving 
equations (38) in the usual way for R, (sav), we find 


RA ilie P) E 


ar on er 


(e«- [9 Qi 2) Go - 2] 


9B,T/ 2. 9B2L? 
TM. 720 e)a ^ (1-8) 


[Ae 2812(1- 2)], eo. (43) 


where A is the determinant obtained by putting p?=o? 
in (36a). It may be remarked that if a and £ are not 
equal, then A is not capable of being split into factors, 
and (42) cannot be made simpler in form. If, however, we 


take ez, we tind 
x E { Cot— [ Ao? - 28.4 (1— ol} 
(Roae 


9B,?[/? 
vUa mer 0. « (43) 


* [t is actually necessary for the complete argument to restrict botli 
and 8 to values less than 3. The definitions of « and 8 in $ 8 show 
that these restrictions are satisfied. 


P 
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whilst 


/ f 6B, 3a | g PL 9 2 9 -5)] 


MATE - sa -w] [Cor sut 2B,L*(1— -)] 


THR | 
+ (1-a)? P. 20.0. (44) 


Thus the second line factor of (44) disappears in the expression 
for Ry, and we get a result agreeing with (20) when a — 0. 
If a and B are not equal, we cannot get rid of a factor in 
this way, and whirling may occur whenever O=0. If we 
denote the minors obtained by deleting from A the first row 
and column, first two rows and columns, etc. by A), As, etc., 
exactly as above, we find when w?=<, that (since C >A) 


A--—7, A,=+x, A,=—%x, A;=—0, A,=1. 


When we put w?=0, we find 


M 2 M M M 


i 3B,L(1—8) , 2B,L*(1-5) 
| ©.. s. (45) 


3BiL(1—2) , 2B,L?(1— 


` D d 


a 
9 


and is accordingly positive. We also find 


— BBL n 
A (1-5)a-29. —— À 55 


and is thus positive. Clearly also Ay is positive, whilst A; 

is positive and A, is unity. Thus in going from w?=0 to 

w=, we gain three * changes of sign, and there are 
e 


* There are at least three whirling speeds, but the argument really 
shows that there may be three, five, or any odd number (53) whirling 
speeds. The biquadratic in w” (viz., A20) can, however, only have four 
roots; hence we settle once and for all that there are three positive roots 
only for w, and hence three real whirling speeds. 

For this important point [ am indebted to Prof. Orr, who observes 
that Routh’s argument (‘ Rigid Dynamics,’ loc. cit.) depends upon 
n variations of sign being lost or gained between p?=—o and p?z po, 
for a determinant of the nth order which equated to zero gives an 
equation of the nth degree in p°. If (as in our 4=0), n variations of 
sign are not lost or gained (c. e. in our case n=4) between p?=—a and 
p =+ (in our whirling equation 4=0, p? is w°), Routh's argument 
must be modified in some such way as i3 indicated at the beginning of 
this footnote. 


? 
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accordingly three real positive roots for «?, and hence three 
whirling speeds. With a circular motion of the point C, 
however, there is only one whirling speed, because (as has 
already been pointed out) for a=8, the numerator in the 
expression for R, vanishes for two of the speeds just given 
by the general theory. The two speeds referred to will be 
given by 


[ETE 


9B, L? 
E” ir (l—a)=0 . (47) 


If we take a=0, we get 


1D 3 / p? 205v ar 
2 ] Lc eu mor um 
id =B( c75 T Sr) £Bia/ (cog * x) M(G+ Ay? 49 
and these will give close approximations to the new critical 
speeds involved when the shaft is fairly rigidly held. 

Asa numerical example, we may take C=2A, L?=15A/M. 
We then find the whirling speed given by (21) is obtained 
from w?=(VW189—12)B,/M. The two whirling speeds 
introduced by the imperfect rigidity of the bearing would 
approximately be given by w?=B,/M and 15B,/M. The 
tendency to whirl at these latter speeds might easily be 
masked by the effects of friction, however. 


The Eject of Slight Initial Distortion of Shaft. 


§ 10. If the axis of the shaft be not originally a perfect 
straight line, we may proceed as follows (the bearing is 
supposed to be rigid). 

We still suppose that the coordinates of the point C for 
the free end of the shaft are (z, y) relative to fixed axes. 
The potential energy is, however, now to be taken as 
expression (5) with w—z, y—y, X—A, w—p, substituted 
respectively for x, y, A, p. Here z, y, à, p, represent 
respectively the initial small values of x, y, X, p, due to the 
slight distortion. The initial bending need not be confined 
to one plane, and we may suppose 


z=b cos (wt+a,), y=, sin (vt +a), ! (49) 
A6, cos (et - B1), 1.0, sin (wt +£), e 


where b, 0,, a,, and £, are constants. 


Phil. Mag. Ser. 6. Vol.45. No. 268. April1923. 22 
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Instead of equations (8) to (11), we get 
z--6B,z/M —3D,LA/M = eb cos ot 
+ 3B, [2b cos (wt + a,) — LO, cos (wt + 8,) ]]|M 
y 2 6B,y[|M —3B,Lu/ M = ob sin wt 
+ 3B, 127, sin (wt + a) — LO, sin (wt 4 81) ]/M, " 
Cor — Ag — B,( — 3Ly + 2L?) i 
= B [- 2120 sin (wt + 84) + 3L/, sin (wt + 1) ds 
Cog + AX * Bí( —3Lz + 2L2X) 
= B,[2L74, cos (wt + 8;) — 3Lb, cos (wt + a,)]. 
The free periods will be exactly the same as those given 
in $5. The forced motion will involve, for each of the four 


coordinates, simple harmonic terms of the type cos ot and 
sinwt, We may, in fact, assume 


(50) 


r= À, cos wt + A, sin wt, ' 
y = À, sin wf — A, cos wt, 
X = ÅA, cos wt + À, sin wt, 
u= Å; sin wt — À, cos ox. 


(51) 


If wo substitute these values in either the first and third, 
or the second and fourth of equations (50), nnd equate the 
terms in coswt and sin wt together for both sides of each of 
these equations, we get four equations for determining 


Ai, Aa, iN 35 ¢ and A, viz., 


3B,L 
(cer) A 


D, 
—w + : MC COS à — L6, COs B), 


= — z (2b sin a, — LO, sin £,), 
— 3B LA, +A; Cw? — Ao? + 2B LY) 

= 23,176, cos 8, —3B, Lb, cos ai, 
- 3B LA; + Ay(Cw?— Aw? + 2B, L?) 

= — 2B, L?0, sin 8, + 3B, Lb, sin a. J 


In the denominators of the expressions for each of A,, Ag, 


| 
| 
^ 
| 
lm 
| 
| 
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A,, and A,, will appear (since A, and As are independent of 
A, and A,) 
| og, 6B, _ 3B,L 
w E M . (63) 
| -3B,L , Co*—Aw®+2B,L? 
Thus the condition for whirling is 
Aj, £o€ce ox e ow (DA) 


which is precisely the same as equation (21). Thus whether 
we consider whirling as arising from the forced motion due 
to an eccentric load, or to the forced motion due to a slightly 
deformed shaft initially, the same result for the whirling 
speed is obtained. 

It is quite clear from (51) that in the forced motion the 
path of C is a circle concentric with Oz, for 


a? +y =A AS. 


The points C and G, and the axis Oz need not now necessarily 
lie in the same plane. 


Conclusion. 


§ 11. In the present paper, the author has endeavoured to 
indicate the kinematics of the motion of the free end of the 
shaft assuming negligible torsional effects. The genera! 
equations of motion have then been deduced for an eccen- 
trically loaded disk or flywheel, leading to the conclusion 
that whirling may be regarded as due to the amplitude of 
the steady forced oscillation of C round Oz becoming 
ticóreticdlly infinite at a certain speed. Alternatively, 
whirling (even for a symmetrically mounted flywheel) may 
be regarded as haviag a similar origin, on account of slight 
deviations of the centre line of the shatt from the straight 
line initially. 

. The author has endeavoured to show that elastic viscosity 

(in the shaft itself) cannot prevent whirling in the slightest 
degree, but that external friction may enable the system to 
pass safely through what would be a whirling speed without 
such friction. | 

The effect of elastic yielding at t!e bearing has been 
investigated both for symmetrical and unsymmetrical elas- 
ticity. The curious resultis obtained that for unsymmetrical 
elasticity or elliptic motion there are three whirling speeds 
(neglecting friction). Apart from whirling, there is no 
question of instability, gos The two extra whirling 

242 | 
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speeds are traced down to an effect which vanishes when 
the motion becomes circular. It is possible that external 
friction may mask these additional speeds of whirling. 
Lastly, the author takes this opportunity of acknowledging 
his deep indebtedness to Prof. W. McF. Orr, for his manv 
valuable suggestions and criticisms whilst the material of 
this paper has been thrashed out. But for him this paper 
€ not have been written in anything like its present 
form. 


LXVIT Note on Mr. Lees’ Paper on the Whirling of an 
Overhung Shaft. By Prof. W. McF. Orr, D. Sc, F.R.S." 


HIS note originated from a correspondence with Mr. Lees. 

My objection to his use of Lagrange's equation was 

bv no means the only point about which he showed me that 
I was in error. 


$1. Jf the three moments of inertia are unequal the motion 
is unstable at high speeds. 


In connexion with the problem discussed by Mr. Lees 
it occurred to me to test for stability in case the three 
moments of inertia, A, B, ©, of the pulley relative to its 
centre of mass are all ‘unequal. There are then two 

“whirling”? speeds, each being that for the same shaft 
loaded with a symmetrical pulley, having moments A, A, C 
in one case and D, B, C in the other. And, to my surprise, 
I found that the * free" motion for a perfectly centred 
pulley is exponentially unstable if either of these speeds is 
exceeded. This may explain the fact, of which I have been 
informed by my former colleague, Mr. H. H. Jeffcott t, that 
propellers (of aeroplanes) having two blades show evidence 
of instability. 

Although I solved the problem first in Lees’ coordinates, 
aparently the shortest way of doing so is to follow Routh’s 
treatment a the unsymmetrical top (Rigid Dynamics, 
4th edn., Arts. 211, 212), thus taking, as two of the 
variables, E Lees’ X, u ($4), but the cosines of the angles 
which the fixed axis of the bearing makes with the prineipal 
axes GA, GB, of the pulley. This is virtually the same as 

* Communicated by the Author. 

t I may refer any one who desires a satisfactory explanation of the 
dynamical cause of “ whirling,” as free as seems possible from mathe- 


matical difficulties, to a paper by Jeffeott :— The Lateral Vibration of 
Loaded Shafts,” Phil. Mag. xxxvii. March 1919. 
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referring to axes rotating with angular velocity which is 
upproximately constant and equal to that of the shaft. 

In the diagram, which is Routh’s (l. c. i. p. 217) with some 
additional letters, the origin is Lees’ O,, the fixed point on 
axis of the shaft; the axes O,X, O,Y, OjZ are fixed, the 
last being the axis of the bearing ; OA, 0,B, O,C are parallel 
to the principal axes of the pulley at its C.G., the last being 
perpendicular to its plane. As X'E is approximately $, tho 
axes O, X", O,Y' rotate with approximately constant velocity 
€, that of the shaft. Relative to the fixed axes let the 
direction-cosines of O,A be Ay, uj, vi; of O,B, Xs, po, vg; of 
O;C, As, 3, v. Relative to O,X', O,Y', let x’, y', be the 


coordinates of the foot of the perpendicular from the C.G. of 
the pulley on the bent axis of the shaft, and A', uw’, the 
direction-cosines of O,C. 

In the case of the pulley excentrically mounted, in 
estimating the restoring forces and couples, (and these are 
known correctly to only the first order of small quantities), 
it is immaterial, to the first order, whether we suppose the 
forces applied at the C.G. of the pulley, (Lees’ G), or at the 
corresponding point on the axis of the shaft, (Lees' C). We 
have restoring forces 3 B,(2z'— LX’) parallel to X'Oj, 
3B,(2y'- Lu') parallel to Y'O;, and restoring couples 
B,2L/^4'—3Ly about O,X', tending to diminish yp’, 
B,(212A' — 3Lz') about O,Y', tending to diminish X. 

But X', or cos CX', is sin AX', and this is approximately 
— cos AZ or -nv since, in triangle AX'Z, X'Z is v/2 and 
ZX'A is nearly m. Similarly, y'= — vs. 
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Again, O,X', O,A nearly coincide, and so do O1Y', OB; 


therefore, to the first order, the moment of restoring forces 
round GA equals that round GX’, and similarly for 
GB, GY'. 

Thus, if the pulley is “out of balance," we have, bv 
resolving parallel to GX', GY', and taking moments round 
GA, GB, the equations of motion, correct to the first order, 
M (ai! —3oy' —o?c') + 3B,(2z' + Li) = Moo? cos (ot ca), (1) 
M (j' --2e£' —wy') + 3B,(2y' + Lv) = Mbo!sin (wt+a). (2) 
Ao, (B— Coo, -B,(3Ly/ -2L*5,) 0, . . . . . (3) 
Bo,—(C— A)woo,— B (3Lr' + 2L*y,) =0, e e . » . (4) 
€, Ws, being velocities about GA, GB. 

Also, as vi, vs, vs are direction-cosines with respect to the 
pulley of a line fixed iu space, we have the kinematic 
equations, correct to the first order, 

y—v09-€o,—-0, . . . . . . ($) 
Vg—@,t+yo=0. . . . . . . (6) 

In these, of course, «s, the velocity of the pulley round 
GC, has been replaced by c, the velocity of rotation of the 
shaft. 

Eliminating @), «s, from (3)- (6), we obtain 
Av, + (A+ B- C) wV) + (C —B)w’y, + B,(3Ly' + 2L?y;) =0, 
(1) 


(8) 
For the Complementary Function, in other words for the 
“free” vibrations of a perfectly centred, but unsymmetrical, 
pulley, there are evidently solutions of the form 
t'-Xcos(pt * y), y =Y sin (pt +y), vj Nices(pt- y), 
ys — N, siu (pt - y), - . e e . (9) 
where p, y, X, Y, Nj, N,, are constants. 
With these substitutions the equations for the C.F. become 


{2B,L?+ (C— B)o* — Ap? 35N, - (A - B—C)opN, 
: +3B,LY=0, . (10) 

{2B,L?+ (C—A)w?— B} N, — (A - B— C)opN, 
-3B,LX-z0, . (11) 
3B, LN, + {6B,—M(w?+ p?)}X —2MopY=0, . (12) 
3B, LN; + {6B,—M(@* +p?) }¥—2MapX=0, . (13) 


By, — (A 4 B— C)ov; + (C = A)w’y, + B (3 Le’ + 2L?y,) zm, 
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The equation giving the “speed,” p, may, therefore, be 


written 
2B, L?-+(C—B)w?— Ap’, 3BL , —(A+B-Chop , 0 
3B,L , 6B, —M(w?+p?), 0 , = 2Mup 
—(A-B-C)ep , 0 , 2B, L?4+(C—A)w?—Bp?, — 3BjL 
0 ,  -92Mep , 3BiL , 6B M (o? +p?) 


=0. . . (14) 


In the treatment followed here a * whirling” speed of 
rotation presents itself as a value of œ for which (14) is 
satistied by p=0. It is seen, therefore, that there are two 
real * whirling ” speeds, each being that for the same shaft 
loaded with a pulley of mass M, but with moments A, A, C, in 
one case and B, B, C in the other. It is easily verified that, 
if A < B, the latter speed is the lower. 

Proceeding to examine the nature of the “ frse”’ oscillations 
for other speeds of rotation, I follow Routh’s argument and 
notation (l. c., ii. Arts. 57 et seg.). When p?=— » the signs 
of A, Aj, As A5, 1, are all positive; when p?=-+0 they are 
alternately positive and negative; so that, while p? passes 
from —o to +æ, four, (the greatest number possible), 
changes of sign are gained. Therefore the values of p! given 
by (14) are all real, and, also, the number between p? = a and 
p? =R, where a « B, is the same as the number of changes of 
sign in the above series which is gained as p° increases from 
a to B. 

Firstly, suppose œ below both “ whirling ” speeds. Then, 
when p*=0, A; is positive, since each “ whirling” speed 
is less than the value of w given by A;=0; A, also is positive, 
since the “ whirling ” speed for the shaft carrying a pulley 
of moments A, A, Cis given by A,=0, and A; is positive 
for lower values of w; A, also is positive, being equal to 
(6B,— Mo?)A; ; and A is positive, being the product of A; 
and a determinant which differs from A, in having A re- 
placed by B and which, therefore, is positive. Thus there 
is no alternation of sign in the series A, Aj, Ag, âs, 1. 
Consequently, all four values of p? given by (14) are 
positive. | 

Secondly, suppose that, A being less than B, œ exceeds the 
“ whirling” speed for B, B, C, but is less than that for 
A, 4, C. When p? is zero A;, A,, A, are again positive ; 
but A is negative, since it is the product of A, and a similar 
determinant which is now negative, however. Thus there 
is one alternation of sign in the series of determinants. 
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Consequently (14) gives one negative value of p? and three 
positive. 

Thirdly, suppose that œw exceeds both ** whirling” speeds 
but is less than (6B,/M)5. When p? is zero, A; is again 
positive, but A, is negative, A, is negative, and A is positive, 
being the product of A, and a similar determinant, now also 
negative. Thus there are two alternations of sign in the 
series. (Consequently (14) now gives two negative values 
of p? and two positive. 

Finally, suppose e?» 6D;/M. When p? is zero, A; is now 
negative, A, is negative, while 4,, A are positive. Thus two 
alternations of sign again occur. And, therefore, again two 
values of 5? are negative and two positive. 

The motion is, therefore, exponentially unstable if the 
lower ** whirling " speed is exceeded. 


$2. An unexplained phenomenon in a certain whirling shaft. 


I would draw attention to a phenomenon, which I cannot 
explain, observed in a certain whirling shaft. A model of 
an actual shaft was mounted by Mr. (then Prof.) Jetfcott 
in the Royal College of Science for Ireland and driven 
electrically. It had three bearings, one at each end, the 
other placed unsymmetrically ; it carried several pulleys. 
Its ** whirling” speed was of the order of 25 per sec. ; but 
the amplitude of its vibrations varied regularly with a period 
having order of magnitude one sec. 

I did pot regard the vibrations of the shaft as ** small ” ; 
the greatest displacement of its axis from the axis of the 
bearings was of the order of magnitude of the radius. 

The vibrations were elliptieal, not circular ; Lees explains 
this by unsymmetrical elasticity in the bearings (see his 
paper, $8, p. 698) ; I believe this explanation to be correct. 


$3. A flaw in the usual proof of stability of a system. 


In connexion with discussions of the stability of equilibrium 
or motion of systems in general, I have elsewhere (Proc. 
Hoyal Irish Acad. xxvii. A, 1909, pp. 12, 13, 32-36, 75) 
objected to the orthodox argument, that, when there is more 
than one coordinate, if the fundamental free disturbances 
are truly harmonic, or exponentially damped, then the state 
is certainly stable. This inference cannot be justified 
mathematically, even should it agree with fact in the vast 
majority of cases. A good deal, of course, turns on the 
precise meaning given to the word "stability." And the 
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mathematician is inclined to give it a definition which 
facilitates him in giving an absolute criterion; the engineer 
is more concerned with “safety” than with “stability.” At 
any rate, a disturbance in which the displacement of each 
particle is the sum of two or more terms, each of type 
harmonic or damped harmonic, may be such that at some 
instant both the displacements and the velocities are simul- 
e very great compared with their respective initial 
values. 

I have, indeed, (l. c.), put this forward as an explanation of 
the observed instability of the motion of liquids * in certain 
cases. My view, however, did not commend itself to the late 


Lord Rayleigh. 


$4. Absolute proofs of stability in Lees’ problem. 


In the problems under discussion here perfectly satis- 
factory proofs of stability T at all speeds with the symmetrical 
pulley, and under the lower “ whirling" speed with the un- 
symmetrical, may be obtained as follows. 

For the symmetrical case on multiplying Lees’ equations 
(12)- (15) respectively by &, ¥, X, 4, adding, and integrating, 
there results 


3M(2 - 9?) 4A (A? + 12) + B (3(22 7) 9LQue H py) 
+ 17(A?+ u?)}=constant. . (15) 


The terms in B, are essentially positive, being, in fact, the 

elastic potential energy. The equation is not, however, the 
energy equation. 

' Consequently, if the steady motion receives a disturbance 

in which the constant has a small value C, the shaft can 

never bend so much that the terms in B, alone exceed C, nor 


can the value of d, y, X, or ù, exceed a definite small limit. 
In the unsymmetrical case the equations of motion in 
Lees’ coordinates give no such simple equation as (15). 
But, if my equations of motion, (1), (2), (7), (8), with the 
first two modified by replacing the right-hand member by 
zero, are multiplied respectively by 2’, y’, vz, vı, and added, 


* An important paper, just published, by G. I. Taylor, “ Stability of 
& viscous fluid contained between two rotating cylinders,” Phil. Trans. 
A. 612, appears to prove that, under certain conditions, the fundamental 
free disturbances are exponentially unstable, and thus to give a simpler 
explanation. 

i That is, taking, as usual, equations of motion which are correct only 
to the first order of small quantities. 
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the resulting equation gives, on integration, 


" 
M(t? + 9?) +i + Br?) + (28. - is ya? +y”) 


+ 3B, Lèng + vy’) + (BL? = g^) v3 
+ (BL + jte) py = constant.. . . . . (16) 


Iu the expression on the left the terms whieh involve the 
coordinates are not positive for all values of e. But when- 
ever they are the same argument »s was applied to (15) 
furnishes an absolute proof of stability. The necessary au 
sufficient conditions are that the terms in 2’ and v, should be 
positive, and also those in y' and v3. The second of these 
conditions is 


(0B,— Me*)| 2B,L24 (C—B)e?] —9B?L! 50, . (17) 


i.e. that œw is less than the “whirling” speed with the 
symmetrical pulley of moments B, B, C; and the first is 
similarly that c is less than that for the pulley of moments 
A, A, C. If @ is so limited, then, the motion is certainly 
stable. 

And the “speed” equation has shown that, if œ exceeds 
such a limit, the motion is certainly unstable. 

Equation (16) holds in the case of symmetry also. It is 
another integral of the equations of motion, independent of 
(15). But it does not serve to prove, as (15) does, that the 
motion is stable at all speeds. 

A similar proof of absolute stability at all speeds in the 
case of elastic yielding discussed by Lees is easily obtained 
from his equations (34). 

In the R. I. A. paper referred to I took as an instance of 
the weakness of the orthodox argument for stability an un- 
symmetrical top, properly chosen, and examined it in some 
detail. I now add that, in that case, we may easily obtain 
an equation of a type differing from (15) and (16) in having 
as the left-hand side the difference, instead of the sum, of two 
quadratic functions, each essentially positive, one involving 
the velocities and the other the coordinates. 
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LXVIII. On the Theory of the Characteristic Curve of a 
Photographic Emulsion.—Part ll. By F. C. Tov, D.Sc., 
F.Inst.P.* 


[Communication No. 27 from the British Photographic Research 
Association Laboratory. ] 


E^ a previous paper (Phil. Mag. 1922, xliv. pp. 352-371) 

it has been shown that for a fast emulsion the relation 
which is found te hold experimentally between the number 
ot geometrically identical silver halide grains made develop- 
able and the liglit-intensity, is in qualitative agreement with 
the assumption that there exist in the grains specially light- 
sensitive points. These are distributed amongst the grains 
according to the laws of chance, and only grains which have 
ut least one will be developable. The action of the light 
changes their condition in such a way that they become 
susceptible to the action of the developer and cause the 
reduction of the silver halide in their neighbourhood and 
hence ultimately of the whole grain. It is assumed that 
each nucleus does not necessarily require the same intensity 
tochange it. The effect of variation of grain size is dis- 
cussed, and it is shown that the experimental facts do not 
adinit of the assumption regarding the similarity of the light- 
sensitive material in grains of various sizes in the case of a 
highly sensitive emulsion. The question of the validity of 
this assumption under any circumstances is obviously of great 
importanco for the theory of the photographic process, and 
the evidence existing in its favour must now be closely 
examined. 

The assumption was made by Svedberg (Phot. Journ. 
1922, lxii. pp. 186-192, 310-320) that “the small and the 
larger grains in one and the same emulsion are built up of 
the same kind of light-sensitive material—just as if they 
were fragments of different size from one homogeneous 
silver bromide crystal." He says (p. 317) that for this 
hypothesis to be true a relationship which must hold is 
that 

vija = v/a; =...... = ¢ = constant, . . (8) 


where »,, vg... are the average number of centres per grain 
(whioh we have previously denoted by No), ai, ag... are the 
areas of the surfaces of the spherical grains of the emulsion 


* Communicated by Prof. A. W. Porter, F.R.S. 
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used, and c the average number of centres per square centi- 
metre of grain surface. Considering only two sizes of 
grains, we have from (8), 


va] Vi = a3], CDL (9) 


i. e. the ratio of the average number of nuclei per grain for 
two sizes of grain is constant and equal to the ratio of the 
surface areas. Tt is therefore independent of the exposure. 

Let us now examine the experimental evidence which is 
taken by Svedberg as supporting this hvpothesis. The data 
given by him in support of the validity of equation (8) have 
been rearranged in Tables I. and II. so as to show to what 
extent they support equation (9). The first column in 
Table I. vives the average area of grain for three different 
sizes, und the second and third columns the average number 
of nuclei per grain occurring at two different intensities (I). 
In Table II. the ratios of these numbers are calculated. 


TABLE I. TABLE II. 
Average -— di a ae = ke 
area of grain. I-100. I=156. I=1-00. I=1°56. 
24:2 x 107° cm.2...... »,—048 ve, = 0°94 v/v, =171 v/v, = 2-02 
465x107? cm.2...... »,-082  »,—1:)90 v/v, =3°06 v/v =2°76 
781x107? em,?...... y,—ld7  v,—-2090 y,/v,—l'79  w»,r,—-136 


Whether these figures may be taken as supporting tlie 
hypothesis is certainly open to doubt, for the following 
reasons :— 

(1) The value of v/v)... ete., actually varies considerably 
with the exposure, the difference between the pairs of values 
given being of the order of 18, 10, and 24 per cent. 

(2) These are values obtained only over a small range of 
intensities. The characteristie curve of the emulsion used 
extends over a range of intensities of about 1 to 5, so that 
these results are confined to a small part of the curve. Thus 
the experimental results seem to be very slender evidence in 
support of the hypothesis. 

It was predicted in Part I. that the ratio v,/v; will not be 
constant, but will vary with the intensity. When this is 
small the ratio will be very large and may become infinite, 
and as the intensity is increased v/v, decreases, at first 
rapidly, and ultimately approaches a constant value as more 
and more of the nuclei are affected. If, therefore, we plot 
valv, against the intensity we expect to obtain the kind of 
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curve in fig. 1. On Svedberg's assumption we should simply 
get a straight line such as A B parallel to the I axis. | 


Fig. 1. 


In the case of high speed emulsions it has already been 
shown that v/v, is not independent of the exposure but, at 
the lower intensities, varies enormously with it. This is 
shown in fig. 2, where the curves are obtained from some of 
the data published in Part I. (p. 365). The similarity with 
the theoretical curve in fig. 1 is at once apparent. 


As has been shown in the first paper, this variation of the 
number of nuclei with the exposure is easily explained if we 
assume that the reason why large grains are more sensitive 
than small ones is not only that there exist more nuclei in 
the larger grains, but also that the average sensitivity of the 
nuclei increases with the grain size. Thus in the case of 
high-speed emulsions the different grains can by no means 
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be looked upon as “fragments of different size from one 
homogeneous silver bromide crystal”; rather must we 
regard the sensitive material as having, on the average, the 
sume characteristics only for classes of equal-sized grains, 
and varying enormously from one class to another. This 
result is probably bound up with the ripening process. 

If Svedberg’s hypothesis that grains of all sizes contain 
the same kind of light-sensitive material were true for slow, 
spherical grains, then there must be some fundamental dif- 
ference in the process of formation of the nuclei in slow and 
fast emulsions. It was, therefore, considered very important 
to test this hypothesis for a process emulsion over the whole 
range of its characteristic curve. 

It was not possible to work with the same emulsion as 
Svedberg used, which was specially prepared by Messrs. 
Ilford Ltd. The nearest which could be obtained was the 
Ilford Process Emulsion, which is, however, the same type, 
the main difference apparently being that in the special emul- 
sion the grain size is more uniform than in the ordinary 
process plates. Special ‘single layer ? plates were made up 
in the usual way, and the exposure was made behind a step- 
wedge to white light. The plate was then developed to 
completion, washed, and dried without fixing. The method 
of measurement was practically the same as described in the 
previous paper. Two sizes of grain were selected for the 
experiment, one size (class 1) having a diameter of 
(0°60+ 0°05), and the other (class 2) a diameter of 
(0:75 40°05).  Photo-mierographs of the emulsion were 
taken, over the whole range of the characteristic curve, on 
Barnet ortho process plates at a magnification of 2000, using 
a 2 mm. objective, a x 14 eyepiece, monochromatic green 
lght, and N.A. 1:4. The negatives were then optically 


Fig. 3. 


A, 


B. 
C. 


projected on to a screen at a magnification of 5. The grains 
counted in class 1 were those whose images just fitted be- 
tween parallel lines drawn on a white card, as in fig. 3, in 
such a way that AB«d« AC, where d is the diameter of 
the grain, and AB and AC are equal to 5°5 mm. and 6:5 mm. 
respectively, 

The method of counting previously described was modified 
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so as to eliminate any error due to fog and unevenness of 
coating. Let the total number of all sizes of grains, 
developed and undeveloped, in an arbitrary area of the 
unexposed portion of the plate be zo and the number of 
undeveloped grains of class 1 be yp. Then the ratio of the 
number of undeveloped grains of class 1 to the total number 
of grains for the fogged portion of the plate is y/o, and this 
is independent of variations in the number of grains per unit 
area due to an uneven coating. In a certain area of the 
exposed part of the plate (which need not be the same as 
the area in the fogged portion) let the total number of grains 
of all sizes, developed and. undeveloped, be e, and the total 
undevelope: of classs 1 be ye Then, if this part of the emul- 
sion had not been exposed, the number of grains of class 1 
would have been yot,/a. Thus the number of class 1 which 
have been changed by-the light-action is 


, 
Joe, Vom Ve, . 


out of a total of yox,[.r, unaffected by fog. 
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Therefore the percentage "n (x) due to the "t. 
action only is given by 


zez100[1—y,ny,.0]. . . . . (10) 


The values of x (x; and tg) obtained from equation (10) 
for the two classes of grain are plotted in fig. 4, and the 
smooth curve values, together with the corresponding values 
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of y, and y, and the ratio vs/v,, are given in Table III. The 
values of y are caleulated from the relation (found in Part I.), 


log [100/(100 — x) | = v. 
TABLE IIT. 


I. T. T, Vi. Va. v/v. 
0:500 935 98:5 2-734 4:200 LH 
0:450 89:8 97:0 2271 3:507 1:4 
0:400 84:5 94:6 1:865 2:917 1:56 
0:350 79:0 90:0 ]:561 2-303 1:48 
0:300 13:0 842 1:309 1:843 1-41 
0 2530 65:5 "80 1:009 1:514 1:51 
0:200 02:0 10:5 0:734 1:221 1:67 
0:150 35:5 61:5 0:458 0'956 2:18 
0:100 16:0 00:8 0:174 0:709 4:07 
0-075 TO 440 0:073 0:580 TH 
0-030 2:0 35°5 0:020 0:438 21:90 


The values of v/v; are plotted against the intensity in 
fiy. 5, and it will be seen that tho curve is of exactly the 


"m 
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same form as in the case of a fast emulsion. Now Svedberg 
has proved that for a process emulsion with spherical grains 
all the nuclei are on the surface, so that when all the nuclei 
are operative (i.e. when I is large) we should expect the 
constant value to which v/v; approaches to be the ratio of 
the surfaces of the two classes of grain. A fairly accurate 
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value of this can be very easily found. We are not justified 
in taking this ratio as exactly (7°5)?/(6°0)? unless there are 
just as many grains between 0:55 — 0:60í and 0°70—O°75y 
as there are between 0:60—0 65,4 and 0:75—0:80 p respec- 
tively. In fig. 6 are plotted as ordinates the relative numbers 
of grains having fixed diameters. We have to take as the 
average of the diameters those values such that the ordinates 
through them divide the areas under the curve between the 
limits 0°55 < 4, «0:65 and 0°70 < u « 0:80 into two equal parts. 


. Number of Grains — 


Diam. in u — 


These are found with sufficient accuracy to be 0°600, and ^ 
0:735 4. Thus the theoretical ratio which vj[v, approaches is 
(7°35/6)? = 1:50, 
and this is the value obtained experimentally as near as it 

can be determined from the curve in fig. 5. 

If the hypothesis of the similarity of the light-sensitive 
material in both classes of grain were true then the curve 
obtained in fig. 5 would be the straight line BCA. Thus it 
appears that the two intensities which Svedberg used were 
somewhere on the BC portion of the curve, which would 
explain the constancy, and the value, of the ratio v/v, which 
he found. 

If, therefore, equation (9) is a necessary consequence of 
Svedberg’s hypothesis, we are led to conclude that 


(1) In any particular emulsion, whether fast or slow, the 
photosensitive material gives the same average re- 
sponse to light only in grains of the same size. 

(2) This response increases continuously with the grain size. 
As has been suggested, the explanation of this is pro- 
bably intimately connected with the ripening process. 


Phil. Mag. S. 6. Vol. 45. No. 268. April 1923. 3A 


722 Dr. F. C. Toy on the Theory of the 


Svedberg has shown that in the case of spherical grains 
the nuclei which show up on partial development are, on the 
averape, distributed equally over the grain gachice: the 
author’s results prove that for flat grains they occur more on 
the edges than anywhere else. To explain this it might be 
considered natural to attribute it to the existence of pro- 
tuberances and sharp edges at which, the solution pressure 
bein z higher, the reaction will be facilitated. On this sup- 
position the nuclei are not specially sensitive points at all, 
but are simply a result of the attack of the developer on the 
grain. This possibility has been mentioned in Part I. 
(p. 370), but the argument against it was not fully dealt 
with there. Obviously it is exceedingly important to settle 
this question, because if it were true that the nuclei observed 
are only due to the developer, then the whole argument in 
favour of specially sensitive points fails. The argument is 
based on the manner in which the average number of nuclei 
per grain varies with the intensity. 

At acertain exposure the actual numbers of nuclei which 
were found on the members of a group of 50 equal-sized 
triangular flat grains were as follows :— 


1211224110024112132041111 
1200211123103201322232121. 


The total number of nuclei is 77, made up of three 4’s, 
‘five 3’s, fifteen 2’s, twenty 1’s, and seven zeros. The 
average per grain, counting every grain, is 71/90 1:54, 
which has already been denoted by v. The seven zeros 
represent the seven grains which are undevelopable because 
they have not gota nucleus. The average for ee develop- 
able grains, which we will cail va, is 77;43=1:79. Now, 
if the nuclei which are found on partial development 
of developable grains are the result of the action of the 
developer upon specific points determined solely by the geo- 
metrical formation of the crystals, then vy should be constant 
for all exposures for a piven geometrical character of the 
ervstal.. The only reason why v decreases with a decrease 
of exposure would, on this assumption, be that there is 
an increase in the percentage of zeros. Starting with 
the experimental values given above, the kind of results 
whieh would be obtained is illustrated by the fictitious set 


of figures in Table IV. arranged in order of decreasing 
exposure. 
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TABLE IV. 

Distribution of Nuclei. v. vq. 
1211224110024112132041111 1:54 179 
1200211123103201322232121; "7 : 
0124300121100011111200200 1-08 1°80 
0342220020001 122020200113 f° 
0001002000400 100100011300 0°72 1:80 
0011010000300012202212022 J| "7" E 
0000001000200001030000210 } 0 36 1-80 
0000000202000000031000000 [ 071e 


Here vq is constant and y decreases with the exposure only 
because the percentage of zeros increases. 

On the other hand, if the theory of ** preference" points is 
true, then, as the exposure decreases, v, should also decrease 
down to a limiting value of unity. Nowa set of figures 
which was actually obtained in an experiment is given in 
Table V., and it will be seen to be exactly as predicted by 
this theory. Such a result can be repeated any number of 
times, and would be practically impossible if the nuclei were 
due only to the action of the developer. 


TABLE V. 

Distribution of Nuclei. y. vq. 
1211224110024112132041111 s+ ^ 179 
1200211123103201322232121 [ "77 : 
STEEN TEES 124 151 
21011101121 120121038311222 [77 s 
0021121110000110121 100001 0-76 $51 
1220110200011020021110210 f ^77 í 
0110010010001001000101000 | 042 137 
1000012002000100011101002 | "777 = 


There remains, as a serious alternative to the theory of 
specially sensitive points, the theory, put forward by 
Silberstein, and based on the idea of the bombardment of 
the grains by discrete light quanta (Phil. Mag. 1922, xliv. 
pp. 257, 956). Experimental results which are brought 
forward as supporting the theory are given by Trivelli and 
Righter (Phil. Mag. 1922, xliv. p. 252). The interpretation 
of these results has already been briefly criticized by the 
author (B. J. P. 1922, Ixix. pp. 443-444). It is proposed 
now to summarize, as concisely as possible, tlie evidence for 
and against this light-quantum theory. 

The fundamental equation, which Silberstein says is of 


3A2 
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more than sufficient mathematical accuracy under the con- 
ditions prevailing in all practicable experimental cases, is 


EN-IQ—e€, ..... AD 


where a is the projected area of the grain, k the number of 
grains hit, N the total number of grains per unit area, and n 
the number of light-quanta impinging upon unit area, 

Now, Trivelli and Righter have found that in certain cases 
where the grains of a» emulsion are grouped together in 
clumps the whole of the clump acts as a single grain for 
development to the limit, 7. e., the sufficient condition for the 
whole clump to,be reduced is that one grain in it has been 
changed by the light. Admittedly this fact is proved by 
Trivelli's recent communication (B. J. P. 1922, lxix. p. 687). 


Fig. 7. 


eoretccal Corresponding 
Curve. Expertmental Points 


O S 10 I3 
Area of CLump n u? —» 


Having proved this for a particnlar emulsion they proceed, 
with it, to test equation (11) for clumps of grains, rather 
than for single grains, on the ground that this will provide a 
much more severe test because a much bigger variation in 
a can thus be obtained. Tlie agreement between the theo- 
retical and observed values for three cases which are given, 
is shown in fig. 7, and, at all events as regards cases (b) 
and (e), it is difficult to take it as proved that the experi- 
mental results are in accordance with equation (11) in the 
case of clumps. Especially is this so in view of the fact 
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that the only point of agreement—viz., that the average 
experimental value of &/N does certainly increase with a as 
does the theoretical value—is what is to be expected on the 
theory of specially sensitive points. 

When we come to test the equation in the simplest possible 
cases, we find that it breaks down completely. For example, 
it will not fit, even approximately, the curves given in this 
paper or in Part l. for sets of equal-sized grains. Again, if 
we consider the case of two sets of grains of different sizes 
we have :— 


log (N/(N—E)) = na, and log (N/(N—A,)) = nag. 
The left-hand side of the equation has already been shown 
to be equal to v, so that 
v = nd, and V3 = as, 
or v/v; = azja, = constant, 


which is the same condition as required by Svedberg’s hypo- 
thesis, and which has been shown to be untenable. 

In discussing the dependence of the photographic effect 
on the wave-length, Silberstein deduces the equation (p. 266) 


$= BBa wo & «6 & w& (2) 
where E is the incident light-energy (exposure), A the wave- 


length of the monochromatic light, 9 a constant, and s=na. 
But, from equation (11), 


na = log [N/(N—A)] =A. 


A = BE .anr. 
Thus Jor a constant value of a and E, we have 
A& X, 


i.e., A would “increase steadily with the wave-length of the 
incident light up to the photoelectric critical value X, and 
then drop suddenly to zero." Silberstein goes on to say 
that this abrupt drop to zero might only occur in a set of 
equal- sized grains, since grains of different sizes may have 
different values of A.. “For then, although the curve of 
each grain class would end abruptly, the superposition 
of m curves ending over a range of different absciss:e 
might properly displace and smooth out the resultant 
maximum." This question of maximum and the mauner 
in which tlie A, à curve drops to zero need not be considered 
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here, since the maximum cannot be reached until the wave- 
length is long enough to include some of the critical fre- 
quencies. In the author’s experiments now to be described, 
and which have not yet been published, this state was never 
reached, so that according to Silberstein A should vary 
strictly as A. The experimental method was as follows :— 
Sections of a single layer Ilford process emulsion were 
exposed for equal times to the same incident int-usity (as 
measured by a thermopile) of different monochromatic lights. 
The source was the mercury arc, and the wave-lengths used 
were X, — 436 and 14,2406 (mean of 405 and 408). There- 
fore the ratio of A, A; ought to have been about 44/41 = 1:07. 
The ratios found in three ditferent cases were 0:40, 0:36, and 
0:37. Therefore instead of becoming greater, A decreases 
very rapidly as the wave-length increases. 

All these experiments go to show that a relation of the 
type of equation (11) is fundamentally wrong as expressing 
the true mechanism of photographic exposure, This is what 
Slade and Higson concluded (Proc. Roy. Soc. 1920, A, xcviii. 
p. 154) over three years ago. 


In conclusion, the author wishes to express his thanks to 
Dr. Slater Price (Director of Research of the British Photo- 
graphic Research Association) and to Professor Porter for 
their interest in this work. 


LXIX. The Gravitational Field of a Particle on Einstein's 
Theory. By J. T. COMBRIDGE, B.A., University of London, 
King's College *. 

$1. FgMIE most general form for the line-element in a 

static gravitational field symmetrical about the 
origin 1s 
ds? = —e di? — e(r d? H sin? Od?) cen dl, (U0) 


where A, u, and v are functions of r only. 

It is well known that the equations of the gravitational 
field are insufficient to determine A, p, and v, and the general 
procedure lias been to assume some relation between them, 
ax, for example, A=0 T, 4,201, A—p=0§, A+ 2u+v=0]. 

This lack of determinacy is due to the fact that the 

* Communicated by Prof. G. B. Jeffery. 

t J. Droste, Proc. Amsterdam Acad. vol. xix. 

t Schwarzschild, Srtzunqsber. Ber. 1916, Feb. 

$ F. W. Hill and G. B. Jeffery, Phil. Mag. Ser. 6, vol. xli., and an 
approximate solution by de Sitter, Proc. Amst, Acad. vol. xix. 

|| Einstein, Sitzungsber. Ber. 1915, Nov. 
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condition of symmetry about the origin imposes on the 
measurement of the coordinate r no other condition than 
that whatever be the mode of measurement in one radial 
direction the same mode must be adopted in every other 
radial direction. Subject to this condition, any function of 
r may be taken as the coordinate instead of r, the substitu- 
tion of this function in (1:0) giving, of course, a different 
form for ds’. 

The purpose of this note is to show explicitly how this 
indeterminacy arises in the solution of the field equations, 
and to determine the A, u, and v of equation (1*0) in terms 
of a single arbitrary function. ‘The notation adopted is that 
employed by Eddington in his * Report on the Relativity 
Theory of Gravitation.” 


$2. We take the line-element to be of the form 
ds? = — e^ dr? — er? dO? — er? sin? 0 dp? +e" dt, (2:0) 


where A, p, v are functions of r only, and we try for a 
solution of 


Gare on B}{ 7B, a}— 5° for, a] — (eT, a] 5 — è (log V —g9) 


ò? 
de Sr (log y —9 g)=0. 
From (2:0) we have 
| 92u7-—e6, ga = — r’ sin? Qe", 
js —re, 14 77 €" 
ger 0 if o, 
g= —rísin? Gedt ty, 
The Christoffel Symbols which do not vanish are : 
(11, — 


(12, 2)-.( (ur-2), (22, 1] 5 —dr(ur + 2)e—, 


{13, 3} = sur 42), {33, 1} 2 —4r(u'r + 2) sin? BeH-A, 
{14, 4} —1iv (44,1]2 dyer, 
123, 3} — cot 6, (33, 2j = — sin O cos 6, 


where dashes denote differentiation with’ respect to r, as, 
indeed, they will throughout. 
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Omitting terms which vanish, and taking account of the 
fact that, although its terms do not all vanish separately, yet 


G,.=0 identically, and that 
G= sin? 0G, 


we get three equations, from G,20, G5, 0, G =0, respec- 
tively. They are * :— 


' - 1 2 
p+ de + huts pvt any N= M-y =, 
1 4 1 2.. 
" E I A moh 4 14^, ES Y Tan Eu peru ee à= a | 
m +p bn u 4 luv Abe guit vem G D 
= iy" —-)/ — uv! 4+ Hr X ] y'asi). 
These can be combined to give 
' J , ' ! 1 Lj 
p^ —YXp t byl? — uv -ixt yi, =0, 
y" + iy? u'y' —4X'V =0, 
2 2 2. 2 
1,2 Nn eo dogs 6 d A cu c 
33 is eV Qo db e cde EL 


which may be reduced to 


E jore M 49 d iem —0,. . (21) 


2 (rei ot —0,. . (22) 
(ur + 2)(u'r + 2+ 2r) =4eA-4, (2:3) 


$ 3. Integrating (2:1) and (2:2) we have 
pr 4 2a delat, 20. (31) 
yz»). uv v. v v. (31:12) 


where a and b are constants of integration. 
Now (3°11) may be written 


Ê (rele) = oben, 


from which it may be seen that, if we make the boundary 


* Compare de Sitter, Monthly Notices R. A.S. vol. Ixxvi. p. 712. 
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conditions at infinity such that A, w and v —0 as r— o, 
then we must have b —2. 

In (3:11) and (2:12) make the substitution 
rer = f(ra f. 
pue S uk eum) 
vay fila, . . . . . (3°22) 


ye" af '[f?, 


Then 


Eliminating e^, 


so that 


a 

ev=l]— P 
the constant of integration having been adjusted so that 
y—0asr— oo. 


Putting this value of e" in (3°21) we find that 


(3:3) 


a= Tey Te " ° " ° . (3:4) 


with 


E rcs sm Vi) 


Thus from equations (2:1) and (2:2) we have A, p, and v in 
terms of a single function f. On substituting in (2:3) we 
find tliat, instead of giving an equation to find f, (2:3) is 
oie identically, showing that f(r) is an arbitrary function 
of r. 


Eliminating f between (3:3) and (3:5) we have 
ale yh 
7 


and we conclude that the equations 
Gar =0 
will be satisfied so long as this relation between p and v is 
satisfied. 
§ 4. Our line-element is therefore of the form 
ds? = —e di? —f7(d0? +sin? 0 de?) ced, . (40) 
where f is an arbitrary function of r, and eà and e" are func- 


tions of f which are given explicitly in equations (3:4) and 
(3:3) but have been retained here for brevity. This form 
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was derived by Droste and Schwarzschild from the equation 


Ô (We y — y dz, d.e, de; dz, — 0. 


The Christoffel Symbols which do not vanish are now :— 


{11, ep, 
(12, 2] 2 ^ [f 22, 1] 2 C/— lf, 
113, 3}=/"/f (33, 1} 2 sin? 0( f—a)/f", 
(14, 4} = 1» (44, l}adver, 
133, 3}=cotO {33, 2} = —sin 6 cos 0. 
The equations of motion of a particle moving in this 
field are 
Our 4 faf, o} s 8" 0, 
that is, 


dr di f-a (dé J-a ia (a) 
ds? + $n! 64 t ni “() + pers 0 ls 


vec (A) =0, . (41) 


d^ 2f" dr d dé? A , 
dat TR < —sin Ó cos (us ) =0, . (£2) 
d’  2f' dr P dé d _ ; 
ee a age ae EE 
d*t ,dr dt 


dt T" ds ds : ne ee) 
If initially the particle moves in the plane =F so that 


initially id =0, then, from (4:2), 


ds 
d e 
ds? /—— 
and so of =0 always. Hence (4'3) and (4°4) simplify, and 


integrate to give 


d 
^2 ——— — -—— LJ 
Í ds — const. =h, * e . . e (4 5) 


dt ; 
e T =const.= k. . . . . . (46) 
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Instead of using (4:1) with these we use (4:0), which 


reduces to 
a) +A Ls (E) =p ioe , 
Le — f A ar ($ ue I 4 a(F), 


; ah? 
i.e. (2 (s 3i =k? — —L4 Et ge 

$ 5. Itis interesting to note how solutions previously found - 
by making a priori assumptions as to tlie indeterminacy of 
the line-element may be obtained from the results of § 3. 


When we take u=0, then f=r, and, writing 2m instead 
of a, the constant of integration, we have from (3:3) and 


(34), 


ds 


l 9m 
e=] - —, 
r 


A=, 


When we take A=p we have, from (2:4) and (3:5), 
a differential equation in f :— 
5 —f(f—a), 
the solution of which is 
= a(rtay 
l dayr 
If we determine a;, the constant of integration, by noting 
that 
tu — f = Ed ay 
f T uli r]? 
and by the condition that p-> 0 as roo, we find that 


\ 2 
L= (1+ £). 


Writing again 2m instead of a we get 


ES 2) 
e\ e (1*5 ; 
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The condition %+24+v=0 is seen to be equivalent to the 
condition 4 —0, for, from (3:3), (3-4), and (3:5), 


by E yr l 
ri 
so that X 4-24 +v 20 means 
i= 7, 


f=+r, 


whence 


and since r?e^ = /^, the result follows. 


— —— LV EI EC —— n ——— 


LXX. On the Inverston of Bernoull''s Theorem. 
By CHARLES JORDAN *. 


1. QUPPOSING that a certain phenomenon could have 

taken place in one, and only one, of several different 
ways; let us denote by œw; the probability a priori (i. e. before 
the phenomenon has occurred) that the ith way is followed, 
and by P; the probability that in this case the phenomenon 
occurs. The probability a posteriori AW; (i.e, after the 
event) that the phenomenon has been obtained in the ith way 
is given by Bayes’ Theorem: 


€, P; 


AW,= Xo;P, . . . ° e . (1) 


If v; and P; are given quantities, no objection at all can 
be made to tliis formula. 

Often P; is given while w; is unknown; then we must 
adopt some hypothesis concerning tle values of these later 
probabilities. This will not prevent us from using the 
theorem, if we remember that in each case of applied 
probability we are obliged to accept a similar hypothesis 
concerning the equally probable cases ; as, in spite of Kriess 
and other philosophers, there is no objective criterion for 
them. In both cases, if the obtained results conform, more 
or less, to those given by experieuce, our cboice of the 
hypothesis will be more or less justified. No hypothesis can 
be proved by experience to be wrong in general, but only in 
particular cases, For example, the often debated Rule of 
Succession based on the hypothesis o;=const., can in certain 


* Communicated by the Author. 
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cases be proved conformable to the results of experiment, in 
others adverse. Thus a contrary hypothesis, o=(") (1)", 


given by Boole and also by Stumpf, can be proved right or 
wrong, according to the case selected. 

In this paper, an application of Bayes' theorem, for the 
inversion of Bernoulli's formula, will be made; though this 
use has often, quite unjustifiably, been contested. The fact 
that this inversion is generally stated in the textbooks in a 
very unsuitable way, has contributed to bring it into bad 
repute. | 

2. Bernoulli’s Theorem.. The probability p of the single 
event being given, the probability that among n observations 
there be v favourable ones is expressed by 


7 
P.- (7 e, o Wee Us. HZ) 
where g=1—p. 
Let us denote the ratio v/n by p ; and let 
= x 
P-Pp= a 2 e o «© o oè œ (3) 


Substituting for v in the formula (2) its value taken from 
(3) v2 x t np, we have 


P(2)=(, Jp) PRY. 0... (4) 


For large values of n, this probability is given by tle 
asymptotic formula 


P(e) ~ 


A m ; 
ves i Or ot ah ee Ge a OD 


where k=1/ /2pqn. 

If p is known (4) and (5) express the probability that p 
satisfies (3). 

Let us put in (5) ke=t, as according to (3) we have 
Ac=1; therefore At=k; aud it follows that 


9 (X 
OAL = —— í ed... a. (6) 
VT. 0 
is the probability that p satisfies the inequality (7), 


»" A 2 
Ip-plc.-. 4. Hr X: m3) 
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3. Inverse Problem. The event having occurred v times 
out of n, hence p is known; required the probability AW, 
that the probability p=p, of the single event satisfies (3). 
If we accept an hypothesis concerning the a priort proba- 
bilities œw; of p; the problem is solved by Bayes’ theorem. 

Let us admit that p; may take indifferently one of the 


9 
values 0, a -o ... 1. Therefore the probability a priori of 


1 
T And according to Bayes' theorem, 


1 n a ) ay 
za) ( n 
vas oe " iy (mn —dn7r 7 
$40 (5) ( a 

If S is the denominator of this expression, it is easy to 
show that 


p= " will be w;= 


AW \= 


linSe- —. 
oe n+l 


AW; will moreover satisfy (3) if 
2. 5 x . 
P = m — n P] e . . e LI * e (8) 


then the required probability will be 


1 WN pee aN a a . 
T Zo ERR T n 9 
AW i S(m + 1) (5) (P n) a 3 , E ( ) 
where g=1—p. 
And if m, n, y, and n—v are very large, the asymptotic 
value of this probability is 


— 


k 


AW;- poe ak be, um udo HID) 
where &21/4/ 2p4n ; Av is, according to (8), equal to — :: à 


Hence if p is known, (9) and (10) are expressions of the 
probability that p satisfies (3). 

From (10) we conclude that if p is known the probability 
that p satisfies (7) is given by the same formula (6) as the 
solution of the corresponding direct problem, only & must be 
substituted for Ñ. 
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The inverted theorem presented in this manner seems more 
acceptable than when given in the usual way *. If the 
interpreted problem is such that the hypothesis w;= const. is 
justified, the results proceeding from tlie use of this formula 
will be confirmed by experience. 


January 1923. 


LXXI. Zhe Fluorescence and Coloration of Glass produced 
by B-rays. By J. R. CLARKE, M.Sc., F.Inst.P., Assistant 
Lecturer in Physics, The University, Sheffield t. 


AC the 1922 meeting of the British Association, Mr. J. 
£X. Ewles described some investigations into the fluores- 
cence produced in various substances by cathode rays. He 
concluded that the fluorescence was due to a change in the 
state of molecular aggregation of the substances. Some 
observations on the coloration of glass by f-rays point to 
the same conclusion. Three specimens:of glass tubing 
(of approximate composition 1:5 Na,O, 0:5 CaO, 6 SiO, ; 
1:4 Na,O, 0:6 CaO, 6 S10, ; 1:2 Na,O, 0:8 Cad, 6 S10, ; 
referred to as glasses 6, 7, and 9 respectively) were obtained 
from the Glass Department of this University, and kept in 
radium emanation, the supply of emanation Ding renewed 
from time to time till they were coloured a deep brown and 
ceased to fluoresce. Further radiation did not alter the 
colour. The walls of the tubing were about 1:5 mm. thick, 
but previous experiments with rods had shown that the 
coloration was due to f-rays, extending only to a depth to 
which these rays would penetrate. When the specimens 
were completely fatigued, each was divided into four, and 
a plece from each placed in an oven maintained at 110? C. 
They immediately began to fluoresce, and the time during 
which fluoresconce persisted was noted, At the end of this 
time the glasses were decolorized. The other pieces were 
similarly heated to 180°, 235°, and 350°. The following 
results were obtained :— 


Time of fluorescence in minutes. 


Temperature. Glass 6. hiest. Glass 9. 
MOO cese easiest 13 13 13 
T Sates: 3 3 3 
9959 eere 1:25 1-25 l5 
$509 sese 0:5 0:5 0-75 


* See Czuber, * Wahrscheinlichkeitsrechnung,! Third edition, 1914, 
vol. i. pp. 203-206. 
+ Communicated by the Author. 
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A piece of glass 9, also coloured, was heated to about 95°, 
and the fluorescence persisted for 15 hours. ‘The intensity 
of the fluorescence was approximately inversely proportional 
to the time for which it persisted. 

The conditions were such that the results are only 
approximate, but if eurves be drawn showing the relation 
between the temperature and. the. time of fluorescence, they 
indicate, by extrapolation, that the glasses w ould be 
decolorized ‘immediately if heated to a temperature between 
500? and 600°, glass 9 rec uiring a slightly higher tem- 
perature than Lio. others. The annealing temperatures of 
these glasses have been determined by Turner and English °, 
and found to be 526° , 538°, and 5627 respectively. Tool and 
Valasek f have shown that there is an increased emission of 
heat when glass is cooled through the annealing temperature, 
indicating a change in the state of molecular aggregation at 
this temperature. Annealing proceeds at lower temperatures 
if the heating is sufficiently prolonged, and thus it is probable 
that if an unstable state of aggregation exists, it will slowly 
change toa stable state even "when the temperature is low. 
The decoloration of the glasses, therefore, appears to be con- 
nected with a change in the state of molecular aggregation, 
coloration being the reverse process. As both coloration 
and decoloration were accompanied by fluorescence, it is 
probable that the fluorescence is due to this change. 

It may be mentioned, further, that altogether nineteen 
different. glasses have been radiated, fourteen of which were 
coloured brown and the remainder purple. I am indebted 
to my wife for chemical examination of these glasses. 
It was found that the five coloured purple all contained 
manganese, while the others did not. It has been stated 
frequently. that soda-contuining glasses are turned blue or 
purple by radiation. Varying amounts of soda were present 
in the glasses radiated, but the purple colour was not 
produced i in the absence of manganese. 


Sheffield, 


January 26th, 1923. 


* Journ. Soc. Glasa Tech. iii. p. 125 (1919). 
t Bureau of Standards Papers, No. 358 (1920). 
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LXXII. Notes on X-ray Scattering and on J Radiutions. 
By C. G. BARKLA, F.R.S , and Roopa R. C. Sag, M.A., 
University of Edinburgh * 


ARLY experiments by one of the writers on the trans- 
mission of Röntgen radiation through matter. demon- 
strated the existence of secondary X-radiations of two and 
only two types—scattered X-radiation and fluorescent 
(characteristic) X-radiation. The former was not found to 
differ appreciably from the primary radiation exciting it, 
except in polarization, distribution, ete., the other was seen 
to be independent of the charaeter (or wave-length) of the 
primary ee 
The laws governing the emission of the scattered radiation 
were found E be of a very simple nature, and they led 
directly to the conclusion—a conclusion which has since been 
fully confirmed—that the scattering. was produced by the 
electrons constituent in matter. One of these laws was that 
the intensity of scattering by light elements was independent 
of the penetrating power of the X-rays, i. e. the proportion 
of the energy of a beam lost by scattering during transmission 
through a thin layer of matter was independent (approxi- 
mately) of the wave-length of the radiation used. Such a 
law, of course, had its limitations, and gave only the most 
important feature of the relationship—or lack of relation- 
ship—between scattering and quality of radiation. Whereas 
other properties of the rays varied enormously, the scattering 
was upproximately constant during a variation of wave-length. 
Later experiments f showed that when heavy elements 
were traversed by X-rays there was a considerable variation 
of scattering with wave-length, and that the heavier the 
element the greater in general was the rate of variation. It, 
of course, followed as highly probable that such variation 
existed when scattering was produced by light elements, 
though to a much less extent. It was also seen that the 
scattering by heavy elements approximated to equality with 
that hy light elements mass for mass, when the wave-length 
was reduced. (It would probably be more accurate to say 
that the scattering per atom approximated to proportionality 
with the atomic number and not the atomic weight, though 
the experiments on heavy elements were not “sufficiently 
extended to distinguish between the two.) The increase of 
scattering with the ‘longer waves was explained as consequent 


* Communicated by the Authors, 
t Barkla and Miss Dunlop, Phil. Mag. March 1916. 
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upon the superposition in phase of effects from neighbouring 
electrons when the wave-length became comparable with the 
distances of the electrons apart. 

In deseribing the later results, the variation of scattering 
with wave-length was not given absolutely, but by comparison 
with that in aluminium, a substance in which the variation 
was seen to be comparatively small. 

There were several reasons why a further investigation of 
this variation seemed desirable, Absolute instead of com- 
parative measurement, und greater accuracy were needed to 
furnish both a further test of the theory and to provide 
possible information regarding atomic structure. 

In addition, it was seen that exact experiments would give 
valuable information on the question of a possible change in 
penetrating power in the process of scattering, and regarding 
the emission of a characteristic X-radiation of shorter wave- 
length than that of series K by elements of low atomic 
weight — such as had been strongly suggested by the 
experimental results of Barkla and Miss White *. 

Regarding the former there has always appeared the 
possibility of a change in the properties of radiation produced 
hv the process of scattering by electrons—particles of finite 
dimensions subject to restraining forces within the atom—or 
more probably still by groups of electrons where the relative 
dimensions are such as to make a group the scattering unit. 

Though secondary X-radiations apparently differing con- 
siderably from the primary may very readily be obtained 
even when the lightest elements are used as scattering 
snbstances, we have never obtained convincing evidence of a 
change of quality of radiation in the process of scattering, 
except such as is given by polarization in the scattered 
radiation. One of our purposes was to look more closely 
for evidenceof transformation—apart from the transformation 
(previously mentioned) occurring in the phenomenon of X-ray 
fluorescence, when characteristic radiations are emitted by 
the substance. The results of these preliminary researches 
are set down below. The investigation is being continued. 


Variation of Scattering with Wave-length. 


Barkla and Miss Dunlop t. first showed the increase of 
scattering with wave-length in copper, silver, tin, and 
lead, by comparing tle intensity of scattered radiation from 

* Many of these are still unpublished. See Barkla, Bakerian Lecture, 


Phil. Trans. Roy. Soc. 1917 ; Barkla and White, Phil. Mag. Oct. 1917. 
t Phil. Mag. March 1916. 
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such substances with the scattering from aluminium. The 
results are reproduced in Table I. They were corrected 
for absorption etc. and show relative intensities from 
equal masses of these elements when exposed to the same 
radiation. 


TABLE I. 


Showing relative intensities of scattered X-radiation of 
various wave-lengths from several metals. 


gus Scattering from Cu, Ag, Sn, and Pb compared 
X-radiation. with that from equal masses of A]. 


* 


i | 
| Approximate Rb Rb; (e/e)cu (c/o)ag | (e/b)gn ! (a/p) pp 
wave-length. (2/9) a)- (c/p)A] (7/0)A1 | (9/0) a} | (o/p) a} 
-96x10-*em. 13 ” | BG = 
"91 " 11 sede 3°66 sae 3s 
63 yi 3:3 2:5 T" d 11:2 
59 2:8 " " e |] H5 
7:580 , 9-1 2:8 m bie | sie 
:52 » l:8 2:1 ben is 9:0 
4T , L3 l9 e" .. | 58 
*43 - "95 1°5 me - | 44 
ra8 ii '65 1:05? ss iss 2:85 
r916 , "37 1:112 m | ie 2-65 
314  ,, :36 1:07 1H37 ` " 21 
JSIl . :85 ae M 1:47 i 
r906 , 83 m 1:25 ss 1:9 
(305, 32 1-05 = 1-7 


=—— — — ——— -— — - E —— a M —. — 


These indicate that the lighter the element the smaller is 
the variation of scattering with wave-length. "Though the 
variation in aluminium itself was stated to be small, it was 
not given in the paper referred to. 

Also within the range of wave-lengths employed, apparent 
discontinuities in the absorption curves for both copper and 
aluminium have more recently suggested the emission of J 
characteristic radiations (Barkla and Miss White) *. Bv 
plotting from Table I. “relative scattering ” as obtained by 
Barkla and Miss Dunlop against absorption coefficient, it 
will be seen that an irregularity appears in the same region 
of wave-lensths as that in which discontinuities in absorption 


* Phil. Mag. Oct. 1917. 
3B2 


Relative Scott ering. 


10-0 
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were later found (fig. 1). No importance was attached to 
these when the scattering experiments were made—indeed, 
one of the values was queried because of its departure from 
the otherwise perfectly general law of increase of scattering 
with wave-length. The results were not examined till the 
whole series of observations was completed, and war work 
prevented a return to the experiments in search of the cause 
of the apparent irregularity. 


Fig. 1. 


80 


6 0 


40 


0 4 ‘8 2 r6 £O 2:4 28 3e 36 


Absorption Coefficient (^5) Ay Of "290^. 


[Recent examination of results of experiments upon which 
the conclusions shown in Table I. were based, shows that 
the irregularity was largely due to a step or discontinuity in 
the absor ption curves, exactly as shown later in a paper by 
Barkla and White.] 

We therefore determined to investigate more closely the 

'attering from copper, aluminium, and the lighter elements. 
oxygen, carbon, and hydrogen (together) in filter paper. 
As in the previous investigations referred to, the eae 
geneous beams initially tried were not sufficiently intense 
for the measurements required, nor was the apparatus 
available for producing them. We used primary beams 
direct from the X-ray tube, and obtained the variation of 
wave-length by adjustment of gas pressure in the tube, the 
potential "applied to the tube, and by filtering the radiation. 
Sheets of the above substances were placed. In turn in the 
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primary radiation with the surface making an angle of 45° 
with the axis of the beam. The intensity of the scattered 
radiation proceeding in a direction at right angles to the 
primary radiation from the second face of the sheet was 
studied. In a comparison of the intensities of primary and 
secondary beams, errors due to absorption were thus avoided, 
or rather minimized, as both beams passed through the same 
thickness of radiator. The intensities of these two beams 
were measured by similar electroscopes placed in their path. 
The correction for scattering from air and all stray effects 
was found from similar observations taken in the absence of 
the radiating sheets. 

From substances of higher atomie weight the scattered 
radiation or any possible characteristic radiation emerges 
only from a much smaller mass of radiating material owing 
to its greater absorbing power; hence the whole effect in the 
secondary electroscope is much smaller. More sensitive 
electroscopes in which the ionization was produced in sulphur 
dioxide were used to measure the scattered radiation, and 
two electroscopes were used in the primary beam for con- 
venience in measuring the absorption coefficient of the 
radiation, The range of wave-lengths over which reliable 
readings could be obtained was, however, much shorter than 
in the experiments upon paper. 


TABLE II. 


Scattering from Paper. 


a a M — 


| l | | | 
Absorption Oveff., Observed Ratio Corrected Ratio 
of Radiation of intensities, Stray effect. of intensities, 


| 
(M/p)A1- | Secondary/Primary. | Secondary/Primary. 
| 
2-70 | 2432 022X x | 921 xz 
2-4] 935 O22 913 
2-07 i 23 013 ‘O15 
1:48 | 998 019 209 
1:97 . 995 019 206 
0-87 | 991 020 201 
0:55 | 239 025 ‘07 
0:44 | 233 028 205 | 
040 235 | 082 203 e | 
| 
4:20 943 020 | 293 ! 
3-47 3238 (029 -916 | 
1:97 935 023 212 | 
| 


The results for paper are given in Table II., in which 
column 1 gives the absorption coefħcient for the radiation, 
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column 2 the observed intensity of secondary radiation com- 
pared with intensity of the primary, xd column 4 the 
corrected values after subtraction of the stray effect given in 
column 3. The corrected results are exhibited graphically 
in fig. 2, where the ratio of the intensities of the scattered 
and the primary radiations—so measured and in arbitrary 
units—is plotted against absorbability of radiation (u/p in 
Al). Overthis range p/p =°4 to 4, the variation of scattering 
is very slight, but there is a small increase of scattering 
with wave-length amounting altogether to about 10 per cent. 
The increase cannot with certainty be distinguished from a 
linear one, though it is possible, indeed probable from other 
considerations, that the preater variation is at the two ends 


Fig. 2. 


Scatle: 
Primary 


0 5 ro r5 20 25 30 35 40 
Absorption CoeSficrent (Fjo) Ay Of Radiation. 


of the range *. These results of experiments upon paper 
are of considerable interest for the emission of even a feeble 
characteristic X-radiation from one of the constituent 
elements, or a small rapid change in the scattering would 
have been apparent in the form of the curve (fig. 2). 

There is no evidence here of the emission of a charac- 
teristic radiation or characteristic radiations from paper. 
The excitation of such a radiation in appreciable intensity 
would be apparent as a superposed fluorescent (character- 
istic) radiation for wave-lengths less than a certain critical 
value— t. e., passing from right to left of fig. 2, there would 
be a sudden rise in the curve for paper at a value for p/p 


* This was found in the case of aluminium at the high-frequency 
end, just beyond the limits of the observations given in this paper. 
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in Al of about :8, from Barkla and White’s absorption 
experiments. There is no suggestion of this. It should, 
however, be pointed out that the rise to be expected from 
the absorption experiments is an exceedingly small one, for 
the change of absorption observed was not greater than a 
15 per cent. rise, and in light elements only a small fraction 
of the energy absorbed has been found to be re-emitted as 
characteristic radiation (of series K). Thus a rise of an 
unknown but only a small fraction of 15 per cent. might 
reasonably be expected. As we could not be certain of 
detecting a variation of less than about 3 per cent, the 
evidence for or against it is not conclusive. The fraction of 
energy transformed into fluorescent (characteristic) radiation 
is, however, greater in elements of higher atomic weight; a 
characteristic radiation should therefore be more easily 
detected in these. From the experiments on aluminium it 
was evident there was a much greater change of scattering - 
with wave-length. That this was not due to a superposed 
soft characteristic radiation, either from aluminium or from 
a small quantity of impurity (Fe) in the aluminium, was 
shown by placing sheets of aluminium in the paths of both 
primary and secondary beams. This absorbed the FeK 
radiation almost completelv, yet a gradient of the same order 
of magnitude was found. The results are given in Table III. 
and plotted in fig. 2. 


TABLE III. 


Scattering from Aluminium. 


Absorption Coefficient of Radiation Ratio of Intensities, 


(u/p)A)- | Secondary/Primary. 
1:39 | ‘470 X y 
1:35 465 
1:01 439 
69 | 416 
56 | 404 
463 "899 
» | be: 


In the experiments on the scattering from copper it was 
of course necessary, as in previous experiments, to eliminate 
the copper K radiation. This was effected by placing 
aluminium :058 cm. in thickness in the path of both primary 
and secondary beams after emergence from the radiator. 
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As shown in fig. 2 the variation of scattering from copper 
was found to be greater still than from aluminium. The 
sume degree of accuracy cannot, however, be claimed for 
thase readings, as a slight change of angle through absorption 
effects makes a considerable enange in “the slope or apparent 
variation. of seattering with wave-length. Further exper - 
ments would need to be made to get the exact rate cf 
variation : the results already obtained serve our immediate 
purpose. 

As in the case of the paper there was no evidence either 
in the aluminium or copper curve of a discontinuity such as 
might have been expected to appear if characteristic ‘radiation 
had been emitted. — Thus these experiments give not tlie 
slichtest evidence of the emission of a characteristic radiation 
of higher frequency than that of the K series. 

As there was no appreciable characteristic X-radiation in 
any of these secondary beams, the radiations studied were 
presumably scattored N-radiations. Further evidence for 
this 15, however, given below. 

Any small transformation, unless constant in amount, 
might equally have been expected to show itself by a gradu: | 
change in the slope of the curves, for a change in absorbe 
ability Is accompanied bv a change in ionizing power such 
as would have affected the measurements of the secondary 

radiation, This is not indicated in the curve for paper. 

These results thus confirm. the previous conclusions 
regarding relative rates of variation of seattering with wave- 
lei meth obrui by direct comparison of various substances 
sert aluminium. — The ‘y also show with accuracy the sinall 

variation of scattering ecoethcient in the ease of carbon, 
oxygen, and hydrogen, a greater variation in aluminiam, 
and greater still im copper; in addition, they show the 
aviation to be a gradual one over the range of wave-lengthis 
emploved. 


Relative Intensities of Scattered Radiation from 
various Substances. 


So far these experiments gave only rates of variation of 
scattering with wave-length oL the radiation. Other experi- 
ments were undertaken to determine the relative intensities 
of the radiation scattered from equal masses of various 
substances. 

In the experiments of Barkla and Miss Dunlop comparisons 
had been made between the scattering from various substances 
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with the scattering from aluminium. A more exact know- 
ledge of the rate of variation of scattering with wave-length 
is obtained by comparison with the scattering from paper in 
which the variation is very small. 

In these experiments two substances were compared 
directly. The thicknesses were adjusted so that the two 
radiating sheets absorbed the same proportion of the primary 
beam. As there were no marked selective effects over tlie 
wave-lengths employed, the correction for absorption was 
avoided. Thus a comparison was made of the scattering 
from the two radiators alternately placed in the same position 
in the primary beam. Dividing by the relative masses of 
the two we have the relative scattering by equal masses of 
the two substances. An absor bing sheet of aluminium was 
placed in the path of both the primary and secondary beams, 
and the ratio was found to be as nearly as measurable 
identical—showing the difference in intensity was not due 
to the superposition of soft characteristic radiation from any 
one of them. It showed too that if a change of absorbability 
was produced by re-emission (scattering), it was at least 
approximately the same for the radiation from paper, 
aluminium, and copper. For radiation of absorbability in 
aluminium (a/p) equal to about 1:3, the relative intensities 
from aluminium and paper were found varving from 1:07 to 


1:13, giving an average value of 1:1 (see Table IV.). In 


TaBLE IV. 
Relative Scattering Al/Paper. 
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preorption Coefficient ‘Thickness of Al before, Relative Scattering | 


TT ee 
| 
pip in Al, | Ree ERO Ae! Al; Paper. 
1:14 | 0 em. | 1:07 
! 1:24 0 | 1:08 
| :036 | ] uo 
1°32 | 0 | 1:07 
| ‘036 | 1:12 | 
| 
1:39 | o | 113 | 
| 036 L-14 l 
1:45 0 ]: 08 
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the experiments on the relative scattering from copper and 
aluminium, it was necessary, as in the previous experiments, 
to absorb the copper * K" radiation by placing aluminium 
*058 cm. in thickness before each electroscope ; the radiation 
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scattered from aluminium was, of course, observed under 
identical conditions (see Table V.). The ratio of intensities 


TABLE V. 


Relative Scattering Cu/Al. 
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| 


Absorption Coefficient | Thickness of Al before| Relative Scattering 


p/p in Al, Electroscopes. Cu/Al. 
"795 :204 ? cw. 1:73? 
'S58 “180 17 
1:00 | *]180 1:88 
| 1:32 058 1:74 
1:26 :056 1:88 
1:26 204 1:88 
1:33 058 1:86 
1:5 056 | 1:83 


from copper and aluminium was very consistently about 
1:87 when the absorbability of the radiation was approxi- 


mately as before Ce = 1:3) . This, again, agrees very well 
Al 


with the relative value 1:9 found by Barkla and Miss Dunlop 
by another method (see Table I.). 

The results of these comparisons were then used to give the 
relative heights of the curves in fig. 2 by adjustment of the 
relative values for radiation of absorption coefficient = 1:3. 


Comparison of Absorption Coeficients of Primary 
and Secondary Rays. 


As the experiments described furnished no evidence of 
the emission of a characteristic radiation of higher frequency 
than that of the K series, we proceeded to make a direct 
comparison of the penetrating powers of the primary and 
- secondary X-radiations from light elements. In the earliest 
experiments by one of us *, when the conditions were made 
as simple as possible, and only moderately low frequencies 
were used, no ditference in penetrating power of primary 
and scattered radiations could be found directly—yet some 
evidence of transformation was observed. 

Later, differences were observed which appeared to indicate 
either the admixture of an unidentified fluorescent (character- 
istic) radiation, or just possibly a transformation in scattering. 


* Phil. Mag. May 1903, June 1904. 
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These effects, however, were very variable in magnitude, 
and the further investigation of them was lett for experiments 
of the kind described in the first part of this paper. 

While the effect of variation of scattering with wave- 
length, and the emission of an X-radiation excited in the 
absorbing substance by the electrons constituting the 
secondary corpuscular radiation, must not be lost sight of, 
the principal source of uncertaintv lies not in these but 
in the difficulty of obtaining a true measure of an intense 
primary beam of considerable cross-section. While it would 
be premature to give any decided opinion upon the nature of 
apparent transformations before the phenomena have been 
more fully investigated, our preliminary results sufficiently 
limit the possibilities to justify. publication at this stage. 

When thin she+is of paper were used as the scattering 
substance—in which case trouble due to differentiul absorp- 
tion of primary and secondary beams in the radiating 
substance was avoided—experiments showed that the scattered 
was identical with the primary radiation throughout almost 
the whole range of wave-lengths experimented upon. This 
is seen from a comparison of the absorption coefticients of 
primary and secondary radiations, as given in Table VI., 
columns 1 and 2 respectively, and plotted in fig. 3. The 
simple law of equality where there is infinite possibility of 
variation is sufficient. Thus there is no doubt under certain 
conditions of an accurate equality of penetrating power of 
the scattered and primary radiations iu a long range 
of wave-lengths included in these experiments, though this 
does not include the wave-length of the J absorption discon- 
tinuity of Barkla and White. 

This conclusion is confirmed through a longer range of 
wave-lengths, in this case including the J absorption discon- 
tinuity, and without even the evidence of possible exception 
by the experiments on the variation of scattering with wave- 
length, the results of which are shown in fig. 2. 

Thus under some conditions it is possible to obtain a 
secondary. X-radiation from paper (O, C, and H) which is 
purely scattered radiation, without change in penetrating 
power and without admixture of fluorescent X-radiation, 
throughout the whole long range of wave-lengths. [The 
limits of experimental error are about 3 per cent. in intensity, 
or 3 per cent. in absorption coefficient. | 

Under other conditions decided differences have been 
observed between the absorption coefficients o£ primary and 
secondary radiations, but only in the region of higher 
frequencies. This is shown by a comparison of the values 
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Absorption Coefticients (approximate) of Primary and 
Secondary Radiation (Neattored) from Paper. 
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in columns 1 and 2w, obtained at other times with the same 
experimental arrangement, The corresponding points are 
connected by the broken line of fig. 3. It is important to 
notice that if such transformations had occurred during the 
experiments on the variation of scattering with wave-length 
we might have expected quite a large deviation from the 
simple relationship shown in fig. 2, in the curve for paper, for 
a change in absorbability nor mally implies a change in ionizing 
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power which would have been detected in the ionization pro- 
duced in the secondary electroscope. 

This fact compels us to consider very critically the trans- 
formations which have been observed in many experiments 
and have recently been recorded by Crowther and by A. H. 
Compton. 

It should also be observed that no step in the absorption 
curve for paper has ever been found of anything like the 
magnitude required to explain Crowther's results. 


Fig. 3. 
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Thus, if appreciable transformation does occur, it is only 
under special conditions which have not vet been identified. 
Moreover, we quite realise that experiments indicating such 
transformation have not been made under conditions which 
entirely eliminate the possibility of error or of an explan- 
ation in terms of certain phenomena observed in our experi- 
ments upon the J absorption discontinuities. The trans- 
formed radiations, if true’ transformation in the paper be 
established, are not subject to the same laws as those 
governing the fluorescent radiations of series K, L, and M. 

We shall, however, have more to say concerning the‘. 
radiations. 
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Summary. 


Further experiments on the scattering of X-rays show 
that even the light elemeuts hydrogen, carbon, and oxygen 
(together) show a very slight increase of scattering with 
wave-length. Over a considerable range, however, the 
outstanding feature is the constancy of the scattering 
coetticient—as compared with absorption and other co- 
efficients. 

In aluminium, and more markedly in copper, the scattering 
increases more rapidly with wave-length. 

The relative intensities of scattering by hydrogen, carbon, 
and oxygen (in paper), aluminium, aud copper have been 
obtained by another method, and the results for the last 
two—the others have not been previously determined—agree 
very closely with those given by Barkla and Miss Dunlop. 

Over a considerable range of wave-lengths no difference 
between the absorption coefficient of the primary radiation 
and of the secondary X-radiation /scattered) from paper has 
been detected. The marked differences sometimes appearing 
when the higher frequency radiations are used have not 
heen observed under conditions justifying any definite 
conclusion regarding their origin. — Further experiments 
are, however, being conducted, as the investigation does not 
sppear to have completely exhausted all possibilities of an 
explanation. in terms of the simple laws of scattering, 
fluorescence, and absorption, which have already found 
general acceptance. 

These investigations have not furnished the evidence of 
the existence of J characteristic radiation which so many 
results led us to expect. Further communications on this 
subject will, however, shortly be made. 


LXXIII. Some Properties of Resonance Radiation and Excited 
Atoms. By K. T. Compton, Ph. D., Professor of Physics, 
Princeton University * 


Ib accounting for spectral lines, for their variation in 

intensity with diflerent conditions of excitation and for 
phenomena of cumulative ionization, attention has recently 
been drawn to the existence of atoms and molecules in 
various conditions of partial or complete ionization. In 
particular, that type of excited atom which results from the 
first displacement of an electron from its most stable position 


* Communicated by the Author. 
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is of great interest because it may be produced in such 
quantity, by proper excitation, as to give to the gas proper- 
ties which are quite different from those of the normal 
unexcited gas. Such properties include the appearance of 
new lines in the absorption spectrum, new types of resonance 
radiation, band spectra associated with molecular combina- 
tions between excited atoms and increased ease of ionization. 
A study of these properties has led to discoveries of 
importance in the theories of atomic structure and of 
radiation. | 

In recent papers * the writer discussed ihe two ways in 
which atoms may be put into the excited, or partially 
ionized, state. It was shown that, in a discharge-tube, the 
number of atoms in the excited state as a result of a pre- 
ceding electronic impact is exceedingly small in comparison 
with the number in this state through absorption of the 
resonance radiation excited by electronic impacts against 
neighbouring atoms, unless the gas pressure is very low. 
This fact suggests an interpretation of experiments of Franck 
and Knipping t and of Kannenstine f on metastable helium. 

The conception of partial ionization by resonance radia- 
tion is as follows :— When an electron whose velocity exceeds 
that gained by falling through the resonance potential V, 
collides with an atom, it displaces an electron from the 
normal to the next outer orbit, making an excited atom. 
After a time-interval, of average duration r, this electron 
falls back to its original position and emits a quantum hy of 
resonance radiation. Any other normal atom is capable 
of absorbing this radiation, and re-emitting it after an 
average interval r. The radiation is thus passed on from 
atom to atom, putting one after another into the excited 
state, until it finally escapes from the gas or is degraded 
into light of lower frequency as a result of a temporary 
chemical combination made by an atom while in the excited 
state. 

Formally, if not physically, the passage of resonance 
radiation through a gas may be treated as n problem in 
diffusion ; for the intensity of a beam of light is reduced 
by absorption or resorvance scattering according to the 
equation I-I;-*, and the number of molecules passing 
through a gas in a parallel beam falls off according to the 
similar equation N 2 Noe-7.— Thus the reciprocal l/æ of 
the absorption coefficient is analogous to the mean free 

* Phys. Rev. xx. (1922); Phil. Mag. xliii. p. 531 (1922). 
t Zeit. f. Phys. i. p. 320 (1920). 
t Astrophys. Journ. lv. p. 345 (1922). 


52 Prot. K. T. Compton on some Properties of 

path 2. It follows that the average speed with which a 
quantum of radiant energy moves through a gas equals 
,orits mean free path l/æ divided by the average time T 


during which it is absorbed by the atom at the end of its 
path. Thus we may apply the diffusion equation from the 
kinetic Theory of Gases, and put 
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in which N’ is the number of excited atoms per unit volume 
at any point, 2 is the outward normal to the element of 
surface dS, and R is the rate of production of new quanta 


Fig. 1. 
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per unit volume. The surface integral gives the rate of 
* diffusion " of quanta across the closed surface, and the 
volume integral gives the rate of production within it. By 
applving this equation we can calculate the concentration N’ 
of excited atoms at any point in the gas, as is done for 
coaxial cylindrical electrodes in the following treatment. 

Electrons from the hot eathode C collide inelastically with 
atoms, giving rise to resonance radiation, in the shaded 
laver. Tf the length f of the electrodes is large compared 
with the distance (a—v) between them, this resonance radia- 
tion. diffuses only inward and ‘outward, ultimately being 
absorbed by the electrodes. 

If n electrons per second leave the cathode, and if P is 
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the fraction of atoms in the excited state in the shaded 
layer, then n(1 — P) is the number of quanta of resonance 
radiation produced in this layer per second.  n,(1— P) 
quanta diffuse outward to the anode and n,(1— P) diffuse in 
toward the cathode. If we apply equation (1) to a cylin- 
drical surface of radius r, lying outside the shaded layer, 
we have 
] dN’ 
Jar dr 


(2mrfi= —n,(1—P); 


whence 

3a?rn,(1— P) 

Inf — log r4 C, 

is the value of N' at any point outside the shaded layer. If 
the reflecting power of the anode for resonance radiation 


is negligibly small, N,’=0 when r=a, whence 


ı_ BaTna(l— P), a 
Na — af log . 
Similarly, at points inside the neutral surface, 
,_ 9a?rn,(1 — P) r 
N/z- onf log z 


But notn,=n and at the layer r=(b+c)} we have 
N,/=N.'=N’. It is thus easily shown that 


| yore 
ysa S m P) Poe aue 
2T hot r 
loz ^ 
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af a c 
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Integrating N,' over the volume of gas outside the shaded 
layer and N,’ over the volume within it, and adding, we 


obtain 
N= TORN) fpa our] log 


—[ (+e)? —e] log Sob. D 


as the total number of excited atoms between the electrodes 


in the gas. 
Phil. Mag. S. 6. Vol. 45. No. 268. April 1923. 3C 
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In deriving this expression, we assumed that the reflecting 
power of the “electrodes for resonance radiation is negligible. 
If we had included it in our caleulations, the constant Ca 
would have taken a more complicated value and the value 
of N in equation (2) would have been increased. The error 
thus introduced is relatively small, however, especially for 
resonance radiation of short wave- lene. 

In equation (2) a and c are dimensions of the apparatus, 
and 6 depends on the distribution of potential between the 
electrodes. The fraction P of atoms in the excited state at 
the shaded layer is usually small compared with unity * 
although it is possible that it may approach unity in very 
intense ares. 7 is the average interval between absorption 
and emission of a resonance quantum of energy by an atom. 
According to classical dynamics this is the reciprocal of tle 
electromagnetic damping constant, or 


3 me? 


Ss g ea wo 8 


where e and mare the electronice charge and mass, c is the 
velocity of light, and y is the frequeney. From this we 
caleulate 7—2(10)7* sec. for the H, line. For the resonance 
radiation in helium we calculate 7—1:7(10)7!9 sec. The 
most accurate experimental determinations = T aro probably 
those of Wien t, who found 7—2:35(10)7* sec. for Hg and 
Hy, and about the same value for lines and bands of oxygen 
and nitrogen. These are of the order of magnitude to be 
expec ‘ted from equation (3), but do not accurately confirm 
it, since very little variation of r with frequency v was 
found. "The direct experimental data are meagre, and give 

no information as to whether T is the same for resonance as 
for other radiation, or whether the approximate agreement 
with equation (3) in the region of the visible spectrum is a 
mere coincidence. 

The scattering coefficient æ is very difficult to measure, 
since it is only. the central monochromatic portion of a 
resonance line which is scattered by the gas. Lamb f gives 
a very general law of resonance scattering, applicable if 
every molecule possesses an oscillator of resonance frequency. 
Under tliis condition his law may be expressed in the form 


) 1:54 
E = NAZ 9° e s . . . e (4) 


* K. T. Compton, loc. cit. 

T Ann. d. Phys. lx. p. 597 (1919), p. 229 (1921); also Dempster, 
Phys. Rev. xv. p. 138 (1920). 

I Camb. Phil Soc. Trans. xviii. Stokes Commemoration (1900). 
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where p is the pressure in millimetres, N is the number of 
scattering atoms per cm. at 1 mm. pressure, and X is the 
wave-length of the resonance radiation. Equation (4) gives 
a theoretical upper limit for «a. This limit might be ap- 
proached if there were entire absence of Doppler shifts, and 
if every atom were at every instant possessed of an oscillator 
capable of responding to resonance trequency. 

Actually a has not been measured for any resonance line 
except mercury 2536, owing to experimental ditficulties. 
For this line Wood's results * yield a value p/a—6:75(10)^* 
em. as the * mean free path” of the resonance radiation at 
1 mm. pressure. Equation (4) gives a value 6:6(10)-? cm., 
about 10,000 times smaller than the observed value, as- 
suming every atom to be effective in scattering. This 
discrepancy must be due (1) to inability to get strictly 
monochromatic light, (2) to the Doppler effect of the moving 
atoms, and (3) to the fact that an atom probably has the 
internal configuration to -permit its absorption of a given 
frequency only at repeated intervals. For helium, equation 
(4) gives p/a—1:16(10)^8 em. 

It is evident that our present knowledge of « and r is 
insufficient to permit the use of equation (2) for anything 
but the very roughest estimates of the number N of excited 
atoms to be expected in an apparatus on the present theory. 
Nevertheless, some interesting suggestions can be made. 

Kannenstine f found, by use of an alternating voltage of 
variable frequency to produce an are by thermionic bom- 
bardment in helium, that excited helium .atoms could be 
detected as long as 0 0024 sec. after the exciting voltage had 
been removed. If excited atoms are produced only, or 
mainly, as a direct result of electron impacts, then 0:0024 sec. 
must be time during which individual atoms persist in the 
excited state. It must be, approximately, the value of 7, 
and therefore about 100,000 times larger than any value of 
T measured directly and 15,000,000 times the classical value 
predicted by equation (3). 

If, on the other hand, excited atoms may also be formed 
by absorption of resonance radiation, the interpretation of 
Kannenstine's work is quite different and more in harmony 
with our other evidence. 0°0024 sec. represents the time 
required for the resonance radiation to escape from the tras, 
by the meclianism discussed in this paper, and this may 
include the time of many thousands of absorptions and 
re-emissions. An accurate solution of the relation between 

* ‘Recent Researches in Physical Optics.’ 


t Loc. cit. 
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0:0024 sec. and T may be obtained by a Fourier series 
method, analogous to that used for the escape of heat from 
a cylinder whose initial distribution of temperature is given. 
The following simpler method is sufficiently accurate for the 
present purpose. 

At the instant the voltage is shut off, n(1— P) is the rate 
of production of new quanta, and hence the rate of escape 
of quanta from the gas, and equation (2) gives the total 
number of quanta N in it. Hence N/10n(1—P) is the 
number of seconds ¢ required for 1/10 of the quanta to 
escape from the gas, if the loss were to continue at the 
initial rate during this interval, which is not quite true. 
If we neglect this relatively small error, and substitute for 
N from equation (2), we have 


d. 
t= Eu i [a — (b+c) ] log Di 
40 log i : " 
—[(b+0)?@—e?] log se] s * 45) 


The true value of /' must be a little greater than this. 

It is difficult to estimate the ratio by which the number 
of excited atoms decreased during the time 0:0024 sec. in 
Kannenstine’s experiments. He would certainly have de- 
tected as many as 1/10 the initial number, and would 
probably not have detected them if reduced to 1/1000. 
These reductions correspond approximately to time intervals 
of 22t' and 66t, respectively. Probably about 1/100 of the 
initial number would have been detected, corresponding to 
about 44v. This is, then, the quantity to which his time 
of 0:0024 sec. refers. We may, therefore, to at least the 
right order of magnitude, put 
voozi= PHA. DL (pa ejr] log ^ 


10 log 
C 


(* 


peg » ; 
— [(b4-«) -e]llg,^ 1. . (6) 
From this equation, 7 could be found if a were known, and 
rice versa, 

In an ordinary are, stimulated by electronic bombard- 
ment, we may take a1 cm., e—0:02 cm. as approximate 
dimensions of the apparatus. In the are, with a positive 
space-charge around the cathode, b appears to be of the 
order of the electronic mean free path in the gas *, and 
hence about (0:1 cm. in Kannenstine’s experiments. This 


* Compton, Phys. Rev. (in print). 
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makes the term in braces in equation (6) equal to about 
lL8,and any reasonable values of a, b, and c lead to this 
order of magnitude. We have, then, 


à^—0:0016 . . . . . . (1) 


as a rough expression of the relation between a and 7 given 
by Kannenstine's experiments. 

If we assign to « the upper limiting value, as given by 
equation (4), we find 7—2:2(10)7?? sec. If we suppose that 
e is actually about 10,000 times smaller than the limiting 
value for helium, as it appears to be for mercury, we have 
722:2(10)7? sec. If we assume that the resonance radiation 
is scattered at the same rate in helium as in mercury, we 
have 7—0:75(10)7? sec. Owing to its simple structure, 
we should expect a larger proportion of helium than of 
mercury atoms to be in a condition capable of absorbing 
resonance radiation at any instant, so that we should expect 
the estimate r=2°2(10)~’ sec. to be too large. The most 
reasonable interpretation of Kannenstine’s experiments would 
seem, therefore, to indicate a value of 7 for helium which is not 
noticeably larger than for other substances. 

Unsatisfactory as this treatment is, owing to uncertainty 
regarding the value of a, it at least serves to emphasize the 
tendency of resonance radiation to remain imprisoned within 
a gas for a time which may be enormous in comparison with 
the time 7 of imprisonment within individual atoms. æ is 
proportional to the gas pressure, so that this imprisoning 
effect should become more important at high pressures, and 
become negligible below pressures at which the mean free 
path of the radiation l/a exceeds the dimensions of the 
apparatus. We should expect Kunnenstine’s time-interval 
0:0024 sec. to increase with increasing gas pressure, although 
this would be partially masked by the accompanying decrease 
in b and, possibly, by change in the space-charge conditions. 
He states that. the persistence of metastable atoms was more 
marked at higher than at lower pressures, although no 
noticeable difference in time of persistence was found. 

The general idea embodied in the above treatment appears 
to be a necessary consequence of the nature of resonance 
radiation. May the resonance radiation disappear from the 
gas in any other manner than by diffusion out of its boun- 
darles as discussed above? Jt seems certain that the 
resonance radiation may be * degraded" into radiation of 
other wave-lengths during the existence of temporary com- 
pounds with other atoms of the same, or of different gases. 


158 Prof. K. T. Compton on some Properties of 


Thus inerease of pressure, or addition of relatively chemi- 
cally active impurities, would tend to diminish tlie amount 
of resonance radiation imprisoned in the gas and, therefore, 
the number of excited atoms. Several facts may be ac- 
counted for by such * degradation." 

Lyman * reports spectroscopic observation of helium lines 
584-4, 5371, 5223, and 51577 A, which seem to be the 
lines of the principal singlet series OS—mP. If this be 
true, the line 5844, which corresponds to the 21:2 volt 
resonance potential, does not represent a transition in viola- 
tion of the selective principle, and there is therefore no 
theoretieal reason for believing the corresponding type of 
excited atom to have an abnor mally long life v. Lyman 
also reports a queer diffuse line at 60075 Ay corresponding to 
the 20-4 volt resonance potential, which is usually a stronger 
ettect than that at 21-2 volts, and possesses stronger reso- 
nance properties. The spectroscopic character of this line 
would be accounted for if atoms in the 20°4 volt excited 
state are chemically more active than in the 21:2 volt state, 
resulting in the formation of temporary helium compounds. 
The internal forces, or the alterations in the internal energy, 
would alter the frequeney of the radiation emitted when the 
atoms return to the normal state, so that this would not be 
resonance radiation. Since the helium compounds are very 
unstable, such an effeet would result in a distributing of the 
original resonance radiation into a not very wide diffuse line 

band as observed. There is independent evidence that 
the 20'4 volt excited atoms are chemically active f. In 
addition to such a diffuse line, a regular band spectrum, to 
which the energy of the absorbed resonance radiation might 
conceivably contribute, would be expected from the helium 
molecules—as is the eased: 

In the presence of other gases, any of which would he 
chemically more active and would be photoelectrieally 
ionized by the resonance radiation of helium, this radiation 
would be converted into other and longer wave-lengths more 
rapidly than in pure helium, both through excitation of the 
line spectra of impurities and band spectra of various tem- 
porary molecular combinations. This suggests an explanation 
of results of Franck and Knipping, who found the photo- 
electric effect of 20-4 volt resonance radiation to become 
relatively weaker as the helium was purified, and interpreted 
this as indicating that the return of such metastable atoms 


* Science, lvi. p. 167 (1922). 


T Francke & Reiche, Zeit. f. PAys. l. p. 154 (1920). 
[ Curtiss, Roy. Soc. Proc. A, ci. p. 38 (1922). 
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to the normal state occurred only in the presence of foreign 
gas molecules. 

Their apparatus was of the familiar type indicated in fig. 2, 
the radiation resulting from electron impacts with molecules 
between two gauzes G, and G,, and being detected by the 
photoelectric effect on the plate P. If the radiation is 
strictly of the resonance type, it would tend to be absorbed 
in the gauzes, owing to the extremely short “ mean free 
path" of the radiation. It is as if the wire of the gauze 
were a perfect absorber of molecules introduced between the 
gauzes and allowed to diffuse outward with a very short free 
path through the helium. Relatively few would reach the 
plate P. In the presence of impurities, on the other hand, 


Fig. 2. 
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the resonance radiation would be transformed into non- 
resonance wave-lengths, and would pass freely through the 
openings in the gauze and produce a photoelectric effect on 
the plate P. 

It may be suggested, furthermore, that “ degradation of 
resonance radiation," in some such manner as is here 
suggested, seems necessary to account for the tendency of 
radiation to become adapted, as regards spectral distribution 
of energy, to the temperature of the medium through which 
it is passing. Without such degradation, the observed 
radiation from the sun would be more characteristic of its 
hot interior than is actually the case. | 


Conclusion. 


The present discussion, though rather speculative and 
dealing with quantities which are very uncertainly known, 
yet serves to point out certain important properties of 
resonance radiation, and calls attention to tlie bearing which 
these may have on the very important but elusive proble 
of the existence of atoms in various excited states. | 
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It is shown (1) that the passage of resonance radiation 
through a gas may be treated as a problem in diffusion, 
(2) that the number and persistence of excited atoms depends 
jointly on the average time of activation 7 of an atom and 
the square of the scattering coefficient a? of the resonance 
radiation in the gas and may be calculated, and (3) that the 
presence of impurities may affect experiments on the pro- 
perties of resonance radiation by causing its transforma- 
tion into other wave-lengths to which the gas is more 
transparent, 


Vote added with proof.— Attention is called to a paper on 
this subject, by F. A. Horton and A(nn) €. Davies (Phil. 
Mag. xliv. p. 1140, 1922), in which conclusions similar to 
those in this paper are reached. 


Palmer Physical Laboratory, 
Princeton, New Jersey, U.S.A. 


LXXIV. Testing the Evpressions for the Longitudinal and 
Transverse Masses of the Electron. By L. T. JoxEs and 
W. C. Pomeroy *. 


Soo the first work of Kaufmann f. demonstrating the 

mass of the electron to be a function of the velocity, 
a very considerable amount of experimental labour has been 
performed by various investigators f to verify the law of 
variation. In each case the method has involved only the 
transverse mass, and the curves representing the various 
theories lie so close together that it is difhcult to decide 
which is most nearly correct. : 

The first suggestion of an experimental method involving 
the longitudinal mass was made by Einstein $.. The diti- 
culties of} the method are obviously great and no one has 
carried it out. 

Page f| has derived an equation relating to Hull's mag- 
netron T and involving the relativity expressions for both 


* Communicated by the Authors. 

+ Gesell. Wiss. Gott, Nachr yii. pp. 90-103. 

t Neumann, An. d. Phys. xlv. p. 0209; Guye and Ratuosky, Areh. 
des Sci, xxxi. p. 203; Guye and Lavanchy, Arch. des. Sci. xlii. pp. 286, 
353, 441; Jones, Phys. Rev. viii. p. 02; Bucherer, Aan. d. Phys. xxx. 
p974; and others. 

$ Finstem, Ann. d. Phys, xxxi. p. 583. 

| Page, Phys. Rev. xviii. p. 583. 

€ Hull, Phys. Rev, xviii. p. 31. 
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masses. This equation lends itself to experimental verifica- 
tion, though the labour necessary is great. 

The equations derived in the following pages are based on 
an experimental method by which the expressions for the 
longitudinal and transverse masses of the electron may be 
verified, not only for the Lorentz-Einstein electron, but for 
those of Abraham, Walker, and Bucherer-Langevin as well. 
The calculated curves of fig. 2, representing the several 
theories, are seen to lie twice as far apart as those en- 
countered in previous investigations, where only the trans- 
verse mass was involved. 


The Method. 


The essential portions of the apparatus (fig. 1) are enclosed 
in a vacuum maintained as high as possible. A battery 
heats the filament of the cathode, C. The anode, A, is 


provided with a tube of small bore for the purpose of 
restricting the beam. This tube terminates midway between 
the two brass plates, which are horizoutal. By means of the 
transformer, T, a high alternating potential is maintained 
between the cathode and anode, while a small fraction, k, of 
this discharge-voltage is maintained between the horizontal 
brass plates. The electrostatic field between these plates 
is thus variable and in phase with the discharge-voltage. 
Distortion of the field is eliminated by having the anode 
potential midway between the potentials of the two plates. 
In the discharge-chamber each electron undergoes an ac- 
celeration along the axis of ihe tube. When it passes 
through the anode and enters the deflexion-chamber it is 
accelerated downward by the electric field between the two 
plates. The total time of travel of any one electron is small 
compared witl the time of alternation of the discharge- 
voltage. 
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À constant magnetie field, H, collinear with the electro- 
static field deflects the electron beam to one side or the other 
of tlie centre line. The dotted lines indicate the electron 
pats when a large number of velocities are present. The 
more rapidly moving electrons have the shorter range. 
The electron beam leaves its trace on a photographic film 
deposited on the lower of the two horizontal brass plates. 
When no magnetic field is present this trace is a straight 
line down the centre of the plate. The two directions of 
the magnetic field will give two curves, one on either side 
of the centre line. The form of these curves will be 
compared with those caleulated by the various theories. 


The Caleulation of the Curves. 
Let 
v — velocity of the electron, 
B the usual velocitv ratio, 
m,-trausverse mass of the electro; 
m= longitudinal mass, 
V =instantaneous value of discharge-voltage, e.m.u., 
e-charge of the electron, 
— velocity of light. 
The work done by the diseharge-voltage in carrying the 
electron from cathode to anode is 


Ve =| my dr, 


= f” mB a8. ode sb de Ge E) 


whence 


The Action of the Electrostatic Deflecting Field. 


Since the electron experiences no appreciable change in 
velocity while traversing the deflexion chamber, the trans- 
versa and longitudinal masses may he considerod constant 
during that interval, having the values corresponding to its 
par ticular velocity. The horizontal velocity and the vertical 
acceleration are thus constant in this region. 

The downward force of the electrostatic field on the 
electron is 


kVe 
dd = nma, ow RB d xx E 
where kV —instantaneous voltage between plates, 
2d — distance between the two plates, 
a-the acceleration of the electron. 
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Since the electron enters midway between the two plates, 
the distance of fall is 


dida, 2 ow ox ow. (9) 
and the range is 


Rees £ x doe wok A) 


where t is the time of travel from anode to film. 
From equations (2), (3), and (4) we have 


242022 
Vex ame oP a CÓ d» ee (5) 


The Action of the Magnetic Field. 


During the passage of the electron through the electro- 
static field it is also subject to the action of a uniform and 
constant magnetic field, H. Its path is bent, in the hori- 
zontal plane, into a circle of radius r. The force of the 
magnetic field on the electron is 


me? 


He- s. 00. 5 5 5 « (6) 


If the deflexion, y, due to the magnetic field is small, it is 
represented with sufficient accuracy by 


R? 
y = 9, e œ " ° . e . (7) 


From equations (6) and (7), placing v=cĝ, we obtain 


Hec PP e uk Se ve we x. (8) 


In equations (1), (5), and (8) the various expressions for 
m; and m; are to be introduced, yielding expressions for the 
coordinates R and y. 


The Lorentz- Einstein. Theory. 
The Lorentz- Einstein * expressions for the two masses are 
m =m,(1— 8)”, 


m —m(1— 87)-??, 


* H, A. Lorentz, ‘Theory of Electrons,’ 
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Substituting in equation (1) 


Ve= i myc*(1 —8*)7? 28 dB 


e 0 


=[ meta], 


or Vezc(m,o—mj.  . . . . . . . (9) 
Combining equations (5) and (9) 
Aml eR’ 


emn —mg)z -- 


kR? 
Replacing m, by my(1—8?)-'? we have 
pe 1080 - 97 
kle) ET 
e d? B 
my ck [(1— 82)-12—1] 1]' 


Elimination of 8 by (10) and (11) yields the equation of the 
trace on the photographic film : 


Ad? 
— RR? = 
H My | a E is] 


Sa? — —kR? 
"au 


(10) 
From (8) 


y=2H — (11) 


(12) 


This may also be written 
gaya SEER? 
“YN GRIT 


— —- M PO t i 
—À 


(13) 


Experimental values placed in the right member should give 
a constant and correct value for e[ my i if the Lorentz-Einstein 
expressions for the two masses be correct. Since the ex- 
pression for mz has already been subjected to frequent test 
and has been verified repeatedly, this may be considered a 
rigid test of their expression for nj. 

“The apparatus at present being used to carry out this 
method permits use of the following constants :— 


k 01. Hz35 gauss. 


d=1 em. e/m= 1:765 x 10*. 
c—3 x 1019, 
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Assuming values of 9 we may calculate tlie So opona 
values of the coordinates R and y by the use of (10) an 
(11). These values are given in columns 2 and 6 of Table I. 
The curve plotted from these values is indicated in fig. 2. 


| 


— | 


| 


TABLE I. 
| R cm. 
| p Lorentz- | Abrah : Bneherer- Walk ae Lorentz- 
,Einstein. "S ne Langevin. '" '" Einetein.! 
-—| Merete he E zs 
1 2824 | 2816 | 2877 ! 28°26 817 
| 2 2814 28:07 | 28:18 2821 3:994 
3 2796 2790 ' 2806 2811 | 2:550 | 
4. 2769 27°81 | 27°88 | 27°96 1:809 
-5  2T31 2751 | 2762 | 2775: 1331 
‘6 2683 27°15 27:27 27°47 "988 
7 26:19 | 26°62 ' 2678 27°08 "720 
i { 1 
8 2530 , 23°91 20:07 26:51 494 
9 23°96 24-83 24-93 25°61 | 


d=1 cm. 
k=01, 
H=3'5 gauss. 


"286 


| 
! 
i 
i 
i 
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y cm. 
Abra: Pues 
8:17 8:22 
3:00 404 
2-60 2:03 
i'87 1:85 
1:40 1:43 
1-066 1:10 
806 '844 
590 '623 
390 |  -410 
i 


e/iny— 1785 & 10. 
c—3x10!? em./sec. 
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Walker's Theory. 


In meeting certain objections that have been raised to 
Lorentz’s derivation of the mass expressions, Walker * has 
derived values which, as corrected by Schott t, are : 


M = my(1 + ao 9 )(1 =A $; 
m=m(l1— 18) (1—8?) -??. 


Substituting this value of m; in equation (1) we have 
B 
Ve | m(-—18)-—8)-848.. . (14) 
Jo 


Integrating by parts this becomes 
Vec3ag[(1—8*)-?(1-c-218*)—1]. . . (15) 


Plaeing Walker's expression for m, in equation (5) gives 


4400809p (€? mx 
Ve= T mmi VE 1—8)- 9. . . (16) 
Equating right members of (15) and (16) we obtain 
9 "E 9 Ad? — R23—12 
[pue BI PORE ee esos RUD 
M[Q- 85-0 385) -1) 
Using Walker's expression for m: and the above value of 
R? in equation (8) we get 
10H 4*8 
UR TEES ee 
"-aü-Eyexpege-ip coc 09 
These values of R and y are listed in columns 5 and 9 of 
Tabie I. The corresponding curve is indicated by ** W” 


in fig. 2. 
The Bucherer-Langevin Theory. 


Assuming constant volume of the deformed electron, the 
expressions for the two masses of the electron as developed 
by Bucherer-Langevin f are : 


m= m (1—8), 
m=m (1—8) -*(1—}8?). 
* Walker, Proc. Roy. Soc. A 93, p. 448. 


t Schott, Proe. Roy. Soc. A 94, p. 442. 
t Bucherer-Langevin, PAys. Zeit, vii. p. 302. 
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Substituting this value of m; in equation (1) we have 


Vez ( »ea- 8-0 485848. a . (19) 


LE 


Integrating by parts this becomes 
Ve= 3c? (mm) +4 B2e?m . . . . . (20) 


Substituting the Bucherer-Langevin expression for m; in 
equation (5) and combining with (20) we obtain 


= ledg i 
k[3—3(1—8) +e] e e o n (21) 


Substitution in (8) now gives 


R?= 


H — R:(1— 213 


My 
PR 2c8 


The values of R and y calculated by the use of (21) and 
(22) are placed in columns 4 and 8 of Table I. The corre- 
sponding curve, “ B-L,” is shown in fig. 2. 


(22) 


Abraham’s Theory. 


Assuming a rigid spherical electron Abraham " has 
derived the following : 


3 m,[l1«g8 148 
m= 7 gl 98 loge 1 — g — 1], 
_ 1+8 2 

m= 4 B? |- nes: 1—f + e ; 
— his value of m, in equation (1) we have 


] 2 
Vex? - 4 Moe ul ü - gba + = er] dp, 


m ett a loti 1*8uia+ f, T- Te} 
. . (33) 


On integrating the first term by parts the € simplifies 
readily and becomes 
amc? L F8 
Mess E a Ls cU Wet IX 
e iB ~ log Ee, - Z8 (24) 
* Abraham, Ann. d. Phys. x. p. 105. 
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Expanding in series and substituting limits 


: 3m? 
Ve= "S [ gglot 1. e -1]. w ox. 25) 


Placing Abraham’s expression for mue in equation (5) we 
g | 


have 
mod? 14 8? 1+8 m 
Vem Tr [5 loge i g -2]. eo. (26) 
Equating right members of ~ and (26) we get 
Crl+ bie tB 2 
kL B —B ] ; 
gue. PES jah ox ou. ied 
uis : log [*3 —1 Mid 
28 ™ 1-8 


Substituting Abraham’s value of m; and the above value of 
R? in equation (8) we obtain 


2H — leg 
—— € ——-. . . . (28 
d x [T1 og tt 8 1| ud 
` 28 1—8 


These values of R and y are listed in columns 3 and 7 of 
Table I. Ihe curve is designated by “ A" in fig. 2. 

The maximum voltage applied cannot exceed 2 x 10° volts. 
The curves are plotted as solid lines for velocities up to 
B='7, as this is the region that will be covered experi- 
mentally, The curves are continued as dotted lines up to 

= 

The terminal points of the curves indicate that the applica- 
tion of a constant voltage and zero magnetic field could also 
be used as a test. The resulting trace on the photographic 
film would then be a single spot, the distance of the spot 
from the source enabling the experimenter to determine 
which of the theories is most nearly correct. It is readily 
seen, however, that this test becomes the more delicate only 
in the region B= 9. This region cannot be explored at the 
present time. 


Department of Physics, 
University of California. 
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LXXV. Does an accelerated Electron necessarily radiate 
Energy on the Classical Theory? By G. A. Scnorr, 
B.A., DSe., F.R.S., Professor of Applied Mathematics, 
University College of Wales, Aberystwyth *. 


1. I a paper T and a letter f, published under the above 

title, S. R. Milner has referred to a solution of mine 
ot the problem of the motion of a Lorentz electron in a 
uniform electrie field, when the motion is parallel to the 
lines of force of the field. It is a special case of the more 
general problem of the monoclinoidal motion of an electron 
solved in my Adams Prize Essay of 1908, but treated more 
completely in my book on Electromagnetic Radiation in 
§§151-154, as regards the motion itself, and §§43-60, as 
regards the electromagnet field produced by it. In my 
book (quoted below as E.R.) no account was taken of the 
effect of the reaction due to radiation, beyond an estimate 
of the numerical error in E.R. $ 154; but in a later paper 
in this Journal $ I worked out the effect of the radiation 
pressure completely for the special case considered by 
Milner. The result was unexpected : the radiation pressure 
was found to be zero, provided that Newton's First and 
Second Laws of Motion were assumed to be true when the 
velocity of the electron was infinitely small compared with 
that of light. The explanation is simple; there is an irre- 
versible radiation of energy at the rate R given by the 
well-known formula of Liénard and Abraham, but this is 
not all. There is also a reversible radiation at the rate 
— Q, where Q = 2ce?(vv)/3 (c?—v?)?; —Q, being a function of 
the motion of the electron alone and representing energy 
stored in it, may be called its acceleration energy. Calcula- 


tion shows that R—Q is identically zero, so that the whole 
of the energy radiated irreversibly between any two times is 
derived from the acceleration energy, whilst all the work 
done by the electric field goes to increase the kinetic energy 
of the electron. Thus on the whole no energy is radiated in 
any interval whitsoever. 

2. This result is in complete agreement with one of the 


* Communicated by the Author. 

t S. R. Milner, Phil. Mag. vol. xli. p. 405 (1921) (quoted below 
as Mly 

+ S. R. Milner, Phil. Mag. vol. xliv. p. 1052 (1922) (quoted below 
as M2). 

$ G. A. Schott, Phil, Mag. vol. xxix. p. 49 (1915) (quoted below as $). 
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conclusions drawn by Born * in his 1909 paper on the Theory 
of the rigid Electron in the Kinematics of the Principle of 
Relativity, referred to by Milner in his letter (M2) ; but 
the point of view of Born is so different from mine that at 
the time I did not realize the connexion between his investi- 
gation and mine, otherwise I should have referred to his 
paper in my book as well as my last paper (S). Nevertheless 
there are some points of difference, to which it is worth 
while to draw attention, due in the main to the fact. that 
Born takes the standpoint of nn observer moving with the 
electron, whilst mine is that of a fixed observer, who studies 
the motion of the electron relative to Limself. Consequently 
Born finds that the components of the 4-vector potential of 
the Special Relativity Theory for the fixed observer can be 
expressed in terms of those of a “resting” 4-vector potential, 
relative to the moving observer, by means of a linear trans- 
formation of the Lorentz type, when the motion is that of 
our special case, identical with Born’s ‘hyperbolic’? motion. 
Moreover the “resting” 4-vector potential depends only 
on the three parameters of the world line of the fieldpoint 
under consideration and not at all on the fourth parameter, 
which determines the position of the field point on its world 
line; Born concludes that the electron carries its electro- 
magnetic field with it. He also deduces the result that the 
magnetic force, and therefore also the Poynting vector, 
vanishes for the moving observer, so that to him the electron 
does not appear to radiate. This result is hardly surprising 
in view of the fact that the electron alwavs remains at rest 
and invariable in form for this observer. But I can find no 
proof in Born's paper, nor have I been able to find one 
any where else, that the vanishing of the Poynting vector 
relative to an observer moving with an electron which 
executes a “hyperbolic”? motion necessarily entails the 
cancelling of the irreversible by the reversible radiation for 
a fixed observer ; thus the formal proof that this does take 
place, given in (S), seems to be necessary. 

3. Again in §13 of his paper Born proves that the term 
of zero order in the dimensions of the electron occurring. in 
the expression for the mechanical force, i. e., what I have 
called the radiation pressure, vanishes identically. This 
term involves Born’s coefficient p, as a factor, but in evalu- 
ating it the assumption is made that the electron appears to 
an observer moving with it to possess spherical symmetry. 
This limitation is unnecessary, for the radiation pressure is 


* Born, Annalen der. Physik, iii. p. 1 (1909). 
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independent of the structure of the electron, a fact already 
known to Abraham. | 

4. Returning now to Milner's first paper (M 1) we note 
that his interesting modification of the problem considered 
so far is one in which two electrons, equal in every respect 
but with charges of opposite sign, are moving in the same 
straight line with equal but opposite velocities and accelera- 
tions. In this modification there is no radiation because of 
the quasisymmetry of the electromagnetic field, due to the 
annihilation of the boundary «+ct=0, but this proves 
nothing as to the radiation from a single accelerated electron. 
The absence of radiation in Milner's case seems to me some- 
what analogous to the reduction of the radiation from a 
revolving ring of equidistant electrons owing to the super- 
position of the electromagnetic fields of -the different 
electrons of the ring; but whereas in Milner's case the 
superposition of the fields annihilates the radiation com- 
pletely, it does so only partially in the case of the ring. 

9. In the same paper (M 1, p. 417) Milner raises a funda- 
mental question as to the meaning of the undoubted fact that 
there is on the whole a flow of energy from the moving 
boundary 2+ct=0 into the electromagnetic field of the 
accelerated electron, and concludes that ‘the solution 
premises an initial intrinsic energy in the boundary, apart 
from that of the electronic field." This conclusion does not 
appear to me to be warranted, for there must be an electro- 
magnetic field beyond the moving boundary, due to the past 
history of the accelerated electron ; I shall now prove that 
whatever that past history may have been, provided only 
that the velocity of the electron has been a continuous 
function of the time, the electromagnetic field beyond the 
moving boundary supplies the boundary with precisely the 
amount of energy needed to compensate the flow of energy 
into the electronic field. Let us begin by calculating the 
flow in question. , 

The line of electric force due to the electron, y — constant, 
is a circle of radius £cosee y, of which the centre is the 
point (0, cot 4), and the line of the Poynting flux is the 
orthogonal circle. Hence the sine of tlie angle made by 
the line of force with the axis of v is numerically equal to 
asin yé, which reduces to ct sin y[E— 8 sin y at the moving 
boundary. It follows from  Milner's equation (4), (MI, 
p. 106) that at the moving boundary E,—8sinxy. E—H. 
The rate at which the moving boundary lays down energy 
behind it is e(E? + H?)/8z, when there is no external field, 


or c({E.+X}?+ E, + H?)/87 when there is. The latter 
3 D2 
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expression reduces to c(1E,--X[?--2H*?)/8m in virtue of 
the relation just ids The component of the Poyntin 
flux normal to the boundary is equal to cE,H]4z — c H?[4vr 
by the same relation, and it is from the cleo conte field 
towards the boundary. Hence the total rate at which the 
electronic field gains energy from the boundary is the 
difference between these two quantities and is equal to 
c( E, A Ps. 

But E, X is the flux of electric induction from the 
boundary into the electronic field reckoned per unit area. 
The boundary represents an infinitely thin transition laver ; 
the electric and m: iznetie forces in it are everywhere finite, 
and it is unchirged. Therefore there can be no flux of 
induetion along it, and there must be a flux of induction into 
it from the region outside the electronic field exactly com- 
pensating the ‘first flux, E+ X. Thus there must be a field 
outside, such that the norm d electric force is the same on 
both sides of the moving boundary. This outside field is 
that due to the motion of the electron which existed before 
the establishment of the external electric field X producing 
the accelerated motion, and like all fields due to the motion 
of a single electron it possesses the property that the com- 
ponent of the electric force tangential to its boundary is 
exactly equal to the magnetic force, a result which follows 
from the usual point-law (cf. M 1, p. 416, or E. R., p. 23, 
equations 32 and 33). Hence there is on. thé whole a loss 
of energy from the outside field to the moving boundary. 
equal to e (E, X Pör, per second, precisely equal to the 
gain of the inside electronic field. It should be noted that 
if the velocity of the electron be suddenly changed as well 
as its acceleration, this is no longer true ; for then an X-ray 
pulse is generated, inside which the electric and magnetic 
forces are very intense, so that there is a finite flux of induc- 
tion along it, and the normal electric forces on the two sides 
of the pulse are no longer equal. 

6. In conclusion, the whole question of the radiation fron? 
a single accelerated electron will be put in a clearer light by 
solving the following problem :— Required to find the con- 
ditions under whicli anaccelerited electron will not radiate 
energy on the whole and will move as if there were no 
radiation, in the usual sense of irreversible radiation. This 
problem is most easily attacked by the method used in the 
paper already referred to (S, $$ 3, 4). 

l'or the sake of simplicity we shall use as units of mass, 
lei eth, and time respectively the following quantities : the 
resting mass of the electron, m=8°76. 10-5 gram, the 
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conventional radius of the resting surface electron, 2¢?/3c?m = 
1:83.10-? cm., and, lastly, 2e?/3c?mz2 61.107 ?* sec. Instead 
of the time ¢ we shall use the time variable 7, defined by the 
E t 

equation r= | V (l—v’)dt, where v is the velocity of the 
electron referred to that of light as the appropriate new unit. 
We shall use an accent to denote differentiation with 
respect to 7, and further shall write w=r'=vector velocity 
referred to time v. Then the equation of motion of the 
electron under force F may be written in the form (S, p. 52, 
equations (43) and (44)) 

w—w' +Rw=Fy(l+w?) . . . . (1) 
where R is the irreversible radiation and is given by 


/12 
R=w3 P) — 00.0... (3) 


The first term on the left of (1) represents the usual 
effective force on the electron, whilst the last two represent 
the radiation pressure ; when the radiation has no effect on 
the motion, the last terms cancel each other, and the equa- 
tion breaks up into two :— 


w'= [ec Om) w 6 woe x* A9) 


and w=FV(l+w’?) . .... . (4 
Multiplying (3) vectorially by w we obtain in succession 
[ww’]=0, [ww'] 2C, (Cw)=0, (Cr)=D, 
where C is a vector constant, and D a scalar constant. The 
last equation is that of a plane, so that the orbit of the 

electron must be a p curve. 

7. Let us take the plane of the orbit as the x, y plane, 
and let J- denote the angle between the forward direction of 
motion and the axis of æ; then we have a'-wcos w, 
y! - w sin yr, so that z', y’, w, Y take the place o£ x, y, 7, 0 in 
plane polar coordinates. The second equation of the last set 


takes the place of the equation of angular momentum and 
may be written in the form 


ay'—axym-whyzO..... ($) 
The radial component of w” is w” —3p"?w, the value of w^? 


is w? + wy? and that of (ww) is ww. Hence the tangential 
component of the vector equation (3) reduces to 


w" — wy’? = i w? + why? — TF w 
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Using (5) we may write this in tlie form 
no ww? ule? 20 
1 + w? w” l 
An integrating factor of this equation is given by 
2w'f/(l4 iw); performing the integration we obtain 
2 3 
Poit. Ko Ue e ow. 409) 
At this stage it will be convenient to introduce new 
arbitrary constants in place of A and C; we shall write 
Aca *o CS eat os & dox x X) 
Then equations (5) and (6) may be written in the forms 
wy = —la73, aa ce ee XD XR. Cà (3) 
ww = (1H ut(a$e—5.. . . . (9) 
Writing 724a for shortness’ sake we obtain from (9) 
a^w? =l? cosh? $ Fa? sinh?$. . . . (10) 
Substituting in (8) and integrating we obtain 


w 


UN v al = 
we «d b? cosh? o ta? sinh? $ =tan "(beothé/a). . (11) 


where the constants of integration have been chosen so as to 
make w, y equal to b/a, m/2 respectively when $ and + 
vanish, a choice which merely amounts to a suitable determi- 
nation of the time origin and the axes, and of course involves 
no loss of generality. 

The time ¢ is given in terms of $ by the equation 


i-e 4 u*)dr— y (a? + IM cosh dp 2 v (a? - 2) sinh $. 
2. (2) 
At this stage it will be convenient to change back to t as 
independent variable ; we have 
t= y (1d w*)mwcos y] vy (1-4 w?), 
y=w sin yr/(1 +20"). 
From (10) ana (11) we find 
w cos Jr — sinh d, we sin y =b cosh ġ/a, 
V (12-1) = V (a? + 05) cosh $a. 
From (12) we obtain 
at ] b 
VFV EFEO 97 AEF) 


m = 
l =— 


(13) 
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Integrating equations (12) and choosing the constants of 
integration suitablv we obtain 


"^ a / (a3 P0) — bt 


CUP Y= Vat’ (14) . 
Eliminating t we find that the orbit is the hyperbola 
pP p 

ar i 
described with a constant component velocity parallel to the 
transverse axis equal to b| / (a? +0"). 
8. The resultant velocity, v, is given from (13) by 


V (DÀ 4-12) 


= GB (15) 
Thus we obtain 
i a . 
/ (1-27) = J (a3 EB) è * . (16) 


The components of the momentum in the present units 
are found from (13) and (16) to be 
T t 3 _ bo (a D? 4 0) 
/(1—v) V(t)’ (1257) av (a? +8") 
Hence the components of the mechanical force on the 
electron are 
"E l ^ ya bt _Y 
A (a? +07)’ ay (+P) (e+ +) x 
Thus the mechanical force needed to generate the motion 
is central with a constant component parallel to the real axis 
of the hyperbolic orbit. It is clearly not derivable from a 
potential, so that it cannot be produced by an electrostatic 
field alone, but it can be produced by a uniform electrostatic 
field of intensity E parallel to the axis of x, combined with 
a uniform magnetic field of intensity H parallel to the 
negative direction of the axis of z, i.e. perpendicular to the 
plane of the orbit. In order to see this let us for simplicity 
sake take the charge of the electron as unit charge ; then 
we have by (13) and (14) 


X.. (17) 


| LH 
E ET ETUR 
Am aH — — 
Yes Bu AC a DE) 
or Y= Apd 


716 | Prof. G. A. Schott: Does an accelerated Electron 


Comparing these equations with (17) we obtain 
Hz/a7?, E-a? (ac). . . . (48) 


We must bear in. mind that the units are not the usual 
ones; a, b are lengths measured in terms of the unit 
2e7/3e?m ;. X, Y are mechanical forces measured in terms of 
the unit 3e»; 28 : finally, E, H are measured in terms of 
units which are 365? 2 times the electrostatic and mag- 
netic units respectiv elv. This factor is numerically equal to 
9.10% Ifa, 0, H’, E! be the values of the semiaxes of the 
orhit and of the" magnetic and electric forces measured in 
centimetres and in magnetic and electrostatic units respec- 
tively, then a’, &/ are 2e7/3e7m times a, b and H';. WW’ are 
3e4m?/24 times H, E respectively, so that H’=c?ml'/ea?, 
with a similar expression for E'. When b 1s zero, the 
mechanical force reduces to el’ 2 c? m/a', the value for the 
special case considered by Milner (M1, p. 406 (2)3, where 
"n is used instead of our m, and $ instead of our a’. 

It remains for us to consider the energy relations of 
am motion. The kinetic energy T is given by the usual 
relation together with (16) ; we obtain 


_ 1 V (a? PHHEP) : t 
o sem a ca T= a w/ (a? 4 D? 4 UY 


2... (09) 


The rate of working of the applied force is found from 
(13) and (17) to be given bv 
t 


r Tien __ 
Xwt+ Yy= ee cR l'. 

Thus the whole work done on the electron by the external 
field is transformed into kinetie energy, just as if there were 
no radiation. Again the rate at w hich the electron radiates 
energy ir reversibly is given. by the usual expression of 
Liénard (S, p. 51 (7)), which in our units reduces to 


9 


yv- (vv;* 

Anger (1—:0:)*' . . . e. 
We sce from (13) that £2 a4 (a? + 1?)/(a? + D? 4 (00)5?,  — 0, 

so that W=.?, and (vv) ré; hence we obtain from (20), 


with (16), 


R= (20) 


üa-g _ 1 

R= fae Ye * ws (21) 

Thus the electron radiates energy irreversibly at a constant 
rate. 
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Lastly, the acceleration energy, — Q, is given in our units 
by the following equation (cf. S, p. 51 (6)) 


_ (vv) ca t 96 
O t aeta ae x. d 2) 
Comparing this equation with (21) we see that R-Q=0. 

Thus the irreversible loss of energy by radiation is exactly 
defrayed from the loss o£ acceleration energy of the electron, 
just as it was found to be in the special case of the hyperbolic 
motion (S, § 8) already referred to. 

The accelerated motions just considered are particularly 
interesting on account of this propertv of emitting no 
radiation on the whole, and we have proved that they are 
unique in this respect. It must be noted particularly that 
they do not help us in any way to-remove the existing 
contradiction. between the invariable irreversible loss of 
energy, due to radiation from an electron describing a closed 
orbit, required by classical electrodynamics, and the total 
absence of radiation in stationary motions of electrons postu- 
lated by Bohr. It is otherwise evident that the acceleration 
energy of an electron describing a stationary orbit, depending 
as it does on the state of the electron alone, must repeat its 
values as that state repeats itself, and cannot therefore 
provide a reservoir from which the irreversible part of the 
radiation can be defrayed permanently. On this question 
reference may be made to a former communication * and to 
a paper by H. Bateman f, in which the writer's conciusions 
are confirmed. | 

10. The chief conclusions of the present paper may be 
summarized as follows :— 

(1) The hyperbolic motion of the electron considered in 
(S) and (M1) involves no contradiction with the Principle 
of the Conservation of Energy provided that it be generated 
in any way which is consistent with the conservation of its 
electric charge and the continuity of its velocity. 

(2) The only class of motions unaffected by radiation 1s 
that in which the path of the electron is an hyperbola 
described with a constant component velocity parallel to the 
conjugate axis. The hyperbolic motion of Born is a special 
case in which the transverse velocity is zero. In these 
motions the radiation is defrayed entirely at the expense of 
the acceleration energy of the electron. 


* Schott, Phil. Mag. vol. xxxvi. p. 243 (1918). 
t Bateman, Nat. Acad. Sci., Proc. 5, p. 367 (1919). 
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LXXVI. The Disturbance of the Uniform: Temperature of the 
Stratosphere by the Vertical Displacement associated with 


Horizontal Motion governed by the “ Geostrophic Law.” 
igh F.J. W. Winprik, M.A , F. Just. P.* 


§ 1. v his work on * Weather Prediction by Numerical 

A Mr. L. F. Richardson s devoted 
much attention to the results which follow from the assump- 
tion that the flow of air is governed by the law that the 
* geostrophie force” due to the eartl’s rotation balances 
exactly the pressure gradient. 

The analysis appropriate for the general motion of the 
atmosphere is necessarily complicated, and therefore special 
Interest is attached to a very neat formula given } by 
Mr. Richardson, by which certain processes taking place in 
the stratosphere are related. 

The formula in question is such that it ean be tested by 
the comparison of the records of wind velocity and of air 
temperature, A preliminary test was made in Mr. Richard- 
son's book, and many more are given in a recently published 
paper § entitled “An observational test of the geostrophie 
approximation in the Stratosphere,” in which he collaborated 
with Drs. Wagner and Dietzius. 

The following investigation, which was undertaken with 
the intention of sup plying a simple proof of Richardson’s 
formula, has led to the discovery that the formula is in- 
complete and that the term which had been overlooked is of 
considerable importance. 


$2. The problem to be investigated may be set out as 


follows:—lt being assumed (1) that the horizontal move- 
ment of the air at all times given precisely by the 
* geostrophie law ” jj, (2) that the distribution of temperature 


* Communicated by the Author. 

| Cambridge University Press, 1922. 

t L. e. page 144, equation 15. 

$ London R. Met. Soc. Q. J. 1922, p. 323. 

l| Sir Napier Shaw writes as follows (‘Manual of Meteorology," 
part iv. p. 4: Cambridze University Press, 1919) :—* The functicn of 
pressure-distribution seema rather to be to steer the air than to speed it 
or stop it. So it will be more profitable to consider the ‘strophic ` 
balance between the flow of air and the distribution of pressure as an 
axiom or principle of atmospheric motion..... This principle was enun- 
ciated in a paper before the Royal Society of Edinburgh in 1913 as 
follows :--In the upper layers of the atmosphere the steady horizontal 
motion of the air at any level is along the horizontal section of the isobaric 
surface at that level and the velocity is inversely proportional to the 
separation of the isobaric lines in the level of the section.” 
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in the stratosphere at a particular instant is independent of 
height though not uniform in a horizontal plane, and (3) 
that the effects of radiation and eddy conductivity may be 
ignored ; what will be the initial rate of change of tem- 
perature ? 

To solve the problem we have to express in mathematical 
form the laws of conservation of mass and conservation of 
energy. 

The conservation of mass implies that the rate of increase 
of density in an elementary volume moving with the air is 
accounted for by the excess of inflow over outflow. As 


à f V . 
regards vertical movement, the excess is —p - (p being 


the density, Vg the upward velocity, and À being measured 
upwards). As regards horizontal movement we notice that 
when the dependence of the geostrophic factor 2w sin $ on 
latitude is ignored, the assumption that the horizontal 
velocity is “ geostrophic" implies stream-line motion with 
no accumulation of matter anywhere. To make allowance 
for the latitude variation we need consider only the north- 
ward component of velocity, for which the equation 


V ON M NI . (1) 


NF 9esinó p Oe T 
holds. (c is the angular velocity of the earth, $ the latitude, 


and òp is the east-gradient of pressure.) 


ae 
The increase of Vy towards the north on account of the 
variation of @ is given by the equation 


1 3'Y. 1 Osi$, votó gy 


Vy’ Qu sing’ on a 
(a is the radius of the earth, dn=add, and the notation 
0'Vy 
on 
dependent on the variation of sin $ is considered). 
Accordingly the equation representing the conservation of 
mass is 


is used to indicate that only the variation of Vy 


Dp _ OVE cot $ 
pe =ae [Serve]... C) 


By hypothesis the effects of radiation etc. are excluded, so 
that the conservation of energy is represented by the 
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adiabatic conditions : 


1 D 1 D ,. ID 
yi NEMS, prog. py PEN. + 0) 


in which y, y, are the capacities for heat of air at constant 
volume and constant pressure (in dynamical measure) and 


b o ^ gas constant, so that yp— y= hb. 
ow 


D (9 à [o OY. 
bee = (5, + Vu 2) log ô+ MN * Vs; lor f: 
| (5) 


and since the horizontal wind is geostrophie 


T 1 1 Op . 0. b ð : N 
Vx 2w sind i p ' de 7 2c sin $ De (log p), END 
whilst 
na. d. lopl_ b ò 
vas 2wsinó p On 2w sing Qu (logp). . (7) 


It follows that 


] D e. 


_ 1 O(log p, 0) 
j pi 09890 75, T 


>- Ò ) 

+Vu oh log ô+ 2osin$ó d(e, n) 

(3) 
In writing down the corresponding equation for variation of 
p, we notice (1) that the horizontal motion, being along the 
isobars, does not necessitate any change of pressure, and 
(2) that to a close approximation, vertical accelerations being 
small in comparison with g, 


Ò c 
3; (les m ig: e © aan 4 uS 


Accordingly we have 


D ò g 
Di (log p)= F (log p)— Vu icc (10) 
§ 3. The foregoing equations do not involve the assump- 
tion as to the uniformity of temperature in the stratosphere. 
0 
We now follow Richardson and suppose that or =0 holds 


instantaneously, but that at and its derivatives do not 
vanish. 
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Under these conditions differentiation of the formule 
leads to simplification. 

The relations we propose to utilise are derived from (4), 
viz. :— 


1 
y, dh Dt (log p) ; 31 De (log0) . . (11) 


and e 
1» 1 3? 
7 as p, gp 133 i (log&). . . (18) 


On substitution of the appropriate terms from (3), (8), and 
(10) these relations become 


1 [O0!'Vug QOVxootó] 100 
JE EE eid bel Le 
and 
Ò Ò O? Vg 1 0’? ð 
o3 ars gó— TE ]- 71 ai r 089: (14) 


; T V ; ; 
Proceeding to eliminate S e we obtain the relation 


b cotpdVn_ ð 2 tow 9-H 9 


yp a Oh = O^ Qt Sh? 3: 98 9 - (19) 


where H is written for T or a the height of the “ homo- 


geneous atmosphere " at the temperature 8. 
The term in H is the one which was overlooked * by 


Mr. Richardson. 


$ 4. The interest in this formula (15) appears to be mainly 
theoretical in that it shows one way in which temperature 
differences would arise in the stratosphere, even if there 
were complete uniformity to begin with. An observational 
test is hardly a fair one unless due allowance is made for 
any departures from uniformity that may be known. 
fe) (° log 0; 
»Ot \ oh 
from the left of equation (10) on p. 142 of * Weather Prediction by 


Numerical Process. In passing from (9) to (10) itis not legitimate to use 
(7) and differentiate with respect to the time, for (7) is proved on the 


* The error can be traced to the omission of a term y 


assumption that 24-0, and is therefore only valid as a statement of 


the initial conditions. The disappearance of the term tang from 
Mr. Richardson's equation (10) is in accordance with the Met. Soc, paper 
(4. c. p. 329). 
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0 
In arriving at (15) it was not only assumed that n wis 


zero, but also that its differential coefficients with respect to 
h and e and n were zero. If these assumptions are not made 
then (15) must be replaced by a much more complicated 
relation : and the terms between whieh comparison has to 
be made are not only 9 9 log 0 and He. 9 log 0, but 
o^ at oh? at © 


also such as 


o? Q'log8 qy O'log8 O° log 6 
Vu 34: 8 0, HV (QM o? NOR Qh’ and Vy On Qh?” 


In the examples collected by Richardson, Wagner, and 
Dietzius, M (log 0) is not usually zero, and there is no 
reason to suppose that these terms, which represent the 


irregular space distribution of <= (log 0), are small in com- 


oh 


parison with the terms which represent the rate at which it 
is changing. 

In the circumstances the coefficient computed by these 
authors for the correlation between the term on the left of 
equation (15) and the first term on the right is higher than 
one would expect. 


§ 5. In conclusion, it may be remarked that the general 


equations (4), in which Vg and oe occur implicitly, as 
may be seen by comparison with equations (3), (8), and (10), 
provide opportunities for comparison of theory aud obser- 
vation, Observations of Vy up to very great heights by the 
pilot-balloon method are not numerous, but they should serve 
for the purpose. It will be noticed that the equations men- 
tioned hold good for the troposphere, and therefore that the 
investigation can refer to the region in which the obser- 
vations of temperature are being made day by day instead of 
to the higher layers which are only reached occasionally by 
balloons. 
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LXXVII. JVote on the Calculation of High-Frequency 
Inductances. By F. B. Pippuck *. 


d s present note has been suggested by certain experi- 

ments t, in which the self-inductance of a circular ring 
of rectangular cross-section was measured for oscillatory 
currents of medium frequency. A rough estimate of the 
theoretical inductance can be found by taking the inductance 
for low frequency from Maxwell’s or Weinstein’s formula 
and correcting as for a circular cross-section of equal area. 
The principles on which a solution of the general problem is 
to be sought have been stated by Rayleigh f and Curtis $. 
Rayleigh’s method (easily generalized to any frequency and 
cross-section) is the more powerful, but will not give the 
self-inductance without prohibitive labour, unless the fre- 
quency is low. There is, however, one case of extreme 
simplicity, that of a thin ring (of any cross-section) at very 
high frequency. I propose to show how the self-inductance 
can be found when the distribution of static electricity on a 
long bar of the same cross-section is known. 

The theory is based most simply on an argument of 
Maxwell ||, quoted by Rayleigh. Suppose that the inducing 
field is confined to a region which may interlace the ring, 
but does not cut into it, so that the impressed magnetic force 
vanishes at all points of the metal. The induced currents 
then have no magnetic force inside the metal, and a purely 
tangential force at its surface. The arzument applies so 
lar to any conducting mass whatever, at sufficiently high 
frequency. It follows that the current in a thin ring is 
spread over the surface in such a way that the surface- 
density of current is proportional to the surface-density of 
static electricity on a long bar of the same section, the lines 
of magnetic force near the wire corresponding to the equi- 
potentials. The currents are all in the same phase, a quarter 
period behind the inducing field. — This conclusion follows 
also from Rayleigh’s theory of waves on wires T. 

Consider for the moment a slightly more general distri- 
bution. Let u be the amplitude of current-density at a 


* Communicated bv the Author. 

T Phil. Mag. l5, vol. xlii. p. 220 (1921). 

f Rayleigh, Proc. Roy. Soc. A, vol. Ixxxvi. p. 567 (1912) ; Scientific 
Papers, vol. vi. p. 106. 

$ H. L. Curtis, Sci. Papers Bur. Standards, vol. xvi. p. 93 (1920). 

| * Electricity and Magnetism,’ 3rd ed. vol. ij. p. 290. 

€ Rayleigh, Phil. Mag. [5] vol. xliv. p. 199 (1897) ; Scieutific Papers, 
vol. iv. p. 327. 
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point P of the cross-section. Take another point P" distant 
r from P in the same section, and let dS’ be an element of 
area at P’. Write W for the logarithimie potential of the 
distribution wat P ; that is, 


WzYulogrds', g xe ode AX xs EL) 


where jl is the value of u at P' and integration is over the 
whole section. The lines of current-flow at P and P' form 
two closed filaments whose mutual inductance M becomes 
logarithmically infinite as P" tends to P, and may be written 
B los rc C, where B and € are constant fora given form 
of loop. The self-inductance L of the ring is twice the 
magnetic potential energy of the different filaments, with 
sien changed, for a total current unity. Thus 


L= \) Muu’ dS ds’, where Juds =]. 
Hence 


L= Y (Blog r+C)uu'dSdS'= Bí uWdS+C=Blog R4 C, 


where 


log R= (uW d5. ga de nut xA) 


This is a generalization of Maxwell's method of geometrical 
mean distance *, admitting of easy further generalization to 
the case of variable phase. The self-inductance is equal 
to the mutual inductance of two fictitious lines, the line of 
centroids of the cross-section and a curve running parallel 
to it at a distance R given by (2). Since W is constant, 


log R=W, with (ud8zl. . . . (3) 


Thus log R is the true logarithmic potential of the distri- 
bution of current. lt is more convenient to deal with 
differences of potential. Let V be the potential at a point 
Q outside the conductor, the conductor itself being at zero 
potential, The true logarithmic potential at Q is WV, 
and this tends to log s as Q moves to Infinity, since the total 
current is unity, a being the distance of Q from any finite 
point in the plane of the section. Hence W is the limit of 
log s — V as Q goes to infinity, and we are now free to use 
the ordinary modes of solution of the electrostatic problem 
iu two dimensions. Using the method of conjugate func- 
tions, suppose that the space outside the cross-section (in the 
z-plane) is represented conformally on the outside of a circle 
of unit radius (in the &plane), so that the two perimeters 
correspond, the origin in the £plane being at the centre of 


* * Electricity and Magnetism,’ 2rd ed. vol. ii. p. 324. 
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the circle. The relation between z and £ is assumed to be 
known ; this is what we mean by saying that the electro- 
static problem has been solved. The further substitution 


V+i0=logt 


makes V=0 when |£| —1, and gives the potential at any 
external point when the perimeter is at zero potential. 
Taking the point from which s is measured as the origin 
in the z-plane, s= [:| and V=log{&}, so that 
log s— V = loglz/£|. 

Hence R is the limit of [z/£| as Q tends to infinity. The 
infinitely distant parts of the two planes are similar to each 
other, and [z/£| is the ratio ot the linear dimensions. The 


elementary lengths {dz} and [26] are in the same ratio. 
Hence we can write iuditferently 


"E | NEUF : 
R=lim [| = tim 7, vow dx ww. (4) 


as may be most convenient. Thus, ¿f the representation of 
the outside of the cross-section on the outside of a circle -of unit 
radius changes distant linear dimensions in the ratio R to 1, 
R is the high-frequency geometrical mean distance of the 
section, Otherwise, R is the radius of that circular cylinder 
which forms, with a parallel cylindrical sheath of very large 
radius, a condenser of the same capacity per unit length as 
the wire itself, when straightened out. 

The external representation of a rectungle on a circle 
of unit radius belongs to a class of problems treated by 
Schwarz *. The transformation is 


d:  . (Ł'— 9t cos 244 1) 
dpi 4 EM, . eo. (3) 


where the radical is positive at the point £— 1, and C, a are 
real constants. The corners of the rectangle correspond to 
vectorial angles a, 7 —2«, 7 +a and 2v —« on the unit circle. 
If the origin of z corresponds to £—1, the corners are at the 
points 15, 4b & ie, — 15 1c and — 15 in the z-plane, where 
b and c are the lengths of the sides. The integral form of 


(5) then yields two equations for C and a in terms of b and c, 
which become on reduction 


4C(E — cos? 4K ) =b, 4C(E' — sin? aK’) =c, 


where K and E are complete elliptic integrals of the first 


* H. A. Schwarz, Jour. f. Math. (Crelle), vol. lxx. p. 115 (1869) ; 
Ges. Abhandlungen, vol. ii. p. 77. 


Phil. Mag. S. 6. Vol. 45. No. 268. April 1923. 3 E 
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and second kind to modulus sina, and K', E' those to 
modulus cos «. We find «a by trial to make b/c correct, 
and then either equation determines C. Since dz/df tends 
to —1C at infinity, Rz C. 

Let us apply the result to the circular ring of mean radius 
a=1:735 cm. and rectangular section 0:35 cm. by 0:33 cm., 
the inductance of which at 3250 metres was measured as 
521 cm. We find a-41? 13, C=0°2005. The high- 


frequency inductance is therefore, to a first approximation, 


= R 


The low-frequency inductance, to the same order (Maxwell’s 
formula) being 54°87 cm., there is a loss of 6:10 cm. from 
low to high frequency. The loss for a circular cross-section 
would be half the mean perimeter, or 5°46 cm., so that the 
estimated inductance of 51:0 cm. at 3250 metres may be too 
high by 0°3 em. or so, whereby the agreement with experi- 
ment becomes slightly worse. It is satisfactory to find that 
the margin of theoretical uncertainty is quite small. 


Lira (log. i [-2)- =48°77 cm. 


—— - — —— — ———— 


LXXVIII. Critical Electron. FEneraties in Helium, and the 
Frtreme Ultra- Violet. Spectrum. By ANN CATHERINE 
Davies, J) Se, Royal Holloway € "olleqe, Englefield Green”. 


I^ a notice in * Nature? of August 26th, 1922, Professor 
Lyman reported the detection of several hitherto un- 
observed lines in the extreme ultra- violet spectrum of helium. 
The lines in question were at 584-4, 53771, 522:3, and 51571, 
AU, correct to within one or two tenths of a unit, and a 
faint line at 600°5+0°3 A. U., and they were detected by 
maintaining a good vacuum in the body of the vacuum 
spectroscope, while the discharge tube contained helium at 
about 1 mm. pressure. No separating window was used 
between the discharge tube and the spectroscope, but a short 
narrow sli! separated them and a powertul pump was kept in 
action. Previous to this the only helium line which had been 
de in this region of the spectrum was X 585, now given 
as 584-4 AU, and this had been observed by Fricke and 
Lyman f. 
OF the lines referred to above X 584°4 was found to be the 
most intense, and the intensities of the next three lines were 


* Communicated by Prof. F. Horton. 
T H. Fricke and T. Lyman, Phil. Mag. xli. p. 814 (1921). 
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found to decrease with their wave-length in a manner 
analogous to that found with successive lines of a series. 
Lyman points out that the frequency differences of the first 
four lines are identical with the frequency differences of the 
first four lines of the parhelium principal series of single 
lines given in Fowler’s notation as 18 — mP, and he considers 
that the ultra-violet lines detected form part of the principal 
series OS— mP, and that the ionization energy for electrons 
in helium must correspond to the limit of this series. 
Indicating the normal state by N, it seems probable that the 
first four lines given by Lyman belong to the series N —mP, 
in which case the ionization voltage should correspond to the 
limit of this series, N, which can be calculated accurately 
and should be, as Lyman has shown, equal to 24:5 volts. 
The calculation does not, however, involve the assumption 
that N is identical with the state OS. 

The value of the ionization voltage calculated by Lyman 
in this way does not agree with the value which has been 
determined experimentally by Horton and Davies *, and by 
Franck and Knipping t, namely 25:2 volts, and the voltages 
corresponding to the lines observed by Lyman do not agree 
with the critical voltages which Franck and Knipping found 
intermediate to the fundamental resonance radiation voltages, 
and the ionization voltage. Lyman has, however, pointed 
out that a correction of —0°8 volt applied to all Franck and 
Knipping’s values for helium would bring them into good 
agreement with the spectroscopic data, though it would leave 
the lowest critical voltage with no corresponding line in the 
ultra-violet spectrum. 

In the experiments of Franck and Knipping 1, and also 
those of Horton and Davies §, the higher critical voltages 
have all been determined relatively to the first critical 
voltage, and the accuracy of the absolute values given 
depends, therefore, upon the accuracy of the determina- 
tion of the absolute value of this first critical point. In 
the case of the determination made by Professor Horton 
aud the writer, the fact that identical mean values were 
vielded by two methods with entirely different sources of 
possible error, one of which might give too high a value, and 

* F. Horton and A. C. Davies, Proc. Roy. Soc. A, vol. xcv. p. 408 
(1919), and Phil. Mag.-vol, xlii. p. 746 (1921). 

+ J. Franck and P. Knipping, Phys. Zeits. vol. xx. p. 481 (1919), and 
Zeits, f. Phys. vol. i. p. 320 (1920). 

t Loc. cit. 


§ Loc. cit., also F. Horton and A. C. Davies, Phil. Mag. vol. xxxix. 
p. 592 (1920); and A. C. Davies, Proc. Roy. Soc. A, vol. c. p. 599 


(1922). 
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the other of which might give too low a value, was taken as 
indicating that the errors were negligible ; the common 
mean value was therefore taken as the true absolute value of 
the first critical electron energy. For the details of the 
apparatus and the arrangements of electric fields employed 
in the two methods, the reader is referred to the original 
uccount of the experiments (Proc. Roy. Soc. A, vol. xev. 
p. 408, 1919). Only the essential points will be viven here. 

The first method consisted in ascertaining the minimum 
value of the applied accelerating potential difference for 
which a photoelectric current due to the action of radiation 
on the collecting electrode could be detected, and applying 
to this minimum value a correction to allow for the velocity 
of emission of electrons fromethe filament, etc. The only 
possibility of error in the value deduced in this way is con- 

nected with the difficulty of ascertaining the appropriate 
correction to apply, because the special experiments made to 
investigate the initial energy of emission of the electrons 
showed that this quantity varied for different electrons over 
a range of about 2 volts. The determination of the minimum 
value of. the applied potential difference at which the effects 
of radiation could be detected could be carried out with 
considerable accuracy, for the arrangement of electric fields 
was such as to prevent the collection of any of the original 
electrons, or any positive ions to which they might give rise 
by bombardment of the electrodes or by ionization of the 
gas, while, at the same time, it was such as to enable the 
accele ited electrons to traverse a considerable distance with 
their maximum energy at any applied potential difference 
hefore being retarded. It thus provided for the occurrence 
of collisions throughout a considerable region as soon as the 
applied accelerating potential difference reached a critical 
stage, thus causing the critical point to be well marked in 
the eurve which showed the relation between the current 
measured by the electrometer and the applied accelerating 
potential ditference. 

The correction which was added to the value of the applied 
potential difference at the eritical point, to give the energv 
of the electrons actually producing the effect detected, was 
tLe difference between the accelerating voltage, Vj, and the 
subsequent retarding voltage, Vo, when th e number of 
electrons reaching the collecting electrode atter traversing 
the opposing potential difference, Və was the minimum 
number required to give a ean ble current. Owing to 
the fact that in order to reach the collecting electrode the 
electrons had to pass through three gauzes, the number of 
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electrons collected was very much smaller than the number 
actually having energies V,— V, volts in excess of the 
applied accelerating potential differences. As the magnitude 
of the radiation current was probably somewhat similarly 
reduced by the intervening gauzes, the absolute value of the 
critical voltage deduced by the application of this maximum 
correction is nevertheless only likely to err on the side of 
being too high. 

The results since obtained in an investigation of critical 
electron energies in neon *, by Professor Horton and the 
writer, have tended to confirm the view that the correction 
obtained in the manner described above is too large. In 
the investigation referred to, the correction was determined 
by controlling by means of a retarding potentiul difference, 
Va, the number of electrons which were allowed to pass 
into a space where they could acquire sufficient energy to 
make collisions of the type under investigation, and by 
finding the maximum value of V, which would allow of the 
passage of a sufficient number of electrons to give a detectable 
indication of the effects of the collisions in as nearly as 
possible the arrangement of fields employed in obtaining the 
curve for which the correction was required. The values, 
of the positive correction obtained by subtracting Vi, the 
first accelerating potential difference, er this value of V, 
were generally smaller than the values obtained by a method 
similar to that used in helium, the difference in some cases 
amounting to a volt or so. 

The second method of ascertaining the absolute value of 
the eritical electron energy involved the detection of the 
occurrence of an inelastic collision, rather than the secondary 
effects of an inelastic collision. It did not involve the 
application of a correction for energy of emission from the 
filament, etc. The essential features of the method can be 
made clear by reference to the diagram in fig. 1, in which 
B, C, and D, represent gauzes of fine platinum wire, B 
forming the base of a hollow cylindrical electrode concentric 
with the collecting electrode A. E denotes the source of 
electrons. The electrons from E were accelerated towards 
the gauze D by a potential difference V, which remained 
constant, and those passing through this gauze were further 
accelerated by a potential difference V4, which could be 
increased in steps of one-tenth of a volt. B and C were 
maintained at the same potential, and the pressure used 
(about 1 mm. or so) was sufficiently high for all the electrons 
to collide with helium ntoms many times before reaching B. 


* Proc. Roy. Soc. A, vol. xcviii. p. 124 (1920). 
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Between B and A an opposing potential difference V, was 
applied which could, like V4, be increased in steps of one- 
tenth of a volt. Below the first critical voltage electrons 
make perfectly elastic collisions with helium atoms. Conse- 
quently if V, is fixed at some value below the first critical 
voltage there must be a stage when, as V4 is increased, 
electrons are able to reach the collecting electrode and pive 
a negative current, whereas when V, is fixed at some value 
greater than the first critical voltage, inelastie collisions 


Fig. 1. 
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must occur before the energy necessary to enable the 
electrons to reach the collecting electrode against V, is 
attained, and if all the electrons make inelastic collisions: 
electrons from E can then never reach the collecting 
electrode. 

The method consisted, therefore, in ascertaining for various 
values of V, whether, as V was increased, a negative 
current could be obtained at any stage, and hence determin- 
ing the lowest value of V, for which no negative current 
could be measured as V,+ V, was increased to beyond the 
first critical stage. When V, + V; exceeded a certain value 
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a positive current was always obtained, due presumably to 
the photoelectric effect of the radiation emitted at the 
critical stage on the collecting electrode. As the current 
always began to increase in the positive direction for the 
same value of V,+ V; whatever the value of V, the pressure 
must have been sufficiently high for all (or very nearly all) 
the electrons to have been making inelastic collisions. The 
lowest value of V, at which no indication of electrons 
reaching the collecting electrode was obtained, was taken as 
the first critical electron voltage. The extreme values of the 
critical electron energy measured in this way were 20:3 volts 
and 20°45 volts, the final mean value being 20°4 volts in 
agreement with the value obtained by the other method. 

In taking the lowest value of V, at which there was no 
indication from the observations that electrons ever reached 
the collecting electrode, as the actual value of the first critical 
electron energy, it was assumed that there were no complica- 
tions due to polarization layers on either of the electrodes 
bounding the final field. As, however, the effect of a 
polarization layer, if such existed, could only be to cause 
the measured potential difference to be smaller than the 
actually existing opposing potential difference, the result 
obtained in this way would, if it erred at all, be too low. 
Since the value obtained by the other method which, if it 
erred at all, would be too high, agreed with the value 
obtained by the method just described, the value 20:4 volts 
was taken to be the absolute value of the first critical electron 
energy. 

The results of subsequent experiments " have revealed the 
existence of two critical radiation voltages in the neighbour- 
hood of 20 volts in helium, 08 volt apart. It has, moreover, 
been shown by Professor Horton and the writer, that the 
radiation current due to the recovery of the ntom after the 
iuelastic collision at the higher of the two voltages is very 
much larger than that which appears at the lower energy 
collision. ‘This is possibly due to the fact that collisions of 
the higher energy type occur more readily than those of the 
lower energy type, but there is no definite proof of this. 
This possibility, combined with the fact that the current 
due to the secondary effects of the inelastic collision of 
higher energy quantum is so much greater than the 
current caused by collisions of the first tvpe, raises the 
question as to whether the minimum value of V, for which 
no indication of electrons reaching the collecting electrode 

* J. Franck and P. Knipping, Phys. Zeits. vol. xx. p. 421 (1919); and 
F. Horton and A. C. Davies, Phil. Mag. vol. xlii. p. 746 (1921). 
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was obtained in the investigation described above, corre- 
sponds to the higher energy stage, or to the stage at which 
the first type of inelastic collision occurs. It is possible 
that at the first voltage of ineiastic impact some of the 
electrons get over without making an inelastie collision, 
and that the negative current due to these electrons exceeds 
the positive current. due to the photoelectric effect of the 
radiaticn produced from those inelastic collisions which do 
occur, thus masking the fact that such impacts have taken 
place. Atthe second critical stage, however, fewer electrons 
are likely to escape making inelastic collisions, and a 
much increased radiation current is produced, so that it is 
possible that the method just described indicated the true 
value of the second critical stage instead of the first, as 
was originally thought, in which case the value of 20°4 
volts is O-8+0°L volt too high for the true value of the 
first critical radiation voltage. As the other critical 
voltages determined in subsequent papers were measured 
relatively to the first one, a correction of the sume amount 
must in this case be applied to them also. The correction 
necessary to bring the value of the ionization voltage 
determined experimentally into agreement with the value 
deduced by Professor Lyman is —0°7 volt. 

In a recent paper * Franck has explained that an error of 
Interpretation was involved in the method by which the 
fundamental absolute value of a critical voltage for electrons 
in helium was determined in Franck and Knip pings experi- 
ments. The error of interpretation in the case of their 
determination also was connected with the existence of the 
two critical energy stages O8. volt apart, so that the 
apparent difference of (F8 volt between Lyman’s calculated 
value and the experimentally determined value of the 
ionization voltage for electrons in helium, given by Franck 
and Knipping, is also explicable. 

The bringing into alignment with the spectroscopic data 
of the values of the ionization voltage und some of the 

radiation voltages determined by other methods, does not, 
however, remove all the diserepancies between the results of 
the two lines of investigation, As has been pointed out by 
Lyman, there is no spectroscopic evidence of an ultra-violet 
line corresponding to the first radiation voltage (197 volts, 
after correction), while the faint line of doubtful origin at 


6005+03 A.U. is the only one which approximates to 
correspondence with the second and most marked radiation 


* J. Franck, Zeits. f. Phys. vol. ii. p. 155 (1922). 
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voltage found by Professor Horton and the writer at 20:5 
volts (after correction). 

If, as Lyman supposes, the normal state of the helium 
atom is the state OS, and his detection of a series with 
variable term mP suggests that this is the case, the presence 
of lines N—1e and N—18, which would be those corie- 
sponding to theabove-mentioned critical points, would not he 
in accordance with Bohr's selection principle, according to 
which only those transitions involving a change of one unit 
in the azimuthal quantum number take place*. Experiments 
described by Proressor Horton and the writer in the Philo- 
sophical Magazine for November 1921, have shown, however, 
that the radiations emitted at 20:4 volts and 21:2 volts (t. e. 
19-7 voits and 20:5 volts after correction) are true resonance 
radiations and should, therefore, be connected by the quantum 
relation eV —y with the critical voltages. These experi- 
ments seem to indicate that the transitions N — 1e and N — 15 
must have been occurring in the circumstances of the 
investigation referred to. As Franck and Knipping also 
obtained indisputable evidence of the emission of radiation 
previous to the stage which they now identify as corre- 
sponding with the omission of the line X 5844, and at a 
voltage which would correspond with the transition N — 18, 
it seems that the circumstances of their investigation, and 
also those of the investigation of Professor Horton and the 
writer, must have been such as to constitute an instance 
when the ordinary limitations of the selection principle did 
not hold, and wlien combination series lines could be 
obtained. 

In a recent paper t.Professor Bohr, in commenting on the 
results of an investigation by Foote, Mohler, and Meggers, 
on the excitation of the potassium arc spectrum 1, pointed 
ovt that certain results which were thought by these workers 
to provide an exception to the selection principle, constituted, 
on the contrary, evidence in favour of that principle, because 
the very device which was employed in order to allow re- 
combination to oceur in the absence of an applied electric 
field would cause accumulations of ions from which intense 
electric fields would result. The main objection to applying 
arguments of a nature similar to those put forward by 
Professor Bohr to the present case, lies in the fact that it 
has been shown that the radiations emitted at 20'4 volts 

* N. Bohr, Phil. Mag. vol. xliii. p. 1112 (1922). 

t Loc. cit. 


t P. D. Foote, F. L. Mohler, and W. F. Meggers, Phil. May. 
vol. xliii. p. 659 (1922). 
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and 21:2 volts (1. e. 19:7 volts and 20:5 volts after correction) 
can be passed on from atom to atom for a considerable 
distance by means of their absorption and re-emission ly 
other helium atoms in regions where there could not possibly 
have been intense electric fields of the strength found by 
Stark " to be essential for the emission of the lines of the 
series 15 — mS. 

The displacement of an electron to tlie 1S orbit from the 
OS orbit by electron collisions would not necessarily consti- 
tute a violation of the selection principle, for itis conceivable 
that the close proximity of the colliding electron and the 
impacted atom gives rise to the necessary strong electric 
field. A similar argument cannot, however, be applied to 
the return of the electron from the 15 to the OS orbit, or to 
the di-placement of the electron to the 18 orbit by the 
absorption of radiation. Thus the cireumstances in which 
the radiations N—1e and N—IS have been detected by 
Professor Horton and the writer seem to be such that a 
breaking down of the selection principle is necessarily 
indicated by their presence if OS is the normal state; but 
whether N is identical with OS or not, the fact that transitions 
N—1Sand N | IP both occur must involve a breaking down 
of the selection principle. 

Indirect evidence that the return of the displaced electron 
from the state 15 to the normal position takes place is pro- 
vided by the following considerations :—The singlet principal 
series of helium 1S— mP, which appears in the visible and 
near ultra-violet part of the spectrum, corresponds to 
transitions in which 18 is the orbit finally occupied by the 
moving electron, while in the case of the doublet principal 
series lo is the orbit finally occupied. Without the 
absorption of further energy the atoms can then only revert 
to the normal state by means of the direct transitions which 
would give the lines N—IS and N—Jo, for there is no 
evidence of the transition 1S— lø. Confining attention to 
the singlet system of lines, we see that, unless the 
transition N— 15 does occur, there would be, on suddenly 
stopping a luminous discharge, an accumulation of atoms 
with electrons in the 1S orbits. Since the singlet principal 
series in the visible spectrum is comparable in intensity with 
the other series, the number of such abnormal atoms which 
would be present on stopping the discharge would be an 
appreciable proportion of the total number of atoms which 
were emitting radiation at any instant while the discharge 
wus passing. Thus, after once having had an_ intense 


* J. Stark, Ann. d. Phys. vol. Ivi. p. 577 (1918). 
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luminous discharge in helium, it should be possible to obtain 
evidence of the occurrence of ionization on raising tbe 
potential difference from zero to about 5 volts, if the transi- 
tion N — 18 does not occur. Such low-voltage ionization of 
` helium does not, however, take place except when special 
measures are adopted to maintain a supply of abnormal 
atoms *, so that there seems no alternative to supposing that 
the transition N — 18S does occur. 

The fact that this line was not clearly indicated in Professor 
Lymau's experiments is therefore worthy of consideration. 
An explanation of its absence is perhaps to be found by 
supposing that, although the selection principle does not : 
hold rigorously as regards the transition N — 18, yet the 
transition is one which is not likely to take place when 
alternative displacements are possible. While a discl'arge 
is actually passing in the gas there is always the possibility 
of atoms with electrons in the 1S states absorbing radiant 
energy and ultimately reverting to the normal state from 
one of the P states, by the' transitions of whose occurrence 
Lyman's results give evidence. Such methods of return 
from tho 1S state to the normal state must have been possible 
in the circumstances of Professor Lyman's experiment, so 
that on the supposition made above, the line N — 18 would 
not be expected to .occur with any great intensity on 
Professor Lyman's plates. 

In the case of the experiments of Franck and Knipping, 
and of Professor Horton and the writer, however, abnormal 
atoms with electrons in the lo and 1S orbits could be 
produced before atoms with electrons in any of the P 
orbits could be produced. In the interval between the 
voltages at which the first two types of abnormal atom were 
preduced, and that at which electrons could be removed to 
the 1P orbits, no radiant energy would be present unless the 
transitions N—1e or N—18 occurred. Hence atoms with 
electrons in the lø and the 18 orbits would have no method 
of returning to the normal state, except by direct transitions, 
so that in these circumstances the radiations N—1e and 
N — 18 should be produced. 

In view of the apparent discrepancies between the 
results of the spectroscopic and the current-voltage lines of 
investigation, a consideration of the extent to which current- 
voltage observations may be expected to reveal the existence 
of ultra-violet spectrum lines seems desirable. In what 
follows attention will be confined, for the sake of simplicity, 


* F. Horton and A.C. Davies, Phil. May. vol. xliv. p. 1140 (1922) ; 
and F. M. Kannenstine, Astro. Phys. Journ. vol. lv. p. 945 (1922). 
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to the singlet system of helium. Taking the values of the 
critical radiation voltages corrected to fit Professor Lyman's 
spectroscopic observations, it has been shown that between 
20:5 volts and 21:12 volts the transition N —15 occurs, and 


' increases when 
le 

the electron energy reaches 20:5 volts, ? being the photo- 
electric current and e the applied difference of potential. 
At 21:12 volts electron energy the displacement of an 
electron to the 1P orbit can result from an encounter 
between a helium atom and an electron. Experiments have 
shown, however, that for a given number of bombarding 
electrons the number of inelastic collisions which occur 
increases us the excess of energy of the electrons above the 
minimum energy required for the occurrence of the inelastic 
collision increases. It follows, therefore, that by no means 
all the electronic-atomic encounters involving the necessary 
minimum electron energy are effective in producing electron 
displacements within the atom. Suppose that the probability 
of the displacement of an electron within a helium atom to 
the 1S orbit at a 21:2 volts collision is p; and that the pro- 
bability of a displacement to the IP orbit at a 21:2 volts 
collision is ps. As the transitions in question are concerned 
with displacements from the normal orbit to orbits of 
different azimuthal quantum number, it is conceivable that 
the circumstances necessary for the occurrence of the one 
are quite distinct from the circumstances necessary for the 
occurrence of the other. In this case the probability that one 
or the other will occur at 21:2 volts is pj +p The quantity 


. e l 
the current-voltage curve indicates that ' 
l 


di ; : 
de would therefore be expected to show an increase as soon 


as the transition N—1P was possible. 

As the applied difference of potential is increased, stages 
are eventually reached at which transitions to orbits 2P, 
3P, ete., or orbits 25, 3S, ete., become possible. It is 
dithcult to conceive how, apart from the minimum voltage 
consideration, the circumstances necessary for the transition 
to the 2S orbit to take place can differ from those necessary 
for a displacement to the 1S orbit, and so on, or, in the case 
of the P terms, how the circumstances necessary for a 
displacement to the 2P orbit can differ from those necessary 
for a displacement to the 1P orbit. Hence it appears that 
discontinuous increases in the number of inelastic collisions 
occurring would not be expected to take place ai the voltages 
corresponding to the minimum electron energies necessary to 
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bring about displacements to the successive orbits of higher 
radial quantum number than the first of any series. Discon- 
tinuous changes in a would therefore only occur at such 
voltages if the specific photoelectric activity of the surface 
acted upon by the radiation changed appreciably with wave- 
length in passing from N—mS to N—m--18, or from 
N—mP to N—m-+1P, and so on *. There is no direct 
experimental evidence available as regards the variation of 
photoelectric activity with wave-length of the radiation for 


the region 500 À.U. to 600 A.U.; but such a variation as that 
considered is very unlikely. 

The arguments given above have shown that whereas the 
current-voltage line of investigation may reasonably be 
expected to give an indication of the first terms of various 
series corresponding to transitions involving a return of the 
displaced electron to the normal orbit, it by no means follows 
that the method will give any indication of the existence of 
the higher members of these series. It seems doubtful, there- 
fore, whether Franck's interpretation of a discontinuity at a 
point in his curves which, after correction, becomes 22:9 
volts, as corresponding to the line 0:58 —3P, or, in Fowler’s 
notation, 0S — 2P, is justified. 


Summary. 


In view of the fact that there is a difference (97 volt). 
between the value of the ionization voltage for electrons in 
helium deduced from extreme ultra-violet spectroscopic. 
observations by Professor Lyman, and the value obtained 
experimentally by Professor Horton and the writer, and 
independently by Franck and Knipping, the possible sources. 
of experimental error, or error of interpretation of results, in 
the case of the determination made by Professor Horton and 
the writer are discussed. 

It is shown that the discovery, made since the publication 
of the investigation in question, that there are two critical 
radiation voltages in the region of the first point of inelastic 
impact, separated by only 0:8 volt, introduces the possibility 
that an error of interpretation of the observed effects was 
made, resulting in values being attributed to all the critical 

* For the lower members of these series, the fact that in passing from, 
for example, N —1P to N —2P, returns to the normal orbit by the two. 
transitions N—1S and 1S—2P as an alternative to N —2P become 
vossible, does not mean an increase of photoelectrically active radiation, 


for the radiations such as 18— 2P would be of too long a wave-length to. 
affect the platinum electrode. 
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voltages in helium which are too high by 0°8 volt + a small 
experimental error. 

Evidence is produced to show that the selection principle 
of Bohr, according to which only those transitions occur 
which involve a change of one unit in the azimuthal quantum 
number, cannot hold rigorously with regard to transitions to 
the normal state in helium. A possible explanation is given 
of the absence of certain lines which are indicated by the 
-current-voltage observations, from Lvyman's photographic 
plates, and the question of the ability of the current-voltage 
method to reveal the existence of ultra-violet series lines is 
‘discussed. It is concluded that whereas the method may 
reasonably be expected to indicate the first lines of series 
involving a return of the displaced electron to the normal 
‘orbit, it would probably not reveal the existence of the 
‘higher members of those series. 


LXXIX. Proceedings of Learned Societies. 
GEOLOGICAL SOCIETY. 
[Continued from p. 3^24.] 


December 6th, 1922.— Prof. A. C. Seward, Se. D., F.R.S., President 
and afterwards Mr. R. D. Oldham, Vice-President, in the Chair. 


HE following communication was read :— 


‘Geological Investigations in the Falkland Islands.’ By 
Herbert Arthur Baker, D.Se., D.I.C., F.G.S. 

The stratigraphical succession in the Falkland Islands comprises 
rocks of Archwan, Devono-Carboniferous, and Permo-Carboniferous 
age. 

There is only one exposure of Archean rocks in the Colony : 

namely, in the cliffs of Cape Meredith. the southernmost point of 
West Falkland. The rocks seen include various igneous types 
(pegmatite. granite, gneiss) and metamorphic rocks (hornblende- 
schist, quartzite). The pegmatite and schist are also invaded by 
lamprophyre-dy kes. 

Overlving these old rocks, and separated from them by a strong 
unconformity, are coarse sandstones and quartzitic rocks, nearly 
horizontal. This unfossiliferous series is of great thickness, 
probably about 5000 feet. It occupies the southern part of West 
Falkland as far north as Port Edgar and Port Richards, and also 
the islands Iving to the west of this area. Jt is generally hori- 
zontal, or dips fairly gently northwards and eastwards. It is 
regarded as of Devonian age, and 1n its lithological characters 
shows remarkable similarity to the Table Mountain Series of the 
‘Cape Province. with which it is correlated. 

The succeeding series of rocks of Devono-Carboniferous age 
‘occupy the remainder of West Falkland (except for small areas of 
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Permo-Carboniferous rocks) and the northern half of East Falkland, 
and comprise strata correlated with the Bokkeveld and succeeding 
Witteberg Series of the Cape Province, to which they are notably 
similar in lithological character. The typical marine molluscan 
and crustacean fauna of the Bokkeveld Series is yielded by the 
middle Devono-Carboniferous series of the Falklands, and the 
succeeding beds are shales and quartzites, with poorly-preserved 
plant-remains, like the Witteberg Beds of the Cape of Good Hope. 
The Middle and Upper Series each include about 2500 feet of strata. 

Terrestrial deposits of Permo-Carboniferous age follow. They 
occupy a synclinorium extending over the whole of the southern 
half of East Falkland (Lafonia) and Falkland Sound. They also 
occur in small, separate areas on West Falkland. The name 
‘Lafonian Formation’ has been given to this set of beds by Dr 
T. G. Halle. They include a thickness of strata exceeding 9000 feet. 

As in the Southern Karroo, the lowest beds of this younger 
system are glacial boulder-beds. There is a tillite formation, about 
2300 feet thick, in every way comparable with the Dwyka Tillite. 
Shaly beds occur locally between the boulder-beds and the older 
quartzite, but are often absent. There is a thin representative of 
the Upper Dwyka Shales of the Southern Karroo. 

A sandstone formation (Lafonian Sandstone) of no great thick- 
ness follows, and is, in turn, succeeded by more than 6000 feet of 
terrestrial deposits. Several thousand feet of these Upper Lafonian 
Beds consist of a monotonous alternation of thin sandstones and 
shaly beds. ‘They have yielded the Glossopteris Flora in several 
places. These upper beds appear to be the equivalent of the Ecca 
Series of the Southern Karroo. In view of their thickness, it is 
possible that some portion of the Beaufort Series of the Karroo 
System may be represented, but no evidence of this was obtained. 

Doleritic dykes are of frequent occurrence. Their age is post- 
Upper Lafonian, since they are seen to cut the highest strata in 
the Colony. 

With regard to the precise age of the marine Devonian fauna of 
the fossiliferous series of the older rocks, a diffieultv arises. 
Palaontologists in general admit no more than that this fauna 
is of Devonian age. Some have insisted, however, that its age is 
Lower Devonian. The glacial.bouldei-beds at the base of the 
Permo-Carboniferous are now very generally regarded as of Upper 
Carboniferous age, and the Witteberg Beds of the Cape Province 
have recently been considered by Sir T. W. Edgeworth David as 
of highest Lower Carboniferous, and possibly, in part, Middle 
Carboniferous age. In the Cape Province and the Falkland 
Islands strata of Witteberg age ean be traced downwards, without 
a break and without traversing an excessive thickness of strata, 
into the marine fossiliferous series. It seems likely that the marine 
fauna will prove to be of Upper Devonian age. 

The Falkland Islands appear to owe their existence to the 
fact that they occur at the crossing-place cf two sets of folding 
movements. 
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LXXX. Zntelligence and Miscellaneous Articles. 


ON THE FAILURE OF THE RECIPROCITY LAW IN PHOTOGRAPHY. 


l'o the Editors of the Philosophical Magazine. 
GENTLEMEN, — 


REGRET that in my paper on the Failure of the Reciprocity 

Law in Photography (Nov. 1922, p. 904), there is an error on 

page 910. It is there stated that the mean values of the con- 
stant p and the probable errors are as follows :— 


For Paget “ Halt-Tone” plates........ p=0865 +0005 
for Wratten * Instantaneous " plates .. — p 20:846 +0005 
for Imperial ** Eclipse" plates ....... p 0846 t 0:005 
This should read :— 
Paget ** Half-Tone” ............ p=0'865+ 0:058 
Wratten © Instantaneous ^... ..,.. p=0'846 + 0-044 
Imperial * Eclipse”... eee ee eee p=O0's46 +0052 


The probable errors, as printed, are therefore incorrect. The 
values of p are correct. 
I grently regret that this error in computation should have 
occurred, 
The Laboratory, Yours faithfully, 
British Museum, R. A. MALLET. 
39. Russell Sq.. W.C. 1. 
Jan. 23, 1923. 


PRECESSION OF THE SPINNING TOP. 


To the Editors of the Philosophical Magazine. 
GENTLEMEN,— 
THe following additions should be made to my paper in the 
March number :- - 
Insert an * after the equation in the fifth line on page 337, and 
add the following as a footnote :— 


To cut off OL geometrically on OG to a length 


OP? 
L= ry OA, 
draw EL through E on PÀ where the angle AEO is made equal 
to 0: OP is then tangent of the circle round OAE. 
Yours faithfully, 


March 13, 1923. G. GREENHILL. 


THE 
LONDON, EDINBURGH, ann DUBLIN 


PHILOSOPHICAL MAGAZINE 


AND 


JOURNAL OF SCIENCE. 


[SIXTH SERIES.] 


MAY 1923. 


LXXXI. The Quantum Theory and Isotopes. By J. W. 
NicBoLsoN, F.R.S., Fellow of Balliol College, Oxford *. 


[^ the present. paper, we group together various matters 

which are of importance in regard to the Quantum 
theory of spectra and of atomic structure. No definite 
arrangement is followed, the subjects being very much dis- 
connected. But they all appear to be somewhat insufficiently 
dealt with in current accounts of the Quantum theory, and 
to be capable of a treatment which can make them suggestive 
of further progress in directions along which experimental 
work is now proceeding. 


Pendulum-paths in an Atom. 


Pendulum-paths, or ** Pendelbahnen," are frequently re- 
ferred to, as particular cases, in discussions of atomic theory. 
They are straight-line paths of an electron in an atom or 
molecule. The intensity of a spectrum line emitted when 
an atom passes between two stationary states is determined 
by the probability of the occurrence of these states among a 
large number of other equally likely states. The probability 
of the repeated formation of a state in which any electron 
describes a ** Pendelbahn” is effectively negligible, so that 
such states, in themselves, are never likely to be effective in 
producing visible spectrum lines. 


* Communicated by the Author. 


Phil. Mag. 8. 6. Vol. 45. No. 269. May 1923. 3 F 
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But we know, from the familiar discussion by Sommerfeld 
and others of the fine structure of the Balmer series, that the 
* energy " W of an atom takes the same set of values, what- 
ever system of coordinates be used in its calculation. The 
electronic orbits depend, even in their type, on the system of 
coordinates used— whether spherical polar or otherwise,— 
and yet all systems of orbits give the same total energy as a 
function of integer numbers, and thence, by the principles of 
Bohr's theory, the same spectrum. 

This fact arises from the peculiar additive property of the 


Quantum integers, which ensues from the quantum specifica- 
tion of Wilson and Sommerfeld, 


fp dq = nh, 


where g is any coordinate defining the system, p is the corre- 
sponding momentum, and the integration is taken over a 
complete period of 9. The additive property involves, in 
particular, that, except for fine structure, the spectrum of a 
Hydrogen atom consists of the Dalmer and its associated 
series, whether the electron be allowed all its possible three- 
dimensional motions, or merely the circular motions in one 
plane treated by the original theory of Bohr. This conclu- 
sion is quite general, in so far as the Quantum theory has 
hitherto been successful in its interpretation of spectral 
phenomena. The one outstanding fact on which reliance 
can be placed is apparently that the theory can give the 
signifieant part of tlie atomie energy, but is vague regarding 
the precise orbits of the electrons. 

It has been suggested—for example, by Sommerfeld— that 
in any case there does exist, in fact, one and only one type 
of coordinate system which can lead to a solution when all 
the cireumstances, such as variation of mass with speed, are 
taken into account, and that the orbits obtained according to 
this system are the true orbits. No evidence against this 
view can be found, and it is at least clear that the values of 
the “energy” W are not dependent on the system adopted. 
Moreover — and this is more relevant to our purpose at 
present,—the simplest possible orbits give the same value of 
W as those which are more complex in the analytical sense. 
It is therefore clear that the proper line of thought, with a 
view to extending the scope of the present theory, is to 
develop those cases which are analytically simple, with the 
knowledge that if the value of W is found, it will at least be 
a special case of the general value, in which more integers 
occur, and that it will, through the additive property of 
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integers when more degrees of freedom are contemplated, 
give spectrum lines which can be observed, though they may 
not in practice arise from atoms in which these simpler paths 
are relevant. 

When the simpler paths are **Pendelbahnen," the pre- 
ceding remarks apply, with the important addition that all 
the “true” paths must admit Pendulum-paths as special 
cases, so that values of W derived from them have a more 
complete validity. They constitute, in fact, the only paths 
about which there is any real certainty, either as to their 
nature or mode of description. 

No complete investigation has yet been given of any one 
Pendulum-path. Sometimes they are ruled out because they 
involve a passage of the electron through the nucleus. On 
this matter we shall comment later, at present merely 
regarding such a passage as possible, and as involving 
neither an infinite velocity nor a destruction of matter by 
combination of electron and nucleus. 

We shall discuss the simplest possible case — the Pen- 
dulum-path of a single electron about a nucleus—and show 
that, if the passage through the nucleus is a physical possi- 
bility, this path is indeed a special case which presents no 
infinite velocity or other difficulty of this nature. The 
electron will pass through the nucleus with the velocity of 
light (c), travelling in a straight line. We may treat the 
nucleus as stationary without real loss of generality, for its 
motion merely involves a change in the Rydberg Constant 
in the ordinary way. 

a 
aaa | 
+ ve —e 


If x is the distance of the electron from the nucleus ve at 
any instant, 


" ve? 
më = — — 
a? 


is the equation of motion when the velocity is small, and 
m is the mass of the electron at slow speeds. For higher 
velocities, attained in this problem, we use the relativistic 
mechanies, according to which the kinetic energy is, with 


velocity 4, 
1 
T= mc? vièj —1 ! . 
3 F2 
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and the equation of energy becomes 
1 ve? 
Viele z 


W being the “total energy.” in the Quantum theory sense. 
The momentum má is to be quantized according to 


$ mi dz = nh, 


We find 


where n is an integer. 
si Limite J {naw eV 
1 a mmc me -W+ t. 
When z—0, ¢=c, which is therefore the velocity of passage 
through the nucleus. The oscillation takes place between 
the values of x making «=0, or 


* m?c* = (new + $3 


leading to 
2 
—-Wi—= 0, —2me', 
C 
or 
"e d | ve 
Ow"? 2mcg&-—W' 
Thus on 


These will be called (a, —B) respectively. 


reduction 


má = me1 ( + me—W) mh ! N i 4 me W) 
= oC 26811 n G- 2] 
= 2mc VaR. N(a—z)(B t «) / 1248 4 z(a— 8)]. 


The quantizing condition becomes, since «æ ranges from 
a to — f and back, in a complete period, 


2 a dx = nh, 
e ~B 


nh a dx e es 
4AmeVaBg |— -g2aB 4 a (a — B) : V (a—z)(B +s). 
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Writing 
` æ = a co? $ — B sin’ 9, 
mh = sin? $ cos? $ d$ 
ean eB (C 24B + (a— B) (e cos! $— B sin’ ) 


? *? sin? ¢ cos? $ do 
i «t ' acos? $ + B sin? ġ 
t? dt 


~ 2048) Grp 


(t—tan ¢). 


The integral is easily evaluated as 4 a+ V B)^?, so that 


nh aT a+8 


4meVaB 2 a+B+2Naß 


But 
a+ B = 2m e | {W(2mc’?— W)}, 
aß = vet | {W(2me—W)}, 
and finally, 
mn / i 
TS ve { / W(2me?— W) +4 Gne W) |. 


This is the exact equation for W. If 


W(2m?— W) = X? 
we find 
X! 2qvmce? ° 


nati nh 


me 


and the general value of X, and thence W, can be expressed. 
For a first approximation only, 


nh L2 ye? 
2m mc  cA/2nW 
Or 
Im merv 
W- nho oí 


which is the value De oneing. to other orbits, to a first 
approximation. It is easy to show that the result is correct 
to any approximation. 
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The ratio of the lengths of path before and after passage 
through the nucleus is 


(2mc — W) / W, 
or effectively 
niji 


quy ’ 


with the values h=6°5 x 1077, e—4:8x 107°, this becomes 
of order 


2 
2i x 10°; 


with a Hydrogen atom in its normal state, n=v=1. If its 
radius is of order 107°, the electron, after passing the nucleus, 
goes a distance of order only 107'*, less than its own radius, 
but comparativelv large in relation to the * radius " of the 
nucleus. 

This distance is so small, in comparison with orbital 
dimensions in an atom, as to justify the statement that, in 
effect, the electron does not traverse the core of the atom— 
though, in its small penetration, it reaches a point from 
which it can ngain reach the nucleus with velocity c and 
return to its former stationary position on the other side, 
subsequently continuing its oscillations. The time spent on 
the far side of the nucleus is also very small. We may con- 
jecture, therefore, that the spectrum formula may be derived 
hy ignoring, even in this case, the influence of speed on 
mass, and by supposing that the electron starts with 4—0 
and jusí reaches the nucleus and returns on its path. We 
shall show that this is, in fact, the case. While the in- 
vestigation is not of intrinsic importance in the simple 
Pendulum problem of the Hydrogen atom as such, it has 
important implications with regard to the corresponding 
problems for more complex atoms. For it will be clear to 
the reader that the conclusions derived in this special case 
have general features. In the first place, when, in a 
Pendulum problem, an electron “ goes through ” a nucleus, 
it will do so with the velocity of light, and for a negligible 
distance in comparison with the rest of its path. Secondly, 
the problem may be treated as though the electron stopped 
at the nucleus. The simplification thus introduced is very 
considerable, and nothing is lost by these suppositions except 
the fine structure of the spectrum lines—a secondary con- 
sideration in the elucidation of the structure of atoms more 
complex than Hydrogen, or of molecules. 
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The simple pendulum problem for the Hydrogen atom with 
a stationary nucleus, and without correction for variable mass 
of the electron, gives for the equation of energy 


"E 
imi!2-—W, 
x 


and the quantum condition is 


fma dx — nh 


ew 
: má dz = nh 


0 


by the preceding remarks, according to which the nucleus 
2=0 is one end of the path. Thus 


ln) p e r) 
Inh = /2m E —W jade. 
0 : / 
2 


Writing z — Ww sin? 6, 


's/2 
inh = vim | VW. = sin cos 0 df 
0 
— 2m Lu 
E W 2? 
or 
2m?me^ 
nt ? 


which establishes the validity of the procedure. In general, 
in such paths, we may say further that the influence of the 
velocity on the mass is unimportant except for fine structure 
of the lines. 

A few remarks on the penetration of the nucleus by an 
electron are perhaps desirable at this point. It is customary 
to speak of nucleus and electron as though they were, in a 
sense, hard lumps with a specific radius in each case, and 
capable of impact. As a convenient form of words, there is 
no objection to this, though it cannot approximate to tlie 
truth. If we reason in terms of an ether, the electron and 
nucleus are both states of strain in the ether, in some sense 
complementary, and any constants, such as charges and radii, 
associated with them, must be, in fact, constants of the 
possible strains which the ether can retain permanently — 
and therefore constants of the ether itself. As regards the 


W = 
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radius of an electron, for example, if the strain outside its 
centre follows a highly convergent law with distance r, it 


must be of the type nu ); where a is a length—and this is 


essentially the so-called radius of the electron, or the distance 
at which the strain-intensity has fallen to a specific small 
value. Such considerations were advanced by the author 
several years ago, and the universality of the constants of 
electrons and nuclei is thereby referred back to a universality 
of structure in an wther, on a scale so small that its effect 
is only felt in phenomena which we relate to a single electron 
or nucleus. 

In such circumstances, interpenetration of electric charges 
merely means the coexistence of two separate strains at the 
same place. A double-mesh structure in the ether, with 
different line constants (radius of electron and nucleus) in 
its specification, would admit this possibility, so that two 
strain systems in the same region would not annihilate each 
other, and might move through each other. The analysis of 
this section indicates how such problems may be treated very 
simply, with a sutlicient practical approximation. 

We shall leave the problem of Pendulum-paths at this 
point, reserving the investigation of the more complex 
systems for a further paper. 


Nuclear Structure. 


It is of interest to inquire into the implications inherent 
in the present view that nuclei have a structure built up from 
electrons and simpler nuclei—perhaps only the Hydrogen 
nucleus +e. This view is now practically general, and yet it 
is not without its difficulties. For if we consider even such 
simple systems of compound nuclei as, for example, a nucleus 
2e and one electron, or the suggested Helium nucleus con- 
sisting of 4 Hydrogen nuclei and two electrons, it is very 
difficult to find an arrangement which restricts the total 
dimensions of the compound nucleus to any values com- 
parable with the known dimensions. 

It is almost unthinkable that the motions in these systems 
should not be subject to the quantizing principle, for their 
elements are “bound” in a still more intimate sense even 
than the external electrons of an atom. They can hardly be 
quantized by the introduction of a new quantum of action, 
different in order from A, and vet by the consideration of so 
simple a system as the sug gested Helium atomic nucleus, it 
is easily seen that if the two electrons move in orbits in the 
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aucleus, the smallest possible orbits round the 4 Hydrogen 
nuclei are of atomic size. Either the law of force does, in 
fact, change—though experiments contradict this suppo- 
sition—or the electrons are not in motion. The principle 
of coexistence already suggested may provide the only solu- 
tion of these difficulties, but it is interesting to try, on more 
recognised lines, to obtain a nuclear representation. 

We shall begin with a possible Hydrogen isotope — the 
so-called “inverted Bohr model ” of Lenz, in which two nuclet 
rotate symmetrically round an electron. The structure 
seems very unstable, but the order of magnitude of the 
orbital radius must be the same as that in any more probable 
.configuration, of this or of similar systems, in which the 
motion belongs to the nuclei. 


If P and Q are the nuclei, +e, rotating with angular 
velocity w in a circle of radius a, 


Mato’? = e(1— 1), 


2, 7 
Ma?» = Iq? 
whence the value of W is 
20 Me 9 
W > “ah " 16 . 


If this system changed its quantum number, it would give 
radiations of the types—n being wave number, — 


9 M 1 1 

E ideal a . 109720( - -1 

which fall in the region of X-rays. Such nuclear specifica- 
tions, in general, are suitable, as regards order of magnitude 
of emitted wave-lengths, for the representation of charac- 
teristic X-ray radiation, provided that the orbital motions 
are those of nuclei of mass M. This correspondence of theo- 
retical and experimental magnitude does not appear to have 
been pointed out. 
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The radius of the nucleus is given, from the above equa- 
tions, by 


4 Ph? 
|.34mT'Me 
and the angular velocity by - 
9 aT Met 
9 = 16° hör? 


If a, is the “normal” radius of a Hydrogen atom, 


ue =3. n = 0:0007 7°. 


For r—1, the smallest nucleus, this is almost comparable 
with the radius of an electron, and gives a nucleus which is 
not definitely too large, within experimental error. 

The velocity of a nucleus is 


37 e 
aw =- >. 
2 ` hr’ 


which, with the usual values of e and À, becomes 


aw = 1.6 qub 
T 


which is quite small in comparison with the velocity of light. 
The value of c, compared with that of the electron in a 
normal Hydrogen atom, is given by 


9 M _ 108 
OH UD a Ti 
so that this configuration, in its influence on an outer orbital 
electron making the atom neutral, can be treated as at rest 
in some mean position. 

We propose to compare the spectrum of this neutral atom, 
which should be an i-otope of Hydrogen, with that of Hydro- 
gen itself— not because the atom may be presumed to exist, 
but because the order of magnitude of the spectral difference 
is clearly that to be expected in light isotopes of any type 
dependent on a nucleus built up of electrons and Hydrogen 
nuclei. At present there is complete uncertainty, on the 
theoretical side, as to the spectral difference to be looked for 
in any isotopes. 
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Spectra of Isotopes. 


There are two sources of difference between the spectra of 
two isotopic forms of the same element, (1) the effect of a 
different mass in the nucleus, and (2) the effect of the dis- 
tribution of nuclear charge, which does not produce a field, 
in the neighbourhood of the electron whose states define the 
spectrum, of the form appropriate to the point charge which 
is the core of a simple Hydrogen atom. We shall consider 
the orders of magnitude of (1) and (2). 

The fact that the Rydberg constant N occurs simply in all 
ordinary arc series spectra is a somewhat conclusive proof 
that such spectra are due to an electron which is not much 
disturbed by the motions of other electrons, so that the rest 
of the atom acts upon this electron, to a first approximation, 
after the manner of a Hydrogen nucleus. For if two elec- 
trons were moving in outer orbits of approximately equal 
dimensions, this constant would be changed, as is easily 
seen, to N(2—})? in any good approximation to a spectral 
formula. . | 

Consider an element of atomic weight M,—roughly oM,, 
where M, is the mass of a Hydrogen atom, for the mass is 
nearly all concentrated in the positive charges. 

lf one electron is more remote than the others, a series 
spectrum can be developed, in which the Rydberg constant is 


M, 
abet 


where m is the mass of an electron. This differs from the 
Hydrogen constant 


M, 
M, +m 
by an amount roughly equal to 
oM, _ M, } ET (oc — 1) 7 
N 1 cM;,-m M,cm[ ` BT M, 


Let the element now have an isotope, also of the same 
atomic number but with c + 1 positive charges and an electron 
in its nucleus. Then the difference between the Rydberg 
constants of the two isotopes is 


Loras- DH -—W ol iy 
oM,i+m (o+1)M,+m)J — M; ' o(o +1) 


to a sufficient approximation. 
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The proportional change in wave-length is effectively, in 
passing from one isotope to the other, 


1 my 
c(a + 1) M, , 
where X is the wave-length of any line. 

For example, in Lithium, o=6, for the lighter ri 
needs 6 Hydrogen nuclei, and for the line 76708, the 
possible change is 


6708 ù 
6x7 x 1835 = ° 087A. 


But in an element like lead, where c=200 roughly, the 
change is only, in the region 15000, about 


5000 


200 x 201x 18354 ees 
The change from this source thus diminishes very rapidly 
down the periodic table. 

The changes of this type which occur among the various 
lines of the same series should be proportional to their wave- 
lengths, to a sufficient practical approximation, for the effect 
is merely an alteration in the Rydberg constant. 

It is clear that the eftect to be expected in the Lithium 
atom, though comparatively large, is not comparable with 
that found by McLennan recently and ascribed to isotopes. 
Other interpretations have been put forward. The effect in 
Lead, however, is comparable with that actually known to 
occur (Merton). 

We now consider the effect of the second type, due to the 
fact that the field of the nucleus and inner electrons is not 
that of a single point charge. In the case of the Hydrogen 
isotope, founded above on the inverted Bohr model, the 
nuclear radius is a— 77* x 107? cm. approximately, and 
the angular velocity is 


Mum ua mH 


where wp is the value in a normal Hydrogen atom. Clearly 
the nuclear period is very much smaller, and the nuclear 
field on an electron may be replaced by its average value 
over one of its periods. 

In the plane of the nuclear motion, the potential at time t, 
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at distance r, is, with the notation in the figure, 
e e e 

V=- z + ri + i 
^ 9  A-a!-2ar cos (0 —ot) 

e 
H O————————M——T 
V1? + à? —2ar cos (6 — wt) 


X 2 P, (cos(8—ot)) (1--( — 1]. 


e e 
=—!4°5 
r T o put 


The mean value of any odd power of cos(0—^ot) is zero. 
Thus 
e 9e a?” 


= ma + p x pn Pon {cos (9—wt)}, 


which gives, as mean value to order a’, 


e . 2e a? 


the mean value of cos?(9—wt) being 4. 
Thus 


ras 
Just as Bohr's simple theory with circular orbits gave the 
essentials of the Hydrogen spectrum, so, with the present 
law of potential, the supposition of circular orbits saves 
much analysis and gives the main spectrum of the outer 
electron. If it moves in a circle of radius b with angular: 


velocity c, 
3 
ium (1,434), 


2 p$ 
~ ja _ nh 
mb’w = a? 
whence 
i 27e? 3 a? 
lu t (1*1): 

_ WM 
— Amme 


to the first order, and 
2 4 2 
W 2T me (1 3a ) 


n?]? b: 7 
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The Rydberg constant is changed by the fraction 3a*[b? of 
itself for the case n=1, and this is the greatest change, due 
to non-localization of the nuclear charge. With b=5.107°, 
a/b=0°0007 7?, the change 9X in a wave-length X is given by 


2 onus 
xc 009149 3, 


and for H,, it would be 
5X = 0:0098 7? A, 


which could be detected if the isotope existed. The interest 
of the investigation lies, however, in the fact that this is the 
order of magnitude to be expected in isotopes of light atoms 
generally—and it is small in comparison with the other 
effect. The effect to be expected for Lithium is therefore 
of tlie order already specified. 


More complex Nuclei. 


The Helium nucleus now usually suggested consists of 
four Hydrogen nuclei or protons, and two electrons. The 
only simple arrangement they appear to admit, with the 
motion belunging only to nuclei, is shown in the figure. 


The nuclei are equally spaced in a circular orbit, the elec- 
trons being on the axis. If 2a is the distance between the 
electrons, and b the radius of the orbit, we have 

e? 4e?a ` 


daž m (a? 4 b*)3?? 


2e], ei 
Mi? LUZ nume dS b. 
€0 (a2 + 292 b? ł } 


where 
T T 3m 
S; = coset , 4 cosec 5 4 cosec -7 —1f4-24/2. 
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Thus 
b =a V231, va?+b? = 248, 


9858.1 1 1 
| — 22 A ESO HUE 
Miu! = ed 3 4 +} 


= 0°178 3. 


With a quantum of angular momentum at least for each 
nucleus, 


Mbo = T 
2r 
Thus 
2 
be = 0178 ZE 
TÀ 
p= 1 Ph 
~ 0°178 ° 4or? Me?’ 
and thence 
| (285 —1)-12 42h 
a = 


Q178 4m Me? 


while the angular velocity is again so large that any 
external electron moves effectively in the “mean field” of 
the nucleus. 

If ag is again the normal radius of a Hydrogen atom, we 


find 


? = 5:62. 92, 
dy M 

The field of this nucleus, at a point on its axis, distant = 
from the centre, is 


ee a Coie de — 
~ (£2t0 z—a ee ee 


or, at a sufficient distance, compared with a or b, 


9 
va Pru, 


ad 
which, at any point (r, 6) in spherical polars, generalizes to 
rae ced s) 
uken (rent 


as the mean field of the nucleus. 


V = 
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This law of force does not admit a strictly circular orbit, 
but the occurrence of approximately circular orbits is 
possibly due to the smallness of the last term of V. If an 
approximate orbit is r=c, we may replace, for a sufficient 
first approximation, the last term by its mean value, thus 
writing 

r=c,  cos!Q — |. 
The equation of energy then becomes 


. 9 2( 3 2 
in(rT109)— pi — 2 c 1 —-—W, 


or 
pana sé - =W, 


9,1 
where W, = W+ 1 (a? +b’). 


This can be quantized in the ordinary way, the result being 
known to be 
87r? met 
th? 
where n is an integer. Moreover, for nucleus 2e, the 
radius c becomes 


Wiz 


n1? 
C= 
4T?^nie 
to its first approximation, or mean value. 
Accordingly, 
2e 
W = W (— gale + 6?) 
_ Bm’ me Rr’me a? + pt 
T wke DA 7 48 7 
The proportional change in W due to nuclear distribution 
is therefore (a? +b?) / 4c, and the corresponding change in 
any wave-length X is given by 
6X a? +h? 
~ Y 
due to change in its series limit. 
If 7 is the nuclear quantum number, bv preceding results, 


M 


and c is the radius of the Helium atom with a double charge. 


9 2343! 9, P o 56243, 
a | üg 
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The normal value of this radius, corresponding to n=1, is 1 
that of the Hydrogen atom (ag). For a quantum number n, 
the radius is proportional to n?. Thus the proportional change 
in the Helium line of wave number 


1 1 
aol {> -a} 
or 1 1 


Os 44232 en (mV a(l_ 1 
= 4 (243) + (5°62) Hs) " (5 i) 
and, curiously, becomes proportional to A`}, so that 5X is 
constant. 

We find, on reduction, 


6X 1 1 

x = 00210 — 3). 

A p’ p) 

For example, the line 44686, for which p=2, g=3, gives 


Sr = 00927 s( 1— ji) 4686 


2 3? 


in Ångström units. The probable value of 7 is unity, so 
that the change does not appreciably affect Fowler’s calcu- 
lation of m/M by comparison of the spectra of Hydrogen 
and of charged Helium. 

But the correction for ionized Helium is much greater 
than for Hydrogen, and clearly it tends to increase as the 
atomic number of the element increases—so long as that 
atomic number is made up, in the nucleus, of a prepon- 
derance of protons or charged Hydrogen nuclei. Ii will 
clearly be very difficult to make up yet more complex nuclei 
in this way, with the experimental restrictions as to their 
dimensions, and as to the available law of force among their 
elements is concerned. 

The general conclusion of this section, while not decisive, 
is certainly adverse to the hypothesis of nuclei made up 
entirely from Hydrogen. Perhaps our supposition that 
nuclear motions are subject to the quantizing relation is 
incorrect, though it is difficult to imagine, or to have faith 
in, any alternative. 

We shall leave the matter at this point, with a view to a 
further communication. 


December 27, 1922. 
Phil. Mag. S. 6. Vol. 45. No. 269. May 1923. 3G 
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LXXXII. Some Approvimations to IHypergeometrie Functions. 
By Dorotay M. Wrincn, D.Sc., Fellow of Girton College, 
Canibridae, and. Member of the Research Stag, University 
College, London *. 


Ó is E importance of the Bessel functions 
Jn SUD. SEV! 
I(r) = T2 ae ME) i 


D+ L T Ido 2!ü-4m-*52) 7" 


ya CRI yy GRF p GO 
L(g = itn) jit i) t1 VIEWS CPU E. 


in mathematical physies has long been recognized. These 
functions are, however, particular cases of the hypergeo- 
metric funetion with s denominators T, which may be defined 
by the power series 

I (1 + ly )(1 + by) or (1 Tha) 


a2 


ee ee 
2! (1 + by)(2 + I! t hy)(2 +b). . (155, )(2 45,1) 


1 + 


+ 


In the present paper, we are concerned with the hyper- 
geometric function with four denominators 


~ 
* 


ETTARO L FEFE) 


~3 


* oth) Y S) t D 


when z is real and positive and when z is real and negative, 
and, further, with the hypergeometric function with five 
denominators and one numerator, 


Ge wie, eee ee ee 
Ff ebd 04 50585 
+ NM E eine, E 
210 6)(2 5) + b2)(2 + be) + bs) i 
(2 + b3)(1 +b) 2 +b) 


when z is real and positive and when z is real and negative. 


1 


* Communicated by the Author. 
T Alternative methods of detinition and certain properties of these 
functions are given in a forthcoming paper by the present writer. 
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The function (2) is evidently a particular case of the hyper- 
geometric function with s denominators and ¢ numerators, 


14 (1-2ra) (1 +a)... (1+a;)z 
1! (14-6) (14 53) ... (14-5,) 


+ eee (2-2) .. . (1 +a) (2 +a)? 
! (1+b, )(24 4) .. . (L+b,)( (2 +b.) 


The functions (1) and (2) have recently occurred in the 
problem of the lateral vibrations of bars of non-uniform 
cross-section *. In this problem the displacement is given 
in terms of the function 


x 
1 1 (1+0,) (1 4-55) (1+ 63) 
+ 2 + 
2 1 (14b) (26) (1 + be) (2+ b3) (1+ b3) (2 + b) 
and the period equation takes the form 


PORN 0 | PE 
1! (14-5) (15, (1 +03) (1+ &) 


(1 a) (2 c a)a? 
*t21ücx6)24h)..ü-c5)Q46) 


The present paper contains a simple approximation to 
the value of the functions (1), (2), when z is large and real 
and positive or large and real and negative, and an expression 
which gives to a high degree of accuracy the roots of the 
equation (3). 


1+ 


i 


Som 0. (3) 


1; 


1:1. It is known that for values of z which are real and 
positive, the asymptotic expansion for large values of «x of 
the series 

ACIEM P 
“> TO A)T( + by) ECL 0) 

4 
lr (ea) | APERE er 
OFU ENS 
(EJES) 
tai Q xh) FUA FDFDFD ESAME 


* Cf. a paper by the present writer in the Proceedings of the Royal 
Society, A. vol. 101 (1922 
3G2 
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is given by 

| e'(z[4)7* a, , as 1 
A= 9( dar)? ae +%+0(5) 

` where 

o = bi+ b: +h; + 3/2 . 


and a, and a, are certain functions of b, bẹ, and b. Further, 
the series 


LOA) 
Ya= FL 4+0,) PC + bq) Od) ro) 
| 1+ d SUM eT " 
IUe ed ian) Ss" 


which reduces to y, in the aperi al case when y=b, has the 
asymptotic expansion 


^A [E oG) 


when : is real, positive, and large. In this expression 
T = b, 4-0. or 03 4-0, — "y 43/2 


and 6,, 8, are certain functions of bi, bs, bs, b4, and y. 

1:2. To find the values of ô, 8,, which will, of course, 
yield the values of a, a; if b, be put equal to y, we remark 
that y; satisfies the linear differential equation of the fifth 
order 


9(3+46,)(3 +4b,)(3+443)(S +4h,) ys = 2'(3+4+4+ 4») ys. 


If 
Ja — et y, 
it follows that Sys = ea ($4 c— T)y, 


and the equation for y consequently becomes 
(.c — Bi + S)(r— B: + (x AT B; + 3)(r— B, 3)(.r — Bs + 3)y 
= r(vr—o+4+44y4 3)y, 
ss —T 4 tb, (rz 1, 2. 3, 4), 
8,=—T. 
The left side of this equation is evidently of the form 
y(t + aye’ + aor? +...) T Sy (an + 9128 + a5...) 
+3? (L00?  ...) ES (102?  ...) - S*y( 5t...) +y. 


if we write 
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Now consider the expression 


T (e—6,+ 3); 


Pd 


it is evidently of the form 
y (27 + aa”! + 135277? +...) Sy (n7 + gaa? +...) 
+... +y. 


We can obtain by induction the value of the (,a,) co- 
efficients. In particular, 


ag = X, PDD) nn Dn 3)8-8). 


24 
y= By 730-9) y, y ODD) s 
n (s—1)(s—2)(s—3)(3s—8) 
£3 ERD, 


where 2, represents the products r at a time of the n 
quantities £j, £,,.. 9,. In the particular ease under dis- 
cussion, » —5, and we have 


142 = 25-02, +25, 
1a; = 2443244 124-15, 
90.4 = 43,430, 


where 2, represents the sum of the products r at a time of 
the five quantities 


—T+ 4b, —t+4b,, —Ttib, —T+4h, —r. 


1:3. The equation for y may conveniently be written in 
the form 


yl Ga —4 + 4y —7)4* F2 r eL] 
+ 3y[Az* Fa...) E... = 0. 
Solving for y in series, we may put 


61,6 


y = I+ +t... 


Equating to zero the coefficient of the term of highest power 
in z, namely, zt, we obtain the result 


194 — (4+ 4y — 7) = 0. 
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The equation for y is now 
y (jas? + jd. + iis) + Sy (42° + gts + = .) + e. = 0, 


and equating to zero the terms in <è, 7?, and so on, we get 
the series of equations 


1a, — 46, = 0, 
123 +Ô; . 142 + 80; — 0, . a5 — 0, 


ô= "P= Qe 6X, +25), 


86,= 8, (9% — 145) — 193, 
= — è (5; + 25, — 20) — (23+ 32,472, +15). 


Nucceeding equations will yield the value of the succeeding 
coetħcients 6,,6,.... With the values of 8,,6, obtained 
above, we therefore have the approximation to the value 
of y; in the form 


vai) Dh + so(8)}, 


L4. We may write down a similar result for the func- 


tion yi. 
_ /[4)* "T ENT Jl 
yi n pits T, e +O( | ) 


o —b br 4 3/2, 
a= AX + IET 


Sa; — q (Xs '+1) +5; +2,/+> i +l, 


where 


S, representing the sum of the products r at a time of the 
four quantities 


4b, —oc, 4b, —c, 4b, —o, —G A. 


This result m: ay be obtained «b initio by obtaining the 
differential equation for y where 


yim ey 


* For convenience in actual computation, it may be remarked that 


X, z0, in virtue of the relation between e and £,, bz, b, 
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and solving in a series 
a a 
y-ltccate 
or, more conveniently, by writing b, — yin the result obtained 
above for the series y;. 


1:5. The series 


d 
xg T(1-5,) (1 4 0) TA + bs) 


{1- eC)? 
1! (1+6,)(1 + 63)(1 + bs) 
E IIT 
FIOFA aHa hF i) - 


u r +y) 
H= EOF AEU 5) PC + 84) 
1 | o Aty — 00 
1! (1+8,)(1+ b,)(1 + b3)(1 + b4) 


aue TNE cy - e] 
21 (14-5) (2 +0;)(1 + 5,)(2 + b:)(1 +b;) E 
(2 4-53)(1--5,)(2 -- b,) 


may be treated on similar lines. We will deal first with the 
series y, Now, if x is real, positive, and large, 


a a | ( TO OTT 
Y= -4 cos TS. 4 


(a)? 
+ à Cos (2 sin Z — mrt”) 
a 4 


8, . m T(T4-2) l 
+ 2008 (« sin , — T CM) +0 (3) } i 


H> | 


where, as before, 
T = bi+b:+b; +b —y+3/2, 
§:= $(3.+ 62,4 25), 
88,2 — ô, ($+ 22}, — 20) — ($; + 38+ 7344-15) 
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Similarly, 


Y= 2 { cos (sin 7 sin; 
T  T(co 4 2) 
i 


c . 
+ cosi sın 7 = 
Tu 


4 
CAM : oe) t q 
+ a COS G 1 +O 3) 


o = b, +b, thst 3/2, 
a= 1 334-1), 
Ra, = —a (X; + 1) +(5,' TX + >. + 1). 


aní 


The results given above enable us to estimate the value 
of ¥1, y», Yz, and y, in a simple manner, by the calculation of 
the coefficients a, æg, Ò, 64. The error in adopting these 


ry . e e 1 Py e e . 
approximations is of relative order P which is sufficient in 


the case of many practical applications. 


2. 


2:1. In order to obtain an approximation to the roots of an 
equation of tlie type 


A= 0, 
we may adopt the approximation to the value of y, when z is 


large, which was obtained above. We therefore consider the 
roots of the equation 


cos (< sin? — 1) T : cos (< sin 4 — mrt 1) 


4 4 4 
“3 1 - mTm(rt2) — 
+ eos (2 sin | i ) = 0, 


g ter = = Às, 


If we put 
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we may write the equation 


i i ru oe d ined a 
sin (z sın 4 i) + p sin (z sın ri As i) 
æg . 0 T 
+ “*sin(2 sin; — À,— 3) = 0. 
A first approximation when 2 is large is evidently 


x sing =X, 
Then, putting 


. 1 
wv Sin 4 — À = €,; 
the equation is 


[I ay) e 7 Ag ° T 
sın é,+ -siníe—- ) + “sin (e = )) = 0 
"c (« 4 æ di - : 


NA 
and we obtain the result 


i 
(1+ L) sin e= (zs v3t* zi) cos e 


If 1/45 and e? be neglected, this becomes 


(1*5 ty ) n ae 
35. 6) n (aar aigen) iic. 
which yields the result 


fo al 
“= 9, AA EXE 

Thus, to the order 1/A, the roots of the equation y,— 
are given by 


=0 
2, 407 ” 
with 
ccs TT » * 
2:2. We may calculate the roots given by this approxima- 
tion in a particular case. Let 
1 («]2)* (z/2» 
= Y3 r34 ra E T wto 


.1.5.0 —————Ó 


a 
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it is known that this series is a multiple of the function 


D (2 sin 1) (2 sin i) + "e sin )Js (« sin jJ J”, 
where Jo, J3, I,, I; are Bessel functions. 
The roots of the equation 
y, = 0 
are then given by the approximation 


ay 


T 
2A, 


n = À+ 


to the order 1/A,’, where 


x sin 


T moy bt bs + bi —y=3/2, 
= att (s—3)7, 

the values of the parameters being in this case given by 
b,, be, b, = 1, 3/2, 2 M b, = y. 


Thus, in this case 
T —0, A,-—(stl)m. 


Further, 
>, =—10, N o = 20, 
so that 15 
== 1(X,46X,-4 25) = xum 
Therefore, neglecting terms of order 1/1, we have 
T 15 
z sn Tem (s+ l)r— Sms 1) ] 


The first nine roots of the equation 
Ja(y) Isly) + Ia(y) Ja(y) = 0 
are known. The values of y which satisfy this equation are 
evidently the values of xsin [> which satisfy the equation 


y,=0 in this particular case. Thus, the fact that the first 
nine roots are known offers a way of testing the approxima- 


tion for the values of xsing which satisfy the equation 


340 which has been given above. We exhibit the two <ets 
of values in the appended table. 
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. T 
wc Sit 4 ° 
s. Exact Value*. Approximation. Difference. 
| ME 1:8807 1:9050 0143 
ne T PE 2:0275 29307 0092 
D. EEE 3:9478 3:9525 0047 
dde anced 49591 4:9620 0029 
EEPE 5:9660 5:9683 0023 
E 6:9714 6°9729 0015 
(dcr m T'9751 1'9763 *0012 
CURE .. 89781 ' 8:9789 0008 
U E too 90804 9°9810 0006 


It appears, then, that the first two terms of the approxi- 
mation give all the roots (s=1, 2...) with an error of less 
than 2 per cent., and all the roots after the ninth with an 
error of less than ‘06 per cent. 


LXXXIII. Emission and Absorption of Halogens in the Visible 
and Ultra-violet Regions. By A. L. Narayan, M.A., 
A.Inst.P., and D. Gunnayya, B.A.T 


[Plate XI.] 


(^ gases and vapours are remarkable for 
/ the complexity of the banded spectra they give by 
absorption at low temperatures. Of these, the absorption 
exerted by the halogens is specially interesting, as their 
emission and absorption spectra are not complementary. 
The subject was studied by Hasselberg, Morrere, Liveing and 
Dewar, Friederichs, &c., more recent work on*the bje 
being by Evans on the absorption of Bromine and Iodine at 
different temperatures (Astrophysical Journal, xxxii. p. 1, 
1910), and by M. Kimura and M. Fukuda (Science Abstracts, 
Section A, p. 436, 1921) on the emission of Chlorine. 

The following experiments were therefore undertaken 
with the object of studying the emission and absorption 
e of these vapours in the visible and ultra-violet, and 
the effect of pressure on the absorption. 


* Cf. J. R. Airey, Proceedings of the Physical Society of London, 
vol. xxii. p. 227 (1911). 
T Communieated bv the Authors. 
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Betore the Mathematics and Physics Section of the Indian 
Science Congress, held in Madras recently, the authors read 
a paper containing some of these experiments. This paper 
contains a full account of those and other experiments we 
have since performed on these vapours. 

The methods employed in this work for studying the 
effect of pressure on absorption are similar to those adopted 
by H. Jones and Anderson in their extensive investigations 
on the absorption spectra of solutions, viz. (1) to keep the 
pressure of the vapour constant and to vary the depth of the 
absorption cell ; (2) to keep the depth constant and vary the 
pressure, i. e. concentration»: (3) to vary both, thickness and 
pressure, of the absorbing layer in such a way that their 
product remains the same. 

For absorption in the visible region, a Hilger glass 
speetrograph with a constant-deviation prism is used, eye 
observations being made with a Hilger direct-vision spectro- 
scope. For w ork in the ultra-violet region, a Hilger DEM 
spectrograph provided with a wave-length scale is used, 
which the whole region from ‘2 to *78m can be kde 
in one exposure on a plate 10 inches long. In all these 
cases the absorption cells are glass tubes of different lengths 
furnished with two side tubulures against the ends, and the 
ends are closed with plane plates of glass or quartz by means 
of sealing-wax. In the ease of bromine and iodine, tubes of 
20 to 25 em. in length were used, but in the case of ‘chlorine, 
us the selective absorption in the vellowish-green region 
could not be seen with the above length, we had to use tubes 
of about a metre in length. 

In photographing the spectra, Schumann plates made by 
Adam Hilger, London, and Wratten & Wainwright pan- 
chromatic ** A" were used. 

Source of Light—For work in the visible region we used 
in some efperiments a carbon arc, and in some others 
sunlight, as in this case the Fraunhofer lines serve as 
reference lines; and for work in the ultra-violet we used 
iron are with some inductance and resistance in series, as the 
spectrum of iron is very rich in ultra-violet radiations, and 
the lines in the ultra-violet are so closely set that they 
almost form a continuous spectrum. 

The emission spectra were examined both by Geissler 
tubes and by speci: al discharge-tubes of about 20 to 30 cm. 
in length, 1 to 1:5 em. in diameter, and furnished with two 
side tubes containing freshly prepared pure and well-dried 
silver halides, just sufficient to cover the platinum electrodes 
sealed through the tubes, the discharge-tube being connected 
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by means of a side tubulure to an exhaustion pump; and 
for discharge a 10-inch Apps induction-coil with an electro- 
lytic interruptor and a condenser in parallel was used. 

The emission spectra of bromine and clilorine are line 
spectra, the nature of which depends on the intensity of 
discharge and the temperature of the tube. As the intensity 
was increased, some lines were reinforced and others dis- 
appeared. As can be seen from fig. 4 (Pl. XI.), showing the 
emission spectrum of bromine in the visible region, it is not 
the strongest lines that are reinforced and that persist in the 
spectrum when the discharge is increased. The same was 
found to be the case with chlorine. 

When we were investigating absorption of light by these 
vapours at low temperatures, there appeared the work of 
Sir J. J. Dobbie and J. J. Fox in tbe Science Abstracts, 
who studied the absorption of light by these gases at 
temperatures from 20 to 1350? C. As they used a Nernst 
filament lamp as the source of light, it was not possible for 
them to go beyond 3100 A.U. ; and we thought it desirable 
to continue our experiments to study the absorption at 
different temperatures by using the iron arc as the source 
of light, as it would take us to 2000 A.U., which can be 
conveniently examined by the quartz spectrograph we used 
in the first series of experiments; and as will be seen from 
the photographs of the absorption spectra, this has led us to 
some interesting results. 

Absorption Spectra.—Al]l these vapours give a banded 
spectrum in the yellowish-green region between 5800 and 
5000 A.U.. the bands being sharp on the violet side and 
fading away towards the red end; and at the same time 
general absorption begins at the ultra-violet end and extends 
up to 4900 A.U. as the pressure of the gas is increased. 
With the increase of pressure the bands become darker, and 
a few more are added against the red end. In fact, these 
need not be considered to be new additions, but those tbat 
were previously very faint and are now reinforced on 
increasing the pressure. As can be clearly seen from the 
spectrograms, the general absorption band extends more and 
more with the increase of the pressure until at great pres- 
sures it extends up to the green, where the banded spectrum 
begins. If we compare figs. 5, 7, & 9 (Pl. XI), showing 
the ultra-violet principal absorption bands, it would seem 
that this band shifts, towards the less refrangible side with 
increase of atomic weight. 

In making a spectrogram, a number of exposures were 
taken on a single plate with the vapour at different pressures, 
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and another exposure with the source of light alone to serve 
as comparison spectrum. 

As for the dependence of absorption on temperature of 
the vapour, it will be seen that the absorption of bromine 
gradually increases from 30 to about 600°C., at which it 
absorbs almost the whole of the ultra-violet up to 2000 A.U.; 
and after this again the absorption falls, and it becomes more 
and more transparent to ultra-violet radiations. The middle 
of the absorption band is not therefore situated at about 
4170 A.U., as was thought by Dobbie and Fox. Further, 
the temperature of the maximum absorption according to 
our experiments is nearly 600°C. In the case of chlorine, 
the absorption increases slightly towards the red end with 
rise of temperature, but towards the short wave-length side 
there is no change at all, as it is clearly seen from the 
photographs, maximum temperature in our experiments 
being 800°C. nearly. In the case of iodine, absorption 
increases with temperature up to 300° nearly, and at 300° 
the ultra-violet up to 3250 A.U. is completely absorbed, and 
above this temperature the vapour again transmits the 
ultra-violet radiation. 


Explanation of Plate XI. 


Fig. 1. Absorption of Chlorine. 
. T 4 Bromine. b In the uae region. 
3. v » Iodine. J 
4. Emission speetrum of Bromine, 
9. Absorption of Chlorine at ordinary temperatures but? 
for different pressures, 


6. 3s » Chlorine at different temperatures. In the 
7. - Bromine at ordinary temperature but ultra- 

for different pressures. > violet 
8. $s a Bromine at different temperatures. region. 
9, ‘ a Iodine at ordinary temperatures but 


for different pressures. 
10. 5 Iodine at different temperatures. P 


It will be seen Foun these that with the greatest quantity 
of chlorine, absorption at ordinary temperatures did not 
extend above 2750 A.U., and in the case of bromine beyond 
3450 A.U., while in the ease of iodine it did not extend 
beyond 4100 A.U. The fact that the emission and absorption 
spectra of these vapours are not complementary might be 
due to different complexities of molecular structure of 
the vapours in the two cases. Further, Beer’s law does 
not seem to hold good in the case of these vapours. 


We are now investigating the : absorption of these vapours 
in the infra-red region, the oai of which will be published 
on completion of the work. 


Department of Physics, 
Maharajah’s College, Vizianagram. 
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LXXXIV. Absorption of Potassium Vapour. By 
A. L. Narayan, M.A., A.Inst.P., and D. Gunnayya, B.A.* 


[Plate XII.] 
Ime experiments of McLennan and Young on the 


absorption of: light by the non-luminous vapours of 
Zinc, Cadmium, &c., have shown that our knowledge of the 
structure of molecules may be increased by a study of the 
optical properties of the vapours of the various elements at 
low temperatures; for, as Prof. McLennan remarked in the 
Guthrie Lecture on the Origin of Spectra, March 22, 1918, for 
the elements for which the principal series y 2 (1:5 S) — (mP), 
it is found that the wave-lengths of this series are strongly 
absorbed by their non-luminous vapours. And it is beyond 
doubt that there is a profound and intrinsic link between 
absorption and dispersion and the structure of the molecule 
of an element. A careful study ot the optical and magneto- 
optical properties, especially absorption and dispersion of 
vapours of the elements, will be a most important step 
towards the exploration of the intimate structure of the 
molecule. 

A very complete study of the optical and magneto-optical 
properties of sodium vapour was made by Prof. Wood, in 
which the periodicities of the vibrating mechanisms were 
studied in a variety of ways by absorption and by powerful 
stimulation of the vapour with white and monochromatic 
light. Investigation of the absorption spectrum of sodium 
vapour (Phil. Mag. 1908 & 1909) by Prof. Wood raised 
the number of members of the principal series from the seven 
previously known to 48, the largest number absorbed for any 
element thus far; and the late Dr. P. V. Bevan applied 
Wood’s method to the other alkali metals, and observed 
extended Balmer series in Li, K, Rb, Ce (Proc. Phys. 
Soc. 1909; Proc. Roy. Soc. 1910 & 1911). It will be 
seen that the number of members of the principal series in 
potassium was raised to 26, considerably less than the 
number in the other alkali metals. In view of the similarity 
between the absorption spectra of the different alkali motals, 
it was thought very desirable first to extend to the non- 
luminous potassium vapour, studies along the same line. The 
following investigation was therefore undertaken to study 
the absorption of potassium vapour at different temperatures. 

The apparatus consists, as shown in the photographic 
reproduction (Pi. XII. fig. 6), of a thin seamless steel tubing 


* Communicated by the Authors. 
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about 30 inches long and about 1 inch in diameter. The tube 
was furnished with two water boxes against the end s, and 
two small lateral tubes were brazed into the steel wall, one 
at each end, for connexion with the Fluess pump and gas 
generator. The ends were closed with two quartz plates, 
cemented to the tube with best sealing-wax. The whole 
tube was mounted in a metal frame on a stand provided 
with levelling screws, so that the tube could be conveniently 
placed with its axis parallel to that of the collimator of the 
spectrograph. With the exception of a length of about 
4 in. in the middle, the portion of the tube between the 
water boxes was covered with heating-coils kept red-hot 
during the experiment ; and a continuous flow of cold water 
was maintained through the water boxes throughout the 
experiment. 

A pretty large quantity of the fresh metal was cut into 
strips and introduced into the middle of the tube. Then, by 
counecting the tube toa gas generator, dry hydrogen gas was 
passed through the tube for some time, and thus the potassium 
was kept in a hydrogen atmosphere. With the metal in the 
centre of the tube and the heating-coils at the ends raised to 
redness, rapid distillation of the metal to the colder parts and 
the consequent deposition on the quartz windows could be 
prevented, and exposures of any length could be made under 
quite steady conditions. 

In these experiments carbon arc was used as the source 
of light, since some of the lines in the are spectrum serve as 
reference lines. The tube being mounted in position, light 
from the arc was concentrated by a quartz lens at the centre 
of the steel tube, and after emergence it was focussed by 
another quartz lens on the slit of the spectrograph. First, 
the current in the heating-coils was started, and 10 minutes 
after that the tube was heated at the centre by the flame of a 
Teclue burner, which gave a high temperature. When the 
tube was heated first, theabsorption lines at the red end made 
their appearance, and as tle temperature was raised the 
accompanying channelled spectrum developed. With the 
increase of temperature and the consequent increase of the 
density of the vapour the higher members of the Balmer 
serics also developed. When the temperature and density 
of the vapour were sufficiently high to bring out the higher 
members of the series, it was found that the first two or three 
pairs of this series were immersed, so to speak, in a band 
spectrum, which was nothing but the accom anying channel 
spectrum subsequently developed into a dark band: and it 
was found by the authors that enormous increase in the 
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vapour-density was necessary to elicit the higher members of 
the series, the temperature of the tube being between 750? 
and 800°C. With the tube at this high temperature and 
with exposures of 14 to 2 hours, the Balmer series could be 
extended to 30, and still higher temperatures were found to 
be of no avail; but when the temperature was raised still 
further to about 950? C., the highest we could command in the 
experiment, some slight traces of absorption in the first 
members of the diffuse series were suspected ; and it is not 
possible to say anything definitely about the absorption ot 
this series as, we are now continuing our experiments in that 
direction. 
Balmer Series. 

In the following table are given the wave-lengths of the 
principal series lines we observed from m=11 to m=29, 
together with the values of Dr. Bevan. In another column 
we have given the values calculated from the formule : 

O.F. 235005:56 — «€ —XÁ : 
'001356 1 ? 
f m+:293076— 777 


1 
109675 
O.F.=35005°56 — F oaas 061628 (7 : 


i m+°296228 — pues 


Independent measurements of tlie lines beyond the 20th 
were made by three different observers separately by means 
of a comparator made by C.S.I. Co., and on subsequent 
comparisons the maximum difference between our observations 


amounted to °1 A.U. 


No. m. Authors. Bevan. Calculated. 
II ases 2928:10 2022-00 2927:86 
12 iiis 2916045 2916-6 2916:38 
I8 AE, 2901-6 29076 290745 
14. EET 290000 2900-4 2900:38 
15 ........ ... . 2894.5 2894:6 2804-67 
I0:5 . 2880-485 28807 2890:00 
iio ER RET 28862 9885 9 28861 
IB. uis 28x300 2882-9 2882:8 
105.55 ... 98804 2880 3 2880-12 
20. arcus 2878 00 2811:9 28718 
Al Line eases 28757 2875 8 28758 
P EPEN 2874:15 98741 2873-99 
A, cnt 2872°3 2872°5 2812:46 
J^ ME 2871:2 2871-1 2871-12 
OD -oecutovdt eda 28700 28700 2869-0 
Li EE 2859:1 sux 2805-809 
UT EENT 2868:15 MN 25680 
DB Sissi 28074 vi 2867°2 
2U isset oiue 28667 2866°45 


Phil. Mag. S. 6. Vol. 45. No. 269. May 1923. 3H 
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In the red channelled spectrum the wave-lengths of about 
15 bands were measured by a Hilger wave- length spectro- 
meter, and all the bands are clearly seen on the p thotographic 
reproduction and its enlargement. This spectrum was 
studied by Roscoe and Schuste jr (Proc. Roy. Soc. xxii. p. 362), 
and bv Wood and Carter (I? hvs. Review, xxvii. p. 113, 1908). 
The wave-lengths of the bands as Measured hv us are given 
in the following table. (For photographing the spectra we 
> used Selumaun plates and Wratten & Wainwright Alleclhirome 
plates, specially sensitive to actinic radiations.) 


The red channelled spectrum. 


No. Wave-length. No. Wave-length. 
| em ree ie 6x11-0 U idea ty E 6478 5 
2 gets cs a 6760-0 | TUS EEA E ero 64450 
Sk dslospess ados: 67110 I. eee ener ener ios e. 64120 
EEEE A retis 680610 prr 63558 8 
D. ossa ede tas eu 66220 I actis 63661 
DEC 64:0 | D eee eer eter 63322 (not 
M gee tea ee 64141 clearly seen in 
K irere gaiei . 6 060 the photograph). 


Explanation of Plate XII, 


Fig. l. Principal series lines for gradually increasing densities. 
2. ji » 9, With greatest vapour- -densitv; Temp. 
of tube = 100* ( 
3. Enlarged photogr ph of a portion of No. 9 
4. Absorption in the visible region, show ing the gradual 
development of the red channelled spectrum and its 
subsequent change to a dark band, 


5. Enlarged photograph of the same channelled spectrum, 
showing the 14 bunds observed, 
ti. Apparatus, ete. 


In conclusion, we wish to express our best thanks to 
Mr. G. Subrahmanyam, B.A., of the Physies Department, 


for the very valuable AR OA he has. given during the 
progress of the work. 


Department of Physics, 
Maharajah’s College, Vizianagram. 
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LXXXV. On the Aeration of Quiescent Columns of Distilled 
Water and of Solutions of Sodium Chloride. By Professor 
W. E. ApExkY, 4.4. C.Sc.L., D.Sc., F.I.C., Dr. A. G.G. 
LEosNanp, F.R.C.Sc.I., B.Sc., F.1.C., and A. RICHARDSON, 
A.R.C.Sc.I., A.I.C.* 


Introductory. 


N the course of his investigations on the downward trans- 

mission of atmospheric gases through quiescent columns 

of water five feet in depth, one of the authors showed that, 

as the oxygen and nitrogen are dissolved at the exposed 

surface of the water, they do not remain concentrated in the 

surface layer, but are distributed through the lower layers 
with comparative rapidity. 

From the fact that the distribution of the dissolved gases, 
at various depths, after a comparatively short time was 
almost uniform, it appeared impossible to account for it 
on the assumption that it was entirely due to such an 
extremely slow process as that of the diffusion of the 
dissolved gases from the saturated surface laver. 

In addition to diffusion, it was suggested that a process 
of downward “streaming” of the exposed layer of water 
occurs; and that it results largely, though possibly not 
wholly, from an increase in its density, which, in the case of 
distilled water, is caused by the lowering of -temperature 
attending evaporation, and, in the case of salt solutions, by 
this factor and that of concentration. 

The downward streaming sets up a process of mixing of 
the constantly changing air-saturated surface layer with the 
lower layers of the water. When a slow stream of dry air is 
continuously passed over the exposed layer of a column of 
water, surface density changes are constantly occurring, and 
comparatively rapid mixing ensues, with the result that, if 
the water be de-aerated at the commencement of the experi- 
ment, it becomes re-aerated with comparative rapidity t. 

The experiments described in this investigation have been 
carried out with the object of investigating the process of 
the aeration of de-aerated columns of water to a depth 
of ten feet. Columns of de-aerated distilled water and of 
solutions of sodium chloride were exposed to a slow stream 

* Communicated by the Authors. Reprinted from the Proceedings 
of the Roval Dublin Society, vol. xvii. (n.s.). 

t “Unrecognized Factors in the Transmission of Gases through 
Water" By W. E. Adeney, Trans. R. D. S. p. 161, 1905; and Phil. 
Mag. March 1905. 

3H 2 
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of dry air for periods of from two to eight weeks, when 
samples at different depths were drawn off, and the nitrogen 
content of each determined. 

In general, it was found that re-aeration proceeded more 
rapidly in salt solutions than in pure water *, and a further 
series of experiments was carried out with solutions of sodium 
chloride, having a wide range of concentration, to ascertain 
the effect of concentration of the sodium chloride on the 
rate of aeration. 


Experimental. 


The de-aeration of the water employed in these experiments 
was effected by distillation in vacuo. In order to obtain 
water quite free from atmospheric gases, the distillation was 
at first carried on in a very slow current of hydrogen or of 
carbon dioxide ; but, although the resulting water was air- 
free. it was always found to contain undesirable traces of 
hydrogen or of carbon dioxide, according to which gas was 
employed during the distillation. It was consequently 
decided to rely upon distillation under the reduced pressure 
obtained with the aid of a good water vacuum pump, 
employing a slow current of air, filtered through glass wool, 
to overcome difficulties from ‘ bumping.” The nitrogen 
content of the de-aerated water obtained did not exceed 1 c.c. 
per litre, which, in the case of pure water, amounts to about 
7 por cent. of saturation at 15°C. 

It was found unnecessary to determine the nitrogen 
content of each sample of water at the commencement of 
each aeration experiment, as it was found to be practically 
constant immediately after the de-aeration. 

The glass tubes used in the experiments were about 3 cms. 
in diameter, and varied from 9 to 12 feet in length. 
T-pieces were fused on, at regular intervals, along the length 
of the tube, for drawing off samples of the water columns at 
diflerent levels, and the lower ends of the tubes were sealed. 
The upper end of the tube was closed by a rubber stopper, 
fitted with an inlet and outlet tube, by means of which 
connexions were made to the pump aud distilling apparatus; 
so that the water could be distilled directlv into the experi- 
mental tube when desired. - 

In the case of salt solutions, the required quantity of 
sodium chloride was placed in a five-litre flask, connected 
with the vacuum distilling apparatus by means ‘of a thick- 
wall rubber tube, and the required volume of pure water was 
allowed to distil into the flask and dissolve the salt, the 


* See above references. 
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exact concentration of the solution being subsequently deter- 
mined by analysis. A screw clip was then used to close the 
connexion with the pump, the flask detached with its rubber 
connecting tube, and attached, with the aid of the same 
connecting tube, to the experimental tube. When the free 
end of this connecting tube was completely filled with freshly 
distilled water, it aula be attached air-free to the previously 
exhausted experimental tube. After attaching the flask to 
the tube, the latter could be filled by inverting the flask and 
unscrewing the clip, when the solution flowed into the tube. 

Experimental tubes were also emploved, which were 
furnished with quill capillary tubes, instead of side tubes, 
for drawing off samples. These tubes passed upwards 
through a rubber stopper at the bottom of the experimental 
tube to different levels inside, the external ends being attached 
each to a piece of thick-walled rubber tubing closed by a 
screw clip. | 

Each experimental tube was attached to a stout lath of 
wood for facility of removal from one laboratory to another. 
The room in which the aeration was carried out was one 
which received no direct sunshine nor heat from artificial 
sources, so that the temperature prevailing in it was not 
subject to sudden fluctuations. In the earlier experiments, 
a zinc cylinder, 14 inches in diameter and filled with water, 
was used as a jacket for the tubes. But it was subsequently 
found that a good wrapping of asbestos cloth was a sufficient 
ie against sudden variation in temperature. Manipulative 

ifficulties were thereby considerably reduced, and it was 
possible to work with a greater number of tubes simul- 
taneously. 

A recording thermometer was kept in the room, and the 
greatest variation in temperature in the room, during the 
exposure of any one tube, did not exceed 4? 5 C. This 
variation, however, was exceedingly slow—too slow to give 
rise to convection currents. 

The air passing over the surface of the water in the tubes 
was first dried by calcium chloride ; and the inlet tube was 
so arranged that the air did not play directly on to the 
surface. The inlet and outlet tubes were fixed at a distance 
of 1:5 to 2 inches above the water. The moist air issuing 
from the tube was passed through weighed CaCl, tubes, so 
that the amount of water evaporated could be determined 
for each tube. In most of the experiments three tubes were 
connected in series, drying-tubes being placed so that the moist 
air from one was dried before entering the succeeding tube. 

A filter pump, worked by a constant head of water, seven 
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feet in height, was at first employed to a-pirate the current 
of air through the tubes, but subsequently, owing to shortage 
of the town water supply, used by the drought last summer, 
a different arrangement had to be substituted. An electri- 
cally driven «mall air pump was utilized to force air into a 
large glass vessel, which acted as an equalizer, and thence 
through the drying vessels and experimental tubes. This 
arrangement worked very satisfactorily. 

The experimental tubes, having been filled with de-aerated 
water, were fixed in a vertical position ; ; the stoppers, which 
had been used during filling, were removed, and were 
replaced by others carrying inlet and outlet tubes for the 
air current. The air current was continued for two or three 
weeks in the case of salt solutions, and three to eight weeks 
for pure water. The apparatus employed for the deter- 
mination of the dissolved gases was of the form devised bv 
one of the authors *. 


Method of withdrawing Samples from 
the [rperimental Tubes. 

Samples of water were withdrawn from an experimental 
tube, without at any time allowing them to come into contact 
with the air, with the aid of a modification of the gas burette 
used for the analysis of the dissolved gases. 

By lowering the mercury reservoir, attached to the 
hurette, a known volume of water was drawn from the tube 
into the latter, and thence transferred to a Plimpton gas 
holder to await examination. The depth from which the 
sample was drawn and the temperature of the water were at 
the same time noted. 50c.c. of water were usually taken 
for the extraction and analysis of the dissolved gases in tlie 
case of the surface layer; and 100 c.c. for samples drawn 
from lower levels. 


Determination of Saturation Values for Nitrogen 
of Sodium Chloride Solutions. 


In order to calculate in percentages of saturation the 
observed rates of solution of atmospheric nitrogen by solutions 
of sodium chloride of the various concentrations emploved 
in this investigation, it was necessary to determine the 
saturation values for atmospheric nitrogen of each solution. 
This was done by filling large tubes, about 5 cms. in diameter 
and 30 cms. in length, about two-thirds full of the salt 
solution. A current of air, previously passed through a glass 


* Sci. Trans. R. D.S. vol. v. series 11, p. 548; also Supplemental 


E Fifth Report of the Royal Commission on Sewage Disposal, 
p. 99. 
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wool filter and through distilled water to saturate it with 
aqueous vapour, was drawn through the solution under 
examination. The inlet tube reached to the bottom of the 
solution ; and the apparatus was immersed in a thermostat. 
The current of air was continued for a sufficient time to 
ensure equilibrium being reached throughout the tube at the 
observed temperature. The dissolved nitrogen and the 

sodium chloride in the solution were then estimated. 
The experimental results are shown by the accompanying 
curve (fig. 1). 
Fig. 1. 


Baluration value of Nitrogen in c.ca. per litre. 


Saturation values of Nitrogen in solutions of varying 
NaCl concentration at 159 C. 


Method of expressing Experimental Results 
Jor the Purpose of Comparison. 


The columns of water employed in these experiments were 
so deep—about ten feet—and the exposure of them to the 
air had to be continued over such extended periods of time— 
two to eight weeks—that it was decided not to attempt to 
contro] the temperature obtaining during the conduct of the 
experiments beyond preserving the room in which they were 
carried out, and which was exceptionally well cireumstanced 
for such purpose, at as closely uniform temperature as 
possible during a set of experiments. 

To have provided the means for controlling, at will, the 
temperature at which these experiments could be started and 
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continued would have added very considerably to the 
practical difficulties of an already sufficiently laborious 
: problem ; and it was not thought necessary to attempt to do 
80, since the authors had good reasons, which will be 
explained later on, for assuming that when the gas con- 
centrations of a de-aerated column of distilled water, or of a 
solution of a salt, at any time during re-aeration were 
expressed in percentages of saturation, they would be found 
to increase practically in the same proportions at different 
temperatures, provided that the variation in temperature did 
not exceed 3° or 4° C. 

This view was based upon the following considerations :— 

(1) Dittmar has determined the saturation values of 
distilled and of sea-water for atmospheric nitrogen and 
oxygen between 4^ C. and 35? C. ; and when his results are 
plotted against temperatures, the curves obtained approximate 
to parallel sinus bt lines between the limits 8? C. and 35? C.*. 

(2) Adeney and Becker, in their work on the rate of 
solution of these atmospheric gases by distilled and by sea 
water, found that, when the experimental observations from 
zero to saturation were expressed as percentages of saturation 
and plotted against time, the curves obtained were coincident 
when uniform conditions of exposure of water to the gas, of 
the mixing of the exposed with the unexposed portions of the 
water, and of temperature (within 1? C.) obtained f. 

It may be assumed from this that the curves showing the 
rate of solution of atmospheric nitrogen and oxygen bv 
dilutions of sea-water with varying proportions of distilled 
water would also be coincident with the curves showing the 
same for distilled and sea-water, separately, under like con- 
ditions of exposure to air, of mixing, and of temperature 
varying within 19 C. 

(3) Adeney and Becker further found that the curves 
showing the rate of solution in water of nitrogen and of 
oxvgen, when stated in percentages of saturation, lie verv 
closely together for differences of 5? C. within the range of 
temperature from 0? C. to 30? C. 

Consequently it is possible to convert approximately, by 
simple calculation, observations made at slightly different 
temperatures, to those that would obtain ata selected common 
temperature, varying even to as much as 2 or 3 degrees from 
them, and still obtain sufficiently accurate results for purposes 
of comparison. 

* Supplementary vol. vi. to the Fifth Report, Royal Commission on 
Sewage Disposal, p. 59. 

t “The Determination of the Rate of Solution of Atmospheric Nitrogen 


and Oxygen by Water" By W. F. Adeney und H. G. Becker, Part 1, 
Sci. Proc. R. D. S. 1918, and Phil. Mag. A pril 1920, p. 385. 


6), Saturation of Nitrogen. 


Aeration of Quiescent Columns of Distilled Water. 841 


Experimental Results. 

The conditions obtaining in some experiments with columns 
of salt solutions and of distilled water are given in the table 
on peee 842. 

Jurves showing the nitrogen content of columns of distilled 
water, and of salt solutions, at different depths, expressed as 
percentages of saturation, are given in fig. 2. 

On comparing the curves D, for distilled water (exposed 
to the air for twenty-seven days) and §,, for a 3°3 per cent. 


Fig. 2. 


Depth in centimetres. 


Nitrogen content expressed in percentages of saturation at 
different depths below the surface. 


salt solution (fourteen days), the effect of the salt on the 
progress of aeration is well illustrated. The curve for the 
distilled water column shows a fall in nitrogen content from 
40 per cent. at the surface to 13 per cent. at a depth of 
311 cms., whereas the corresponding values for the 3:3 per 
cent. salt solution ranged from 42:7 to 38:3 per cent. re- 
spectively in about half the time. 

Even with a solution containing only 0°0116 per cent. 
sodium chloride (curve Sj), the effect of the salt in solution 
is well marked. 

The curves S,', S,', S,', Tj, and T, are plotted from results 
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obtained from observations with columns of sea and tap 
water, 3 feet deep and 4 cms. diameter. ‘The columns were 
exposed to the air at temperatures 14°, 12°, 13°5°, 13°, and 
13:9? C. for 7, 6-75, 11, 4, and 7 days respectively. 

Samples of the salt solutions from the top and bottom 
layers of the columns, after aeration, were carefully examined 
by means of a Pulfrich refractometer to ascertain whether 
any difference in concentration of the sodium chloride 
existed between the two layers, but no difference could be 
detected. 

In order to compare more clearly the experimental results 
obtained for the salt solution, an approximate correction for 
slight variations in the length of time of their exposure to 
the air has been made. Eighteen days was taken as the 
standard time, since four out of the nine tubes were exposed 
for that time.  . 

Adeney and Becker's formula for calculating the rate of 
re-aeration was employed, viz. :— 


w EN Y '), 


where w = amount of gas dissolved, expressed in percentage 
of saturation. 


t£; — initial concentration in percentage of saturation. 


f = coefficient of escape of the gas from the liquid 
per unit area and volume. 


v zx volume of liquid. 
a = area of surface. 


= time of expokure. 


By means of the above equation, if w be known for any 
time t, its value can be found for any other time t. The 
mean value of the concentration of the gases in solution in 
the liquid was taken to be w. The actual values at various 
depths were afterwards calculated. Curves were plotted for 
the columns of solutions, using observations made atter 
eighteen days. They are given in fig. 3. 

The values for the concentrations of nitrogen at a depth of 
200 cms. were taken, and these values were plotted against 
the concentration of salt. The maximum concentration of 
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$J, Saturation ef Nitrogen. 


Depth in centimetres. 


Concentration of Nitrogen at various depths after 18 days' 
exposure for different salt solutions. 


Fig. 4. 


9j, Saturation of Nitrogea. 


°l NaCl. 


Relation between NaCl concentration and downward “ streaming " of 
dissolved Nitrogen to depths of 200 cms. through solutions of that salt. 
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nitrogen was found to obtain in a solution with a concentra- 
tion of about 1 per cent. of sodium chloride. The curves 
obtained are given in fig. 4. 


Conclusions. 


The following conclusions may be drawn from the experi- 
mental results obtained in this investigation :— 


1. The aeration of quiescent bodies of water, fresh and salt, 
under natural conditions is effected by a process of mixing of 
the exposed layer with the unexposed portions of the water 
to depths of at least 10 feet. 

2. The process of mixing is caused by the downward 
*streaming " by the constantly changing layer of water 
exposed to the air. This downward * streaming " sets up 2 
process of mixing certainly to depths of 10 feet, and in all 
probability to much greater depths. 

3. The process of mixing set up by the downward 
* streaming" proceeds more rapidly, and more uniformly 
downwards, to depths of at least 10 feet, in salt water than 
in fresh water. 

4. The rate at which the “streaming” proceeds depends 
largely, though not wholly, upon the rate at which the con- 
centration and cooling of the surface layer of the water is 
brought about by evaporation from it. 

5. The process of “streaming,” and consequently of mixing, 
also proceeds more rapidly at temperatures at and above 
10°C. than below it. It is distinctly less rapid and less 
uniform downwards to 10 feet deep, and probably to greater 
depths, at temperatures below 8°C., especially in fresh 
waters. 

6. The rate at which the process of mixing from *streaming?" 
proceeds also depends upon the concentration of salt in 
solution. The optimum concentration appears to be about 
1 per cent. sodium chloride. 


Tliis last conclusion is based upon one series of experiments. 
only, and should be confirmed by further experiments which. 
the authors hope shortly to carry out. 


Chemical Division, 
Royal College of Science, Dublin. 
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LXXXVI. Tables of the Bessel Function L,(.c). By Huan 
E. H. WiiNcg. MM.Z.Mech. EF., and Dororuy Wrinca, 
D.Se., Fellow of Girton College. Cambridge, and Member 
of the Research Staff, University College, London * 


HILE Tables of the Bessel Functions of both kinds, 
Jale) and Y,(z), are now fairly complete, much 
work remains to be done in regard to the corresponding 
tables for the so-called * Functions of Imaginary Argument,” 
Lc) and K,(.c), which are of consid ile importance in 
physics. 

In the present paper we give a table of the values of 
IC, where 520,1, .... 6, at intervals of a unit, and 
e=, 6, 7,.... l5, at intervals of a unit. 

The function may be defined by 


I, (0) 2 «7d g(r), (t=./— 


n i oo 
wt {1+ EF n 
2"]'(m* 1) 32417 2S! 4 1342 E d; 
and for large values of vr, it possesses the asymptotic 
expansion, 


1*—-4 l'—4 3—4 
Ta n° X Ped, 


Irs fit T SE 2! (5u r)? 


Previous tables of this P have been almost entirely 
limited to the functions Ij(z), L(x) of orders unity and 
zero. The British Association Reno for 1396 gives T(r) 
to nine places from 20 to 5:100 at intervals of 0-001, 
following on a table of I,(.7) of the same character in 1893. 
Aldis (1899) t vives I(x) and I(r) to twenty-one places at 
intervals of 0:1 from x=0 to r=6b, and a few extra values, 

Anding (Leipzig, 191 : published tables of the logarithms 
of these functions, I(r), Lie), from «=0 to 10, at intervals 
of (01. The British Association Committee in 1389 pub- 
lished some tables of the more general function In(r) to 
twelve figures for n 20,1, 2, .... 11, .c—0 to 6, with in- 
tervals 02 in æ. These were calculated from I(x) and I,(.r) 
by the use of the reeurrence formula, 


2n 
In i(7) - Inga (ev) = — = la(s). 


For a complete bibliography of "i subject, reference may 
be made to Watson's * Theory of Bessel Functions, p. 655. 


* Communicated by the Authors. 
T Proc. Roy. Soc. Ixiv. p. 218 (1899). 
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O q R 
o o 


*s«509500909090258297*0€99 


*e^06094009062508 eee 


ec€299069625202929 OF 


v9*»9006€906069260099*9*.8* 


es220090069958604€902-4€99* 


e-c926099069069292892* 09 


I,(z). 
27°2400 
67:2337 
168:591 
421:562 
1093:59 
2815:69 
7288:49 
18949-0 
494445 
129419 
339646 


I (z). 
24:3353 
61:3426 
156:039 
399:875 
1030°92 
2671-02 
6948:85 
181414 
47502-6 
124707 
328126 


Tarir I.—I,(2). 


L,(2). 
17:5062 
46:7862 
124:009 
327:599 
864:500 
2281:52 
6025:05 
15925:5 
42136:0 
111603 
295901 


T,(z). 
10:3307 
30:1509 
R5:1770 

236-078 

646°694 

758°39 
4757:93 
128328 
345383 
92821:8 
249217 


I(x). 
510987 
16:6373 
51:0027 
150:536 
433-360 
1226:47 
3429:81 
9508:82 
261955 
718233 
196212 


I,(z). 
2:15643 
1:96810 

26°8854 

85:5419 

261479 
T1171 
2263:59 
6493:73 
18417:5 
517781 
144568 


I(x). 
"797805 
3°35623 
12°5952 
4361815 
142-830 
449:274 
1372:05 
4097:54 
12028°4 
848371 
99826-9 
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À demerit of the recurrence formula is the accumulation 
of the errors, which ultimately, as in all such cases, renders 
it unsatisfactory in that the possible error cannot be 
specified. 

The tables we now give were calculated directly from 
the asymptotic expansion, and the recurrence formula was 
only used as a check at suitable intervals. When used in 
this way, it leaves nothing to be desired. 

The resulting tables are in all cases correct to five sig- 
nificant figures. Six figures are given, and are usually 
correct, though the sixth figure must be regarded as 
approximate. 


TaBLE II.—Log D'(z +1). 


e g Log T(z +1). | z. Log íz 4- 1). 
| ines "0000000 lo: amien 12:1164997 
) ER 3010300 16. 5256s 13:3206197 
do Lud as Do 7781513 i IM 14:5510686 
"A oM ee L:3802113 | 18 eee 15-8063411 
2:0791813 | 19. 2.5 ea 17:0850947 
B. xe 2:8573326 DO) ukae 18:3861947 
v aate e 37024306 DL Abos 197083440 
RON 4:6055206 | yo RN 21-0507667 
NEN. 5:5597031 | 2^ AUR 22-4124945 
I a ee 6:5597631 Od oisi 2371921057 
T]-« ncs 1:6011558 ! 1 Pm 25°1906457 
12 sovescevavt 8°6803370 2L MM 26-6056190 
I3. ous 97942RO4 | Oh DR 28-0369828 
Id. cueste: 109404084 DE ee 29-4841408 
TABLE III. 
-7z 
a. 2T. e. pu E : = 
N 2nr 2Tr 
1... 250663 9.71898 367879 L08444 -146763 
LM 354401 738905 — 135335 208441 038177 
A 4:34161 20-0855 049787 462629 011467 
4... 5:01326 54-5981 ‘018316 10:8908 003643 
5 ee 560499 148-413 ‘006738 26-4187 001202 
6. 6:13906 403:429 002479 65°7055 000404 
y 2M (063191 1096-63 000912 165:357 000137 
8 ...... T-OROR] 2980:96 000335 420-456 000047 
9.... T1989 8103:08 000123 1077:55 000016 
10 .. 792665 22026-5 000045 7878 -000006 
Blue 831355 5U874-1 000017 1202-00 000002 
19... 8:08321 162755 000006 18743:6 *000001 
i oS 9 03778 4412414 *000002 48951:6 "000000 
14 ...... 9:37 804 120260 000001 128224 
15. 970813 320902 000000 336730 
16 ...... 10:0265 R886] 1 "M 886261 
1T 10:3351 241040. — —— ..... 233718 
18... 10:6347 650000 uaa 617411 
19 10:926] 178482 — a, 163354 
20 ...... 11-2100 485165  ..... 432197 
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Certain subsidiary tables are also given, whose calculation 
was a necessary preliminary. They are of types which are 
frequently needed. Table IT., for example, gives the values 
of log Il'én-- 1) or log (n!) from n—1 to 28, to seven sig- 
nificant figures. They are calculated from the seven figure 
logarithms of Chambers, and therefore should certainly be 
correct to five significant figures. 

Table III. is of the same type as a table given in Jahnke 
and Emde's ‘ Funktionentafeln’ (Leipzig and Berlin, 1909). 
It gives the values of e, e-77, e/ /2m«, e"[V/2m from 
e=1,2,3,.... 20. 


LXXXVII. The Calculation of the Electric Moment of the 
Molecule of a Substance. By CHARLES P. Smyth, Ph.D., 
Department of Chemistry, Princeton University *. 


HE system of electrons and positive nuclei constituting 
a molecule may be regarded as an electric doublet. 
This doublet may be very small, or it may be so large that its 
charges tend toward separation by ionization. According to 
the magnitude of this doublet as exhibited in the properties 
of a substance, the substance is qualitatively classified as 
polar or non-polar T. Inasmuch as the doublet in a molecule 
may be neither very small nor very large, the classification is 
not a sharp one. The actual measure of the magnitude of a 
doublet is its electric moment, a quantity which has been 
determined for the molecules of very few substances. The 
electric moment of a molecule may be defined as the product 
of the distance between the “centres of gravity” of the 
positive and negative constituents of the molecule by the total 
charge of either sign. A knowledge of its value is of obvious 
interest in testing theories of molecular structure and also in 
leading to a precise explanation of those properties of a 
substance which lead to its classification as polar or non-polar. 
The present paper, which has been developed in connexion 
with an experimental investigation of the subject, describes 
a method by which the moments of the permanent electric 
doublets in the molecules of many substances may be calcu- 
lated from data already available. 
* Communicated by Prof. K. T. Compton. 
t G. N. Lewis, Jour. Amer. Chem. Soc. xxxviii. p. 762 (1916) ; xxxv. 
p. 1448 (1913). W.C. Bray and G. E. K., Branch, Jour. Amer. Chem, 
Soc, xxxv. p. 1440 (1913). 


Phil. Mag. Ser. 6. Vol.45. No. 269. May 1923. — 231 


850 Dr. C. P. Smyth on the Calculation of the 


EQUATIONS OF DEBYE AND THOMSON. 


[t has been found that the existence of a permanent electric 
doublet in the molecule of a substance contributes to the 
value of the dielectric constant of the substance, when the 
molecule is free to move, owing to the tendency of the 
molecule to orient itself in the electric field, thus adding to 
the electric polarization of the medium. When the molecule 
is rigidly constrained and unable thus to orient itself, as in 
solids, this contribution disappears. The relation was first 
formulated by Debye * for gases at constant volume : 


e=et ns . " R à " . . (1) 


in which e is the dielectric constant, T the absolute tempera- 
a Ka 
ture, and ey and a are constants, the term fi containing the 


contribution of the moments of the permanent doublets. For 
liquids, the expression developed was 

e—1l a 

a OR exe m a d cda c) 
b and a are assumed to be constant for a given liquid, a being 
connected with the electric moment & by the expression 

3 ka 
A/ AT N' 
constant and N the number of molecules per cm.’ In the 
development of this equation, the change in volume accom- 
panying change in temperature of the liquid is treated as 
negligible, and it is assumed that the molecule lias a permanent 
electric moment upon which an induced moment may be 
superimposed by the application of an external electric field. 
The equation takes account of the orienting influence of the 
molecules upon one another because of their electric fields 
only by including the average field due to doublets at a con- 
siderable distance from the region under consideration. 
Thomson f. has derived an equation for gases similar to 
that given by Debye. It is assumed that the density of the 
gas is constant and equal to the density when the temperature 
is 0? C. and the pressure 760 mm. The equation then is 
3 36 
e=a+ TH = p oae we a dw a) 


in which £ is the Boltzmann - Planck 


where e, p, and T have their usual significance, and a is a 


* P. Debye, Phys. Zeit. xii. p. 97 (1912). 
t J.J. Thomson, Phil. Mag. (Oth series), xxvii. p. 757 (1914). 
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constant assumed to be independent of temperature. The 
numerical factor comes as the result of replacing all universal 
constants by their numerical values. If e, and e, are the 
values of the dielectric constant at the temperatures T, and 
Ts, substitution in the above equation and subtraction gives 
the equation 


ej —e= 88u’ x 10% (s. - i) 2. . (8) 
from which p may be calculated directly. 


EQUATION OF GANS. 


A more general equation has been developed by Gans * 
and discussed and tested by Gans and Isnardif. This 
equation is developed on the assumption that the molecule 
has a permanent electric moment upon which an induced 
moment may be superimposed, and it takes account of the 
mutual influence of the molecules on the assumption that the 
forces acting between them areisotropic. The equation may 
be written : 3 


e—11 4m N, 16/7 u3N 
cex2D7 3M 9t seRMT 2) - - (9 


in which D is the density ; N, is the number of molecules in 
one gram-molecule; M is the molecular weight; g is the 
constant of ‘ quasi-elastic linking,” that is, the moment 
induced in the molecule by unit exciting force; R is the 
Bienen. gas constant ; and 


IT _ 3R , /#MN, Tvi- yD 
~ RES: = AN ip 7 / D 


T4^1—wyD 
B/D” i 
2 
where yet, X- Be Be ee we a EG) 


1 3R SMN, 7 
BU ANG? V m? 7 7 7 77 7) 


s= the smallest distance between the centres of two molecules, 


* R. Gans, Ann. d. Phys. (4) ixiv. p. 481 (1921). 
t H. Isnardi and R. Gans, Phys. Zeit. xxii. 50 (1991). H. Isnardi, 
mi f. Phys. ix. p. 162 (1922) ; see also P. los Zeits. f. Phys. vi. 
. 357 (1921). 
312 
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that is, the molecular diameter ; k= - , the Boltzmann- 


0 
Planck constant, and E = the most probable molecular field. 
If we substitute 


16 Jap NS _ 


-RM =A: + 4 i a dr X) 
and " 
‘Aor: : 
ay JHU ore d (9) 


the equation becomes 
e-11 4, Ag/(T V1—yD 
42D 7 ty (-- 3. /D ) 


B/D / . 


Yr). Ju cuo HB 


C may be calculated from the dispersion curve for the visible 
region of the spectrum by means of the following equation : 


(10) 


also 


m*—]1l 1 C 

NONE op E E Y 9 

m+2)D [MP ew ce cw (12) 
: A? 


in which m is the index of refraction for light of wave-length 
A. and Ag is the wave-length corresponding to a characteristic 
vibration frequency in the ultra-violet region. 

c (r) is a function originally introduced by Gans * in his 
theory of paramagnetism as P(7)=7(7). For small values 
of 7, Y(T) may be represented by the series 

VT I 


mop. co -— l 6 E s 
y=! » + "Ou 1o (77) + 910 (nt) —...,. (13) 
while for large values of 7, 
EET. 1 1 1 
y= iT (1- s estu sb) i ° . . (14) 


For very large values of 7, that is, for high temperatures and 
low densities, as in the case of uncompressed gases, ryr(7) 


assumes the constant value P so that, for this special 
C ise, 

e—11 A Vm 

M c "E 

ex29D7 tN g’ a 


* R. Gans, Ann. d. Phys. (4) l. p. 163 (1916). 
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which is similar in form to equation (2), except for the 
presence of the factor 5 on the left, which Debye, as an 
approximation, treated as constant for liquids. 

[n the original equation (10) the constants A and B, 
since y can be expressed in terms of A, D, and C, are the 
only quantities which cannot be experimentally determined 
or calculated directly. By obtaining C from optical data, 
determining e and D at several different temperatures, and 
successively substituting these values in the equation, À and 
B may be calculated by the method of successive approxima- 
tions. pis then obtained by means of equation (8). 

Isnardi * has tested the validity of the equation for ether 
and chloroform over a wide range of temperature, and has 
further tested it on a number of other substances by calcu- 
lating the dielectric constant in the vapour state from data 
for the liquid, obtaining good agreement between the 
calculated and the observed values.  Lertes f has applied it 
successfully to chloroform and toluene. 

The accuracy with which the equation represents the 
behaviour of these liquids is strong evidence of its validity. 
It is thus apparent that knowledge of the refractive indices 
of a substance for light of different wave-lengths (two or 
more) and of the densities and dielectric constants at a 
number of different temperatures makes possible the calcula- 
tion of the electric moment of the molecule of the substance. 


NEw METHOD OF CALCULATION. 


In the present work, a somewhat different method has been 
developed for the calculation of the moment. In equation (4), 
T(r) may be substituted for (7), and T replaced by the 
expression given for it in (5). We then get 

e-11  4-N, ,4, /83N,. /1—qD 

cex2D7 34 7* 3V M p vw 
Substitution for y of its value obtained from equation (6) 
gives 


e—l11  4-N, 4 UU 

er2D~ aM /*aM Mp” aw YO- 
Substitution for g of its value obtained from equation (9) 
gives 


e—11 4 SNo 3C? | 
— — = Y - — ———— —-—— — ———— . . e. e 15 
e:9D70*3V. MD Zr Y ien) 


* Loc. cit. i ^ * Loc. cit. 
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For a given substance, e, D, and W(r) are the only variables 
contained in equation (15). The experimental determination 
of e and D, accordingly, makes possible the calculation of the 
corresponding value of (7). From «(T), the value of 7 
may be obtained by equations (13) and (14), and, with 
7 known, u may be éalonlated. 

In order to find r from (7) we may use the solutions of 
aeons (13) and (14), given by Gans*, as shown in 

able I. 


TABLE I. 
Relation between 7 und (1). 


T Wr). T. | Yr) 
i 
0:0 1:0000 3:0 0:1451 
01 0:9115 3:3833 | — 01310 
0:2 0:8249 4:0 ' 01097 
0-25 0:7825 50 0 
0:5 0-6013 8:0 0-055926 
1:0 0:3867 10 0:04425 
1:25 03231 15 0:02953 
1:4286 0:2883 | 20 0:07215 
1:6667 0:2516 | 25 001773 
2:0 0:2131 , 90 001477 
2-5 0:17 | oo 0:00000 


By plotting graphically on a large scale the values of «y(7) 
s um those of T, a curve is obtained from which the value 
of T corresponding to any value of y(r) may be accurately 
read off. Equation (15) thus provides a means of cal- 
culating T. 

To find the value of u we substitute the value of y from 
equation (6) into the third member of equation (5), giving 

3RT SM 8 , 


TE —w LATA 99^ 


We next substitute the value of g from equation (9) and 


solve for u, obtaining 
_, [RT / SM — 3M3C? 
dá ANo V TND £TNS 
p may thus be calculated from the value of r corresponding 


to that of 4r(7) obtained from equation (15). Equations (12), 
(15), and (16) render possible the calculation of p, the 


* K. Gans, Ann, d. Phys, lxiv. p. 498 (1921). 


(16) 
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electric moment of the molecule of a substance, in the liquid 
or gaseous state, from the indices of refraction at two different 
wave-lengths, the density of the substance under the con- 
ditions under which these indices are measured, one value of 
the dielectric constant together with the temperature at which 
it is measured, the density at this temperature, the molecular 
diameter, the molecular weight, and certain universal con- 
stants. In order to calculate the moment through the 
constant A, as obtained by Isnardi and Gans (cf. equations 
(8) and (10)), it is necessary to have all of these data with 
the exception of the molecular diameter and the addition of 
the values of the dielectric constant and the corresponding 
density at a number of different temperatures. The necessary 
values of the refractive indices and the accompanying 
densities are available for a large proportion of the substances 
which may come up for consideration, but the dielectric 
constants of most substances have been measured within so 
small a temperature range as to make the method of Isnardi 
and Gans impractieable until our experimental knowledge of 
the temperature dependence of dielectric constants is con- 
siderably extended. 

The molecular diameter, which is the only quantity 
required in this new method of calculation that is not 
required in the method used by Isnardi and Gans, has been 
defined as the smallest distance by which the centres of any 
two molecules can be separated.  'lhis is the molecular 
diameter as ordinarily used in the kinetic theory of gases, 
and may, therefore, be calculated from viscosity data or from 
the value of the constant b in van der Waals’ equation. 
The values thus obtained are not always reliable *, and may, 
in some cases, introduce errors into the values of the moments 
calculated from them. Fortunately, however, a large error 
in the value of the diameter produces, as a rule, a relatively 
small error in the calculated value of the moment because of 
the form of the equations used. 

Equations (15) and (16) contain two terms under the 

l ts th d of whicl JC? d 3M*C? 
square root sign, the second of which, ;,- and > oy 
are constant for any given substance and sinall in comparison 
with the first. In both equations, the first term under the 
square root sign is larger, the lower the density. For gases, 
therefore, the second term is quite negligible in comparison 
with the first and, indeed, for liquids, the error introduced 
by the omission of the second term from both equations is 
small. 


* J. H. Jeans, ‘Dynamical Theory of Gases,’ chapter xiv. 
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RESULTS OBTAINED FROM THE DIFFERENT EQUATIONS. 


The application of the different equations to various sub- 
stances is illustrated by the results given in the following 
tables, in which the first column gives the temperature on 
the centigrade seale at which the value of the dielectric 
constant given in the second column is observed, while the 
third column gives the corresponding density, and the fourth 
column the calculated value of the moment multiplied by 10". 
The fifth eolumn shows the method of calculation used, and 
oe any necessary explanation. The method described 

* Eq. (15) and (16) simplified” is that in which the 


3C 3M?C7? JN 
terms . and - , are neglected. The similarity of 
2T TN "n ' * 


equation (10a) to equation (2) has already been noted. 
When equation (10a) is used in the calculation of p, the 
values of € and D corresponding to the upper and lower 
limits of the temperature interval shown in the tables are 
substituted in the equation, € is eliminated between the two 
resulting simultaneous equations, and the constant A is thus 
obtained, p is then calculated from A by means of equation 
(8). The calculation is similar to that involved in the use 
of equation (3), which Thomson proposes for gases, except 
that a variable density is introduced. 

The values used for the universal constants are N,— 
6:07 x 10) and R=8&315x 107. The molecular weight is 
reckoned for each substance from the atomic weights of its 
constituent elements. The values of C and s obtained for a 
substanee are shown in the tables above the other data for 
that substance. When a different value of s is used in order 
to determine the effect of variation in s upon the value of y, 
it is given in the fifth column. 

Table IT. shows that, except in the neighbourhood of the 
freezing-point of the liquid, equations (15) and (16) give a 

value for p in excellent agree mont with that obtained hv 
Isnardi and Gans, w=1- 435x107, The use of the value 
45x 107" instead of 3°39 x 1078 E the diameter makes an 
appreciable difference in the value of p, but this difference 
is only slightly greater than that between the value 1:26 x 
1075 obtained by Isnardi for the moment of the chloroform 
molecule and the value 1:358 x 107!5 obtained by Lertes for 
the same quantity, chloroform being the only substance for 
which the moment has been obtained by the method of 
Isnardi and Gans by two different observers. The omission 
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TABLE II. 
Ethyl Ether (C2:2961; s=3:39 x 107?cm.). 


| 
gs a D. |px10". Method. 


1:446 | Eq. (15) and (16) 
1:420 | Eq. (15) and (16) simplified. 


\ 
0:603 | Eq. (15) and (16) simplified, 
]od gs. 55. - s 
|agg > D. "wo «e tun 
1:400  ,. . 4 4. n 
PAO. i. x de ow OH 
1:420 E , , , ES 


1:420 i LET '3 ,* .* 13 


1:513 | Gas. 
| Eq. (15) and (16) simplified. 


—130 316 08612 
i—100 8143 08410 
| —80 7:049 8205 
—54 633  . 07930 
0 4683 07359 
18 436 07150 


18 436 0:7150 1:308 | Eq. (15) ard (16) (s2 4 5x10-7?em.). 
160 2:41 0:4927 


i 
100 100516 0:00242 


‘Temp. Interval (° C). | 


| 

—54 to 0 ! 0932 Ea (10), 
Oto 18 3 | 

40 to 100 i 

140 to 160 | 


$9 


i TEE 
EERE 


The data on the liquid are taken from the paper of Isnardi and Gans 
(Phys. Zeits. xxii. p. 230 (1921)), and differ only slightly from those in the 
later paper of I-nardi ( Zeus. f. Phys. ix. p. 152 (192 2). The value of e 
for the gas is that given by K. Badeker (Zeits, Phys. Chem. xxxvi. 
p. 304 (1901)), and the density is obtained approximately on the 
assumption that the vapour behaves as an ideal gas. The value s— 
3:30 x 107* em. is that calculated by Isnardi and Gans, and is used here 
for the sake of comparison. The value s24:5x 10-* em. is obtained by 
application of the kinetic theory of gases to data contained in Landolt- 
Bornstein, 4th edition. 


19 94 19 
of the terms A and AS has only a very small effect 
upon the value of u, which justifies the use here of equations 
(15) and (16) in the simplified form. The results obtained 
by means of equation (10a) are extremely variable, and 
differ widely from those given by the other methods. The 
values of # calculated for ether at widely different tempera- 
tures show close agreement with the exception of the value 
at —120°, which is just below the generally accepted value 
for the freezíng-point of the liquid. The value for the gas 
at 100? is calculated from an old value of e and a calculated 


- 
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value of D, and shows agreement which is surprisingly good 
under the circumstances. 


TABLE III. 


Hydrogen Sulphide (2:220). 


p uu cu B 
' a e. D. A X107. Method. 
l0 , 593 (844 1-008 | Eq. (15) nnd (16) simplified. (s—3:2 x 1077em.) 
00 , 42 0776. POM ow. a ae As cs " 
| U0 ' 376 0707 | 1023 | nw s s " x 
I0 |, 593 | o8 ! 0920 |Eq.(15)and(16) (s= 50x 10-7em.) 
00 | 42 | O77 | 093 | 2o. s s , 
90 : 376 0107 ! 0 O74 | l4 A. DN " 
i 


Temp. Interval (9 C.). 


| 
10 to 50 02382 | Eq. (10a). 
00 to 90 2:02] | s T 
10 to 90 246 | ,, " 


— —À —— — - — ——— —- — ———— — —— - — —— —  — - —— —— — 


C —:220 is the average of two widely differing values calculated forthe 
gas from data in Landolt-Bornstein, 4th edition. A large error in C has 
only a small effect upon the value of u. The values of e are obtained 
from P. Eversheim (Ann. d. Phys. xiii. p. 507 (1904) ). D is calculated 
from the empirical equation, Dz1:328—0:00171T. &=32x10-8 is 
calculated from the value of à given by Cardoso (J. Chim. Phys. x. 
p. 4/0 (1912)), and agrees well with the value 3:16x 10-8 calculated 
from the mean collision area of the gas molecule given by A. O. Rankine 
and C. J. Smith (Phil. Mag. xlii. p. 615 (1921)). The calculations from 
the value «25:0 x 10-8 are included to show the relatively small effect 
of a large error in the diameter upon the value of the electric moment. 


No results are given in Table III. to show the effect of 
3 203 

M and SINA from equations (15) and 
(16), although calculation shows the effect to be negligible. 
The values of 4 for hydrogen sulphide agree well at the three 
different temperatures, which are remote from the freezing- 
point of the liquid. An increase of 56 per cent. in the 
value of s causes a decrease of only 7 per cent. in the value 
of the moment. The results calculated by means of equa- 
tion (10a) differ so widely as to be quite meaningless. 


omitting the terms 
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TABLE IV. | 
Chlorobenzene (2:2660 ; s= 4:82 x 1079 em.). 


—— 
n e | D. |px.: Method. 


— — |—oÓ — I 


—20 | 6:93 1:149 1:207 | Eq. (15) and (16) simplified. 
1:259 : Kq. (15) and (16). 


"0 642 1:128 : :289 | ” ” » ” 
20! 594 1:106 TAT — 3 Gk 4 os 
100 | 4°70 1:019 1418 | ” » » » 


Bromobenzene (C—:2079 ; $24:92 x 107* em.). 


i Temp 
| °C. | 
= ——j-—— — HÀ 
| , 
—90 640 | 1548 | 1'258 | Eq. (15) and (16). 


VU; 590 | 1522 | 12080 , no n » 
20: 553 1495 | 1386 | , no n» » 


| I! 
i D. |uxi0*.! Method. | 
100. 4:56 1386 | 1391 |, yo ha MEE 


For both substances, the values of the refractive indices and densities 
for calculation of C are obtained from Landolt-Bórnstein, 4th edition. 
The values of e and D are those given by Lertes (loc. cit.). sis calculated 
from the values of b obtained from the data of S. Young (Sci. Proc. Roy. 
Dublin Soc. n. 8. xii. p. 374 (1909-10)). 


The data on chlorobenzene and bromobenzene are tabulated 
together because of the similarity of these two substances. 


p 
For chlorobenzene, the effect of omitting the terms arg and 
3M?C* an 

5 IN a greater than in the case of ether or hydrogen 
sulphide, but is still small. The apparent value of p for 
chlorobenzene, which freezes at — 45°, increases with rise of 
temperature from — 20° to + 20°, where it seems to become 
constant, while, for bromobenzene, which freezes at —309?:5, 
it is still rising at 20?, although it may be constant before 
1009. is reached. The lack of further data leaves this un- 
certain. The variation of the calculated values of p with 
temperature is, however, not great, and seems to disappear 
altogether at temperatures well removed from the freezing- 
point of the liquid. 
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TABLE V. 
Methyl Alcohol (2:250: s=3°72 x 107? em.). 


| 1 PR e. D. | p x 10!*. | M«thod. 
RUNDEN eniin E == M TIENDEN 
— 100 60-0 ‘9091 1019 | Eq. (15) and (16). 
—70 5l5 RTRT EIR? ake a3 5 
— 40 44 0 'BSÓ08 23M M. UA 4d 
IA 10 3102 S217 1:336 rx) oe $,* ve 
0 3b) “8100 | 1:352 "m T 
20) 31 2 4915 ]:434 [E os ,* 9 


7&1 | 100745 001112 : 1931 Eq. (15) and (16) (Gas). 


wa | 100655 | 001066 | 18» ub.-w E. us " 
LOTS | 100589 | 001024 | 1799 95 3 js 
12854 | 100591 | :000080 , 1777 "I M P 
1440 | 100476 "00036. — b726 Be xe. Be dm - 
1682 | p00449. | 000885 | ] 75 "e ” 

Wine | 100431 '000866 | 1-809 e ox: S. 75 : 


For the liquid, the values of e are obtained from tho measurements of 
R. Abegg and W. Seitz (Zeits. Phys. Chem. xxix. p. 242 (1899)), and the 
values of D from the work of W. Seitz, H. Alterthum, and G. Lechner 
(Ann. d. Phys. (4) xlix. p. 91 (1910), quoted by Isnardi (loc. cit.)) as well 
as from Landolt- Bórnstein, 4th edition. For the gas, the values of e ars 
those given by M. Jona (Phys. Zits. xx. p. 14 (1919)), and the densities 
are calculated on the assumption that the vapour behaves as an ideal 
gas, a procedure which is justifiable only because of the considerable 
errors probably occurring in the measurements of the dielectric constant. 


The data on methyl alcohol are included because they 
cover the substance in both the liquid and the gaseous state. 
Unfortunately, a considerable gap in the data occurs between 
the liquid at 20" and the gas at 7871. The calculated value 
of w for the liquid shows no approach to the constancy 
attained in the case of the other substances studied, but 
increases from the freezing-point almost as a linear function 
of the temperature. The value for the gas at 78?:1, which is 
only 12? above the boiling-point, is considerably higher than 
that for the liquid at 20°, but a small decrease occurs with 
rise of temperature. The very small increase which follows 
this decrease appears to be accidental, and may be attributed 
to small errors in the data. Indeed, one might be tempted 
to attribute all the variation in the value of pu for the gas to 
errors in the data, were it not that Jona's results point to a 
similar behaviour on the part of sulphur dioxide and water 
vapour in the neighbourhood of their boiling-points, and to a 


Electric Moment of the Molecule of a Substance. 861 


smaller but similar effect in the case of ammonia, which was 
investigated at temperatures farther above the boiling-point. 
Jona explains the high value obtained for u near the boiling- 
point as being due to molecular association, which alters the 
molecular concentration in this ragion, but becomes negligible 
at higher temperatures. 

Of the liquids which have been discussed, only methyl 
alcohol is known to be strongly associated, and it is the only 
one which shows a steady increase in the apparent value of 
p over the entire range of temperature in which it is in- 
vestigated as a liquid. The apparent values of , for the 
non-associated liquids generally show some increase as the 
temperature rises in the neighbourhood of the freezing-point, 
but soon attain constancy. The application of equations (15) 
and (16) to a crystalline or amorphous solid, in which the 
molecules are not free to move about, would lead to a cal- 
culated value of approximately zero for u. In the immediate 
neighbourhood of the freezing-point of a liquid, the molecules, 
presumably, lack complete freedom of motion, because of the 
formation of aggregates, so that the values calculated for p 
in this region of temperature might be expected to be low. 
As the temperature rises and this lack of freedom disappears, 
the calculated value of æ should approach the constant, true 
value. The effect of molecular association may be supposed 
to be similar to that produced by the molecular aggregation 
in the neighbourhood of the freezing-point—that is, lack of 
complete freedom of motion on the part of the molecules 
leads to calculated values of u which are too low. As the 
degree of association decreases with rise of temperature, tlie 
calculated values of u increase, reaching no constant value as 
long as association persists. In the gaseous state, where the 
intermolecular distances are large, the influence of association 
may be of quite another character, the predominating effect 
being, perhaps, that of change in concentration, as assumed 
by Jona, so that the alteration of p with temperature in the 
gaseous condition may be altogether ditferent from that in 
the liquid. | 

In equation (15) the values of s, M, and D are so increased 
by association that the term under the radical sign is some- 
what decreased, and y(t) may be considerably decreased 
because of the increase caused in the value of 7,as is evident 
from equation (16) and Table I. In the application of the 
equation to an associated liquid, no account is taken of the 
effect of association in increasing the values of s and M, 
which, because of our ignorance of the actual effect, are 
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treated as constants. The result is that the values of p 
obtained in such calculations are smaller than the true ones, 
and approach the latter only as the true values of sand M 
approach the values used for them in the calculations. This 
would seem to explain the behaviour of the liquids when 
agglomeration in the neighbourhood of the freeziug-point or 
association occurs. 

The method of using the Gans equation suggested in this 
paper has another distinct advantage over that used by 

snardi and Gans in addition to its greater range of applica- 
bility. When applied to associated liquids the Isnardi and 
Gans method may lead to serious errors, which are minimized 
and detected by the present method. 

This is made evident by a consideration of the two ways in 
which temperature affects the dielectric constant. Decreasing 
the temperature increases the dielectric constant by per- 
mitting increased alignment of the permauent doublets, and 
may also decrease the dielectric constant by increasing the 
degree of association — which latter effect is not taken 
account of in the equations. In strongly associated liquids 
this latter effect may nearly balance the former, so that 
the dielectric constant soda show little variation with 
temperature. 

In such cases the method of Isnardi and Gans would 
lead to the false conclusion that the molecular doublets 
possess very small moments, The present method would 
yield a value of the right order of magnitude, though too 
small, and would indicate the nature of the error by the 
failure of the calculated moment to take a constant value 
with increasing temperature. 

Examples of this type of error may be cited. Isnardi 
finds that with carbon tetrachloride, carbon bisulphide, 
benzene and m-xylol, substances with very small electric 
moments, aa i actually decreases with decreasing tempera- 
ture, which would lead to au imaginary value for the 
moment if it were calculated from the value of e at different 
temperatures. Again, with both methyl and ethyl alcohol 


-11 , : 
: "n decreases with decreasing temperature, a circumstance 
ETE 
which led Isnardi to class these substances with carbon 
tetraehloride, carbon bisulphide, benzene, and m-xylol as 
substances with practically no molecular electric moments. 
The present method, however, shows methyl and ethyl 


alcohol to have large electric moments, as is to be expected 
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from their strongly polar properties, and gives evidence of 
the effect of association which vitiates the older method. In 
the absence of complicating circumstances, such as association, 
the two methods should, of course, agree. 

From these results, which have been selected as typical 
from among a considerable number of calculations, it may be 
concluded that equation (10a), which resembles the Debye 
equation except for the presence of the factor x cannot be 
applied to liquids, although it should represent the behaviour 
of gases at high temperatures and low pressures. Equations 
(15) and (16) may be used to calculate the moments of the 
molecules of substances in both the liquid and the gaseous 
states, provided that there is no association or agglomeration 
of the molecules. This complication may be avoided in the 
case of non-associated liquids by working at temperatures 
considerably reinoved from the freezing-point. In the case 
of highly associated liquids, the true value of the moment of 
the single molecule is not given by equations (15) and (16), 
so that the substance must be studied in the gaseous con- 
dition. The fact that this method of calculation gives the 
value of the moment at a definite temperature, instead of the 
average value over a wide range, makes possible the detection 
of a variation with temperature, and hence of a change in. 
the degree of molecular aggregation with temperature. Itis 
thus possible to gain more accurate knowledge of the true 
values of the moments of many substances, and it is hoped 
that the application of these equations to associated liquids 
ui throw some light upon the phenomena of association. 

ome of the experimental aspects of this problem, which 
was originally suggested by Professor K. T. Compton, are 
being investigated in the Palmer Physical Laboratory with 
special apparatus made available through a grant from the 
Joseph Henry Fund of the National Academy of Sciences. 


The writer wishes to acknowledge his deep indebtedness to 
Professor Compton for much helpful advice and criticism. 


SUMMARY. 


The simple form of equation proposed by Debye to repre- 
sent the temperature variation of the dielectric constant of a 
substance cannot be used to calculate the electric moment 
from data upon the substance in the liquid condition. 

A method is described whereby the electric moment of the 
molecule of a substance in the liquid or gaseous state may be 
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calculated from the indices of refraction at two different 
wave-lengths, the density of the substance under the con- 
ditions under which these indices are measured, the dielectric 
constant at one temperature, the density at this temperature, 
the molecular diameter, and certain universal constants. 

For normal liquids this method gives results in good 
agreement, with those obtained by the method of Isnardi and 
Gans. For associated liquids, it leads to results which are: 
low but which give an idea of the magnitude of the moment, 
while the method of Isnardi and G'ans may lead to serious 
errors for such liquids. 


Princeton, New Jersey, U.S.A. 


LXXXVIII. The Emission of Secondary Electrons from 
Nickel. By E. W. B. Giu, M.A., B.Sc., Fellow of 


Merton College, Oxford *. 


l. QYOME experiments recently made by Hullt on 

secondary emission, using a three-electrode valve 
at the lowest possible pressure, gave the results shown by 
the curves in fig. 1l. In these experiments a stream of 


Fig. 1. 
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electrons leave the hot filament whose potential may be taken 
as zero, and are attracted to the grid whose potential is 
+ Vg ; a proportion pass through and reach the plate whose 
potential is + Vp. The curves show the currents in the plate 
circuit for various values of Vp; Vg being kept constant 
for each curve. So long as Vq is greater than Vp, any 
secondary electrons leaving the plate will be collected on 


* Communicated by Prof. J. S. Townsend, F.R.S. 
T Hull, Proc. Inst. Radio Engineers, Feb. 1918. 
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the grid, and the plate current correspondingly reduced, 
The velocity of impact on the plate of the primary electrons 
depends only on Vp, tlie total potential through which they 
fall atter leaving the filament, and the increase of secondary 
emission with velocity of impact is shown by the downward 
slopes of the curves after Vp reaches the value of from 20 
to 30 volts. Huil was chiefly interested in the applica- 
tion of these results to wireless telegraphy, the falling 
cliaracteristic indicating instability and rendering it possible 
to use such an arrangement for the production of continuous 
oscillations or for the magnification of small potentials and 
currents ; and I cannot find that he has given anywhere a 
detailed analysis of the curves. 

Horton and Miss Davies * have also obtained a similar 
curve and put forward some explanations of it, but these 
explanations are not in agreement with the results of a series 
of experiments I have recently made. 


Fig. 2. 
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They used plane and not cylindrical electrodes, the plate 
being of platinum. A slit was inserted between the filament 
and grid, and a magnetic foree was applied perpendicular to 
the electrodes to keep the stream of electrons moving as far 
as possible in the same direction. 

Their results are given by the curve (fig. 2) which, 
following the usual practice with valves, is plotted with the 
plate current through the valve indicated by ordinates 


* Horton & Miss Davies, Proc. Roy. Soc. A. xcvii. p. 23 (1920). 
Phil. Mag. Ser.6. Vol. 45. No. 269. May 19923. 3K 
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measured upwards. The abscissw represent the plate 
potentials Vp, the grid being maintained constant at 27 
volts. 

As Vp increases, the various portions of the curve were 
explained as follows :— 


(A) The first rise is due to the electrons from the 
filament getting to the plate. 

(B) The nearly flat portion at the first maximum is due 
to the reflexion of the impacting electrons. 

(C) The drop is due to secondary emission of electrons 
whose excitation requires a minimum applied 
potential of from 10 to 11 volts and becomes 
of increasing importance as V p increases. 

(D) After the minimum at about Vp=20 volts the 
number of secondary electrons leaving the plate 
decreases, 

(E) The final constant current which is attained at 
about 36 volts—-that is, when the plate is 9 volts 
positive to the grid —indicates that the maximum 
velocity of the electrons leaving the plate is 
equivalent to that acquired by a fall through a 
potential difference of 9 volts. 


These explanations will be considered later, but it mav 
be remarked with regard to (B) that it does not appear 
that such experiments can discriminate between electrons 
which are reflected and secondary electrons emitted from 
the plate due to the impact of the primary stream. The 
proof that the whole phenomenon is not due to reflexion 
alone is that, as will be seen later, the number of elec- 
trons emitted from the plate can exceed the number that 
impinge on it. and the general smoothness of the curves 
renders it unlikely that at any point there is an abrupt 
transition from reflexion to emission ; and as it is impossible 
by means of such experiments to distinguish emission from 
reflexion, all electrons receding from the plate will be 
referred to as secondary emission in this paper. 

Some very recent work by Davisson and Kunsman * 
indicates that secondary emission occurs from nickel for 
. values of Vp down to almost zero, and that these electrons 
are practically all emitted with low velocities, the number 
emitted with a high velocity being negligible. Their paper, 
however, is all contained in a short abstract of a few lines, 
and it is impossible to obtain details of their experiments. 


* Davisson & Kunsman, Phys. Rev. 20, 1, p. 110. 
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The following experiments on secondary emission were 
made in order to obtain a satisfactory explanation of the 
anode currents under these conditions, and are interesting as 
emphasizing certain effects of grids which are now very 
largely used in determining critical potentials, and whose 
action in this connexion is not always sufficiently considered. 


2. The experimental arrangements are shown by the 
diagram (fig. 3). The three-electrode valve used was a 
Marconi M.T.5, described in detail in a recent paper 
(Phil. Mag., July 1922, p. 165), the vacuum being very low. 
The grid, and plate which was of nickel, were both cylin- 
drical, the filament being along the axis. The grid was of 
square mesh of side about 1:5 mm. made of thin wire, the 
diameter of the grid and plate cylinders being 1 and 2°5 
cms. respectively. The filament was heated to a dull red by 
a 2-volt accumulator with adjustable resistance in series. 


Fig. 3. 


The grid was raised to a fixed potential Vg by a battery of 
small accumulators, and the plate maintained at various 
potentials Vp by the same accumulators. The negative pole 
of this battery was attached to the negative end of the 
filament, and in all cases Vg and V p represent the potentials 
measured from this end. The voltage-drop down the fila- 
ment was generally about 1 volt, and the potentials of grid 
and plate above the most active portion of the filament—the 
middle—are °5 volt less than Vg aud Vy respectively. For 
the lower-plate voltages a potentiometer was used. 

The plate currents were measured by a sensitive d'Arsonval 
galvanomeier G. In some of the earlier experiments, 
resistances of about 50,000 ohms were inserted in both the 
plate and grid leads, as it was feared that the unstable 
characteristic would give rise to oscillations. Even with 
this resistance it was found that short-wave oscillations arose 
with the larger filament emissions, which were revealed hy 
the galvanometer deflexion becoming unsteady, but with 
very low filament cere oe were no oscillations. fm 

) R2 
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the final experiments the resistances were not used, and the 
emission current did not exceed 1075 ampere. It was found 
an advantage to connect the case of the galvanometer to one 
of the terminals, as otherwise for the higher potentials the 
electrostatic forces affected the moving coil. Three of the 
curves thus obtained connecting the plate current with the 

late potential are given in fig. 4, the fixed grid potentials 
being 200, 400, and 600 volts respectively, 
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Unless the curves are drawn very large, the early parts 
are not easily distinguishable, and' the first portions are 
therefore shown separately on a different scale and for a 
rather smaller emission in fig. 5. 

This last figure also contains the first part of curves 
corresponding to lower grid voltages from 100 to 10 volts. 
All the eurves shown in fic. 5 were determined for me by 
Mr. C. W. Carter, Rhodes Scholar of Wadham College, 
Oxford. 

It was noticed, as Hull had found, that an increase in. 
the number of electrons leaving the filament over a 
reasonable range (provided that no oscillations occurred ) 
merely increased the ordinates of all the curves in the same 
Proportion, This igs of Importance as indicating that the 
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curves cannot be explained by a large saturation voltage 
being necessary between grid and plate to collect the 
secondary electrons on the grid. 


3. All the curves taken on the above valve and others of 
various types showed the same general form as Hull's and 
Horton's. As Vpis increased from zero, there is a rapid 
rise in current to a maximum followed by a falling-off to a 
minimum, then a second rapid rise, and finally a slow 


Fig. 5. 
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approach to a constant value. It will be noticed that the 
potential Vp which corresponds to the first maximum value 
of the plate current depends on the grid potential Ve, 
and increases as Vg is increased ; also that the slope of the 
downward portions vary slightly, becoming steeper as Vg is 
increased, the successive curves dropping lower and lower. 
For Vg 400 and 600 the plate current reverses for certain 
ranges of Vp, showing that more electrons leave the plate 
than hit it. The tinal steep rise of current with Vp com- 
mences just before the plate potential reaches the same 
potential as the grid. 

‘A separate experiment showed that any effects of radia- 
tion falling on the plate or of ionization of the trace of 
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residual gas were of the order of 1079 of the effects measured, 
and are therefore negligible ; and the downward bends of the 
curves can only be due to secondary emission, which in turn 
depends on the velocity of impact—i. e., on Vp and not on Vo. 
It is necessary, therefore, to explain why it is that the curves 
do not, as might be expected, commence to bend down for 
the same values of Vp, whatever the value of Vg; also as 
itis probable that in the experiments giving the curves in 
fig. 4 the number of primary electrons hitting the plate is 
approximately the same for tlie three values of Vg, it might 
be expected that the dropping portions of the curves should 
coincide, as the secondary emissions for a particular value of 
V p should be the same. 

Even if the numbers of electrons hitting the plate are not 
quite the same for the different values ot Vg, it might be 
supposed that by multiplving the ordinates of one curve by 
a constant faetor it would coincide with one of the other 
curves; but the figures plainly show this is not the case for 
the parts of the curves in question. 

The discrepancy can be seen in another way. For Ve —600 
the plate current is zero—that is, one impacting electron on 
the average sets free one secondary for a velocity given by 
Vp=104 ; and this is true for a considerable variation of the 
filament heating and consequent variation of the number 
of electrons impinging on the plate. For Vg —400 this 
equality i» not obtained till Vp=116. Thus a marked 
difference is obtained where it might be supposed that the 
results would be the same. 


4. A satisfactory explanation of the relative shapes of the 
curves may be obtained by considering the paths of the 
electrons in the valve. Omitting at first the complication 
due to the voltage drop down the filament and the distribu- 
tion of velocities of emission. from the filament consider 
the motion of a stream of electrons leaving the filament 
with zero velocity, the grid being at potential + Vq and the 
filament and plate at zero potential. These electrons are 
accelerated up to the grid, where a portion are collected 
and the remainder pass through. After passing the grid the 
force on them is reversed, and if they all moved in straight 
lines they would just reach the plate with zero velocity. In 
actual practice the paths are not straight, for as they pass 
through the grid-spaces they get bent to varying degrees. 
The force near the very thin grid wires is comparatively 
large, and the electrons passing through this region are 
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considerably deflected, while the few which pass through 
the centre of the grid opening are undeflected. 

The retardiug force acting on the electrons after they pass 
the grid bends their paths more and more, with the result 
that they nearly all return to the grid along curved paths. 
At the point on their orbit which is furthest fion the grid— 
that is, the turning point—they still have velocity ; and if for 
a particular electron this velocity is equivalent to that due 
to a fall through a potential difference v,, the electron gets as 
far as the equipotential surface ry, and would require a 
superposed potential v to take it to the plate. 

The electrons thus turn at various distances from the plate, 
those which passed nearest to the grid wires turning at the 
furthest distance from the plate. Let v be the potential at 
the points where the latter begin to return to the plate. If 
the plate potential be gradually raised from zero, the number 
of electrons reaching the plnte will increase rapidly at first, 
and then slower and slower till the plate potential reaches v, 
when the plate receives all the electrons which enter the 
space between the grid and the plate. | 

After attaining the potential v, the number of electrons 
reaching the plate remains constant for a considerable increase 
of V p above this value. 

The actual value of this voltage v depends on Vg ; and, 
although there is no exact proportionality, it is obvious that 
* if Vg is increased, v is also increased, and a larger voltage is 
necessary to bring all the electrons to the plate. 

Thus the primary current to the plate through the valve 
for a fixed grid potential rises from zero to a saturation value 
as Vp is increased from zero to v; the value of v at which 
the current becomes constant is dependent on Vg being 
increased if Vg is increased. This primary current is, 
however, not shown by the curves obtained in practice, as it 
is only possible to measure the net current received by the 
plate—i. e., the primary current less any secondary emission 
current. 

The result of these considerations can be best seen by a 
study of the curves of fig. 5. 

For a low value of the grid voltage such as 10 volts a 
small value of Vp, probably about 1 volt, is sufficient to cause 
all the electrons which pass through the grid to reach the 
plate. A further increase of Vp does not affect the number 
which reach the plate ; and hence, if there were no secondary 
emission, the current. should remain constant when Vp is 
increased above about 1 volt. 
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The current in actual fact begins to decrease, and for 1:5 
volts is less than for 1 volt, indicating that secondary 
emission has become appreciable when the primary electron 
falls through 1:5 volts. ‘The number of secondaries is here 
only a small fraction of the number of primaries. 

This curve thus proves that secondary electrons are being 
given off for Vp= 1:5 volts; and as the emission depends only 
on the velocity of impact, there must be a secondary emission 
for Vp 1:5 whatever the value of Vg. 

The plate currents for the higher values of Vg do not, 
however, show any signs of decreasing just after Vp reaches 
1 volt. Thus for Vg=100 the current increases til Vp= 2, 
for Vg=400 till Vp =6, and for Vg=600 till Vp=9. 

In all these cases the secondary emission which we know 
exists for Vp= 1'5 does not reveal itself in the curve, because 
for the larger grid voltages Vp=1°) does not bring all the 
primary electrons which passed the grid to the plate. 

Thus as Vp is increased bevond 1:5, more primaries reach 
the plate, and the current continues to grow because the 
increase in the number of primaries collected more than 
compensates for the secondaries leaving the plate. The 
experiments show that as Ve is increased, the value of Vp 
necessary to bring all the primaries to the plate is also 
increased. 

The argument of Horton and Miss Davies that because, 
with their particular grid voltage, the plate current did not 
decrease till Vp reached 11 volts therefore secondary 
emission requires the primary to have a minimum voltage 
drop of 11, is plainly incorrect as it is impossible to maintam 
that secondary emission only begins when the plate current 
begins to decrease. 

It is also impossible to maintain that just before 11 volts 
electrons are reflected from the plate as indicated by the 
“nearly flat portion of the curve," for each curve in 
fig. 9 has a nearly flat portion, each for different ranges 
of Vy. 

The general idea that the primary stream is undefleeted in 
passing through a grid of fine el is erroneous, especially 
as a fine mesh is generally composed of very fine wire. This 
was confirmed by some experiments with another Marconi 
valve in which the grid had a much finer mesh. With this 
valve for Va 2200 the plate potential at which the current 
began to diminish was abeut 8 volts as compared with 
3 volts for the M.T. 5 valve with which the curves in 
fig. 5 were obtained. It might also be remarked that the 
curving of the paths of the electrons and the phenomena 
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resulting therefrom will not be eliminated by increasing the 
number of grids ór by putting in slits near the filament. 

The voltage drop down the filament, the distribution of the 
velocities of the electrons emitted from the filament about 
their mean values, and contact differences of potential do 
not affect the general form of the curves to be expected 
from the simple theory ; but it would be necessary to take 
these effects into consideration in order to estimate the 
lewest potentials at which the various phenomena may begin 
to be noticeable. 


9. The slight difference in the shapes of the various 
curves over the portions where the plate current diminishes 
as the plate potential increases may also be explained by 
considering the curvature of the paths of the electrons. 

Over this region all the primary electrons passing the grid 
hit the plate. For any particular value of Vg as Vp is 
increased the retarding force on the electrons after they 
have passed the grid decreases, which means that the average 
incidence of the electrons on the plate is most oblique for 
the low values of Vp and becomes more normal as Vp is 
increased. To compare the different curves it is best, 
however, to consider a fixed velocity of impact, that is a fixed 
value of the plate potential, when by calculating mathe- 
matically the effect of varying Va it can be shown that the 
higher the value of Vg the more oblique the incidence. 

This last fact affords a clue to the apparent non-corre- 
spondence of the curves. It has been known for a long time 
that the number of secondary electrons emitted depends on the 
angle of incidence of the primary electrons * being a minimum 
for normal incidence and increasing at any.rate initially as the 
angle becomes more oblique. Thus as Vp is increased, we 
should expect the curve for Va 2-400 to drop more steeply 
than that for V5 —200, since an increase of Vp leaves the 
incidence more oblique in the first than in the second, and 
the emission thus increases more for the first than for the 
second. The curves agree with this. Or, if it is preferable 
to study the points where the curves cut the Vp axis, agreement 
is also found. 

Thus for Vg; —400 if Vp=116, each primary electron 
which hits the plate with a velocity corresponding to a drop 
through 116 volts on the average produces one secondary. 
For V5 2600 and more oblique incidence, if Vp=116 each 
primary on the average produces more than one secondary, 
and Vp need only be 104 to get an average of one. Higher 


‘ Electricity in Gases,’ p. 457 (1915). 
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values of Vg reduce the value of Vp necessary for equality of 
incidence and emission still further. 


6. The final rise of the curves when Vp approaches the 
value of Vg indicates that the effect of secondary emission is 
becoming less. This does not mean that the number of 
secondaries glven off decreases, but that the number of 
them which reach the grid decreases. ‘(hus in fig. 4 when 
Vo = 200 the curve rises after Vp reaches 170 approximately, 
but the other curves for Vg=400 and 600 show that as Vp is 
increased from 170 to 200 the emission also increases, and 
the rise of the curve for V; —200 can therefore only be due 
.to some of the secondary electrons returning to the plate 
and not escaping to the grid; the proportion returning 
increasing as Vp is increased till, for the higher values of 
Vp, they all return, and secondary emission has no effect. 
The simple idea underlying the explanation of Horton and 
Miss Davies that the field between the grid and the plate is 
determined solely by the potentials of the grid and the plate, 
ix quite unable to explain this rise; for in all cases the rise 
begins when Vp is less than Vaesthat.i is, when the field, if due 
to Va and Vp alone, would certainly remove the secondary 
electrons to the grid. (Careful experiments with widely 
varving currents showed that it is only when Vp is very close 
in value to Vg that the space-charge round the plate has any 
appreciable effect.) 

The difficulty about the early rise is evaded by Horton and 
Miss Davies, who remark about the rise in their curve after 
Vp= 22 (Ve being 27) that this “ indicates that the number of 
electrons leaving Phe collecting electrode begins to decrease, 
causing the resultant negative current to increase," no reason 
being given why the number leaving does not decrease. The 
solution of the ditlieultv is to be found by a more careful 
examination of the electric fields. 

Starting with the case when the plate and filament are 
both at zero potential and the grid is at potential Vg, the 
potential at points in the grid squares drops off as we leave 
the grid wires, and gets to a minimum at the centre of the 
square, 

It is not necessary for present purposes to attempt the . 

'aleulation of tho variation of the potential across the grid 
spaces for cylindrical electrodes and grid wires of circular 
cross-section, but it appears that owing to the large force 
just outside thin charged wires this variation may be 
considerable. 


Thus when the filament and plate are at zero potential and 
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the grid at potential Vg, the field is not uniform near the 
grid, but it is uniform near the plate. 

If the plate potential Vp is now raised, Ve being fixed, the 
field near the plate weakens *, and a mathematical investiga- 
tion shows that this field becomes zero and reverses for values 
of V» less than Vg. | 

This can also be seen as follows :— When Vp and Vg are 
equal and the filament is at zero potential, the majority of 
the lines of force leaving the filament go to the grid, but a 
few go to the plate; no others exist, as none can go from the 
grid to the plate, and hence the force rear the plate attracts 
electrons to it. Hence a reversal must take place before the 
plate potential becomes equal to that of the grid. 

The secondary electrons are emitted with small velocities 
of various magnitudes ; and therefore as the attractive force 
on electrons at the surface of the plate increases with Vp, 
less and less of them get free from the plate, so that the plate 
current begins to increase a little before Vp reaches the same 
value as Vg. The secondary emission finally has no effect 
on the plate current when Vp reaches such a value that the 
field prevents the fastest secondaries leaving the plate. 

The final value to which the plate current approaches as 
Vp is increased depends on another factor. It will be 
noticed that the final value of the plate current obtained by 
increasing Vy is considerably larger than the plate current 
at its first maximum. 

But the current at the first maximum is very approxi- 
mately equal to the current carried by all the electrons 
which pass through the grid for the particular value of Vp 
which gives this maximum since the secondary effect for 
these low voltages is small. 

It is thus evident that as Vp is increased, the proportion of 
the electrons leaving the filament which pass through the 
grid increases—that is, the primary current to the plate 
increases at the expense of the primary current to the 
grid. (This, of course, could not be the case if it were 
assumed that the grid acts as a perfect shield and the 
potential of the plate has no effect on the field between 
filament and grid.) 

Apart, therefore, from any effect of secondary emission, 
the growth of the plate current as Vp is increased depends 
on the rate at which the plate robs the grid of its current, 
and this depends on the dimensions of the parts of the valve. 


* The equipotentials for a similar case were worked cut by Maxwell 
(Electricity and Magnetism, vol. l. Art. 203 and fig. xin.). 
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The shape of the curve for the larger values of Vp 
depends, therefore, both on the elimination of the effect of 
secondary emission and the diminution of the grid current. 

Horton and Miss Davies only allowed for the former in 
their explanation of this part of the curve, and their estimate 
of 9 volts as the equivalent velocity of emission of the fastest 
secondary electron is therefore unreliable, and its agreement 
with the results of Lenard and others must have been 
accidental. 

It is somewhat difficult to state the values of the plate 
potentials for which the curves shown in fig. 4 may be said 
to attain saturation, but these potentials are certainly more 
than 20 volts above the corresponding grid potentials. 


7. The importance of the angle of impact upon the 
emission is well shown in the-curves of fig. 6, which 
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represent the curves taken on three valves—I, II, and III, 
Vg being 400 for each. "These valves were larger than the 
M.T. 5 valve, and were all very similar in dimensions, except 
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that the plate of III, though a cylinder of the same average 
diameter as I and II, was corrugated. The electrons would 
thus on the average hit the plate of III ata more oblique 
angle than in I and II. (The grids of these valves were very 
open, so that in I and II the majority of impacts were 
nearly normal and the emission less than in fig. 4.) 

The currents were measured with both the valves I and II 
to make certain that small differences in the dimensions of two 
similar valves did not affect the curves very much. 

. Curve III shows the much higher emission from the 
corrugated plate. 


8. The explanations given appear to be in satisfactory 
agreement with the experiments, and the general conclu- 
sions may be stated as follows :— 

When Vg is large and Vp small, the filament being at 
zero, it is legitimate to regard the spaces from filament to 
grid and from grid to plate as being two independent 
fields ; the first determined by the potential difference 
between filament and grid, the second by that between 
grid and plate. The electrons entering this latter space 
enter at various (small) angles to the normal at the point 
of entry, and the retarding force causes them to move in 
curved orbits. There are two consequences of this: the 
first that Vp must reach a certain value before all the primary 
electrons hit the plate, which causes the plate current to 
increase with Vp for a bit after secondary emission has 
commenced ; the second that the electrons hit the plate at 
various angles. The magnitude of both of these eftects 
depends on Vg in a way which can be qualitatively but not 
quantitatively estimated. 

As Vp is further increased, the secondary emission depends 
not only on the velocity of impact, i. e. on Vp, but also on 
the angle of impact which depends on Vg. 

Other considerations come in when Vp approaches Vg in 
value, and there is very considerable interpenetration of the 
fields on the two sides of the grid. The field near the 
plate reverses, and tends to stop the escape of secondary 
electrons before Vp attains the value of Vg. "The effect of 
secondary emission begins to decrease from this point till, 
when Vp is sufficiently high above Vg, the velocities of 
emission of the secondary electrons are not sufficient to pre- 
vent them returning to the plate, and secondary emission has 
no effect on the plate current. Itis not, however, possible to 
determine accurately the point at which the effect of 
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secondary emission becomes negligible, as the growth of the 
plate current with increasing Vp is also influenced by 
electrons which for lower values of Vp went direct from the 
filament to the grid, being diverted from the grid to the 
plate. 

Owing, therefore, to the number of primary electrons 
reaching the plate for any value of Vp not being accurately 
known, "and as moreover the angles at which they hit the 
plate cannot he determined, the curves do not give any 
precise measurements of the magnitude of secondary emission 
for definite velocities and angles of impact. 

Thev do show roughly, however, that as the velocity of 
impaet is inereased, the number of secondaries emitted for a 
given number of primaries increases with the velocity of 
impact, and that the increase continues further if the impact 
is made more oblique. 

The velocity of Impact at w hich secondary emission first 
became apparent is reduced by reducing Vae; and even 
allowing for the velocity of emission of the primary from tlie 
filament and contact differences of potential, it seems that 
there is secondary emission (or reflexion) when the primary 
drops through one volt or less. 


] am indebted to Mr. F. B. Pidduck for some information 
concerning the electrostatic fields, and to Professor Townsend, 
in whose laboratory the experiments were made, for much 
useful advice and criticism, 


.Note.— The variation of potential over the grid spaces 
referred to in paragraph 6 appears to have been overlooked 
bv certain experimenters: and a variation will still exist 
‘however many grids are employed, and it is not easy to see 
the validity o£ the elaim sometimes made to fix ionizing and 
radiating potentials to 41, of a volt when the electrons 
producing the etleet pass through a grid. These values are 
obtained from the grid potentials as if all the electrons passed 
through an identical field, whereas, in fact, the majority 
of them pass the grid at points whose potential certainly 
differs from that of the grid by more than 45, of a volt. 
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LXXXIX. On Ionic Oscillations in the Striated Glow Dis- 
charge. By E. V. APPLETON, M.A., D.Sc., and A. G. 
D. West, B.A., B.Sc., Denman Baynes Research Student, 
Clare College, Cambridge *. 


(Published by permission of the Radio Research Board.) 


I^ the course of some experiments on the electrical 
properties of ionized gases for high-frequency electro- 
motive forces, it was found that the ordinary striated 
glow discharge was more often than not a generator of 
electric waves. The production of such waves indicates that 
the discharge is not steady, as is usually supposed, but is 
actually pulsating in character. The presence of the waves 
may be detected by the ordinary wireless receiving devices, 
and must conveniently by an auto-heterodyne triode receiver, 
hy means of which it may be shown that the frequency of 
the oscillations is independent of the electrical constants 
of the circuit external to the discharge-tube. 

The discharge-tube used was of the simplest type, the 
diameter being 3°7 cm. and the distance between the elec- 
trodes 22 cm. The cathode used in the first instance was 
of heated platinum (lime-coated), though later ex periments 
showed that a cold cathode will answer quite as well. 
When a hot cathode was used the anode potential was 
normally 80-129 volts, but this was increased to 600—800 
volts in the case of a cold cathode. In both cases the 
discharge had to be started by an induction.coil. The 
anode current was usually of the order of a few milliamperes. 
When a hot cathode was used the pressure in the discharge- 
tube was about 0:005 mm. of mercury, but this was increased 
to 0°25 mm. when the cathode was cold. The number of 
striations in the tube was adjusted either bv altering the 
gas-pressure or anode potential or by drawing out the 
striations with a magnet. Oscillations seemed to be most 
easily obtained when the induction-coil discharge had con- 
tinued for some time before the steady anode potential was 
applied. Their production also seemed to depend in some 
way on the presence of a small glow at the surface of the 
anode. A noticeable flickering of this glow was found to 
accompany instability of the discharge. 

The ionic oscillations have been detected in three ways, 
each of which seems to have certain points of interest. 
In the first method a condenser consisting of. two curved 
tin-foil plates was attached to the outside of the discharge- 
tube, aud also connected in parallel with the condenser of an 


* Communicated by Prof. Sir E. Rutherford, F.R.S, 


880 Dr. Appleton and Mr. West on Ionic 


auto-heterodyne receiver. Combination tones of the usual 
type were heard when the triode-receiver frequency was 
sufficiently near the frequency of the ionic oscillations of 
the discharge. The various harmonics of the ionic oscilla- 
tions were also observed and identified. It was, however, 
noticed that the note of the combination tone was often not 
as pure as that heard in the reception of continuous waves 
from arc or triode generators. In cases when the note was 
not pure the effect in the telephone can perhaps best be 
described as being similar to a continuous-wave signal 
superposed on a background of “ atmospherics.” Such 
impurities in the combination tone led us to adopt the 
second method of detection, in the hope of ascertaining how 
far from sinusoidal the oscillations were. An oscillatory 
circuit was fitted up with a diode rectifier and galvanometer 


Fig. 1. 
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connected in series across the condenser, and the whole 
placed close to the discharge-tube. A “resonance curve" 
was obtained for the ionic escillations and compared with 
that for a sine-wave generator (triode). These curves are 
shown as A and B respectively in fig. 1, and it is evident 
from their similarity that the minor discharges which give 
rise to the “atmospherics” mentioned above are small 
compared with the main continuous oscillation. 

It is of interest to ascertain whether this method of 
generating electric waves is to be classed with any of the 
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known methods. At first sight an analogy with the arc or 
dynatron is suggested, but it was found that the frequency 
of the discharge-tube oscillations was independent of the 
electrical constants of the external circuit. The oscillations 
ure therefore of a new type, being ionic in character and 
origin. 

To illustrate the fact that the frequency of the oscillations 
was uniquely determined by the internal characteristics of 
the discharge, an oscillatory circuit was introduced in the 
anode circuit of the tube, as shown in fig. 2. A diode 


Fig. 2. 


and galvanometer were used for detecting any oscillatory 
potential between the points A and B. On gradually 
increasing the capacity, it was found that for one particular 
value a large deflexion of the galvanometer was obtained. 
It is obvious that this happened when the oscillatory circuit: 
LC resonated to the. frequency of the oscillations generated 
in the discharge. Usually the trequencies were of the order 
of 10° per second corresponding to wave-lengths of 2000 to 
4000 metres, but in isolated cases frequencies as low as 10? 
have been observed. 

In the particular tube we used, the conditions most 
favourable for the production of osciilations were those in 
which three or four complete striations were present. We 
have not made a detailed examination of the dependence 
of frequency on gas-pressure and anode potential, but have 
noted that the frequency usually increases with increase of 
pressure and also with increase of anode potential. 


Cavendish Laboratory, Cambridge. 
December 1922, 
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XC. An Investigation of the Structure of the Halogen Salts 
based on their Compressibility. By Ina WoopwARD*. 


"es halogen salts crystallize in the cubic system, the 
atoms of the alkali metals and those of the halogens 
being arranged alternately at the corners of the cubes. 
The foliowing calculations are based on the hypothesis 
(Sir J. J. Thomson, Phil. Mag. Oct. 1922, p. 662) that the 
octet of the halogen is completed by the single electron from 
the outermost shell of the alkali, and that these eight electrons 
lie at the corners of a cube, which from considerations of 
symmetry has its edges parallel to those of the cube of the 
crystallattice. — . 

Let a be the distance between two adjacent atoms, and 2y 
the edge of the cube of electrons. Then the potential energy 
per unit volume is a function of a and y, say /(a, y). The 
condition for the equilibrium of the system is that f(a, y) 
shall be a minimum for small changes in a and y. 


That is, d =0 and S =0. 
Hence 72044 9f 0. 


da Qa da’ dy 
Now the work required per unit volume to compress the 
crystal so that a is changed to a—Aa is 


df 1 d? 
L. nati. 54. (bat. 
] df 
= e UT (Aa)! + eee 


It this changes a volume V to V—AV, and C is the 
compressibility, the work done per unit volume is 


1 I E 
LL 
It is therefore necessary to calculate df It will be 


da?’ 


l 
shown, however, that 4i is small, so that 


9 may be sub- 
. d . : òa 
stituted for dai without introducing a large error, since 
(ro o dy DI o (dyp OF 
du* dè "'da" Oy da FA z Oy? 
* Communicated by Sir J. J. Thomson, O.M., F.R.S. 
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The forces acting are assumed to be : 


2 
. e 
(i.) a repulsion ~; between electrons ; 


D 
T . eb 
(ii.) an attraction 75 between a halogen atom and an 
electron other than those of its own shell ; 
(iii.) an attraction eE (5 ~5) between a halogen atom 
Dor 
and an electron of its own shell; 


(iv.) an attraction eE (5 — s.) between an alkali atom 


and an electron ; 
(v.) a repulsion EE' (3 — 5) between two atoms ; 


‘ where d, c, and g are constants depending on the elements 
concerned. 
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The diagram (fig. 1) shows a cube of edge 2a. Halogen 
atoms lie at the centre of this cube and at the middle points 
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of the edges. Alkali atoms lie at the corners and at the 
centres of the faces. The electrons lie at the corners of 
cubes of edge 2y surrounding the halogen atoms. Only one 
of these cubes is shown in the diagram. 

Now, an approximation to the potential energy of the 
halogen atom lving at the centre of the cube of edge 2a is 
obtained by considering tlie contribution due to the atoms 
shown and to the electrons which lie within the cube. Since 
the atoms at the corners are shared by eight cubes, those at 
the middle points of the edges by four, and those at the 
centres of the faces by two, this contribution is 


1 7 a e "n. e , 12 Te G 
9s 8° A 3a 2° a 4° ARa a 
8e 4de 21e L 


o (O9 byt Vay ty 
where 3 includes tle terms arising from the r^? forces 


hetween atoms. 

If similar cubes are drawn surrounding an alkali atom 
and an electron respectively, and the potential energy of 
these is caleulated, it is found that the potential energy of a 


group consisting of one halogen atom, one alkali atom, and 
eight electrons ix 
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a*— 2ay + 37 
= U (sav). . : " & 5 (I.) 
where B is a constant. 


So that N.U =f(a, y), where N is the number of groups per 
unit volume. 
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Since the cube of electrons is in equilibrium, oU =0. 
Hence oy 


20-9364 18667 d 46192 

zw 38 ja (Lar)? 
9667 c 169728 
(1-2) at (1-22)! 


+12 { Eu 2(2—4-) — 
e (2--442)*? " (2—4a+ 427)? 
ai * | (2-82) - "iud 
(2—4z 845,5?  (9—8x--1922*)?? 
.. 168(2—3e) — — 24(1—3«) 
»(2—4z 4-320)? (1 — 2 + Bar?) ? 
.12(2— 6z)e 


(1— 2r + 3.c?)? 
EDIGe Ape cx Xe ox ow (b) 
where z—y/a. | 


If we evaluate the expression on the left-hand side of this 
equation for different values of a, we obtain the following 


d 
set of corresponding values of .r, 7? and y. 


TABLE I. 
r d/a. y | 
| S —7á ee es ee 
0o . 0 | e | 
05 0554 "S | 
| 075 082 d/l:09 

| 1 08 d/l1:08 | 
| :125 ‘131 +-008 c/a (d—:003c)/1:05 ` 

9 1874-010 cia (d —:010.7-93 
| 25 | 2134-016 c/a (d—:016c)^859 | 
3 | 3564-0lle/ja —— (d—'0llcyBo 


enel xd ton udi. | 


Hence the variation of y with x, and therefore with a, is 


2 
small, and in calculating the compressibility from p instead 


Ò 
2 
ett 


U ; 
—, we shall not be introducing a large error. 
da 
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=0, since the system is in equilibrium, and 
eliminating B by means of this equation, we get 


-soson + 13857 __ 9238 


(l—2)? (1-2)? 
= 8c + 8e = 25:459 
(1—z)fa  (1—z)'a (1—2zy 
16:973 | ^ 336(4— 8.7) 
(1—2r)  (2—4z-3.7)*? 


Putting 


904(2 — 2.0)? 24(4— 3z) — 
T (2—-4r4 30)? (1 2 + Br?) 
| T(1—rf 24(4-3r) c 
JU e (1—2r +3)! (1—2r+3r*)? `a 
Qa! Ta” 24(2— 2r) e 
(1—2r + 3) a 
|d(i-—O 
" p ae} _ 24—0r) | 
(2—4r48:050)?  (2—8.2-4-1222)? 
12 21(1—2c 
Fg datyee *q i icr pii 
+. —24(1—2)? 12(1 —2.r)? \ 
(2 — 4r +482")? ^ (2—8.7--1221)53 


ei 
ns A (say). 


The following table gives the value of A for various values 
of x :— 


Taste II 
r A. 

0 1:456 
05 0-77 + 4:20c/a 
075 05 + 642c/a 
"l 0:29 + 8:29 c/a 
:135 0°58 + 9:91c/a 
l pe 3:07 +111 c/a 
| “25 102 + T42c/a 
‘3 13:20 + 059 c/a 
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Employing the method given by Prof. Sir J. J. Thomson 
(Phil. Mag. April 1922, p. 735) it is found that the work 
required to compress N groups of 1 halogen atom, 1 alkali 
atom, and 8 electrons is 


LM E (F 
v) 


where V is the volume occupied by the N groups. Also if 
C be the compressibility, the work done per unit volume 


- l (S 
ERST 


Hence À zu 


where N is now the number of groups per unit volume. 
If M is the mass of one group and A the density, NM=A 
and N . 2a°=1. 


9 MM 
Therefore A= 2.0.8 n ( a) , 


The values of A, calculated from the experimental values 
for the compressibilities of the six following salts (T. W. 
Richards and G. Jones, Journ. Am. Chem. Soc. xxxi. p. 176), 
are: 


KBr. 


m 


KCl. 


12°75 


CEE 


| NaCl. | NaBr. 
| 
| 


12:32 | 12-45 


We have to find values of c for Na and K, and values of 
d for Cl, Br, and I, such that A has the above values for the 
various salts. 

Consider NaCl. From Table II. graphs of (A, «) for 
different values of c/a were drawn (fig. 2). The intersections 
of these curves with the line A=12°32 givea set of corre- 
poe values of z and c/a shown in ihe first two rows of 
the table below. From the second column of Table I. 
graphs of (d/a, x) for the same set of values of c/a were also 
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Fig. 2. 


s s 
d i an 
i f ^ 


j i y Pe 
fi "A a A 
TAA 
"S j 
P A 
m P4 a 
+- 
e OS 4 4S 2 2S x 


Graph of (A, z) for different values of c/a. 


drawn (fig. 3), and from this a set of corresponding values 
of dja was determined, as shown in the third row of the 


| l 
cja ..| 0 95 ^b [TH LO [LI 5 175 20 225 
| 


! | 
LESE asl 222 7343 | 204 | 7161 118 | -095 079 065 -060 


I 


Ha... 208 302 3200 |:197 | 165| 127| 103-086-075 065 


For NaCl, a=2°817 A; so we get the following set of 
corresponding values of c and d (fig. 4) in Angstrém units:— 
6338 | 

1831 | 


I Fo niia a SY Sse: k iz 
c..| 0 704 1408 2113 817 3521 4225 |4930 5634 


1.05710 8001 5094. 5550 | 4640 | 3077 2901 | -2424| -2141 
i | 
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:24 pU x20 
D = 1-0 
22 yg 2 5 
Ya = ‘0 


o 'a5 4 45 2 25 x 
Graph of (d/a, x) for different values of c/a. 


Fig. 4 shows also the graphs of (c, d) obtained in a similar 
way for NaBr, NaI, KCl, KBr, KI. 

If we now take an arbitrary value of c for Na, say 3, we 
obtain from the curves for NaCl, NaBr, Nal the values 
445, 495, °608 of d for Cl, Br, and I respectively. From 
the curves for KCl, KBr, KI, the values of c for K which 
correspond to these values of d are seen to be 4:7, 4:56, 4-1. 
In this way the table given below is drawn up. If the value 


| | | c for K given by 


| 
Nw 


| 


c for Na.|d for Cl. d for Br. | d for I.) KC). KBr. KI. 
[5] [9] oO | [6] [e] o O 
OA | STA | 605A | HBA] BOA | BBA | 394A 
1 ‘BOT 603 651 4-0 3:- 3:9 
2 5566 590 | 645 3:95 3:9 4*0 
9-5 | -510 510 040 43 4:l 40 
3 445 405 608 47 $56 4+1 
4 ‘315 363 430 62 5:9 55 
5 | 236 3T : ‘334 p 723 67 1 
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assumed for c for Na is the correct one, it is clear that the 
three values of c for K obtained in this way will be the 
same. 

Fig. 4. 


[ 


o 


S ec 


Graph showing relation between c and d. 


Hence it is seen that the solution must be in the region 


c=0 to 2:5 Å for Na, 
c=3°8 A to 4:04 for K, 
d=:570 A to ‘510A for CI, 
d —:605 A to ‘57 A for Br, 
d='66 A to *64 A for I. 
A method of trial and error readily gives the following 
values as those of best fit :— 

c for Naz 2:2 À, 

c for K z 3:95 À, 

d for Cl 2:555 A, 

d for Brz:590 A, 

dfor I 2:645 Å. 
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Finally, the compressibility is calculated thus :— 

For NaCl, when d and c are 555A and 2:2 A, d/a and cja 
are ‘1970 and °7631 respectively. Hence, from fig. 3, 
x='231, and therefore, from fig. 2, A—124. This givesa . 
value 4:139 x 107!? for the specific compressibility. This 
process was carried out for all the salts under consideration, 
and the following values for the compressibility were 
obtained :— 


Compressibility '  Compressibility | 

(ealeulated). — | (observed). 

—-— ————. ——| 

NaCl ......... 4189x10-" , 411x10-? | 

NaBr ......... 5:009  , | 508  , 

Nal does 6:090  ,, 69  , | 
KO] ......... 5061  ,, 503 , 
KBr ......... 6'351 , 623 , 
KI uu 8:660  ,, | 86  , 


i 


The observed values of the compressibility are taken from 
the paper quoted above (T. W. Richards and G. Jones, Journ. 
Am. Chem. Soc. xxxi. p. 176). 

Tbe atomic diameters of Cl, Br, and I, as given by 

Prof. W. L. Bragg (Phil. Mag. August 1920, p. 180), are 
2:10, 2°38, 2-80 x 107? em. 
"590—555 2:38-2:10 — 
'645— 555 2:80-2:10 . 
the values of d when plotted against the atomic diameters 
will fall very nearly on a straight line. 

As is shown below, the diameter of the cube of electrons 
surrounding an atom is of the order of the atomic diameter. 


NaOl.| NaBr.| Nal. | KCl.| KBr. | KI. 


Diagonal of cube .../ 1:9784| 2:132 | 2:354 | 1:8904| 2-022 |2:220 
Atomic diameter ...| 210 |238 |280 |210 |238 | 2°80 
Ratio irissen 942 | :896 | :841 | :900 | 858 | 793 


Since =°39, and "4, 


Using the values of ¢ to determine the wave-length for 
the specific photo-electric effect by the method given by 
Sir J. J. Thomson (Phil. Mag. April 1922, p. 732), we get 
the following results :— 


À (calculated). | À (observed). 
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The above results were applied to the silver salts. 

Silver chloride and silver bromide crystallize in a simple 
cube of edge 2:78 A and 2:89 A respectively, the arrangement 
of the atoms being the same as in NaCl (Wilsey, Phil. Mag. 
vol. xlii. p. 262, 1921). 

If we suppose that the silver contributes one electron to 
the chlorine or bromine octet, then, using the values of d just 
obtained (555 A for Cl and :590 A for Br), a calculation 
similar to that undertaken for NaCl shows that the following 
values of c for silver give results in agreement with the 
observed value of the compressibility :— 


For AgCl, e=4575 A; 
AgBr, c2 4:590 Å. 


Taking as the mean of these values, e for silver =4°580 A, 
the following are the values caleulated for the compressi- 
bility :— 


= - mms — = — z = = — 


Compressibility (observed). | 


i 
Compressibility (calculated), (T. W. Richards & G. Jones, | 
| 


loc. cit.) | 
Ap) uus | 2°30 x 10-1 2925019 =! 
A pies ien | 2 | 250, 
| 


Apecifie Inductance Capacity of Sults. 


A calculation of the specific inductive capacity of sodium 
chloride and of potassium chloride was made thus :— 

In an electric field X the atoms and electrons in the 
crystal undergo the following displacements :— 


(i.) The framework of the alkali atoms is displaced 
relatively to that of the chlorine atoms. 


(ii) The shells of electrons surrounding the chlorine 
atoms are displaced relatively to these atoms. 

(iii) The shells of electrons surrounding the alkali atoms 
are displaced relatively to these atoms. 


Let us consider these effects separately, when the electric 
field is parallel to the edge of tbe cube. 

(i.) To calculate this effect, regard the atoms as charges 
+eand —e. Suppose the displacement of the lattice of the 
alkali atoms relative to that of the chlorine atoms is 6z. 
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Then, from the equilibriam of a displaced atom, we have 
- l4 a 
Xe= y TIL 


; ; . (1 
when the attraction between unlike atoms is (5 


a 


and the effect of the 26 nearest atoms is considered. 
To find a, consider the potential energy V of the atom in 
the absence of the electric field. It is found that 


Aigo -e (C _ 3°333 a); 


a za? 
e l 
when a repulsion FE assumed between atoms of the same 


kind. 


For equilibriuin, oy —0; hence * =:4367. 
| Oa a 
Now, in unit volame there are 1/2a* atoms of each 


kind. 


Hence the electric moment per unit volume 
=z . e . [2a 
— 3 z X — 
~ 28 '-:4301' 
K-1 


This is equal to E X. 


Therefore R-1 —:9453. 
4T 


(ii.) If we consider the equilibrium of an electron of the 
outermost shell surrounding the chlorine atom in the displaced 
condition, we find that the restoring forces exerted by the 
other atoms on the electron are small compared with the 
force exerted by the chlorine atom itself, and that the latter is 


Te? .d. 8: 

EE 
where 8: is the displacement of the electron relative to the 
chlorine atom measured in the direction of the field, and 
d, y are the quantities defined in the earlier part of this 


aper. 
The electric moment per unit volume is therefore 


8.0.0: 427 yt 
20 €T " da?" 
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On substituting for y, d, and a, we find 


K—1 for NaCl 123, 
år 
for KCI =-080. 


For the inner shells, y* decreases rapidly, and the effect 
of these shells will be neglected. 

(iii.) On performing a calculation similar to the above for 
the outermost shell of the electron still surrounding the 
alkali utom, we get 

K—1 
4T 


for NaCl —:0031, 
for KCl =°013. 


The value of the specific inductive capacity, when the 
types of displacement considered above are taken into 
account, is:— 

For sodium chloride, 


K =1 + 4m [2453 +°133 +0031] 
=95°793; 
and for potassium chloride, 
K =1 +4r [2453 + 080 + -013] 
=5'252, 


The observed values of K are :— 


-—— M s 04 o 
Observed ...... | Starke. W.Schmidt. | Rubens & Nicols. 


NaCl sesen. 6:29 5:60 5:18 
Ol anane 494 4°75 4:55 


The calculated value for NaCl is seen to lie between the 
extreme observed values, while fair agreement is obtained 
for KCl. 

The values of K (given below) are calculated in the same 
way. No experimental values are available for comparison 
in these cases :— 


EE MIA 
NaBr ......... | K-25914 | 


i ee | 031 | 
KBr sss 5-289 
ee 5:363 | 
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Summary. 


This paper contains a calculation of the compressibility of 
certain cubic crystals—namely, the chlorides, bromides, and 
iodides of sodium and potassium, and the chloride and 
bromide of silver, and also of the specific inductive capacity 
of sodium chloride and of potassium chloride. A comparison 
of the calculated with observed values shows that satisfactory 
agreement is obtained. 


This investigation was suggested by Prof. Sir J. J. 
Thomson, to whose advice and help its completion is also 
due. I have pleasure in taking the same opportunity of 
expressing my thanks to the Department of Scientific and 
Industrial Research for a grant which enabled the work to 
be undertaken. 


XCI. The Variation of the Photo-electric Activity of a 
Potassium ferro-cyanide solution. with the Concentration of 


the solution. By J. H. J. Poor, Sc.D.* 


P the course of some previous experiments on the photo- 

electric theory of vision, it was observed that an aqueous 
solution of potassium ferro-cyanide exhibited a pronounced 
photo-electric effect when illuminated by the light of a 
carbon arc. It was felt at the time that possibly, by 
measuring the variation of activity of the solution with 
concentration, some infermation as to the origin of the 
photo-electron in the solution might be obtained. Thus, 
if we consider any dissolved salt, it is plain that there are 
three ecd sources of the photo-electron, i. e., the positive 
ion, the negative ion, or the undissociated molecule. It 
is evident that the shape of the curve connecting the 
activity of the solution with the concentration will depend 
on which of these three possible origins is the real one, as 
` the degree of the dissociation of the solute will depend on the 
concentration. Thus in a general way we should expect that 
if either the positive or the negative ion were responsible, 
then the rate of increase of activity with concentration would 
diminish as the concentration increased, while the reverse 
would hold if the undissociated molecule only emitted the 
photo-electron. If, however, one radicle of the salt is photo- 
electric, whether in the combined or ionized: condition, the 
law connecting the activity with the concentration should be 
a simple linear one. 


* Communicated by Prof. J. Joly, F.R.S. 
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The first attempts at measuring the photo-electric activity 
of various concentrations were made with a continuous 
current carbon arc. It was found, however, that consistent 
results could not be obtained owing to variations in the 
quantity of ultra-violet light emitted by the arc. Every 
attempt was made to keep the arc steady by carefully 
regulating the current through it, but in the end the carbon 
arc had to be abandoned. It was then decided to use a 
mercurv arc in quartz as à source of light, and after some 
delay a suitable form of mercury arc was obtained. This 
arc emitted an approximately constant quantity of ultra-violet 
light when it had been running for about tliree-quarters of 
an houror more. An ammeter was placed in series with it, 
so that the current through the arc could be kept constant 
by means of a regulating resistance. 

A Dolezalek quadrant electrometer in conjunction with a 
special form of ionization vessel was used to measure the 
electronic current from the solution. The sensitivity of the 
electrometer could be quickly ascertained by an arrangement 
by which a known small voltage could be applied to one 
quadrant. The capacity of the electrometer and ionization 
vessel was known from previous determinations, and thus 
the current corresponding to any rate of increase of voltage 
of the quadrant could be quickly calculated. A sketch of 
the ionization chamber is shown. The solution to be tested 
is contained in the glass vessel which fits on top of the central 
metal platform. The under side of the glass vessel is 
covered with tinfoil and electrical connexion between this 
foil and the solution is made by a piece of platinum ribbon 
which passes over the upper edge of the vessel and dips into 
the solution. In practice it was found necessary to keep the 
ribbon slightly greasy where it passed over the edge of the 
vessel, as otherwise the solution tended to creep out along 
the ribbon. The metal table on which the glass vessel rests 
is supported on a central brass pillar which passes through 
an insulating bushing of sealing-wax in the floor of the 
ionization chamber. The lower end of this pillar is eonnected 
to the isolated quadrant of the electrometer, so that the 
solution in the glass vessel is directly connected to this 
quadrant. ‘The advantages of this design are two-fold ; 
firstlv, the solution to be tested only comes in contact with 
glass and platinum and hence we eliminate any effects which 
might be caused by chemical action between the solution 
and the containing vessel ; and secondly, we can very quickly 
remove the vessel from the ionization chamber. when we 


desire to substitute a different solution. This point is of 
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some importance as, owing to possible variations in the 
inteusity of the source of light, it is desirable to be able to 
test the various solutions as quickly after one another as 
possible. 

To facilitate the escape of the electron from the solution 
an accelerating electric field was applied in the usual manner 
to the copper gauze grid fitted, as shown in sketch, over the 
surface of the solution. This grid was connected to the 
positive terminal of a high tension battery of about 300 volts 


lop 
Ebonie 
Poar 
7o Lorlh 
ies eas oe es — 
| Caurd Ring 
7o Battery : 70 L£/eciromeder. 


pressure. It was found that this voltage was capable of 
producing approximate saturation in the electronic current 
even with the strongest solutions. To ensure, however, that 
no variation in the distance between the surface of the 
solution and the grid should affect the value of the current, 
a standard quantity of the solution was always used. 
Probably at pressures above 300 volts this precaution is nct 
very esencial, but at lower pressures the current depended 
to quite a large extent on the quantity of solution in the 
glass vessel. This effect was attributed to the fact that the 


Phil. Mag. S. 6. Vol. 45. No. 269. May 1923. 3M 
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magnitude of the accelerating field will diminish as the 
quantity of solution is decreased owing to the increased 
distance between the grid and the solution, and hence unless 
the field is sufficient to produce thesaturation current in any 
case, the current will fall off with the decrease in quantity of 
the solution. 

It is verv necessary in experiments of this nature that it 
should be quite plain that the photo-electron is really emitted 
bv the solution and not hy the solid containing vessel. For 
this reason the grid was fitted with a stop, which only 
allowed the light to fall on the central portion of the liquid 
surface and not on the wallsof the vessel. This arrangement 
will largely reduce the possibility of electrons being emitted 
bv the containing vessel, but there may be still a few emitted 
owing to scattered light. However, the results show that 
the effect, if any, must be small, as the activity of pure water 
when measured in this apparatus is quite small. It is 
probable that the amount of scattered light would be 
independent toa large extent of the solution in the vessel, 
and henee for the stronger solutions the maximum error due 
to this cause could not exceed the apparent activity of the 
pure water and would in consequence be a small one. 
Owing to the fact that it is the rise in voltage of the isolated 
central vessel that is measured, no error will be caused by a 
possible emission of electrons by the metallic sides of the 
ionization vessel, as all such electrons will be attracted to 
the grid by the electric field. For the same reason no 
photo-electrons emitted by the grid itself will leak back to 
the solution. 

The top of the ionization chamber is cylindrical and fits 
over a brass flange fixed to the floor of the chamber, so that 
it can be quickly removed. The exciting light is admitted 
through a quartz window in this top. ln the earlier 
experiments a speculum metal mirror was used to direct 
the light of the mercury are on to this window, but this 
mirror was abandoned later on, and the mercury are 
arranged to. shine. directly downwards on the solution. 
This procedure i is not without its objections, but it was found 
preferable to using the mirror which not only was not 
a very etficient reflector of ultra-violet light, but also seemed 
to vary in efficleney owing to possible changes in its polish. 
To eliminate as far as possible any error due to changes in 
tlie nel wie positions of the ionization. vessel and the 
mereury are both pieces of apparatus were clamped firmly 
to the li neh, and these champs never interfered with during 
the course of the experiments. [t was not necessary to tilt 
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the mercury vapour lamp in order to strike the arc and 
hence no vibration was caused in starting the lamp. No 
quartz lenses were used to concentrate the light of the arc 
on the solution, as the only one of suitable size available 
seemed rather to decrease than to increase the effect. This 
was probably due to the lens being too thick and absorbing 
a large amount of the active shorter wave-lengths in the 
light beam. 

The solutions of potassium ferro-cyanide used were 
prepared from the pure salt, supplied by Kahlbaum, and 
distilled water. The water was stored in glass and hence 
contained a small amount of dissolved impurities. All solid 
matter was removed from tbe solution by careful 
filtration, as the presence of any dust particles in the 
solution increases its activity very considerably. Thus if a 
solution is left exposed to the atmosphere for a few hours, 
and its activity then measured without disturbing the 
surface, it will be found to be considerably greater than the 
normal owing to the layer of dust deposited on the solution, 
and this effect can be removed nearly entirely by stirring 
up the liquid so as to distribute the dust through it. On 
this account the solutions after filtration should be exposed 
to the atmosphere as little as possible, and the solution 
transferred from its flask to the ionization chamber as 
quickly as can be arranged. In practice the solution had first 
to be transferred to a burette so that a known volume might 
be run into the testing vessel, but the delay caused by this 
operation is slight, and as it is the lower part of the liquid 
in the burette which is used, no dust falling on its upper 
surface is likely to enter the vessel. 

The method of conducting an experiment was as follows. 
The mercury arc was first turned on to allow it to come toa 
steady state. While the arc was heating up, the electro- 
meter needle was charged, and the sensitivity of the 
instrument measured. The solution to be tested was then 
placed in the ionization vessel, and the grid connected to 
the high tension battery. By this time the arc was probably 
moderately steady, and the time taken for the electrometer 
spot of light to move through a known number of scale 
divisions, when the quadrant was isolated, was noted. 
A shutter was fitted in the path of the incident beam of 
ultra-violet light by which the light could be cnt off at will. 
Several readings of the rate of leak were taken, and then 
the solution was removed from the chamber, a fresh 
solution inserted and the process repeated. 

The chief trouble in these experiments arose from the fact 


3 M2 
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| that the mercury lamp was always apparently liable to vary 
in an erratic manner. As far as the visual light from it was 
concerned, the are burnt very steadily, but the amount of 
ultra- vidlei light entering the ionization vessel, as measured 
by the plioto-electrie discharge from the solution, was not 
constant. This effect was not due to photo-clectric fatigue 
of the solution, as the activity was as prone to increase with 
time as to diminish. To eliminate errors due to this cause, 
the plan adopted was to measure the activity of the strongest 
solution at frequent intervals during the course of an experi- 
ment, and if its value was found to vary by more than about 
4 per cent, the readings obtained for the other solutions 
were neglected. 

The table given shows the results of the five most satis- 
factory series of experiments performed. The number of a 
solution is simply proportional to its concentration. Solution 
No. 8 was the strongest solution used and contained 28 prm. 
of K,Fe(CN), to 100 c.c. of pure water. The other solu- 
tions were made up from this solution bv dilution with 
distilled water. As it was found that the activity of the 
No. 8 solution varied slightly from day to day, owing pos- 
sibly either to actual variations in the mercury arc itself or 
to differences in the absorptive power of the air and the 
quartz window due to differing hvgremetric conditions, 
the activity of this solution has been taken as 100 for each 
experiment and the activities of tlie other solutions calcu- 
lated on this basis. It may be stated that the actual average 
value of the electronic current per sq. em. of the strongest 
solution comes out to be about 8x 107'* ampere, or about 
5 x 10` electrons per sec. If we assume that a layer only 
107" em. thick of the solution 18 affected, this shows that 
only about one molecule in 10° of the potassium ferro-cyanide 
present in this layer emits an electron every second. 


Activity. 

Solution ee ~ — Á— 

Number. I. II. IIL. IV. V. Mean. 
Ga Curse ])00 100 100 100 100 100 
fare eee 80 82 85 80 78 el 
Y. Sooistast 62 69 65 12 61 06 
P m 59 5 — 57 57 7 
rr 5] 43 42 45 53 43 
5 Nw bus 37 33 39 34 39 36 
D ice cons 29 ol 29 26 24 23 
I iens 18 19 25 17 19 2 


pees 4 4 18 11 8 10 
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The mean value of the activity for each solution has been 
plotted against the concentration in the following curve. 
The irregularities in the values of the activity for the various 
concentrations are probably due to fluctuations’ in the 
character of the light, eaomh not affect a strong and 
a weak solution in the same way. It is hoped, however, 
that by taking mean values this error may be eliminated, 
and the fit of the points on the curve is such as to encourage 
this view. If we plot the values for any single series of 
values a curve of similar shape to. the main curve is 
obtained, but usually the observed points do not lie so well 
on the curve. 


Achyily. 


Corcerstralior. 


The curve shows that at the lower concentrations the 
activity is a simple linear function of the concentration, 
but that for the stronger solutions the activity increases 
more rapidly than the concentration. This fact would 
appear to favour the view that the undissociated molecule 
is responsible for the photo-electric properties of the solution, 
but before entering further into this point it may be well to 
consider briefly whether the range of the photo-electron in 
the solution itself could have any importance. 


Let r = range of electron in solution. 


If molecule is in the surface, let the number of electrons 
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emitted by molecule per second = AT, where I is the in- 
tensity of incident illumination. When molecule is at a 
distance z below the surface, only a fraction of the electrons 
emitted by the molecule will escape. 

To determine this fraction, describe a hemisphere of radius 
r about the molecule. The ratio of the number of electrons 


Fig.5. 
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escaping from the surface to the number emitted by the 
molecule mav be taken as equal to the ratio of the area 
of the spherical cap cut off by the surface to the area of the 
hemisphere. The area of this cap is equal to 2rr(r—2), 
* . * T— r 
hence the value of the fraction escaping will be 7 
Let us now consider a laver of area a and thickness d.r 
at a depth x below the surface. Let the number of elec- 
trons which escape per second from the liquid and have 
their origin in this layer be dn. Then we have 


dus Na de(1- =), 
: 


where N = number of molecules of solute per c.c. 


and I = intensity of illumination in the layer. 


Hence n, the total number of electrons escaping from an 
area a of the liquid per second, is given by the equation 


iE : , 
n=} cl. Na (! — ") de. 
e) E 
There are two main cases which may be considered in tlie 
solution of this equation. In the first case we may consider 
that owing to the very small depth of the layer the intensity 
of illumination will be constant throughout the layer, or 
secondly, we may assume that this is not true, bnt that I 
is a function of the depth and concentration. 

Case 1.—Let intensity of incident light-beam be I,. Then 
in our expression for » we may write I-—I,. 


Hence 
isal dust 
u = 25. ad , (1- m jde. 


or 
=k l Na 2 
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This shows that if r, the range of the electron, is independent 
of the concentration, then the activity of a solution should 
be simply proportional to the concentration, if the intensity 
of the light-beam is constant. For the weaker solutions of 
potassium ferro-cyanide this law seems to be fairly accurately 
obeyed, but it does not hold for the stronger solutions. 

Case II.—1£ we do not consider the illumination throughout 
the layer to be constant, the simplest assumption to make is 
that it will fall off with dépth according to an exponential 
law. Let us accordingly assume that [=Ije-”. The value 
of X will obviously depend on the concentration, and may be 
written in the form X—aN +b where a and b are constants, 
the b term representing the absorption of the solvent. Our 
expression for n will now become 


—KIQN ME -*) 
n 0 aye (1 dx 


Ep -xf tul uod 
Hoa f. i Ste x) 


1 1 
= kI,Na lx -— x 0-767) 


rot N 
37 |3 ja ee] 


If X—0, that is if we neglect the effect due to absorption, 
this formula reduces to the one obtained in the previous case. 
Now Ar will always be small, so that we may neglect higher 
powers of Xr than the first. Thus, 


= kI Na | 


CaN 


l Xr 
n= kI Na '(; = | "2 


But : 
A=aN +b. 
Therefore " 
1 br QiNT 
n=klNar(5 — 5 — 2) 


If we consider, as before, that r is independent of N, 
we may write this equation in the form 


n=eN(f—gN), 
where e, f, and y are independent of N. 
Differentiating this expression with regard to N, we get 


dn 


dN — e(f—29*). 


~ 
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. du . 
As this shows that the value of decreases as we increase 


dN 


the concentration, it entirelv fails to explain the experimental 
results obtained, and accordingly we must look elsewhere for 
a feasible explanation. 

As has already been mentioned, there are three possible 
sources of the photo-electron in the solution, namely, the 
positive ion, the negative ion, and the undissociated molecule. 
The evidence seems, however, to render it very unlikely that 
the positive ion could be responsible for the photo- electron, 
as it will already have lost one electron, and is therefore 
extremely unlikely to lose a second. This view is further 
confirmed by the fact that potassium ferri-cyanide was 
found to be nearly entirely inactive in solution, showing that 
the photo-electric properties must be due to the negative 

radiele. Previous investigators have also found that the 
activity of the salts of potassium depends on the negative 
radicle; thus while potassium chloride decreases the ac tivity 
of pure water, potassium sulphate increases it considerably. 
It now remains to be decided whether the negative radicle is 
active only when not ionized, or whether its "state of ioniza- 
tion is immaterial. The possibility that it is only the ionized 
form that is active may be dismissed, as if this were the case, 
the slope of the activity curve should decrease with concen- 
tration, not inerease as the experimental results show it does. 
The lower linear portion of the curve certainly favours the 
view that both the negative ion and the undissociated 
molecule are equally active, but the rapid increase of activity 
for the stronger solutions is not very easily explained on this 
hypothesis. 

To further investigate this point, the electrical conduc- 
tivities of the various solutions were measured with a 
Kohlrausch cell and bridge, and the percentage of undis- 
sociated molecules present in each solution calculated from 
the value of the conductivity for very dilute solutions, on the 
usual assumption that the change of equivalent conductivity 
of a solution with concentration is entirely due to the varia- 
tion in the degree of dissociation of the solute. Curve II. 
(fig. 4) has been plotted from these results. The absciss:e 
are proportional to the number of undissociated molecules per 
c.c. and the ordinates to the activity of the solution. If the 
activity were due to the undissociated molecules only, and if 
the chance of a molecule emitting an electron were unaffected 
by the presence of other molecules of the solute, this curve 
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would be a straight line. This is not the case, however, as 
the curve bends decidedly upwards for the higher concen- 
trations, showing that the increase in the number of undis- 
sociated molecules is not sufficient to explain the increased 
activity. There are two possible ways out of this difficulty. 
One is to suppose that the concentration of the molecules in 
the surface increases more rapidly for the stronger solutions 
than the general concentration througbout theliquid. If the 
surface tension of the solution depends on its strength, we 
might expect some such effect as this to arise, as in this case 


Number of Undrssocialed /folecues 
Per OC. 


the concentration of the solute in the surface layer would be 
different from the concentration throughout the bulk of the 
liquid. Dorsey (Phil. Mag. 1897) has shown that in general 
the surface tension of aqueous salt solutions is greater than 
that of pure water, and this would lead to the surface layer 
being poorer in the solute than the rest of the liquid. He 
also showed, however, that the surface tension of the solution 
was a simple linear function of the concentration, and this 
would naturally lead us to suppose that the concentration in 
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the surface layer was proportional to the general concentra- 
tion in the liquid, although not equal to it. If this view is 
correct, we cannot explain the increased activity of the 
strong solutions on these grounds, and we are forced to turn 
to the second alternative, namely that the activity of a 
molecule of the solute is not independent of the presence of 
ether similar molecules, but increases as the concentration is 
increased, This seems to be a plausible explanation as in 
many cases it has been found that a body in the solid state is 
much more photo-electric than in the liquid state. Thus in 
the very strong solutions we might expect that the solute 
was not entirely broken up into molecules and tons, 
but that some of the molecules were still associated into 
larger groups. As these groups would approximate more 
closely to the conditions of the solid state, it would be 
natural to suppose that the activity of the group as a whole 
would be greater than the sum of the activities of its 
component molecules when isolated, and hence the increased 
activity of the stronger solutions would be explained. 


Summary of Paper. 


Experiments on the variation of the photo-electric activity 
of a potassium ferro-cyanide solution with concentration are 
described. It is shown that :— 


(a) The negative radicle is probably responsible for the 
photo-eleetrie properties of the solution. 


(^ The relative increase of activity of the stronger 
solutions cannot be accounted for either by the 
possible effects of the range of the photo-electron in 
the solution or bv the increase in the number of 
undissoeiated molecules per c.c. of solution. It seems 
probable that this increase is to be attributed to the 
effect of a possible association of the molecules of 
the solute in the more concentrated solutions. 


Physical Laboratory, 
Trinity College, Dublin. 
February, 1923. 


[ 907 ] 


XCII. On the Velocity of Sound in Liquids. contained in 
Circular Cylinders with slightly Elastic. Walls. By 
H. G. Greey, W.A4.* 


History and aim of the Paper. 
XPERIMENTING in 1847, Wertheim found that 


the velocity of sound in an organ-pipe completely 
immersed in water was reduced to 1173 metres per second, 
and he put forward the theory that the water in the pipe 
behaved as a quasi-elastic solid. Helmholtz (1848) by 
a general discussion showed that this theory could not be 
correct, and suggested that the effect was due to yielding 
of the pipe-walls, an interpretation supported by Kundt 
and Lehmann (1874) and by Dvorak in their experiments 
with water by the method of Kundt’s dust tube. We 
propose to obtain an approximate expression for the velocity 
on the hypothesis that the change is entirely due to the 
give of the walls, and to compare results so obtained with 
those of experiment. This comparison unfortunately can 
only be rough, from the absence of full data of the ‘pipes 
employed. 


Fiejevences. 


An account of the experiments to be discussed may be 
found in Barton’s ‘Sound,’ 4th edition. In the treatment 
of the hollow cylinder, the methods used by Chree (Cam- 
bridge Phil. Soc. Trans. vol. xiv. 1889) and Love for the 
vibrations of solid ones will be followed. Paragraphed 
references under the latter name are to his * Mathematical 
Theory of Elasticity,’ 3rd edition. References * G. and M." 
are to the ‘Treatise on Bessel Functions’ (Gray and 
Mathews, 1895), while necessary physical constants are 
from Landolt-Bórnstein's Tables. 


Notation. 


The general notation of Love will be adopted, using 
cylindrical coordinates. The pipe (fig. 1) is to have its 
axis along the axis of z, and, in the equilibrium state, 
to have external and internal radii a, b respectively. The 


9 
length of the sound-wave =) is supposed to be large 
compared with a and b, but the discussion is not confined 


* Communicated by Prof. E. H. Barton, F.R.S. 
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to the case of the “thin-walled” pipe. The plane of 
reflexion, supposed fixed in space by external agency, is. 


T 
taken as the plane := 5 


Fig. 1. 
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We shall first consider the displacements of the material 
of the pipe under a radial pressure Pcosntsiny: on the 
inner surface with trial displacements 


u, = U cosntsinyz, e=0, uz = W cos nt cos yz, 


where U and W are functions of r. [ cf. Love, $199.] 
The equations of motion, as in Love ($$ 199 to 201), 
reduce to 3A 12A 
"á i 2 = ras 
3r? +, m +WA=0, .... (1) 
Owe lw, Be 9 9 
qut. or or +kapg=0,.... (2) 
where 
h? = w'g|(X--2u)—y, KM = plue y, 
_ 1 dlr) Qu. 
Bs r òr T o: 
and 
Daun OE. 
- o: or’ 
D au U 
| r ; . : 
A= ( or + : —yW ) cosntsinyz, . . . (3) 
. OW | 
29g = (yU i cosntcosyz. . . . . . (4) 


The solutions of equation (1) for A are of types J,(hr), 
Yo(hr), and of equation (2) for a» of types J,(kr), Yi(4r), 
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and we have to take U and W of the forms 


U = 2 (AJ,(o) + BY (hr) {| +y{CJ:(kr) + DY, (kr)}, 
W = y (AJ Ur) + BY, (hr) } + 2 {CrJ (kr) + DrY, (Ar) }. 


Using the relations between first derivatives of Bessel 
functions 


2 dole) =la), 
È d) = Je(a)— HU (x), 


9 a) adag) a ae cuve sou cx ow. x9) 


or 


with similar expressions in the-Y's, [G.and M. pp. 13, 14] 


these may be re-written 

U =—A{AJ (ir) + BY (hr) } +y{Ch (hr) + DY, (Ar) }, (6) 
W= y{Ado(hir) + BYo(hr)} +£{CJo(kr) + DYo(kr)}, (1) 
and hence 

A =—(h?+9)(Ado(hr) + BY ofhr)) cos ntsinyz. . . (8) 
The radial tractive force is given by 


aay Ou, 
Tr = 
AA + 2u HE 
and the tractive force parallel to the axis by 
EN Qu, Qu. 
t= a uir adi E^ 
(3: or 


and so by substitution from (6), (7), and (8) we obtain 
after simplification by (5) | 


rr[cos nt sin yz 


9 
RES [ (70890 2416) Johr) + Cr) | 


+B r —AX( + y?) 2482) Y (hr) + e ¥ (ir) | 


+ 2uyC | Jor) — oF (kr) | 
+ 2uyD | AY (Ar = : Y,») | JE" . " ; * (9) 
and 
rz/cos nt eos yz = — 2wyh AJ (hr) + BY, (4r) J 
— ph? — y Cd (hr) + DY (Ar) ]. (00) 
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Now for a modulus r, 


2 
fe eee 

TE ere 

Yo Jylogr + a(S? t vei ) 
Y,= J logri: icon 


[G. and M. p. 22 


and where æ is small we ean w uar in (9), (10) to obtain a 
first approximation, 1, log x, i — l for Jole), Yu(a), Jile), 
Ybr e) respectively (that is, the jode terms in the ex- 
pansions of the functions), and retaining only the largest 
terms in the multipliers of A, B, C, and b, we have 


rr[cos nt sin yz 
= —A[XUP +7’) Fu? ]-B “H+ Cay + DË 


riu cos nt Cos y: : p , : 
= — Aylír-B Ze cU Ed LUST (A ae 


We have as houndary satin: M 


T 


When r=b, — rr=—P cosntsiny:, 7220; 
» r-d, rr= 0 , real; 


which give four equations to determine the constants, and 
lead to, afai heavy but straightforward algebra, 


A |, —Bh € -D P 
A, Ap Ac Ap Ap 


where 
2 9 " - a? — l? 
Bauen ou ig 
X —[? 
Ay = (Ty) XU y!) (a?) + whe +e)”, 
Jueyh? a — D 
Ac = — BY 2 25 a 
c I (4 ty) ab , 
Ap = yh A eat) U— y?) + phe + yt E es 
Ap = wll A Y OU + PYE) + lU y Ta exe) 


TIE 
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also A(h? + y?)(k? —y?) + wh? (k +7), which is a factor in 
three of these expressions, can be re-written as 

Xi)p (mp , untp n?p ‘) 
T y) p n Le 
or, after manipulation, as 


3X -- 2u v 
— n? pe? — t. EN AM 
"PY XT 2p L! Ep} 


where v=n/y is the velocity of propagation and E =) 


is Young’s modulus. 


[It is to be noted that to our degree of approximation the 


solution breaks down if v= —. (f. Chree’s result 
for a solid cylinder.] j 


From (6) we have 
(um Ah? + Cykl 4 1 B Dy 
jl EE T | k ] 


m UA 1 A 
r ; a 
"p =g [AMPH Aoyk] e - EY p ! 


2. 42 
—AíM + Aoyk = - uy (HY) uh 


- a? — h? 2 2 n*p i n*p 2 
ud. doncc ned ec card 


3 N+ 2u 
= E (A? Hy’). voy (1 -e |) 
AV Avy = i (P +y) py. xix ( ES Ej; ), 
P 2(e-—0) l (1- P) coc 2n) i | | 


(11) 

We are now in a position to discuss the hydrodynamical 
problem. It is supposed that the waves remain plane and 
that the pressure variations are small. The displacements 
of the walls of the pipes are then small, and we can consider 
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the hydrodynamical pressure on the inner wall as radial 
instead of normal. 

We can take the radial displacement of the inner wall 
(rz b) as u,— U cos nt sin yz under pressure 


p = P cos nt sin yz, ke UE o oae AES) 


where, in accordance with equation (11), 


U b noc )O+2n) 


La 
z—I————-- —— Ta. .. (13) 
j 


di eu. (1-7 Po 20) 


Let £ be the liquid displacement at time £ relative to = in 
space. We shall write 8, for the density in tlie unstrained 
state and 6 for that at time ¢. 

To a first approximation the equation of continuity is 


Sf 1th (149%) = o 20... (14) 


and that of force is 


OP 5 OF s & Je. a & (15) 


| 25 90 
But by (12), U 
mm p^ 


and (14) becomes 


ZEE TAI 149%) = a 


or say 
(1+ ay)(1+ +98) = 9, 
where a= zu e. 5 (106) 
| of 
E 1—(14 a5) (14-25) 
But "e K*, aK Zote (ita) from (16), 
(ap) (14 95) 


= -K (ap +8") approx., 
a and E being small, 


a |RSS x 
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Hence 
K 0? o? : 
DIG do ; e from (15), 
or ; K 1 
v — as cum i ee 
Ôo 1 + aK’ 


If we write v= \/ : as the velocity of plane waves in 
0 


liquid of unlimited extent, we have therefore 


» ty " 
or 
22. 07 7... . (48) 


v = 
9 1 E dpar?” 


where 6, is the density of the liquid and 


2 
3(1.. P 
1 : ( xi) Me) 


N27 (1-8) cant 24) 


The quantity 692v? in equation (18) can be given a direct 
physical meaning. We shall consider the fluxes through 
the boundaries of a cylinder of radius b and length êz, with 
its axis along the axis of z and centre at the.point z. The 
velecity g along the axis is then given by 


+a? 


ees in nt cos yz 
Qe oed 


The outward flux through the plane faces is given by 


òq mb’ P . ; 
? = re TERT $05 
Tb à: .óz en nt sin yz. 82, 
and the inward flux through the curved surfaces by 
Ou, : : 
—2mb.à:. o~ 2mbnU sin nt sin yz. dz, 
and their ratio 2n28,U 


em a 2 

zz bP = jai . 
The assumption that the waves are still appreciably plane 
demands that this ratio should not be large. In the 
numerical examples which follow, cases where it exceeds 
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a half have been rejected as beyond the approximations 
of the formula. 
Where Poisson's ratio 1s near to a quarter and the value 


of v is considerably less than / A (less than half of 


it is sufficient), the ultimate numerical error in taking 
XA-zpL-$E, and in neglecting the v? term in a, is iess 
than that due to errors in the experimental determinations 
of the elastic constants. In such cases the approximate 
(a? + 303) 
(a? — 0°) 

It may be noted that the relations (17), (18) are in- 
dependent of the frequency employed. If the expression 
had been carried to the next approximation, terms con- 
taining the frequency would have remained (cf. Chree's 
paper), indicating that for a pipe of given length the 
overtones are not exact harmonics of the fundamental. 
Experimental results for elastic constants are not usually 
very reliable beyond two or three significant figures, and 
further approximation would not add to the numerical 
accuracy of the formula. 

We will now apply the formula to the experimental 
cases of Kundt and Lehmann (Table I.) and of Dvorak 
(Table II.) (see Barton, pp. 533, 535). We shall assume 
an average glass with ~=A=2°4x 10" dynes per sq. cm., 
taking vo as 1440 m. per sec. and ĝas 1. The differences 
are given as percentages of the experimental result. 


value of æ is 


[.Note.— The possible range for p is 25 per cent. on either 
side of the one taken. It probably varied from tube 


(The experimental results are averages of the numbers of readings 
indicated in bracketa.) 


to tube.] 
TABLE I. 

-= a E TA m 

a in mm. | yin mm. | Temp. | B | S Mund 7, Diff. 
1655 —— 133 154 | 10404 (2 1174 +129 
20 EN; 17 | 12277 (3) 1198 — 24 
14375 | 11575 18 1262:2 (3) 1250 — 97 
14 105. | 185 ^1 (2 | 198] — 56 
13:25 ^ 18% | 1360 (3) 1328 - 94 
12 7 | 09222 | 1383 (l) 1339 — 32 
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TABLE II. 


| 

E mui | b in mm | v from | vfrom —— 7, Diff. , 

| . | d Experiment. Formula. 9 * d 
977 | 895 998 1071 +73 

| 648 5:85 | 1046 1107 44:9 

| 475 | 423 1164 | d MEET. 

(95 | T5 12013 | 1956 +355 
T3 | 


5:5 1281 | 1289 ~ +62 | 


Wertheim in 1848 published the results of investigations 
on the velocities of sound in various liquids, using his 
organ-pipe method (Ann. Chim. phys. (3) xxiii. p. 434, 1848). 


Fig. 2. 


Finding that for Seine water his result when multiplied 
by Vi gave very approximately the result for water 
unlimited in extent, he devised the quasi-elastic theory, 
and applied the same correction factor to other liquids. 
Fig. 2 shows the general arrangement of his apparatus, 
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and Table III.a gives his values for v,(= 3v) The 


agreement of the compressibility deduced from these results 
with those obtained by Grassi by direct methods (1851) 
gained the support of Tyndall, in spite of Helmholtz's 
condemnation. Table III.B gives revised values for v 
and for the compressibility with, in some cases, the values 
obtained directly by later experimenters. It will be seen 
that, except in two cases, the new values show better 
agreement. i 

In order to obtain this table we have assumed that y3 
is the correct factor for Seine water, and employed it to 
obtain the pipe constant. Unfortunately, Wertheim used 
several tubes and took average results without any regular 
arrangement, so that the deduced values of vy are purely 
tentative. In any case, the sensitiveness of the formula (18) 
to slight errors in v renders the method unsatisfactorv. 

In none of these cases is the formula strictly applicable, 
for the plane of reflexion is not usually fixed in space, nor 
is the plane of excitement, as far as the tube is concerned, 
sufficiently free of external restraint. Difficulty also arises 
from the radial forces over these planes (ef. Love, $ 201). 
In working with the dust tube the experimentalist over- 
comes these difficulties by using a tube of length an odd 
number of quarter wave-lengths, taking his measurements 
only in the central section. In Wertheim’s apparatus 
the movement of the plane of vibration is damped by a 
quantity of “dead” material (no ordinary fastening is 
rigid from the point of view of these vibrations), but in 
those cases where he used an open pipe the conditions at 
the plane of reflexion are closely approached. The neglect 
of external variations of pressure in the surrounding 
medium will produce no error in the formula, for the 
amplitudes of the vibrations set up are small compared 
with those of the liquid contained in the tube—they would 
have to be considered in a second approximation. 


Summary. 


We kave obtained a formula for a certain type of forced 
vibration in a hollow cylinder, and applied it to find the 
effects of pipe-yield on sound-waves in a liquid in the 
cylinder. 

On application to various experimental results, it is found 
that the deduced effect shows agreement which is, on the 
whole, sufficiently close to confirm Helmholtz's theory and 
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also to neutralize the agreements which led to support of 
Wertheim’s. It cannot, however, he considered sufficiently 
close to enable calculation to replace e experiment wherever 
considerable accuracy is required, as it might be, for 
example, in very long pipe-lines for the Transmission of 
Power by Waves (method of G. Constantinesco). 


University College, Nottingham. 
February 1923, 


XCII. The Eject of Current on the Photo-electric Sensitivity 
of Metals. By ALLEN G. SHENSTONE, M.A." 


I the Philosophical Magazine f I have described certain 

experiments in which the photo-electrie sensitivity of a 
bismuth plate was temporarily increased by the passage 
of a current through the plate under examination. Further 
ex periments which have been carried out during the past 
vear have not only confirmed. the presence and magnitude 
of that effect, but have shown it to exist in a number of 
other metals. 

There have recently appeared two very important papers 
on this subject £, Hallwachs and Sende and Simon describe 
experiments in which a strip of platinum was glowed by 
means of a eurrent for often repeated intervals of 10 seconds. 
Readings of photo-electric sensitivity were taken between 
heatings. 

It was found that the photo-eleetrie sensitivity increased 
very rapidly at first to a high value, from which it decreased 
more gradually to a value which, in some cases, was too 
small to be detected by the instruments in use, The authors 
of the papers base their explanation of this phenomenon on 
the assumption that the changes of photo-electric sensitivity 
are entirelv due to ehanges in gas-content of the metal 
surface. The driving off of the adsorbed surface-laver of 
gas is made responsible for the rise in photo-electric current 
bv allowing the electrons to escape more easily. Further 
heating then drives out the absorbed gas, this phase corre- 
sponding to the gradual fall of current. observed. On this 
explanation their results lead to the conclusion that gas is 
essential for the photo-electric emission of electrons from 


* Communicated by Prof. E. P. Adams, Ph.D. 
T Phil. Maz. xli. p. 916 (1921). 
t Phys. Zeit. xxi. p. 062 (1920) ; Ann. der Phys. lxv. p. 697 (1921). 
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metals. In other words, they do not believe that the photo- 
electric effect exists at all for pure metals in the range of 
.wave-lengths supplied by a quartz mercury lamp. It is well 
to point out, however, that their observations were never 
made on gas-free surfaces, even at the most favourable points 
In their experiment ; for, in a vacuum such as they describe, 
a metallic surface would be covered by a layer of gas in a. 
very small fraction of a second. This fact renders the 
authors' explanation of their recuperation curves especially 
doubtful, since the formation of the surface-layer would 
prevent the maximum on those curves. 

In connexion with those experiments consideration should 
be given to the work of Millikan * on the effect of tempera- 
ture on the photo-electric emission from metals. His 
experiments were carried out in a well-baked-out apparatus, 
and proved conclusively that between 25? and 125? change 
of temperature produced no change in the photo-electric 
emission from copper, gold, nickel, brass, silver, iron, 
aluminium, magnesium, antimony, zinc, lead. Those 
experiments covered long periods of time, during which the 
small changes of temperature used had ample opportunity 
to produce their maximum effect upon the gas-content of the 
metals. 

The essential difference between the two experiments just 
described lies in the use by Hallwachs of an electric current 
through the metal under observation. That the wide diver- 
gence of their results and conclusions can be explained by 
this fact seems probable, from the experiments described by 
me in Phil. Mag. (doc. cit.) and from additional work 
recently carried out. This work indicated distinetly that an 
electric current can influence the photo-electric sensitivity 
of a metal directly, independently of its heating effect. 

The apparatus used in this new work is essentially the 
same as that formerly described, except that the electrode 
has been modified to a conical form to allow a wider beam 
of light to strike the metal, and to protect the glass walls 
from charging. <A diffusion pump was used during all 
observations, and alwàys maintained a pressure not measur- 
ableon a MeLeod gauge. The potential on the plate was 
varied between —3 and — 15 volts, and gave entirely parallel 
results over that range; for the most part, —15 volts was 
used. lt was thought advisable to eliminate any possible 
effect of the plate current on the photo-electrons. The light 
was therefore screened between readings, and the current 


* Phil. Mag. xiv. p. 188 (1907). 
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was interrupted during readings. The measurements of 
photo--lectric current were made with a Dolezalek electro- 
meter of sensibility 1000 divisions per volt, earthed throughs 
an india-ink resistance of 5 x 10° ohms, giving about 
2x 1077 ampere per millimetre. 

My former observations were all made on plates of cast 
bismuth ; and it was suggested in my paper that a possible 
explanation of the results obtained was an orientation of the 
elementary crystals due to the passage of the current. This 
possibility was satisfactorily disposed of by making observa- 
tions on plates cut from large crystals of bismuth, obtained 
by very slow cooling of a melt. Plates cut in various 
directions gave entirely comparable results. Confirmation 
of this conclusion was afterwards obtained from the results 
with films formed by evaporation, which are almost cer- 
tainly non-crystalline, 

The most important point requiring experimental evidence 
is the question of the effect of temperature. In order first 
to find what changes of temperature were taking place in 
the bismuth plate, a constantan-copper thermo-junction was 
soldered to the back of the plate, the flattened leads being 
led out through the de Khotinsky cement in the ground- 
glass seal. With this arrangement it was found that the 
temperature rise corresponding to a rise of photo-electric 
current of 16 per cent. was less than 5? C, and corresponding 
to JU per cent. was only 24° From these measurements 
alone, 1t seems very improbable that the observed changes 
of photo-electric current can be ascribed to changes due to 
temperature, 

A few runs were made with a tungsten heating grid 
inserted behind the bismuth plate. This gave in every case 
a fall of photo-clectric current, which in some cases was 
very considerable. The results were, however, too irregular 
to allow them any great weight in the interpretation of the 
effect. 

An apparatus was next constructed to heat the bismuth 
plate without the use of a current. A brass tube was made 
to fit the ground seal of the glass apparatus, and the bismuth 
plate was cemented and wired to the end of this tube. A 
stream of water of known temperature could then be 
circulated to bring the plate to that temperature. The 
arrangement proved to be air-tight up to a temperature of 
about 50° C., where the cement began to fail. Over the 
range from 15° to 50°, the photo-electrie current remained 
unchanged within 2 percent. Cooling to the neighbourhood 
of 0* C. lowered the sensitivity by 5 per cent. 

These experiments were deemed sufficient evidence that 
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the effect is not governed by temperature changes, but by 
the passage of a current dheough the metal giving the 
photo-electric emission. Further evidence of this was, 
moreover, obtained in the later work, which was extended to 
a variety of other metals; very interesting results were 
obtained. 

Copper foil was first used, and gave results differing 
widely from bismuth, but much more closely reproducible. 
The rise of photo-electric current with increasing plate 
currents took place very much as with bismuth, but the 
maxima were attained very much more quickly. Above a 
certain plate current, however, the photo-electric current 
begun to decrease, and eventually fell below its initial value. 
With the plate current now cut off, the electrometer readings 
rapidly passed through the former values, rising to the same 
maximum and then decreasing to the original value. This 
cycle could be repeated many times. Such aseries of values 
bears a close resemblance to the curves given by Hallwachs, 
although in the present case the copper never reached a 
temperature higher than-250°. A typical curve is given in 
fig. 2, A. 

But still more peculiar was the observation that, starting 
from the original value of the electrometer reading, the 
passage of a large plate current carried the photo-electric 
current directly to the lower value, and from this low value 
it returned to the initial value by passing through the same 
maximum as had before been observed. 


Fig. 1. 


i 


PPE. Curren 


Plae Corren 


Referring to the small diagram (fig. 1), gradually 
increasing plate current carries the photo-electric current 
over the curve A, B, C. The return with plate current cut 
off is by C, B, A in the course of about 1 hour. Now the 
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current represented by O D carries the photo-electric current 
direetly and rapidly from Ato C ; but with current cut off, 
the return is again by the route C, B. A. The nature of 
this cycle, and the fact that it is reproducible within 2 per 
cent., would appear very difficult to reconcile with an 
explanation of the phenomenon, based on changes in the gas- 
content of the metal. 

Up to this point, the work was all carried out with 
polished surfaces, which naturally show considerable differ- 
ences. ]n order to eliminate such differences, it was 
decided to trv to work with metallic. films formed by 
evaporation from a hot electrode in a vacuum. To produce 
such films from electrodes of the metals themselves is a very 
tedious Job, because of the low vapour pressure at the 
temperature at which it is necessary to work to avoid 
burning out the electrode. A very easy way of avoiding 
this difficulty was found. A grid was made of tungsten 
wire, and this was thinly electro-plated with copper. After 
baking at a red temperature to eliminate water and absorbed 
pas, the temperature was run up to just under the melting- 
point of copper. Thick films on glass could be formed in 
this way in two or three minutes. The proper temperature 
could be judged after very little practice. Perfect mirror 
films of copper were produced of resistance between 4 and 
l ohm for dimensions of 1'2 x lems. Nickel, gold, and silver 
were also successfully deposited. To plate silver on tungsten 
it was found necessary to first plate with nickel. Platinum 
it was found impossible to plate by this method in the 
small apparatus in use, on account of the high temperature 
necessary. 

Copper films of. this kind showed the same characteristic 
changes of photo-electrie current as had copper foil. 
Fig. 2 A gives the curve obtained with a film of resistance 
'4 ohm. As in the case of copper foil, the film could be 
taken over the evcle A B C B A or ACB A, with deviations 
of less than 3 per cent. All the copper films gave the same 
characteristics. 

A test of the effect was next made in which temperature 
changes were practically eliminated. The glass plate with 
its copper film was cemented to the open end of a glass tube 
constructed to fit the ground joint of the apparatus. The 
film was in its usual position close to the electrode, and 
could be kept at constant temperature by a stream of water 
against its back surface. The leads were flattened copper 
and were brought in through the de Khotinsky cement seal. 
Very striking results were obtained with. this arrangement. 
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The photo-electric current began to increase at very nearly 
the same film current as before, but the increases were much 
more marked. Moreover, though increases as high as 70 
per cent. were observed, no decrease occurred for currents 
which had before carried the readings well below the initial 
value (see fig. 2 B). A further peculiarity was observed 
when the current was cut off: a decrease of only a few 
per cent. took place, and the readings then remained 
constant over a long period. Standing in air or hydrogen 
for several days had no effect, for, on repumping, the surface 
showed increases of sensitivity of only 5 per cent. for 
currents which before produced 70 per cent. increase. 


Fig. 2. 
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The water was next removed from the cooling tube, and 
current passed through the film, until the plate heated to 
about 409 C. After cooling and standing for some hours 
observations were again made. The rise of photo-electric 
current now made its appearance again, though only to the 
extent of about 25 per cent. It was apparently impossible 
for the plate to completely regain its original condition 
under these experimental conditions ; but the indications 
were that, if heating to a considerably higher temperature 
were possible, the film would have returned to its first state. 

From the experiments just described, it is not unnatural 
to conclude that the condition produced in a surface by an 


324 Mr. A. G. Shenstone on the Effect of Current 


electric current is permanent until a considerable rise in 
temperature takes place. 

Of the other metals examined, gold acted in a manner 
very similar to copper. No attempt was made to foliow its 
characteristic curve closely, but sufficient observations were 
made to ascertain that it showed a maximum followed bya 
decrease to well below the initial value. From this low 

value, however, it returned to the initial value directly, thus 
differing from copper. 

Films of nickel and silver showed characteristics similar 
to bismuth, but silver. proved to be much more rapid in 
its changes of sensitivity. , Nickel showed increases of as 
much as 50 per eent, but was rather irregular in the 
return with no current passing. Neither nickel nor silver 
showed the fall in sensitivity olisaead. in gold and copper 
for large currents, 

As before stated, films of platinum could not be pro- 
duced in the depositing apparatus used: and, therefore, foil 
had to be made use of. An attempt was first made to 
reproduce Ladenburg's observation that successive heatings 
and coolings of platinum hy means of a current finally 
produces constant | photo-clectrie sensitivity independent 
of temperature, This effect could not be detected at all for 
the small temperature variations obtainable in the apparatus 
in use, the value of the photo-electric current for any plate 
current being very closely the same after many heatings. 

The curve of a run on platinum foil for currents up to 7 
amperes is given in fig. 3. It will be observed that the 
Increases are very large. though the temperature could not 
have risen above 200° C. This statement can be made 
because of the fact tnat the soldered connexions of the toil 
did not fail even with a plate current of 12 amperes. 
Observations of photo-eleetric current could not be made 
above 7 amperes plate current, because above that point the 
expansion of the leads allowed the foil to touch the 
electrode. 

An attempt was made to discover some co-ordination 
between the changes of photo-electric effect and contact- 
difference of potential. Very small changes of contact- 
potential occurred, which showed no parallelism with the 
photo-eleetric changes, possibly due to the faet that air had 
to be allowed into the apparatus in order to measure the 
contact difference of potential. 

Considering our knowledge of the amounts of gas that are 
absorbed by metallic surfaces, it is natural to try to base the 
explanation of phenomena such as have been described cn 
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the variation of the amount and distribution of gas held 
by the metal. To base the explanation on changes actually 
produced by an electric current on the electrons and 
binding forces of the metal itself is very difficult, because 
of the semi-permanent nature of the changes observed. 
No theory of metallic conduction has any characteristics 
which could be used for this purpose. This does not, how- 
ever, necessarily negative the possibility of an effect of this 
kind being due to current alone, because theories of con- 
duction do not concern themselves at all with the surfaces 
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of the conductors, and such boundary conditions are al- 
important for the photo-electric effect. The observations on 
bismuth warmed without the use of current, and on copper 
cooled while current was passing, are, I consider, very 
strong evidence that the effect is not produced by the 
heating due to the current. There is the possibility that 
current itself may influence the gas-content of the metal ; 
but. considering all the evidence and particularly the 
peculiar cycle through which copper can be taken repeatedly 
and accurately, such an explanation is extremely improbable. 

E. T. Whittaker, F.R.S., has recently published a new 
theory of the quantum mechanism * in the atom, depending 
on a: model in which there is a circular magnetic current. 


* Proc. R. 5. E. vol. xlii. pt. ii. p. 129. 
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The quantum relation in the photo-electric effect can be 
easily deduced from this model. Moreover, since the 
magnetic current is equivalent to a charged condenser which 
would be turned with its plane perpendicular to an electric 
field of force, it is possible that this model might account for 
Hallwachs’ observation of the decrease of photo-electric 
emission for large currents. But, unfortunately, it has no 
characteristies which would account either for the compli- 
cated changes described above or for their semi-permanent 
character. 

I am, therefore, led into the unsatisfactory position of 
drawing the conclusion that the changes of photo-electric 
sensitivity observed must be due to changes produced in the 
metal by the current passed through it, without in any wav 
being able to aay an explanation of the mechanism by 
which that result could be produced, 


XCIV. The Resistance && a Hot Wire in an Alternating 
Air Current. By R. C. Ricganps, M.Se.(Lond.), 
B.A. (Cantab.), Assistant in the Physics Department, 
University College, London* 


l. /ntroduction. 


NHE resistance of a hot wire in a steady direct current of 
air has been studied in great detail by many experi- 
menters ; and perhaps the most complete treatment of. the 
problem is to be found in a paper of. L. V. King f. to whose 
elegant analysis the reader is referred, The type of relation 
holding het ween the resistance and the stream-velocity is by 
no means simple when considered generally, and is repre- 
sented graphically by curves of the tvpe shown in fig. 1 
(R-V curves). The initial portions of these curves have heen 
studied by Tucker and Paris T, who came to the conclusion 
that the drop in resistanee produced by a small velocity 
was proportional to the square of the velocity. 

This empirical relation is undoubtedly a very close one, 
but it must be remembered that the cooling effect of the 
stream for low velocities is comparable with the radiation 
heat losses; and therefore the Tucker and Paris relation 
represents the combined effect of the two cooling factors on 


* Communicated by Prof. A. W. Porter, F.R.S. 
+ Kine, Phil. Trans. Roy. Soc. cexiv. A, p. 373 (1914). 
t Tucker & Paris, Phil. Trans. Rov. Noc. cexxi. A, p. 359 (1921). 
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the resistance of the wire. It will be noticed that the 
resistance reaches a minimum value beyond which an 
‘increase in stream-velocity does not further reduce it. 
Moreover, this minimum resistance is considerably higher 
than that which the wire would have if its temperature were 
the same as that of the stream. 
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If the cooling air-current, instead of being direct, were 
made to alternate so that the velocity at any instant is a 
simple harmonic function of the time, the general cooling of 
the wire becomes more complicated, consisting of a steady 
cooling effect and a superposed oscillatory effect. Itis the 
purpose of the experiments described below to investigate 
these two effects in their relation to the amplitude and period 
of .the cooling oscillatory draught. 


2. Experimental Arrangements. 


A standard hot-wire microphone was mounted on the 
prong of an electrically excited tuning-fork whose ampli- 
tude of vibration was maintained at a constant value*, 
and could be determined by means of a travelling micro- 
scope. As the fork was set in vibration the hot wire was 
thus carried to and fro in an harmonic fashion, and was 


* See Note on Amplitude Control. 
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therefore, in effect, subjected to an harmonic draught. Great 
care was taken to shield the wire from extraneous draughts. 

The wire was balanced electrically in the fourth arm of a 
Wheatstone net, by which its resistance could be determined. 
The net was so arranged that the wire was supplied with a 
constant heating eurrent. Either of two galvanometers 
could be used, a d’Arsonval or an Einthoven string galvano- 
meter, as the instrument indicating the balance of the 
Wheatstone net, the former for obtaining the steady drop in 
resistance and the latter for the oscillatory component. B 
moving the hot wire along the prong of the fork, it could be 
made to swing through the different amplitudes, which could 
be calculated in terms of the end amplitude of the prong and 
the distance from the end of the fork *. 

Sats of readings were taken with various forks of the 
amplitude of swing of the hot wire and the corresponding 
steady resistance drop and amplitude of the oscillatory 
component. This latter was taken to be proportional to the 
amplitude of swing of the Kinthoven galvanometer hair, 
whose shadow was highly magnified by an optical projector. 
In all observations on the oscillatory change the steady 
resistance was first * balanced out" and the galvanometer 
hair adjusted “out of tune" hy the tensioning arrangements. 

For very low frequencies—of the order ‘of 1 or 2—the 
hot wire was caused to vibrate on the end of a long metal 
rod oscillating under the, influence of gravity, like a pen- 
dulum. 


3. The Observed. Effects. 


It is convenient to classify the various draughts with 
respect to their frequencies into three groups: (a) low- 
frequency draughts (2 or 3 per second); (^) medium fre- 
quency draughts (50-60 per sec.:: (e) high-frequency 
draughts (120 and over, per sec.). and to deal with the two 
resistance changes—(a) steady drop, (8) oscillatory change— 
separately. 


(a) The Steady Drop. 


(a) A low-frequency oscillatory draught produces no 
steady drop in the ordinary meaning of the term. 
The average resistance is lowered, but it returns to 
its full value twice in every vibration if the imposed 
draught is at right angles to the direction of the 
natural convection current, and once per period if 
the vibration is along this convection current. 


* Ravleigh, ‘Sound,’ Ist ed. vol. i. p. 231 (1877). 
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(b) A medium-frequency draught produces a steady drop 
in resistance which varies as the amplitude increases, 
as is shown by the graph (fig. 2). It is immediately 

apparent that this graph is very similar to the 
steady draught (R-V curves). Moreover, careful 
examination shows that the region of the curve 
round about the axis of the amplitude is very 
nearly parabolic; and thus the steady drop is pro- 
portional to the square of the amplitude and therefore 
to the energy in the oscillatory draught”. 


' Fig. 2. 
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(c) For high-frequency draughts the steady d follows 
the same general lines as in (b) above. Curves of 


precisely the same type were obtained. 


(8) The Oscillatory Change. 

(a) The change is almost completely oscillatory. The 
resistance of the wire evidently keeps at the “ eqni- 
librium value" characteristic of the velocity of the 
draught at any instant. The change in frequency, 
due to swinging the hot wire in a vertical direction, 
is brought about by its swinging upwards in its own 
warm convection current. We thus have cooling 
on the down journey and recovery on the up. 


* Cf. Tucker & Paris, tbid. p. 410. 
Phil. Mag. S. 6. Vol. 45. No. 269. May 1923. 30 
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(b) Theamplitude of the oscillatory change is found gradu- 
ally to increase with increasing amplitude, and to 
attain a maximum value independent of further 
increase in amplitude. This is shown in fig. 3. It 
is to be noted that for small values of the exciting 
amplitude the oscillatory change is proportional to 
it*. The frequency of this oscillation could be 
investigated by means of a telephone, replacing the 
galvanometer in the bridge arrangement. The note 
heard is the higher octave of the note given by the 
tuning-fork, and hence, as one would expect, the 
frequency is twice that of the exciting vibration. 


Fig. 3. 
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(cr) For high-frequency draughts the oscillatory change 
becomes very small. It can be detected in a tele- 
phone, but it was quite impossible to measure its 
amplitude by means of the string galvanometer. 


4. Theory of the Lffects. 


We may arrive at a tentative explanation of the above 
effeets by imagining that the resistance of the hot wire will 
always “follow” (i e., will always assume the equilibrium 
'alue corresponding to) an increasing velocity; but its recovery 
depends upon the rate at which it can draw energy from tlie 
external source of current, T.is is equivalent to saving that 
the draught can cool the wire down—at the expense of its 
temperature,--but cannot warm it up again. 


Let be the resistance of the hot wire in still air, it being 
* Cf. Tucker & Paris, 1bid. p. 410. 
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heated by a current produced by a voltage E. Suppose that 
a current of air be passed over it, reducing its resistance to 
R ohms, and the draught suddenly cut off. 
At the moment of shutting off the draught, the rate of 
supply of heat is 
| dH E? 


— "IR cals./sec. 


If the supply of dH calories to the wire raises the tem- 
perature d6? C., 


dH = msdó 
(m = mass of wire, s= specific heat of wire), 
but 
_ SQL R-Ro 
0 = temperature of the wire = Roa 


(Ro = resistance of wire at stream temperature, æ = tempera- 
ture coefficient of resistance); 


dO = dR/Roe . 
So we have 
ms dR E? 
dt * Roa 4:9R 
e E?Ro« 
0 
RdR = 4955 dt ; 


EP? Roz 
; EEE 20$ 
4. €., R R 2-Ims t. LJ e LJ e. . e (1) 


If the amount of resistance recovery, t.e, R'—R, is small 
compared with R, 


R' zt Z E’ Roa 


4:2mslt " 


The wire being acted on by a draught whose period is T, 
the wire will have a time T/4 for recovery. [f H is the 
resistance of the wire corresponding to r=9, the actual time 
for total recovery would be given by 

> E*R,« A 


R-R= ms REFR! (A =a constant) . (3) 
302 


(2) 
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Now if T/4 is equal to ¢ or greater than ¢ as given above, 
R being the resistance corresponding to the maximum 
resistance in the draught, the wire will completely recover 
its resistance twice every period. 

If T/4 is «t, the resistance will not recover completely, and 
a steady drop effect will be produced. 

Of course, in practice the time for recovery will be greater 
than that given by (3), because the wire is not recovering 
unhindered, as we have assumed, but is still subjected to the 
decreasing draught in the oscillation. This point must be 
keptin mind when we come to test the theory quantitatively. 

The similarity between the R-V curves (fig. 1) and the 
lesistance- Amplitude curves (fig. 2) lends one to suspect 
that the total (steady) resistance drop is one which would 
be produced by a steady draught proportional to the ampli- 
tude of the oscillation for a given frequency, or for any 
frequency and amplitude proportional to the maximum 
velocity in the oscillating dranght. That the main part of 
the steady drop in. resistance is accounted for in this way is 
clear from the graph below (tig. 4). The full line is the 


Fig 4. 
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R-V curve for the wire under experiment. The other points 
are derived from the amplitude-resistance readings for the 
50, 60, and 120 forks. The abscissee are the maximum 
velocities in the oscillating draught, and the ordinates the 
resistances corresponding to that amplitude from which this 
maximum velocity has been derived. 

It appears, therefore, that the resistance assumed by the 
hot wire is very nearly the equilibrium resistance corre- 
sponding to the maximum velocity in the oscillating draught. 
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Since this velocity is given by 2mna (n=frequency, a= 
amplitude), it follows that, provided nx a is constant, the 
steady drop would be the same for oscillations of different 
frequencies. This is shown in fig. 4. The points for the 
50, 60, and 120 forks lie very nearly on the same curve. 

Referring to equation (3), it will be seen that the amplitude 
of the oscillatory change is inversely proportional to R, the 
lowest resistance produced by the draught, for a given value 
of T, the period of the imposed oscillation. Plotting this 
amplitude against 1/R, the reciprocal of the lowest resistance 
produced by the draught does not give a straight line, but a 
curve which degenerates into a straight line for very large 
values of 1/R. As has before been pointed out, we cannot 
expect that equation (3) will do more than generally indicate 
the relations we find, and this it does satisfactorily. For 
example, the amplitude of the oscillatory change was seen 
(fig. 3) to increase with the amplitude of the exciting 
vibration, and to reach a constant maximum value. Now, as 
this draught amplitude increases, R, the lowest resistance, 
decreases (fig. 2), and reaches a constant minimum value: 
the relation between the amplitude of the oscillatory change 
and that of the imposed draught is therefore seen to be, in 
general, in agreement with the simple theory. 

Again, fig. 3 shows that the oscillatory change is, ceteris 
paribus, inversely as the frequency. This explains why, for 
two frequencies, this change is large, and why it practically 
disappears for high frequencies. 


9. Note on Amplitude Control, 


A bot wire attached to the prong of a tuning-fork provides 
a very sensitive amplitude indicator. Referring to fig. 2, 
if the hot wire he adjusted to work on the region of the 
curve which is nearly vertical (AB), a small alteration in 
amplitude will produce a large change in its resistance. 
The wire being balanced in a Wheatstone net and oscillating 
at a desired amplitude, will immediately throw the bridge 
out of balance if the amplitude changes. Steps can then be 
taken to restore the original amplitude, which will be restored 
when the bridge indicates balance once more. The writer 
found that this method would detect a variation in amplitude 
not observable in a microscope mounted over the vibrating 
tuning-fork. 

6. Summary. 


The two resistance changes produced by an alternating air 
current in a hot wire are examined separately and found to 
follow, at least approximately, some simple relations. An 
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elementary * recovery " theory is described, which the writer 
thinks may be able of elaboration. 

It is hoped that the work may be useful in connexion with 
the applications of the Tucker hot-wire microphone, as 
indicating a method of making the instrument sensitive to 
highor frequencies than has yet been found possible. 


The writer’s acknowledgements are due to Sir J. J. Thom- 
son, O.M., under whose guidance this work was carried out; 
and to Dr. Tucker and Mr. Paris for an illuminating discussion 

on the subject in the summer of 1921. 


Physics Laboratory, 
University College, London. 
February 1923, 
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XCV. The Mass-spectra of Chemical Elements.—Part. IV. 
By F. W. Aston, D.Sc., F.R.S., Fellow of Trinity College, 
Cambrid ge a 

[Plate XII? 


N several previous paperst an account of the mass- 
spectrograph has been given, and tlie results of analyses 
carried out by its means described. The following 
communication deals with similar work continued up to the 
end of 1922. As already pointed out the work becomes 
increasingly difticult as the elements under study become 
less and less suitable for use by standard methods. Many 
attempts have consequently proved abortive. It is proposed, 
however, to give some account of both failures and successes, 
for the results of the former, though negative, often raise 
points of great interest. As in the previous papers the 
description of the experiments follows, as far as possible, the 
order of the experiments themselves. 

The general technique has been much the same as that 
used before except that in most of the more recent work the 
disoharge-tube has been run much “softer.” 20 to 30 kilo- 
volt rays are used and the current pushed up to two or more 
milliamperes. This lessens the risk of coil breakdown and 
brings the magnetic deflexion of the heaviest elements within 
the working-range of the existing apparatus. The most 
important advance has been made quite recently in 
connexion with the photographic plates employed. 


* Communicated by the Author. 
t Phil. Mag. xxxix. p. 011; xl. p. 628; xlii. p. 140; xlii. p. 436. 
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Schumannised Plates. 


The action of positive rays on photographic plates, unlike 
that of light, is purely a surface etfect, so that great 
improvements are to be expected if the concentration of the 
sensitive grainson the surface is increased. Experiments in 
this direction have already resulted in very marked success, 
and it is hoped to give a detailed account of these as soon asa 
method which gives satisfactory uniformity has been worked 
out. It will be enough here to state that the process, to which 
the term “ Schumannising " may be applied, consists in par- 
tially dissolving the gelatine emulsion away from the plate by 
means of dilute sulphuric acid. The object is not to remove 
the gelatine as far as possible, as in the ordinary Schumann 
plate, but to obtain high surface concentration without 
making the plate too difficult to handle in the ordinary way. 
The writer is much indebted to Professor T. H. Merton for 
information on this very valuable device. 


Experiments with Helium. 


At the request of Professor McLennan, samples of helium 
from the Canadian gas-wells were subjected to analysis and 
carefully examined for the presence of isotopes or other 
abnormalities. None were observed. This opportunity was 
taken to endeavour to obtain evidence of the presence of 
doubly charged helium atoms He**. The alpha rays consist 
of such particles, and since the potential necessary for the 
double ionization is o£ tlie order 80 volts they must certainly 
occur in the positive ray discharge-bulb. The importance 
in the present instance is that the second order line of helium, 
apparent mass 2:00(0), if obtained on the mass-spectrum 
would be just separated from the hydrogen molecule line 
2:01(5) on the present instrument, and would give an 
exceedingly accurate and reliable measure of the relative 
masses of the two bodies. Many plates were taken under a 
great variety of conditions, but in no case could a line be 
detected in the expected position near the H, line. The 
most probable explanation seems to be that the sphere of 
action of a particle with an ionization potential of 80 volts is 
so large that a negligible percentage, if auy, of the doubly 
charged helium nuclei are able to pass the slit system and 
the analysing fields without collision with, and capture of, a 
stray electron. 
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NICKEL (At. Wt. 58°68). 


The obvious compound to use in investigating this element 
was Nickel Carbonyl. In the earlier experiments of 
Sir J. J. Thomson with this substance it had been found 
exceedingly troublesome to deal with. On entering the 
discharge-tube it immediately decomposed, and the metal 
deposited on the walls as a black mirror soon prevented 
normal discharge altogether. In the present experiments this 
difficulty was overcome to a sufficient degree by diluting the 
vapour of the carbonyl with CO; and running the maximum 
sufe current through the tube to lessen. the necessary 
exposure. The mass-spectra obtained, though not strong 
enough for reproduction, were quite easy to interpret and 
showed conelusiv ely that nickel consists of two isotopes 53 
and 60. The intensity relation between their lines agrees 
well enough with the mean atomie weight quoted and 
supplies a simple explanation of the long diseussed anomaly 
of the atomic weights of nickel and cobalt. The two nickel 
lines when measured against mercury lines of the third and 
fourth order as standards show no measurable deviation from 
the whole number rule. 


Feperiments with Metallic Chlorides. 


In the cases of many out of the large number of elements 
yet to be analysed the only stable and easily obtainable 
compounds with a reasonable vapour pressure are chlorides. 
This is unfortunate in many ways. In the first place most 
of these chlorides have a violent action on rubber lap grease, 
In the present form of apparatus the vapour has to pass 
several stopeocks and it is quite possible that the most active 
ones are entirely decomposed and never reach the discharge 
atall, Even if this difficulty were removed by alteration of 
the admission arrangements there still remains a more 
serious one. This is that the passage of the discharge in 
such compounds must inevitably release free chlorine. The 
latter can, and apparently does, form volatile compounds 
with practically every element used in the construction of 
the apparatus, including the aluminium of the electrodes 
and the silicon of tlie glass. The result is a perfect maze of 
lines filling every sucessive unit place and effectually 
screening any clear vision of the lines of the element under 
observation, This effect is enormously exaggerated by the 
proclivity of chlorine to form hydrogen addition products, 
and also by its isotopic constitution since for every type of 
combining particle there will be two lines due to the mono- 
chloride, three to tlie dichloride, four to the trichloride, etc. 
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Thus titanium chloride gave spectra of great complexity 
but perfectly useless for identifying the isotopes of the metal, 
even if their lines were present, since all the units from 44 
to 52 were filled by lines of various intensities. There was 
a group of lines 82-86, the last four of which were very 
strong. Now titanium has an atomic weight 48'1,so one 
might easily have been led to the identification of these as 
its monochlorides and hydrochlorides. Fortunately, however, 
this characteristic group had been obtained before with tin 
tetrachloride, a compound of similar chemical properties. 
It is probably due in the main to CCl, and CHC, derived 
from the action of the metallic chloride on the tap grease. 
If the reader will refer back to plate vii., Phil. Mag. vol. xlii. 
the group will be seen plainly near the strong Hg band on 
Spectrum II. 

Chromyl chloride was even more hopeless for its action on 
tap grease and wax was so rapid as to make it quite 
unworkable. 


Experiments with Lead Ethide and Zine Methide. 


When the apparatus had been thoroughly cleaned from the 
effects of the chlorine compounds an attempt was made to 
obtain the lines of lead by the use of its volatile tetraethide. 
The writer is indebted to Sir W. Pope for a sample of this 
compound and also for the titanium chloride already 
mentioned. The importance of settling the much discussed 
isotopic constitution of ordinary lead is obvious, but 
unfortunately the experiments gave no results of any value. 
No signs of lines were visible in the expected region although 
very long exposures were resorted to. If, as is possible, this 
negative result was caused by the abundant liberation of 
carbon and hydrogen compounds from the decomposing 
etbide, the difficulty might be reduced by the use of the 
simpler methide. The experiments will be repeated when 
this compound is available, but hope of success in this 
direction has been already discounted by some later 
experiments with zine methide which failed entirely to give 
the zine lines. The values of the latter are already known 
from the fine work of Dempster * but confirmation by the 
mass-spectrograph would have value, particularly in 
connexion with the accuracy of the whole number rule. 

On introducing the vapour of zinc methide into the 
discharge-tube only one new line made itsappearance. This 


* A. J. Dempster, Phys. Rev. xx. no. 6, Dec. 1922. 
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one was quite obvious and at a point corresponding to mass 
127. It is doubtless due to the presence of traces of iodine 
derived from the methyl iodide used in the manufacture of 
the methide. When one considers that the sample was a 
per fectlv colourless one and described as chemically pure, this 
1s n striking illustration both of the selective quality and the 
extraordinary delicacy of analysis by positive rays 


Further Experiments with Xenon. 


It has been pointed out * that whereas the atomic weight 
of xenon calculated from Moore’s determination of its density 
is 13072 f, that deduced from the resuits of the mass- 
spectrograph isabout one unit higher. No great accuracy is 
claimed for the latter method but the discrepancy is rather 
larger than is to be expected and it has been suggested that 
the density result might be really too low owing to the 
possible presence of kry pton as an impurity. 

A welcome opportunity to put this point to the test was 
afforded during the recent visit to Cambridge of 
Dr. R. B. Moore, who kindly brought over from W ashington 
a small sample of the original xenon which had been used 
for the density determination. Several mass-spectra were 
obtained with this gas, but although considerable exposures 
were given no definite evidence of the krypton group of 
lines could be detected. Since krypton is very sensitive to 
positive rav analysis this result shows that it could not 
possibly have been present to the extent required to account 
for even a small fraction of the discrepancy, which therefore 
remains unexplained. 

These experiments had indirect results of importance, for 
the residual xenon in the discharge-tube gave excellent lines 
on some of the first experimental schumannised plates. 
These not only established a point of fundamental importance 
in connexion with the element, tin, considered below, but 
confirmed beyond doubt the presence of two weak xenon 
isotopes 128, 130 previously suspected. Owing to the 
completely changed characteristics of the plates these could 
now be clearly distinguished on the original negatives, and 
may be seen each side of the strong 129 line on Spectra I 
and II of the plate. 

More recently during a search for an inert clement of high 
atomic weight in the atmosphere, a full account of which 


F. W. Aston, ‘Tsotopes,’ p. 114. 


t II. E. Watson, Trans. Chem. Soc. p. 836 (1910); R. B. Moore, ibid. 
p. 2151 (1908). 
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will be published later, two new components of xenon were 
discovered at 124, 126. These give very faint lines only 
distinguishable on spectra in wich the ordinary xenon lines 
are enormously over exposed. There is every reason to 
suppose that they are due to two isotopes of xenon present 
in exceedingly small quantities, probably less than one-tenth 
per cent. of the whole. The line at 126 appears slightly 
stronger than that at 124. As all the possible reference 
lines were hopelessly over-exposed these numerical values 
are only upproximate. 


Tin (At. Wt. 118:7). 


In some earlier experiments with tin tetrachloride the 
complex nature of the element was suspected but not 
conclusively proved, it has now been satisfactorily 
demonstrated by the use of tin tetramethide,a specimen of 
which was kindly supplied by Sir W. Pope. The first 
experiment with this substance was perhaps somewhat 
fortunate and the spectra obtained on this occasion present 
features of great interest. Some of them are reproduced on 
the plate, Spectra I, II, and III. Spectrum I was taken 
before the tin compound was introduced. Its principal lines 
are those of xenon residual from the previous experiment 
and mercury. Spectra II and III show the new lines due 
to tin and its compounds. The element is evidently highly 
complex, it has isotopes 116, 117, 118, 119, 120, 122, 124 
and a faint possible eighth at 121. The order of intensity 
can be seen on the plate and is given in tle tablo at the ond 
of the paper. The intensities are such as to preclude the 
possibility of any of the lines, except the very faint one at 
121, being ascribed to hydrogen addition products. 
Satisfactory confirmation of the isotopic nature of the lines 
is provided by the reproduction of the entire complex group 
with identical intensity relations, 15, 30 and 45 units higher 
up the mass-scale, due obviously enough to SnCH;, 
Sn(CH;), and Sn(CH;),. A reference to the mass-spectrum 
obtained with tin tetrachloride and reproduced in the plate 
already mentioned *, shows that the tin lines were really 
obtained then, but the disclosure of the fainter components 
lying between pairs of stronger ones has only now been made 
possible by the remarkable improvement in definition given 
by the new type of plate. 

Measurements of the lines of tin show that while their 
masses are integral within experimental error with regard to 


* Plate vii. Phil. Mag. vol. xlii. 
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each other, yet when compared with the other lines on the 
plate they give values less than whole numbers hy 2 to 3 parts 
in 1000. This remarkable result would certainly have been 
suspeeted of being an experimental error had it not been for 
the fortunate presence of the xenon lines on the plate, and 
the appearance of the lines of tin monomethide amongst 
them. There are two strong xenon lines at 134, 136 which 
have been compared with the lines of mercury in previous 
experiments, and there is no reason to doubt that they are 
integral toabout Lin 1000. The strongest tin monomethide 
line 5n?(CH; should lie evenly between these two lines. It 
is very clear that it does not do so, but, on the contrary, is 
shifted so far to the left as to coalesce p: artially with Xe! so 
that the latter appears broadened, This marked asymmetry 
is repeated in another part of the plate in Spectrum III 
taken with a stronger magnetic field. 

It seems impossible to. Imagine any instrumental defect 
which could give rise to this shift. There: appears, therefore, 
to be no escape from the conclusion that tin and xenon 
cannot both obey the whole number rule. It was realized 
and emphasized * that this rule was not to he expected to 
hold with mathematical exactness owing to the packing 
effect, but it is very surprising. that elements onlv differing 
by three units in atomie number should show o larve a 
divergence. Lt seems probable that the divergence from the 
mean (O=16) is greater in the case of tin than in that of 
xenon, but since the arithmetic sum of the two (supposing 
them to be of opposite signs) is only about three times the 
experimental error, satisfactory settlement of this point will 
have to be deferred till an instrument of higher precision is 
available. 


Irox (At. Wt. 55°84). 


This element was investigated by means of its volatile 
carbonyl. A sample of this somewhat rare compound was 
obtained from the Chemical Department through the 
kindness of Mr. W. H. Mills. The experimental treatment 

ras the same as that deseribed above for the nickel compound, 
but the difficulties were more pronounced and the results not 
so definite. One of the spectra obtained is reproduced, 
Spectrum IV on the plate. The only line which can be 
ascribed with certainty to iron is the one at 56. The faint 
line at 54 may possibly bean isotope, but this is by no means 
certain. Thirteen independent measurements of the prin- 
cipal line relative to other lines on the plate gave values 


* Phil. Mag. xxxix. p. 024. 


Mass-spectra of Chemical Elements. 941 


of its mass which were very consistent and had a mean of 
59°94. This only differs from the chemical value by 2 in 
1000 so that it is by no means unlikely that iron is a simple 
element. 


veperiments with Cadmium and Thallium. 


The boiling point of cadmium, 778° C., is not excessively 
high so it was hoped that its mass-spectrum would be 
obtained if the metal was volatilized inside the discharge-tube. 
The method adopted for carrying this out was to lower a 
quartz glass vessel containing a small quantity of the 
substance into the path of the cathode ray beam by means of 
a winch. By careful adjustment of the position of the vessel 
it could be raised to any desired temperature up to a bright 
red heat. The cadmium was vaporized without the least 
difficulty and immediately condensed asa bright mirror on 
the cooler walls of the tube, but the vapour pressure could 
not have been high enough to affect the discharge for the 
optical spectrum showed no cadmium arc Jines. The mass- 
spectra obtained showed no signs of lines in the expected 
region so the experiment failed to achieve its object. 

It is interesting to note that mercury was completely 
eliminated from the discharge almost instantaneously when: 
the cadmium volatilized. Its lines vanished entirely from 
the mass-spectra and did not reappear so long as the cadmium 
mirror remained on the walls of the discharge-tube. This 
method of eliminating every trace of mercury may be of 
considerable value in the future. In the present instance 
advantage was taken of it to attempt the analysis of thallium. 
This element has an atomic weight of 204 so that its lines 
would certainly be obscured by those of mercury except 
under these special conditions. Thallium chloride, which is 
fairly volatile, was therefore introduced and volatilized, but 
althongh the lines of chlorine appeared there was no sign of 
any that might be due to thallium. It is possible that the 
cadminm layer removes the vapour of the element as 
effectively as it does that of mercury. 


SELENIUM (At. Wt. 79:2). 


Previous experiments with selenium hydride * had been 
completely unsuccessful, but on volatilizing the element itself 
by the method described above conclusive results were 
immediately obtained. Spectrum V on the plate shows that 
selenium is characterized by five strong lines 76, 77, 78, 80, 
82 and a very faint sixth at 74. The true isotopic nature of 

* Phil. Mag. xlii. p. 140. 
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this group is beautifully brought out by its repetition at a 
position 12 units higher on the mass-scale due to (Se and 
28 units higher due to COSe. Some of the faint lines of 
the complex group C Ses, may also be distinguished on the 
right. ‘The evidence of the isotopic constitution of selenium 
is therefore exceptionally definite and satisfactory. The 
order of intensity of the lines can be seen on the spectrum 
and is given in the table; it agrees reasonably well with the 
chemical atomic weight. It "will be noticed that no fewer 
than three of the isotopes of selenium 78, 80, 82 are isobaric 
with those of krypton. 


Experiments with Tellurium and Beryllium. 


The success with selenium raised hopes for tellurium 
whieh had also been attacked previously without result *, 
Pure tellurium element was volatilized but no lines 
attributable to it could be seen on the mass-spectrum, This 
failure is probably due to its high boiling point and 
consequent low vapour pressure. A second attempt was 
made using the more volatile tellurium chloride, but again, 
though chlorine was present. in abundance, there was a 
complete failure to obtain the lines of tellurium. 

Bervllium acetate was introduced, but its volatilization was 
accompanied by immediate decomposition and a deposit of 
white oxide appeared, No evidence of the line of beryllium 
could be seen at the expected position 9, G. P. Thomson's 
positive rav observations, howeverf, and the latest value 
9:018 obtained for itsatomic weight 1 leave little doubt as to 
its simple constitution. 


ALUMINIUM (At. Wt. 26°96). 

Aluminium has long been suspected of being a simple 
element on account. of the closeness of its chemical atomic 
weight to an integer. This view is further supported by the 
rule, now known to be obeved in so many cases, that elements 
of odd atomic number have few isotopes, never more than 
two, and that these isotopes have odd atomic weights. The 
occasional appearance of a faint line at 13°5 on mass-spectra 
taken when chlorine was present in the discharge has been 
ascribed to Al** derived from the electrodes §. 

During the experiments on tellurium chloride the chlorine 
liberated attacked the electrodes to an unmistakeable extent. 
In fact the slit in use was ruined by the cerrosion. It is 
therefore perfectly certain that volatile aluminium chloride 

* Lor. et. 
tG P. Thomson, Phil. Mag. xlii. p. 857. 


J Horigzscimid and Birekenbach, Ber. lv. B, pp, 4-12 (1922). 
§ Phil. Mag. xl. p. 633. 
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must have been present in considerable quantity during the 
exposures. The indication of its presence was equally strong 
on the mass-spectra obtained. The line at 27, usually very 
much weaker than that at 28, was very intense and its 
second order line easily visible at 13:5. Furthermore, strong 
groups of lines appeared with their first units at 62 and 97. 
The intensities of the lines in these groups show that they 
are due to the mono- and dichlorides of bodies having 
masses 27 and 28. The latter may be an atom of Si? or a 
molecule of CO but the only feasible origin of the former is 
an atom of aluminium. It is therefore reasonably certain 
that this element consists mainly of atoms of mass 27, and 
since there is no evidence of atoms of lighter mass the 
chemical atomic weight leads definitely to the conclusion 
that it is simple. Measurements of the line 13:5 show no 
measurable deviation from the whole number rule. 

Some valuable evidence on the constitution of chlorine 
was obtained from these experiments at the same time. One 
of the spectra showed the lines 35, 36, 37, 38 exceedingly 
intense, with no vestige of a line at 39. It is therefore 
certain that the hypothetical isotope 39 does not exist in any 
appreciable quantity. 


ANTIMONY (At. Wt. 120:2 (?)). 


The failure to obtain the spectrum of antimony from its 
hydride has already been described *. In connexion with 
the successful analysis now achieved the writer wishes to 
record his most hearty thanks to Professor G. T. Morgan, 
who prepared a sample of antimony methide specially for 
the purpose and also supplied the samples of tellurium 
chloride and beryllium acetate used in the experiments just 
described. The antimony methide vapour was introduced 
mixed with CO, and gave exceedingly good results at once. 
One of the spectra obtained is reproduced in Spectrum VI 
on the plate. The element is characterized by two strong 
lines 121, 123, the former being slightly the more intense. 
When sufficient exposure is given similar pairs appear 15 
and 30 units higher on the mass scale (c/. Tin, p. 939) due to 
the mono- and dimethide respectively. Faint companions 
have been seen also at 122, 124, but from their irregular 
intensity relations it is practically certain that these are 
due to hydrides. These results show that antimony is a 
complex element consisting of two isotopes, 121 and 123. 
Measurement of the lines shows no appreciable deviation 
from the whole number rule so that it is quite certain that 
the international atomic weight quoted above is nfuch too 


* Phil. Mag. xlii. p. 141. 
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low. On the other hand the value 12177 recently obtained 
by Willard and McAlpine * is in agreement with the results 
of the mass-spectrograph. 


Table of Isotopes and the Whole Number Rule. 


So long as only one element, hydrogen, showed measurable 
deviation from the whole number rule it was reasonable to 
identity the whole numbers with the true masses of the 
isotopes on the oxygen scale. Now that further exceptions 
have been discovered—tin, and probably iron—this 
identification cannot be continued. No useful purpose will 
be served by introdueing the fractional values until these can 
he obtained with much greater accuracy. In the following 
table they are omitted and the nearest integer given. These 


Table of Elements and Isotopes. 


Minimum Mass-numbers of 


Element. S Welahe n of Isotopes in order 
sutopes, of intensity. 

Ho ibis l LOOS 1 1 

He eee 2 oo) 1 4 

D Duos M 004 2 1,6 

IH isan 4 90o 1 9 

Br onae uui 5 109 2 11, 10 

(QU dieses 6 12-00 1 12 

N amau 7 1401 l 14 

CE. ness 8 16-00 l 16 

E o ausos 9 10-00) l 19 

^ E ee eee 10 2-20 2 20, 22 

Na oarece 11 2:500 1 23 

Mi iarasi 2 24:32 3 a 25, 26 

AD. see ea 13 20:060 1 

Mi etes 14 283 2 29, (30) 

| om 15 3104 l 2i 

cm 16 32:00 1 33 

OL. sadinane l7 35460 x 35, 91 

LOEO DE 18 39°88 2 40. 36 

BR. aanne 19 ou bo 2 39, 41 

4 qc 20 40703 2 40, 44 

[58^ aal end 26 Airs (1) 256. (04)? 

n3 pcr 28 5868 2 as, 60 

VA E 20 65:1 4 64. 66, 68, 70 

"T MEME 33 14906 1 79 

Ne - pense sated 34 192 6 £0, 78, 76, 82, 77, 74 

Bie no vds: 35 10792 « 2 19,81 

RT scien 36 82:02 0 84, 86, 82, 83, 80, 78 

td ae eerie ee 37 RAD 2 85, 87 

Si: cacecaaws W 1187 1 (8) 120, 118, 116, 121, 119, 
J17, 122, (121) 

SD dese sevens 5l 12177 2 121, 123 

| MET X 120:93 1 127 

X nnsa ÖF 1303 7 (9) 129, 132, 131, 134, 136. 
128, 130, (126), (124) 

(OB. “pect ate bees 55 132-8] 1 133 

FL reaga 80 200:6 (6) (197-200), 202, 204 


(Numbers in brackets are provisional only.) 


* Willard and McAlpine, Jour. Am. Chem. Soc. xliii. p. 1085 (1921). 
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integers are provisionally called * mass-numbers." The mass- 
number may be taken to represent the number of protons in 
the atom for it seems exceedingly unlikely that the packing 
effect will ever throw the mass out as much as half a unit. 
At the same time such a possibility must not be entirely 
ignored. ‘The table givesa complete list of all those elements 
whose isotopes have been determined by anv of the positive 
ray methods up to the present. 


In conclusion the writer wishes to repeat his 
acknowledgement to the Government Grant Committee of 
the Royal Society for part of the apparatus employed in this 
research. 


Summary. 


Further experiments with the mass-spectrograph are 
described by which the constitution of six more elements 
Ni, Sn, Fe, Se, Al, Sb has been determined. 

Two new isotopes of xenon have been discovered and 
evidence obtained excluding 39 from the isotopes of chlorine. 

Deviations from the whole number rule have been 
observed in the case of the masses of the isotopes of tin 
compared with those of xenon. 

A complete table is given of the isotopes of the thirty-four 
elements whose constitution has so far been determined by 
the methods of positive rays. 


Cavendish Laboratory, 
Cambridge, Feb. 1923. 


XCVI. The Hot-Wire Inclinometer : its Sensitivity in Air 
and in Carbon Dioxide. By J. S. G. Tuomas, D.Sc. 
(Lond. and Wales), A.R.C.Sc., A.I.C., Senior Physicist, 
South Metropolitan Gas Company, London *. 


Introduction. 


form of hot-wire inclinometer comprising a pair of 

A fine heated platinum wires arranged parallel and 
close to one another within an enclosure has been recently 
described by the author f. The wires constitute twoarms of 
a Wlieatstone bridge, and the deflexions of the galvanometer 
depend upon the variation of the thermal conditions of the 
respective wires as the plane of the wires is rotated about a 

* Communicated by the Author. 

t Proc. Physical Soc. vol. xxxii. p. 291 (1920). 
Phil. Mag. S. 6. Vol. 45. No. 269. May 1923. 3 P 
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horizontal axis, either in, or at right angles to their plane. 
Tlie dependence of the sensitivity of the inclinometer upon 
the distance separating the wires was discussed in a subse- 
quent paper *. Humphrey t showed that the sensitivity was 
increased when the air surrounding the wires was replaced 
bv carbon dioxide. Previous experience with fine heated 
platinum wires surrounded bv various gases, made it appear 
improbable that this conclusion could be correct under all 
conditions, and the present investigation was undertaken to 
ascertain the cri'eria for greater sensitivity in one or other of 
the two media, air and carbon dioxide. 


Experimental Results and Discussion. 


Two series of experiments were carried out. In either 
series the inclinometer was composed of two fine heated 
platinum wires of diameter 0:10 mm. Particulars of the 


Fig. I. 


preparation of the wires prior to use have been given in the 
papers already referred to. In the ñrst series, the wires 
were mounted in a large brass cylindrical chamber, 25 cm. 
in length and 7 6 em. in diameter, the ends being closed by 
glass plates, A, as shown in fig. 1. In the second series the 
enclosure was a narrow brass tube of the same length, but 
only 6 mm. in diameter. Wider chambers were provided at 
the end of this tube for the purpose of mounting the wire. 
In each case the enclosure was provided, as shown in fig. 1, 
with a jacket B, through which tempered water maintained 


* Phil. Mag. vol. xlii. p. 940 (1921). 
T Proc. Physical Soc. vol. xxxiii. p. 190 (1920-1921). 
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throughout at 15° C.+0°5 flowed. The bridge arrange- 
ment and the galvanometer sensitivity remained throughout 
the same. ‘Tue wires were mounted parallel to one another 
at a distance apart equal to about 1:5 mm., and when heated 
were maintained just taut by the spring device S as de- 
scribed in a previous communication*. The ends of the wires 
were connected to terminals shown at T. The various points 
were made tight by means of sealing-wax, and the enclosure 
couid be filled with either air or carbon dioxide as desired, 
through the tube C. D served as outlet, and was connected 
to a water-pump for the purpose of exhausting the chamber. 
Both inlet and outlet tubes were provided with taps and 
calcium chloride tubes for maintaining a dry atmosphere 
within the chamber. The chamber was mounted so as to 
be capable of rotation about a horizontal axis parallel 
to the plane of the wires, the rotation being indicated on 
a divided circle, and the pressure within the chamber was 
indicated by means of a mercury manometer. 
Particulars of the wires are set out herewith :— 


Length of each wire . . . . . 70cm. 


Distance apart of wires . . . . 15 mm. 
Temperature coefficient of wires . 0°003226. 


Resistance of each wire at 159 C. . 0:934-2-0:003 ohm. 


With the plane of the wires horizontal and the bridge- 
current flowing through the wires in series, the bridge was 
balanced, the tixed arm of the bridge being throughout 
maintained at 1000 ohms, The galvanometer deflexion was 
then determined on rotating the plane of the wires from the 
horizontal to the vertical position, the current in the bridge 
being adjusted to its previous value. 

The results obtained with the large chamber, when using 
different. bridge-currents, and for various values of the 
pressure in the chamber are shown in fig. 2. The currents 
corresponding to the various pairs of curves were, 0°5, 
0:6, 0 7, O5$ and 0'9 amp. respectively. It will be ob- 
served that at atmospheric pressure (760 mm.), for equal 
values of the bridge current, there is a relatively small 
difference in the deflexion for 90° rotation, according as the 
medium surrounding the wires is air or carbon dioxide. 
Moreover, while for the lower values of the heating current, 
the sensitivity of the inclinometer is somewhat greater in the 
case of carbon dioxide, the ratio of the respective sensitivities 
(CO,/Air) is very much less than that to be anticipated from 


* Phil. Mag. vol. xliii. p. 278 (1922). 
3P 2 
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Humphrey’s experiments *. With increase in the value of 
the heating current, at atmospheric pressure, the deflexion 
on rotation of the plane of the wires from the horizontal to 
the vertical becomes greater for air than for carbon dioxide, 
as shown by curves corresponding to currents of 0:7, 0:8, and 
0:9 amp. The relative order of magnitude of the respective 
sensitivities is thus inverted with increase in the heating 
current. Attention may here be directed to two other out- 
standing features of the curves shown. In the case of air, 
with decrease of pressure in the chamber from atmospheric, 


$ 


GALVANOMETER OEFLECTION (MMS) ON a RET E UAE 


300 400 $00 600 
PRESSURE [|MMS OF MERCURY). 


there is initially very little, if any increase of galvanometer 
deflexion. With carbon dioxide on the other hand, the 
initial decrease of pressure is in all cases accompanied by a 
very marked increase of galvanometer deflexion as shown, 
e.g. by the points A and B for the curve corresponding to 
0'8 amp. Compared with the ultimate very rapid decrease 
of deflexion accompanying a decrease of pressure, such 
increases are, however, comparatively small in all cases ( see, 
e.g., portion CD of curve just referred to). It will be 
observed that for all the respective values of the bridge 


* Loc. cit. p. 191. 
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current, provided the pressure in the chamber is sufficiently 
reduced, the sensitivity of the inclinometer in carbon dioxide 
1s somewhat greater than that in air and the ratio of the 
respective defloxions increases as the pressure is reduced. 
Representative curvesin which the galvanometer deflexions 
on rotation of the plane of the wires ee the horizontal to 
the vertical in either air or carbon dioxide respectively are 
plotted as ordinates against the corresponding pressures in 
the chamber as abscissz, are given for the narrow chamber 
of diameter 6 mm. in fig. 3. Currents of 0°8 and 0'9 were 
employed in the curvesshown. The curves differ in character 
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very considerably from those shown in fig. 2. Thus, for 
example, for a current of 0:8 amp. and a pressure of 760 
mm. in the case of the large chamber, the deflexions with 
the wires in air or carbon dioxide are very little different, 
the former being slightly the greater. In the case of the 
small chamber, however (see curves A and B), the corre- 
sponding deflexion with the wires in carbon dioxide is more 
thau double of what it is when the wires are surrounded 
by air. Moreover, in fig. 3, for any fixed value of the bridge- 
current, the deflexion corresponding to any definite pressure 
is throughout greater in the case of carbon dioxide than in 
the case of air, while in general, in fig. 2, this is the case 
only for comparatively low pressures for bridge currents 
equal to 0*8 and 0:9 amp. 

The values of the deflexions on rotation of the plane of 
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the wires from the horizontal to the vertical are plotted in 
fig. 4, as ordinates against the respective values of the bridge 
current as abscissa, the pressure being throughout adjusted 
to 760 mm. of mercury. Curves A and B refer to the 
small chamber, and curves C and D to the large chamber. 
It is seen that at this pressure the greatest sensitivity of 
the inclinometer is afforded when the wires are enclosed 
in a large chamber containing air (curve D). In such a 
chamber the sensitivity in both air and carbon dioxide 1s 
greater than that characterizing the respective sensitivities 
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in a chamber such as that employed by Humphrey, in 
which an inversion of this order of relative sensitivities 
occurs (curves A and B). Attention may here be directed 
to the inversion of the relative magnitudes of the respec- 
tive sensitivities in air and carbon dioxide when the wires 
are enclosed in the large chamber, and the value of the 
current is altered. As shown by the point P in fig. 4, 
in this chamber, for values of the heating current below 
about 0°73 amp., an enclosure containing carbon dioxide 
affords the greater sensitivity ; above this value of the bridge- 
current, the greater sensitivity is obtained when the large 
chamber is filled with air. In the small chamber, no such 
inversion of the relative magnitude of the respective sensi- 
tivities occurs. 
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Allthe results may be readily interpreted as follows :— 
In the large chamber the differential thermal effect experi- 
enced by the wires on rotation is conditioned partly by 
convection effects, and partly by conduction and radiation 
effects. In the small chamber, convection effects are almost 
entirely eliminated. For the present purpose radiation 
effects can be neglected, and attention confined entirely to 
convection and conduction effects under the various conditions 
of the experiments. 

Consider first the curves corresponding to a current of 
0:9 amp. in fig. 2. For pressures less than 350 mm. 
of mercury (point P) inthe large chamber. an atmosphere of 
carbon dioxide affords the greater sensitivity. This result is 
analogous to those shown by the curves for the small chamber 
in fig. 3, and indicates that as the pressure is reduced below 
about 350 mm. of mercury with a heating current equal 
to 0'9 amp. differential effects due to convection hecome 
relatively diminishingly unimportant compared with differ- 
ential conduction effects in the chamber. For lower values 
of the heating current, the pressures corresponding to the 
intersection of the respective curves become higher, and for 
heating currents of 0°5 and 0°6 amp., the respective curves 
for air and carbon dioxide would presumably intersect at 
points corresponding to pressures greater than atmospheric. 

The differential convection effect is conditioned by a variety 
of factors as the pressure in the large chamber is reduced. 
Among these are included : (a) the higher temperature of the 
wire, (5) the diminished density of the gas in the chamber, 
and (c) the increased velocity of the free convection current 
from the wires due to (a) and (b). Attention has already 
been directed to the different slopes of the portions Q P and 
R P of the curves in fig. 2 for air and carbon dioxide as the 
pressure in the large chamber is reduced below 760 mm. 
Interpreted in the light of the formulze given by King * and 
by Langmuir f for the free convection loss from a fine 
heated platinum wire, these results indicate that for air, over 
the appropriate range of pressures, the value o£ the product 
SeV, where S is the value of the specific heat of air at 
constant volume, c the density of the gas, and V the velocity 
of the free convection current, is practically constant. For 
carbon dioxide on the other hand, the value of the product 
increases as the pressure in the chamber is reduced, the value 
of V increasing at a greater rate than So decreases. 


* Phil. Trans. A, vol. 214, p. 381 (1914). 
f Phys. Rev. vol. xxxiv. p. 401 (1912). 
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It will be clear that the explanation of the characteristics 
of the various curves for the large chamber in fig. 2 is tanta- 
mount to the following. For low pressures and (or) small 
values of the heating current, the differential thermal effects 
experienced by the wires are conditioned principally by consi- 
derations of conduction losses from the respective wires. For 
larger values of the heating current and comparatively high 
pressures, differential convection effects become increasingly 
important. The respective thermal conductivities of air and 
carbon dioxide at 0? C. are 5722 x 107? and 3:07 x 107? c.g.s. 
units respectively. Forthe same small values of the heating 
current, therefore, tlie wires when surrounded bv air in the 
large chamber will be colder than will be the case when carbon 
dioxide is the medium contained in the chamber. It may be 
anticipated, therefore, that the differential thermal effects are 
under these conditions less in air than in carbon dioxide. In 
like manner, for low values of the pressure in the large 
chamber, the temperature of the wires surrounded by air vill 
be lower than is the case when the chamber is filled with 

carbon dioxide. 

It has been previously shown that dissipation of heat from 
the hot wire to the surrounding medium occurs directly 
through a thin layer of stagnant gas surrounding the wire * 
As the temperature of the wire isgincreased, the temperature 
gradient i in, and the thermal conductivity of, this stagnant 
laver increases, Calculation shows that the thermal condue- 
tivity of carbon dioxide inereases much more rapidly with 
temperature than does that of air. Thus, calculating the 
respective values of the conductivities of carbon dioxide and 
air at 360? C., 600° C., and 1060? C., (corresponding to the 
points R, P, and Q respectively in fig. 6, on page 955 later) by 
extrapolating O. E. Mever's formula Ket 603 Nice employing 
Sutherland's formula for calculating m we find :— 


Thermal Conductivity. RU k 
a area EAS ~ ee TERN 
Temperature (0° C.) Air. Carbon Dioxide. Air. Carbon Dioxide. 
09 22 x 105 3-07 x 105 1 1 
360° 8&7 76 17 25 
6009 11:4 10:4 2 39d 
10609 13°8 12:9 2:6 43 


It will be seen that while the respective thermal conduc- 
tivities of air and carbon dioxide increase rapidly with 


* Phil. Mag. vol. xxxix. p. 534 11920). 
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increase of temperature, the rate of increase in the case of 
carbon dioxide is very much greater than in the case. of air. 
So far as experimental evidence is available *, it is probable 
that as the temperature of the wires is increased, the ratio of 
the heat dissipated by conduction to the total heat dissipated 
from the wires increases. This effect, combined with the 
greater relative increase in the thermal conductivity ot the 
stagnant layer surrounding the wires in the case of carbon 
dioxide, leads to the conclusion that with rise of temperature 
the proportion of heat lost by conduction increases more 
rapidly in the case of a wire surrounded by carbon dioxide 
than in the case of one surrounded by air. Alternatively, 
we may say that, with rise of temperature, the proportion ot 
heat lost by convection increases more rapidly in the case 
of air than in the case of carbon dioxide. It is therefore to be 
anticipated that under conditions where differential thermal 
effects experienced by the wires are determined principally 
by convection currents, i. e., for large values of the heating 
current and moderate or large values of the pressure in the 
chamber, the sensitivity of a hot wire inclinometer in which 
the wires are surrounded by air would be greater than would 
be the case with carbon dioxide surrounding the wires. This 
is in accordance with the results corresponding to the portions 
Q P and R P of the curves corresponding to a bridge-current 
of 0-9 amp. in fig. 2. A similar result is shown by the 
corresponding portions of the curves for 0:8 and 0*7 amp. 

The correctness of the view advanced in the preceding 
paragraph was readily verified by determining the resistance 
of one of the wires surrounded by either air or carbon 
dioxide in the chambers. This was done by measuring, by 
means of a potentiometer, the voltage drop across the wire 
when a known current was maintained in the wire. The 
potentiometer readings were calibrated by a Weston cell 
standardized at the National Physical Laboratory. The 
pressure within the chamber was adjusted throughout to 
one or other of the values 760 mm. or 20 mm. of mercury 
respectively in two series of experiments. 

The results obtained when a single wire was enclosed 
within the large chamber are shown in fig. 5, in which 
the values of the heating current are plotted as abscissz 
against tiie corresponding resistance of the wire as ordinates. 
The curves A, and A, refer to the cases where the single 
wire was surrounded by air at pressures equal to 760 mm. 


* See Barratt, Proc. Phys. Soc. vol. xxviii. part 1, p. 10 (1915). 
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and 20 mm. respectively. The curves C, and C, have similar 
reference to the case where the chamber was filled with 
carbon dioxide. It is seen from curves A, and C, that for 
values of the heating current such that the temperature of 
the wire is below that corresponding to P—about 606? C— 
the wire when surrounded bv carbon dioxide is hotter than 
is the case when air surrounds the wire. This would be 
anticipated from the greater value of the thermal conduc- 
tivity of air compared with that of carbon dioxide. For 
values of the heating current greater than 1:14. amp. corre- 
sponding to P the wire is jme when surrounded by 
air. At these temperatures the calculated value of the 
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thermal conductivity of air is still greater than that of 
earbon dioxide (see Table on page 952), but the ratio 
approaches more nearly to equality as the temperature 
is raised. It is clear, therefore, that the difference in 
temperature of the wire in the two media is conditioned 
principally by differences in the respective convection losses 
at high temperatures, whereas at low temperatures such 
difference is conditioned principally hy differences of conduc- 
tion losses. At 2 mm. pressure the corresponding curves 
A, and C; intersect at Q corresponding very nearly to the 
sume temperature as that represented by P. 

The effect of the introduction of a second wire parallel to 
the first, separated by a distance of 1:5 mm., and heated by 
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the same current, as in the inclinometer, is seen in ng 6. 
The notation of the curves is the same as in fig. 5. The 
point of intersection of A, and C, in fig. 6 occurs at a higher 
temperature than is the case in fig. 5. This indicates that 
under conditions such tliat equal total dissipation of energy 
would occur from the wires in the two cases, the proportion 
of convection loss to the total loss from a wire would be less 
in the case of a’ wire constituting one of a pair disposed as 
described, than would be the case when one wire alone was 
heated in the chamber. Results obtained when the pressure 
in the chamber is reduced to 20 mm. (curves Ag and Co, 
fig. 6), show that under these conditions differences in the 
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respective convection effects become still less relatively 
important, the curves not intersecting within the range of 
heating currents employed. 

In the small chamber as shown in fig. 7, the difference of 
the temperature in the two cases when a single wire is 
surrounded by either air or carbon dioxide as shown by the 
curves A, and C}, or A, and C,, is conditioned under all 
conditions principally by conduction effects. As seen 
from a comparison of tlie curves A, and Ag, or C, and Co, 
convection losses are practically entirely absent, and the 
temperature of the wire in one or other gas when heated by 
a constant current is only very little higher when the pressure 
is 20 mm. than when the pressure is 760 mm. of mercury. 
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The curves A; and C, in fig. 7 are of some interest in 
another connexion. The fact that a fine platinum wire 
carrying a constant current becomes heated to different 
temperatures when the gaseous medium surrounding the 
wire is altered, forms the basis of Shakespear’s katharo- 
meter * originally employed for the determination of the 
degree of purity of hydrogen. Recently the device has 
found industrial application for determining and recording 
the percentage of carbon dioxide in flue and other gases f. 
À Wheatstone bridge device is employed, a pair of arms being 
constituted of two fine heated platinum wires contained 


$$p ———— - +» --——-— 4 - 


SINGLE WIRE eae . Ce 
AP or 
—— CO, — —AR | ya: | 
SOF x PmtesUeE 760 ses | ie Ln, 
7 


O PRESSURE CO MMS r p^ 


0 os VO 1$ 
Current (anes) 


within chambers filled respectively with the gas to be 
examined, and a gas of standard composition, the chambers 
being small so that convection effects are negligible. Carbon 
dioxide present in flue gases is diluted principally with 
nitrogen and oxvgen, and the gases may be sampled at a 
temperature of 300° C., or higher, and subsequently cooled to 
atmospheric temperature. Now it is evident from fig.7 that 
a change from O to 100 per cent. in the carbon dioxide 
content of the flue gas would alter the resistance of the wire 
immersed in the gas by about 9 per cent. at the most. 


* See Proc. Roy. Soc. vol. xcvii. p. 278 (1920). 
T See Daynes, Proc. Phys. Soc. vol. xxviii. p. 165 (1921). 
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Efficient control of combustion processes requires the carbon 
dioxide content of flue gases to be maintained constant, 
certainly to within 1 per cent., which would correspond to a 
change of approximately 0°09 per cent. in the resistance of 
the wire immersed in the sampled gas. Such a difference of 
resistance of tie wires in the respective chambers would 
arise owing to a difference of about 0:25? C. in the tempera- 
tures of the gases in the respective chambers. Equality or 
constancy of the difference of temperatures of the gases in the 
two chambers to within about 0°03° C. is therefore necessarv, 
if the indications of the instrument are to be comparable in 
accuracy with that easily obtainable (0:1 per cent.) with 
various forms of gas analysis apparatus in which the carbon 
dioxide content of the gas is determined by observation of 
the gas volume before and after the absorption of that 
constituent. 


The author desires to express to Dr. Charles Carpenter 
C.B.E., his thanks for the provision of facilities for carrying 
out the work detailed herein. 


709 og Kent Road, S.E. 15. 
January, 1923. 
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XCVII. Cathodo- Luminescence and its Relation to States of 
Molecular Aggregation. By J. EwLEs, Assistant Lecturer 
in Physics, Leeds University *. 


HE term luminescence seems to have been first intro- 
duced by Wiedemann to denote all the cases of re- 
emission of absorbed energy as light. The absorbed energy 
may be derived from light (including ultra-violet and 
infra-red), X-rays, cathode rays, or the radiations from 
radium. 

Although the phenomenon has been the subject of careful 
investivations for a number of years and a considerable 
amount of experimental evidence has been obtained, there 
has yet appeared no satisfactory general explanation of all 
the facts. Indeed, the evidence on the surface appears to be 
so complicated and diverse that a statement of the. general 
conclusions is impossible without a certain degree of selection. 


* Communicated by Prof. R. Whiddington, M.A., D.Sc. 
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The following facts, however, emerge as being important :— 


I. Nature of spectra. 


(a) All luminescent spectra, however excited, are 
arranged in bands showing equal frequency 
differences *, 


(6) An intimate relation exists between the luminescent 
spectra of a body and the absorption spectra. It 
seems probable that under similar conditions the 
one is the complement of the other f. 


II. The effect of temperature is very variable. 


Dewar£ found that many substances which luminesce 
at ordinary temperatures do not do so at the 
temperature of liquid air, and vice versá. 


At low temperatures the broad bands break up into 
narrower bands$. There is an upper limit of 
temperature beyond whieh luminescence || ceases. 


III. The etfect of impurities is verv marked. 


(a) Pure substances do not luminesce T. 

(b) Luminescence results from admixture of a small 
amount of impurity called by Bruninghaus the 
Phosphorogene **. 

(c) Ditferent impurities affect the colour of the lumines- 
cence differently by affecting the relative in- 
tensity and distribution of the bands tf. 


(d) There is always an optimum of luminescence 
corresponding to a certain small and fixed per- 
centage of impurity ff. 


* Wood, ‘Physical Opties.” Nichols and Merritt, Phys. Rev. 1912. 
Howes and Wilber, ibid. 1917. Nichols and Howes, 1916 & 1918, 
bid. Mrs. F. G. Wick, ibid. 1918. Nichols and Wilber. tbid. 1920. 

+ H.»nd J. Becquerel & K. Onnes, Konink. Akad. Wetensch. Amsterdam, 
1909. J. Becquerel, C. P. 1910. 

t Dewar, Proc. Rov. Soc. xiv. (1895). 

§ J. Becquerel, C 2. 1907. H. Becquerel, C. R. 1907. 

|| Lenard and Klatt, Ann. der Phys. xv. (1904). Nichols and Wilber, 
Phys. Rev. 1921. 

Å Urbain and Bruninghaus, Ann. Chem. et Phys. 1909. Mourello, 
C. R. exyiv. 22, 12357. Nichols, Howes, and Wilber, Phys. Rev. 1918. 
Nichols, Howes, and Wick, tbid. 1919. Grüue, Ber. Deutsch. Chem. 
Gesell. 1904. 

** Loc. cif. 

it Mourello, C. R. cxxvi., and Becquerel, C. R. cvii. 

tt Leiard and Klatt, Wired. Ann. 1889. 
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IV. The state of aggregation of the substance is a 
determining factor in the nature or very existence 
of luminescence and equally in the character of 
absorption bands *. 

This is discussed at length later in this paper. 


V. With increasing frequency of the exciting radiation, 
i. e. greater energy, the luminescent spectra extend 
further into the violet. 


Experiments were begun with the object of determining 
whether the luminescence excited by cathode rays appears 
only when the rays acquire a minimum speed, t. e. whether a 
definite quantum of energy is required to excite the lumines- 
cence. It was thought that such an investigation might 
lead to some indication as to the nature of the processes 
giving rise to luminescence. 

Fig. 1. 


YO “EACCOLE . NEO. 


«—- 7O Aum PS 


TO EARTH & MERCEDES POs: ~ 


Some twenty metallic oxides and several other substances 
were examined. The substances were deposited in a thin 
layer on a strip of platinum mounted in a vacuum flask at the 
focus of a concave cathode (fig. 1). The tube was excited by a 


* Wood, ‘ Physical an Hodgson, Phys. Rev. 1918. Nichols and 
Wilber, Phys. Rev. 1917. 
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Mercedes electrostatic machine, and the voltage applied 
controlled bv the pressure of the residual gas and measured 
by a Kelvin and White electrostatic voltmeter. It was found 
that the cathodo-luminescence did not appear until the 
potential applied to the tube reached a certain critical 
value. 

That is, for each substance, the cathode rays must possess 
a minimum amount of energy before luminescence is excited. 

Details of the results are shown in Table I. 


TABLE I. 
Substance. Colour of Luminescence. pe E 

MOO 4 voce cee Blue faint. 
DIO prr" Mauve strong. )200 

treenish- ; 1500 
Fo O [a yellow | faint. { aee also Table II., 
CaO c. eee eerie Yellow strong. 1050 
CAS ER Yellow strong. 950 
BaO (impure)...... Yellow strong. 2150 
BaO (AR) ......... Yellow strong. 700 
CIS uestes Blue faint. 3800 
MOS aoreet Blue faint. 5200 
BO; ilxesesa ees Orange faint. 1900 
MnO; (pyrolusite). GY>RY faint. 3400 
BrO mar Blue faint. 1350 
CuO p Violet faint. 1100 
Ct 0 urare Violet. faint. 1400 
ShO caaea Whitish faint. 1700 
PUO oeibewss Whitish faint, 1900 
BüO LE Whitish [Gres | — qas 

strong. j 
IU icexssatu deque Blue brilliant. 190 
h 5 

AL Osee: Blue and pink, { ode — 
2 } "DT See Table 1I. 


In each case the potential corresponding to first appear- 
ence with increasing voltage and to disappearance with 
decreasing voltage was observed many times. 

One is well aware that the possibility of determining the 
exact point of appearance or disappearance is limited by the 
sensitiveness of the eye, and the minimum voltages obtained 
must in all cases be too high. 

In many cases, however, the luminescence came in so 
sharply as to leave no doubt as to the existence of a very 
definite minimum. More exact measurements are in progress 
which do not depend on the sensitiveness of the eye. 
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Nichols and Howes (Phys. Rev. 1921) have plotted curves, 
showing intensity of luminescence against voltage, which 
show the existence of a minimum voltage for luminescence. 
They do not appear to have taken into account the variation 
of the catliode ray current with voltage, so that the actual 
values obtained are hardly reliable. 

Examination of the results shown in Table II. brings out 
the following points :— 


(1) For each substance showing catliodos luminescence 
there is a critical speed of rays required to excite it which is 
characteristic of the particular substance. 

(2) A comparison of the minimum energy required in the 
case of similar oxides shows that no simple relation exists 
between the energy change and the atomic numbers of the 
metals. This suggests that the transformation is not atomic. 

(3) Nor does there appear to be any simple relation 
between the minimum energy and the heat of dissociation or 
formation such as would be expected on the suggestion put 
forward by Baly and others that the change involved isa 
chemical one. | 

It was found, indeed, that even with the same chemical 
substance, all precautions being taken against the entry of 
new impurities, the method of preparation has a marked 
effect on the critical energy, colour and intensity of the 
luminescence. Each sample shows some difference, often 
very marked, in the colour, intensity, and critical speed for 
excitation. 

These results show how the state of aggregation of a 
substance affects its luminescence. This is in agreement 
with the observations of many previous workers on “cathodo- 
and other types of luminescence. 

Levy (Röntgen Soc. Journ., Jan. 1916) showed that the 
colour and intensity of the fluorescence of barium platino- 
cyanide is different in the two crystalline states and in the 
amorphous state. 

M. B. Hodgson (Phys. Rev., Dec. 1918) showed that the 
X-ray luminescence of calcium tungstate depends on its 
erystal structure. - 

Baly and Tryhorn (Phil. Mag. xxxi.) find that the position 
and depth of the absorption bands of pyridine and salicyl- 
aldehyde vary with the concentration. 

Waentig (Zeitschr. Phys. Chem.) found that the phos- 
phorescent alkaline-earth sulphides passed when rubbed into 
coloured non-luminous powders, which change is accompanied 
by a decrease of volume and an absorption of energy. 
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TABLE II. 


Zinc oxide, from pure zinc *. 


Method of Preparation. 


Colour of Luminescence. 


l. Sublimed from zinc arc. Green, 


9, Zine hydroxide pptd. 
from cold solution and 
Ignited .................. 

3. Sample from (2) heated 
for one hour at 1200? C. 

4. Zinc. hydroxide pptd. 

from hot solution and 
ignited.................. e. 
. Zinc ignited in air 


. Zine nitrate ignited...... 
. Sample from (6) inean | 


Nao N 


at one spot to incan- 
descence 


8, Zine carbonate ignited... 


9. Sample from (&) heated 
to incandescence 


Seaoseectusessees ese 


Bluish-white. 


Yellowish-green. 


Red and green together. 
Green. 
Orange. 


Heated part green. 
Unheated part orange. 


Green. 


Green. 
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Minimum voltage 
for excitation. 


129 


400 


* Analytical reagent manufactured by British Drug Houses Ltd. 


Magnesium oxide, from magnesium AR. 


1. Smoke from burning Mg 
deposited on a hot 
platinum strip ......... 

. Smoke from burning Mg 
deposited on a cold 
platinum strip | ......... 

3. Mg.OH) pptd. and ig- 

nited 


t2 


€9692590€(9*20909*2450959€9 


Rose and sky-blue. 


Rose aud sky-blue. 


Sky-blue. 
Faint blue. 


Natural crystalline Fe Qs. 


1. Small crystals about 
] mm. dimensions 


Kd 


. Crushed to powder zd 


an agato mortar ......... 


to 


3. Orushed to very tine pow- 
der and then “ rolled” 
in an agate mortar...... 


Silicon. 
1. Amorphous ..............- 
2. Crystalline | ............. és 


Imof (Phys. Zeitschr. 1917) finds a minimum-sized crystal 


Faint red ; blue at 
higher voltages. 


Whitish-blue; phosphor- 


escent for some minutes. 


No fluorescence. 


Whitish-yellow. 
Red. 


necessary for tribo-luminescence. 


Lenard and Klatt showed that the alkaline-earth sulphides 
lose their luminescent properties if subjected to high 
See also Beilbv (Aggregation and Flow of 
Solids’), Sect. xi.; S. E. Shepherd (Illum. Eng. Lond., 


pressures. 


} 100) 


1600 
2400 


June 1917) ; T. R. Merton (Chem. Soc. Journ., Jan. 1914) 


Farnau (Le Radium, J 


une 1914). 
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Following up the train of thought suggested by these 
results, substances were taken which were known or could 
be shown to undergo a change of molecular aggregation if 
heated beyond a certain temperature. For example, quartzite 
exists in two forms, a and f, differing in density and 
refractive index, a reversible change from the a to the 8 
form taking place at 575°C. Such substances were ex- 
amined with a view to determining whether any change 
takes place in the cathodo-luminescence at the temperature 


Fig. 2. 


TO LARTIN & COL POSITIVE 


» ‘ 


(A) KEY 
me 


of transformation. The substances were deposited in a thin 
layer in tbe middle of a strip of platinum which could be 
raised to any desired temperature by the passage of a steady 
current. The magnitude of the current, measured by a 
Cambridge and Paul ammeter, gave the temperature, the 
strip having been previously calibrated by determining the 
current required to melt various salts of known melting- 
points. The calibration curve was checked at the higher 
temperatures by a Cambridge a pyrometer. 
3 Q2 
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The platinum strip aeted as the anode (see fig. 2) so that 
the rays from the cathode could be fired at the substance 
deposited on it. The source of high potential in these 
experiments was an induction-coil which could be switched 
on and off rapidly so as to avoid, as far as possible, heating 
the substance by tlie ravs. 

In order to test whether the momentary flash of cathode 
rays appreciably raised the temperature of the substance, the 
Intensity of the ravs was varied by altering the residual gas- 
pressure and by varving the current in the primary of PM 
coil. No appreciable variation of the temperature of dis- 
appearance could be detected, 

In those cases where the transformation temperature was 
not already known, this was determined by the Roberts- 
Austen differential heating or cooling curve method. In this 
method the substance ider test is heated in an electric 
furnace by the side of a standard substanee which is known 
to undergo no transformation. Thermocouples of platinum 
and an allov of 90 per cent. platinum and 10 per cent. 
rhodium are imbedded in each and connected. in opposition 
to a sensitive palvanometer, The temperature of the sample 
is obtained by a third thermocouple. Any molecular trans- 
formation absorbs or generates heat, so that the temperature 
of the test material when the transformation takes piace lags 
behind or advances on that of the standard substance, and 
this difference in the temperatures is at onee indicated bv a 
deflexion of the differential galvanometer. For the suggestion 
of this method and help in carrving it out, I owe thanks to 
H. S. Houldsworth, of the F fel Department of Leeds 
University. 

Experiments on fourteen. different substances gave the 
remarkable result that above the temperature of. transforma- 
tion the cathodo-luminescence disappears. 

The results are summarized in Table II. 

The remarkably close agreement shown in. the above table 
between the transformation temperature and the temperature 
of disappearance of the luminescence indicates an intimate 
relation between the processes involved in the molecular re- 
arrangement and the emission of luminescence. The fact 
that the sample of alumina which showed no transformation 
also showed no luminescence is highly significant. 

The evidence seems sufficient. to warrant the hypothesis 
that luminescence is a manifestation of the energy change 
involved when a substance changes from one state of 
molecular aggregation to another. Any theory of lumines- 
cence must take into account the intimate relation between 
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TABLE III. 

Nature of Temp. of Disappearance 

Substance. Transformation. Transfn, of Fluorescence. 
Zinc oxide ... ........... { Sudden change of density } 700° 700° 

and resistance. A 

Magnesium oxide ...... . Slow change to periclase. { ane 930° 
Zirconium oxide ...... Slow change of density. 7009 730° 
Alumina (by ignition). Change of density. 1060° 1060° 
NaOllnisewakoeMewee  ° Queers 2999-6 293? 
KOH odes waive 248° 242° 


Wollastonite (CaSiO,). Pseudo-wollastonite. 11907-1232? 1240? 
(aceording to the 
rate of heating). 


e [Tage rolame change) a en 
Oyanit©: iiec Change to sillimanite. 1300? 13309 
Quartzite................ m aeu c ME 5750 
KSO iunte duse 580-5999 600? 
DOE REM E , ado 575° 570° 
CUBO jasni D 666° 6809 


Alumina (pptn. from 
Al.(SO,), by NH,OH b No transformation occurs. 1065° No fluorescence. 
and ignition ......... J 


luminescent and absorption spectra pointed out earlier in 

this paper. Indeed, it seems justifiable to make the assump- 

tion, as most recent writers on the subject have done, that 

the two processes correspond to different aspects of the same 

reversible change, the system absorbing in one direction 

and emitting luminescence in the other. Thus :— 
absorption, 


^ emission 


The fundamental difference in the general formula ex- 
pressing the distribution of frequency in band spectra, 
=A+Bm+Cm’, involving only positive powers of m, and 
the general formula for line spectra, involving negative 
powers of m, may be taken to indicate a corresponding 
difference in the structure of the systems whose changes of 
energy give rise to the two different kinds of spectra. 

The results of the experiments described above suggest 
that the system in the case of luminescent and absorption 
spectra is an aggregate of molecules. The extremely im- 
portant part played by impurities in the nature and even 
existence of luminescence mentioned earlier helps to form an 
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idea of the possible structure of the radiating system. Sir 
J. J. Thomson (Phil. Mag., May 1914) shows that certain 
special tvpes of molecules containing oppositely charged 
atoms may act as electrical doublets, and bv virtue of their 
strong electrostatic fields possess the power of condensing a 
large number of other molecules round them, This action, 
he maintains, will involve molecular rotations when the 
system is being formed or rearranged. We might imagine, 
then, the bipolar nucleus of impurity, with its cluster of 
surrounding molecules, as plaving the same part in the 
emission or absorption of band spectra as the Bohr atom, 
with its positive nucleus and surrounding electrons, plays in 
the production of line spectra. 

The changes of energy of the electrons in the atom giving 
rise to line spectra are here replaced by changes of the 
molecular rotational and oscillational energy, as the aggregate 
is formed or rearranged, giving rise to the emission or 
absorption. of. band spectra. This view gives a physical 
aspect to the Schwartzschild development of the band-spectra 
formula. This author has shown that the general band- 
spectrum formula can be arrived at by applying quantum 
considerations to the changes of rotational and oscillation 
energy of molecular doublets. 

The theory of luminescence here advanced seems to offer 
a reasonable explanation of all the experimental data. It 
explains why, as Baly (Phys. Rev. 1921) pointed out, the 
frequencies in absorption spectra are multiples of a common 
molecular frequency characteristic of the substance. 

Lenard and Klatt (Ann. der Physik, 1904) found that in 
certain cases a flux was necessary for luminescence. The 
action of the tlux may be explained as facilitating molecular 
rearrangement. 

In phosphorescence we may suppose that the stimulus 
brings about the reversible change in the direction involving 
absorption, the return to the former state with the emission 
of energy as phosphorescence going on for some time after 
the stimulus is removed. 

The phenomenon of thermo-luminescence observed by 
Wiedemann, namely, that certain substances did not show 
luminescence while ‘being stimulated but ae removal of the 
stimulus and subsequent heating gave out luminescence, is 
accounted for by supposing that the stimulus brings about 
molecular rearrangement into a metastable condition and 
that subsequent heating i Is necessary to reverse the change. 

The very variable effect of temperature follows directly 
from the theory. Temperature determines the state of 
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aggregation, and the fact that a substance may not luminesce 
above or below a certain temperature indicates that any 
change that can occur will be in a direction involving 
absorption. 

Taking the minimum energy required to excite cathodo- 
luminescence, as determined in the above experiments, to 
represent the quantum of energy required to transform the 
molecular aggregate, and assuming equipartition of this 
energy among the constituent molecules of the aggregate, it 
should be possible from a knowledge of this energy and the 
molecular heat of transformation to determine the number 
of molecules composing the aggregate. For example :— 

The critical potential for zinc oxide varies with the sample, 
as indicated above, from 350 to 850 volts. The energy per 
electron corresponding to this is 5:565 x 10-7 erg and 
15:421 x 107? erg respectively. 

The heat of transformation of zinc oxide is 4:41 kg.-cals. 
per gram-molecule, i. e. 


3 4- 7 
ACE = 3°06 x 1079? erg per molecule, 
which gives a molecular aggregate of 1818 in the lowest case 
and 4271 in the highest. The writer is well aware, for the 
reasons stated earlier, of the very approximate nature of these 
numbers. Experiments are in preparation, however, for & 
more accurate determination of the minimum cathodic 
energy and a parallel determination of the energy of trans- 
formation, from which it is hoped to obtain fairly reliable 
results as to the number of molecules in an aggregate. It 
is hoped also to obtain an estimate of a minimum possible 
number of molecules which can form a crystal, in various 


cases. 


Summary. 


I. A generalized survey of the chief results obtained by 
previous workers on luminescence. 

II. Experiments with cathode rays on’a number of sub- 
stances indicate that each substance showing cathodo- 
luminescence requires a minimum speed of cathode rays to 
excite the luminescence. This speed appears to be charac- 
teristic of the substance, but depends also on the state of 
aggregation. 
~ III. The temperature at which cathodo-luminescence 
disappears coincides, in the case of all substances examined, 
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with the temperature at which a molecular transformation 
takes place. 


IV. A general theory of luminescence suggested by these 
results is put forward. 


In conclusion, I wish to express my very great indebtedness 
to Professor R. Whiddington, who suggested the original 
problem, for his continual advice and encouragement through- 
out. 


Physics Department, 
The University, Leeds. 


ACVIIT. Some Observations on the Ianition of Combustible 
Gases by Electric Sparks. By J. D. Morgas, M.Sc.* 


T has been shown by calculations that the amount of, heat 
energy that must be imparted to cause ignition of a com- 
bustible gas mixture can vary greatly with the conditions 
under which the heat is supplied (imor Jones, Morgan, 
& Wheeler, Phil. Mag. vol. xliii. Feb. 1922). In making the 
caleulations, it was assumed that ignition is a thermal 
_ process involvi ing the raising of a certain volume of the gas 
to a certain temperature, and that the heat is communicated 
from the source to the gas by conduction. The heat energy 
required in the source to produce ignition is least when 
the heat is imparted instantaneously. When the rate of 
heat supply is less a greater quantity of heat must be 
given to the gas before ignition can occur. It was also 
shown that variations in the shape or linear dimensions 
of the heat source would result in variations of the heating 
effect. 

The sparks used for ignition of combustible gases are of 
two kinds (capacity and inductance sparks) Which differ 
notably in temperature and duration. The spark produced 
by a single discharge from an electrostatic condenser across 

a gap hetween stationary electrodes has, judged by its 
luminosity, a very high temperature, and is of extremely 
short duration ; whilst that produced during separation of 
a pair of contacts in an inductive circuit has a lower temper- 
ature and is usually of relatively long duration. 

The results of previous experimental work on spark 


* Communicated by Prof. E. Taylor Jones. 
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ignition are characterized by remarkable diversity. Never- 
theless, there emerges the general conclusion that to ignite a 
given gas mixture a larger amount of heat must be imparted 
by an inductance spark than by a capacity spark, and the 
differences observed are broadly such as are consistent with 
the hypothesis that ignition is a thermal process. 

At first sight it would appear to be easy to submit the 
theoretical deductions above mentioned to quantitative tests. 
Closer examination shows, however, that serious and possibly 
insuperable difficulties lie in the way, and it becomes doubt- 
ful whether additional experiments can do more than confirm 
the general agreement that already exists between the 
thermal hypothesis and experimental results. Further, it 
would appear that development of the thermal hypothesis is 
more likely to depend on an accumulation of indirect evidence 
than on direct demonstration. 

It has been shown by Patterson and Campbell (Proc. Phys. 
Soc. of London, vol. xxxi. pt. iv. June 15th, 1919) that 
the energy required for ignition of a given gas mixture by a 
capacity spark (instantaneous heat source) may be a widely 
variable quantity. In expressing their results they corre- 
lated the spark energy and the sparking voltage of the gap 
at which the igniting sparks were produced. No explanation 
of the results was suggested. 

The fact observed by Patterson and Campbell is one of 
considerable practical importance in connexion with the 
ignition of gases in internal combustion-engines. It appeared 
to the writer to be one of theoretical importance also. He 
decided therefore to repeat and extend their experiments 
with a view to comparing the results with the thermal 
hypothesis of ignition. 

The curve A, fig. 1, was obtained from experiments on a 
mixture of methane and air (about 8:8 per cent. methane). 
In the same diagram is shown the shape of the spark-gap 
electrodes. The sparks were produced by discharge of a 
variable condenser across a gap of variable width. Charging 
of the condenser was effected by means of an induction- 
coil acting through a thermionic valve. To find each point 
en the curve the condenser was adjusted to a particular value 
and the gap width was increased until ignition occurred. 
In expressing the results, the energy in the system prior to 
the occurrence of the spark is taken as a measure of spark- 
energy, and this is correlated with spark-gap width. 

The conditions of the experiments though apparently 
simple are really very complex. At least three important 
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variables are involved, and each of these affects the results 
in a probably indeterminate manner. These variables are 
(1) the spark-length, (2) the configuration of the gas region 
immediately adjacent to the spark, and (3) the area of 
cooling surface presented by the electrodes to the incipient 
flame. Probably the effect of variation of spark-length is 
negligible in comparison with the other two, and attention 
has therefore been confined to them. It does not appear to 
be possible to separate the effects of these two without 
incurring other serious difficulties. That a change in the 


Fig. 1. 
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configuration of the gas region adjacent to the spark has an 
important effect, is evident from curve B. To obtain this 
curve the shape of the electrodes was altered as shown in 
the diagram, but the curvature at the sparking position was 
kept the same as before in order to minimize as much as 
ossible any consequent variation of the sparking voltage. 
t might be said that the alteration of shape also resulted in 
an important reduction of cooling effect by the electrodes, 
but there is reason to believe that the difference between the 
curves À and B is less due to cooling than to increase in 
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the volume of gas immediately adjacent to the spark, though 
it must be admitted that variation in the cooling effect of 
the electrodes is involved in the results. 

. It will be noticed that the curves intersect. This is due to 
the fact that at the larger gap-widths the sparking voltages 
of the two gaps were not quite the same. When the spark 
energy is plotted against spark voltage, the two curves 
coincide at their lower ends as shown in fig. 2. Similar 
results were obtained from experiments on coal-gas and 
blast-furnace gas. 


Fig. 2. 
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The problem to be considered is as to whether or not such 
results as those shown in figs. 1 and 2 are consistent with 
the hypothesis that ignition depends on raising a certain 
volume of the gas to a temperature not less than the ignition 
temperature. The calculations recorded in the paper pre- 
viously referred to afford a basis for a definite affirmative 
answer. It was shown that the temperature wave, resulting 
from the instantaneous discharge at a point in the gas of a 
certain quantity of heat, assumed, after an interval of time, 
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the form shown in fig. 3, the volume of gas in which no part 
was at a temperature below 700? being then a maximum. 
To correlate the experimental results with the curve in 
fig. 3, two assumptions will be made. Wheeler has shown 
that the initial form of a flame resulting from the ignition of 
a gas by a spark is approximately of the same shape as would 
result from rotating a V about un axis through its ends, the 
axis being also the axis of the spark. This shape suggests 


Fig. 3. 
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that the cooling effect of the electrodes is such that the 
most effective portion of the spark is at or near the centre of 
its length. The first assumption is, therefore, that the 
heating effect produced by a short linear spark will not be 
greatly different from that of a point. The second. assump- 
tion (made to simplify the problem) is, that the gap 
electrodes are formed with flat ends, and the thermometric 
conductivity of the electrodes is the same as that of the gas 


l'ig. 4. 


in which the spark passes. The diagrams in fig. 4 showtwo 
positions of the gap electrodes, and the circular lines indicate 
the boundaries of two equal volumes of gas coníained 
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between the electrodes. It will be evident that to raise the 
boundary of the volume of gas shown by b to the same 
temperature (say, 700°C.) as the boundary of the gas 
volume shown by a, will require a larger quantity of heat 
in the source. Indicating the gap-width by æ and the 

uantity of heat required in the source by Q, the relation- 
ship between Q and z has been caleulated from the curve 
shown in fig. 3. The result is shown in fig. 5. It will be 
seen that the general form of the curve is the same as that 
of the experimental curves À shown in figs. 1 and 2. 
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Arbitrary 
: ^ units 
al 
t 
8 | 
br] 
^ 
i 6 
N 
9 
D 
t 
1 4 
gy 
2 
0 E z 3X Arbitrary 
Gap W.dth. unts 


Thongh no quantitative comparison can be made between 
the hypotheticaland actual curves, the agreement of general 
form affords important evidence in support of the thermal 
hypothesis. The ditferences which must be made in the 
hypothetical curve to compensate for the assumptions made 
in obtaining the curve are not such as will cause any alter- 
ation in the character of the curve. 

Incidentally, the experiments serve to illustrate the im- 
portant fact that the heat required to cause ignition of a given 
gas mixture is a quantity that can vary greatly with the 
experimental conditions, even when sparks of tlie same type 
are used. The results obtained by different investigators 
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can never be comparable unless carried out with identical 
apparatus. At one time the diversity of results was the 
cause of much perplexity. It has since become increasingly 
apparent that this perplexity was due mainly to a miscon- 
ception of what was implied by the supposition that ignition 
is a thermal process. 

FExperimental.— When capacity or condenser sparks are 
used in ignition experiments it is usual to calculate the 
spark energy from the expression 4 CV?, where C is the 
capacity across the gap and V the sparking voltage of 
the gap. Knowing that the results of this procedure could 
be misleading, the matter was subjected to a close examin- 
ation, and some interesting effects were observed. At first 
it was the intention to usea number of small glass condensers 
of about equal capacity, aud arrange for one or more to 
be connected in parallel with the gap in the explosion 
apparatus. These were calibrated by charging to a known 
potential and discharging through a ballistic galvanometer. 
Then a small spark-gap was arranged in series with the 
galvanometer circuit, and the calibration experiment was 
repeated. As was anticipated, the discharge through the 
galvanometer was less than when the gap was not present. 
It was noticed, however, that the ratio of the two discharges 
was not a very regular quantity and was not the same for all 
the condensers, and the calibration graph correlating quantity 
of discharge across the gap and the total capacity of the con- 
densers in operation showed well-marked “steps.” If these 
condensers had been used in the explosion experiments aud 
the spark energy had been expressed, as usual, by 4 CV’, the 
true results would have been masked by irregularities due 
to the behaviour of the condensers. Condensers with other 
solid dielectrics were tried, and in all cases similar effects were 
observed. Finally,a variable air-condenser was constructed, 
and with this the irregularities disappeared. The ratio of 
the discharges under the two conditions above mentioned 
was perfectly regular and consistent. Its value for one 
gap setting was °87. In figs. 1 and 2 the energy was 
calculated from the known values of C and V, and as the 
results were only required for comparative purposes, the 
correction for * gap effect” was not applied. The experience 
gained in this investigation showed that with condensers 
having solid delectrics serious discrepancies could arise, and 
that these could be avoided successfully by the use of air- 
condensers. 

As already stated, the condensers were charged at a 
relatively slow rate in the explosion experiments, from an 
induction-coil acting through a thermionic valve. By 
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this means irregularities in the sparking voltage due to 
“impulsive ” effects * were avoided. Nevertheless, serious 
irregularities in the sparking voltage of the gap were 
observed, and these for a time caused much trouble. When 
the gap was exposed to the open air of the laboratory it 
behaved with great regularity and consistency. But when 
put into operation within the explosion apparatus no two 
discharges occurred across the same gap-width at the same 
voltage, and often the sparking voltage required to produce 
a spark was double the normal sparking voltage of the gap. 
Different metals were tried in the gap-electrodes, namely, 
platinum, steel, nickel, and brass, and all gave similar results. 
The procedure followed in each ignition experiment was to 
evacuate the explosion chamber and let in a charge of 
previously prepared gas mixture from a holder, the gas on 
its way from the holder being caused to pass through a 
drying agent. Ignition of the charge was effected at 
atmospheric pressure. As causes of the irregularities in 
the sparking voltage, electrode surface condition and 
deficient ionization of the gas were suspected. The experi- 
ments made to ascertain the cause did not, however, lead to 
any definite results. The balance of evidence appeared to 
indicate that the trouble was due to deficient ionization, but 
the discovery of a simple remedy made it unnecessary to 
examine the matter further. It was found that by reducing 
the gap to a relatively small amount after each introduction 
of a fresh charge, and causing one or two small sparks to pass 
(insufficient to have any appreciable effect on the gas) the 
irregularity could be almost entirely removed. With exper- 
ience in the use of the apparatus it became easy to detect 
* over-voltages," especially when an ammeter was arranged 
in the primary circuit of the induction-coil and the primary 
current adjusted so that the secondary discharges were only 
sufficient to raise the condensers to the normal sparking 
voltage of the gap. 

The unit of gap measurement adopted was *0005 of an 
inch, and in the methane-air experiments it became possible 
to obtain a high degree of accuracy and consistency. With 
a given capacity in the system, the gap settings necessary to 
cause ignition in a dozen successive trials would not vary by 
more than one unit of gap-width. All the points on the 
curves shown in fig. 1 were obtained under these conditions. 
Using coal-gas and blast-furnace gas, the results were less 
regular and the gap settings necessary to cause ignition 
could not be ascertained to less than *001 of an inch. 


æ “ Impulsive Sparking Voltages,” Phil. Mag. vol. xli, March 1921. 
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XCIX. The Theory of the Trevelyan Rocker. 
by E. G. Rictarpsoy, M.Sc. (Fast London College) *. 


HEN Arthur Trevelyan, Esq. (as he is described in 
the Transactions of the Royal Society, 1831), 
accidentally discovered t. that an iron fork laid on a ‘Block of 
lead gave rise to musical sounds, he set to work to devise a 
model which should best exhibit the effect, and produced the 
well-known prismatic block of copper having a groove in its 
under surface so that it would rock on the ridges, the other 
oint of support being a knob at the end of a thin round 
bus Sir John Leslie suggested a theory of the action, 
which was accepted by Trev elvan and remained unchallenged, 
save by Forbes, until recently. Trevelyan found it necessary ^ 
to have the ridges very smooth and clean, but the lead was 
best roughened. Heat being communicated to the lead by 
the copper, the rugosities of its surface were supposed to 
expand, to push up each ridge in turn, and then to contract 
as the heat diffused through the lead, the rocking being due 
to inequality of inertia of the portions of the rocker on 
opposite sides of the ridge, or to a difference in condition of 
the lead on either side of the line of contact with the ridge, 
causing a lateral movement, Faraday f, as a result of expe- 
riments with various pairs of metals, went further and said 
that the success of the experiment depended on the difference 
of conductivity of the two metals : the hot one must readily 
transfer its heat to the cold one, but the heat must not be 
able to diffuse rapidly into the latter, but remain near the 
oint of contact causing local expansion ; it was immaterial 
which one formed the rocker, cold lead would vibrate on a 
hot copper block. 

However, Forbes $ was unable to substantiate Faraday’s 
conclusions, and advanced a new theory that the phenomenon 
showed evidence of a repulsion taking place when heat is 
transferred from a body of high conductivity to one of 
low. Seebeck || and Tyndall] put Forbes’ argument against 
Faraday’s hypothesis thus: (1) the gre "ater the expansion 


e 


* Communicated by Prof. C. IT. Lees, F.R.S. 

T A German workman had discovered it independently some years 
before (vide Gilbert, Pogg. Ann. xxii. p. 323, 1806). 

t Journ. Roy. Inst. 1221. 

§ Trans. Rov. Soc, 1823. 

| Pogg. Ann. li. p. 1 (1840). 

€ Phil. Mag. vii. p. 223, and viii. p. 1 (1834). 
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of the block, the greater the effect, but (2) the greater the 
conductivity of the block, the greater the expansion ; there- 
fore (3) the greater the conductivity, the greater the effect 
(whereas lead, a bad conductor, exhibits the effect best). 
They pointed out, however, that the expansion in (1) is ver- 
tical, whereas that in (2) is total; so that Forbes’ objection 
to the original theory is invalidated. Further, Tyndall set 
aside Forbes’s own hypothesis, because he succeeded in 
making a substance vibrate on one of equal conductivity, 
e. g. copper on copper, provided that the metal beneath was 
reduced to the points of wires or the edges of thin laminæ, 
so that lateral conduction in the underlying metal was 
prevented. 

In further support of the theory that the phenomenon was 
maintained by heat, Page* madea light rocker vibrate on 
two rails connected to the terminals of an electric battery, 
the heat being produced by the thermoelectric effects at the 

oints of contact. 

Finally, Davis T embellished this theory by a mathematical 
investigation, in which, by considering the rate of transfer 
of heat to the cold metal, he obtained the height to which 
the surface is raised by a given difference of temperature and 
period of rocking, and so calculated the difference of tem- 
perature necessary to produce vibrations at a given rate in 
a rectangular parallelopiped with two parallel ridges. He 
concluded from his analysis that a difference of 50° to 
100? C. would be sufficient to cause the rocker to vibrate 
225 times per second. This result is in fair agreement with 
the earlier experiments of Sondhauss T; who found minimum 
differences of temperature from 30° to 80? C., the minimum 
increasing with the time of swing. 

The subject then lay dormant for nearly 50 years. Quite 
recently Chuckerbutti§ has succeeded in obtaining some 
actual values for the amplitude, or height to which the ridge 
rises, and for the corresponding frequency of the vibration, 
by a mirror carried on a thin rod, rolling on the back of the 
rocker. By reflecting light from this mirror on to a moving 
photographic plate, the motion was exaggerated several 
thousand times, and some excellent photographs obtained. 
By measuring these the amplitude could be calculated ; the 


* Sill. Journ. p. 105, 1850. 

t Phil. Mag. xlv. p. 296 (1873). 

t Pogg. Ann. exv. pp. 71 & 177 (1873). 

$ Proc. Indian Assoc. Sci. vi. p. 143 (1921). 


Phil. Mag. S. 6. Vol. 45. No. 269. May 1923. 3 R 
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frequency was found by tuning a sonometer to unison with 
the note. Mr. Chuckerbutti thinks that the old theory is 
inadequate, and that when the rocker has settled down toa 
steady musical tone, “the elastice vibrations of the rocker 
and handle-bar play an important part, and eventually 
entirely displace any such simple rocking movement as may 
occur in tho earlier stages of the experiment." 

The work described below was undertaken with a view to 
an investigation of the relative merits of tlie two rival 
theories (referred to in this paper as the ** gravity " and the 

“elastic”? theory) more thorough than that of Mr. Chucker- 
butti. He gives only 7 values of the frequency and corre- 
sponding amplitude, whereas by the method to be described 
some 300 were obtained. 


Method of observing Amplitude and Frequency. 


A block of lead with rounded top is screwed down to the 
bench. A small hole is bored through the rocker, through 
which a thick steel knitting-needle is thrust and held in 
position by a small screw, so that the needle lies horizontally 
about the centre of the rocker, when the latter rests with its 
two ridges across the lead block. The end of the needle or 
indieator is observed through a microscope, which can be 
quickly -brought to bear on the indicator by adjusting a 
couple of w ooden w edges placed between the bench on which 
it rests and the barrel of the microscope. The light by 
which the field of the microscope is illuminated comes from 
a little electric lamp placed behind the slits of a stroboscopic 
disk, driven by an electric motor. When the disk is rotating, 
therefore, the illumination is intermittent, and its period 
may be made to coincide with that of the rocker by finding 
the justest speed of the motor which makes the end of the 
needle appear stationary in the microscope. This speed was 
measured by a stroboscopic vibrator in conjunction with the 
usual print of differently spaced circles of dots, pasted on 
the disk. By using a micrometer eyepiece, and setting the 
disk slightly out of step with the rocker, the amplitude at 
the oni of the indicator could be readily observed as the 
needle appeared to move slowly up and down. 

A third observation was made at the same time as the 
other two, ;. e. that of the temperature of the rocker, by 
a method due to Sondhauss. A hole bored in the back is 
tilled with mercury, into which the bulb of a 07-2607 C. 
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thermometer, supported above, is placed, without touching 
the vibrating rocker. 

By placing a glass micrometer scale on the object table of 
the microscope and focussing, it is found that 1 cm. on the 
eyepiece scale corresponds to an actual distance of *016 cm. 
in the object plane, and as the length of the indicator to the 
centre of the rocker is in each case 10 cm., this corresponds 
to an amplitude of ‘0016 (2a) at the ridge, where 2a is the 
distance between the ridges. ‘The magnification is therefore 
from 1000 to 2000 times. 


Fig. 1. 


Cavity for Thermometer. 


s 
N 
K 
.- * « 
Straboscope 
vibrator: 


Diagram to show arrangement of apparatus (from above). 


The first fow tests with this apparatus gave amplitudes 
about LO times those of Chuckerbutti, though the fre- 
quencies were of the same order. It was thought that 
perhaps the indicator exaggerated the vibrations, as 1t should 
do if their period were near its own. The needle was there- 
üpon clamped at its centre, and its free vibrations (trans- 
verse) observed in the apparatus. Their frequency was 
found to be 168, which considerably exceeded any values 
obtained from the prismatic rockers. To make sure, two 
other tests were made. TV irstly, another needle *48 em. 
thick was passed through a parallel hole in the rocker so 
that its end and that of the original needle (19 em. thick) 

Du 
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could be simultaneously examined in the microscope. When 
the rocker was vibrating, the two rose and fell with the same 
amplitude, period, and phase (when examined by the method 
deseribed above), showing that it was the vibrations of the 
rocker that were being observed, not the free vibrations of 
the needles, which, being of different thicknesses, would have 
exhibited different amplitudes when vibrating © freely’ 
under resonance from the rocker *. Secondly, a galvano- 
Metar mitror was fixed on tlie hack of tlie rocker so as to 
reflect light from a lamp on to a scale a metre above. When 
the rocker vibrated, the spot of light on the scale was drawn 
out into a band, whose length bond | be roughly determined t. 
The value of the amplitude ealenlated from this rather 
Inaccurate measurement was of the same order as that 
obtained simultaneously from the needle under the micro- 
SCOPE, 

One reason why Mr. Chuckerbutti’s values are low may be 
that he used a wooden block to press his rotating needle on 
to the rocker, and this probably acted as a restraint. A 
needle and wooden block having been lightly laid on ihe 
rocker (the other end of the wood being supported), it was 
found that the amplitude increased by oe to 2 times when 
the needle and block were carefully lifted off. the block by 
strings, and the * restraint " thus removed. 


The Gravity Theory. 

If M=mass of rocker, K its spin-radius, $ ang" deviation 
from the vertical, 24 2 distance between ridges, the equation 
of motion is 

pacts 
MK* È — Maa. 
dt i 
An integration for 1-time-period gives 
K?w=ayT, 4 
if R is the amplitude at a ridge, w = angular velocity, 
lay = LT = — e 
so=¢,,,,/3T or $,,, =R/2a, and o=4RfaT ; 
16RK? 


therefore T= ] 
a*gy 


* Thie test was also applied to the simple rockers described below, 
but at various frequencies between 50 and 200 no resonance was 
detected. 

f A device first used qualitatively by Tyndall. 
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We see, then, that the gravity theory requires the ampli- 
tude and frequency to be connected by the formula 
n'R-constant, whereas, if the vibrations are elastic, the 
frequency should be independent of the amplitude when 
the latter is small, but dependent on the length of the rocker 
and handle. 


Results with Prismatic Rockers. 


= Two prisms were used, 12 cm. and 6 cm. long respectively, 
provided with two interchangeable handles, also of copper, 
32 cm. and 24 cm. long, ending in brass knobs. 

The observations are recorded in the following tables :— 


2a=°5 cm. 


K? (for an isosceles triangle, height b, base c, about an axis 


: 3 

perpendicular to plane through vertex) — + j = 3°98 cm5, 
m “9 L. 

whence | WR= gpg 796. 


(The actual amplitude is *0008 of that observed at the 
eyepiece.) 
TABLE I. 
Large Rocker and Long Handle. 
(êR calculated — 96.) 


(100 , 374 


| 
Temp.C.| R in ems. n. | &9?R. | Temp. C. Rin cms. n. | m?R. 
— t 
10 | 48x10-*|55 | L45 | 130 ' 46x10- 434 | 1-06 
185 !120 , | 34 | 138| 100 | 48 , | 47 | 106 
120 | 40 , (50 | 125 105 | 48 „ [53 | 132 
190 | 96 , 38 | 138; 135 | 40 „ 55 | r2] 
150 — 88 . 140 | l41|, 150 72 , |47 | 155 
125 , 56 , 08 | H88| 190 | 96 , 375. 133 
165 | 80 , (44 | 155] 170 | 88 , |47 | 1-94 
175 . 16 . .69 | 074| 175 | 8&4 , 146 | 176 
205 | 1:76 175 100 , 4l i 172 


* This is the formula which Chuckerbutti derived, tested, and fcund 
wanting. 
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Temp. 


240 
200 
100 
190 
180 
150 
155 


Temp. 


| 180 
' 1609 
| 160 
| 200 
| 115 

175 
| 115 
1 50 
14» 
155 
115 
oo 
155 


105 
240 
160 
180 
150 
195 
100 

05 
120 
200 
165 


| 140 


d 


Large Roeker and Short Handle. 
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TABLE II. 


R in cms. 
| 104x 10-4 
80 , 
40 , 
06 , 
48 , 
J6 , 
44 — , 
40 
100 , 
9:6 


C.. 


` y l 
Temp. €. 


Small Rocker and Long Handle. 


K in ems. 


— 


36x 10-4 


64 
8-0 
2-4 
4:0 
2M 
24 
40 
56 
te 
32 
32 
36 


-- 


-— 


SM Hocker and Short Handle. 


——— eC eee —— 


R in ems. 


12-6 
12-0 
3:2 
5-6 
24 
32 
20 
24 
9-6 
T2 
3-2 


72x«10-4 


t 


A. 


eere een 


41 
45 
58 


53 | 


53 


59 


58 | 


56 
30 
40. 


A. 


a 


. 60 


il, 


| »*R. Temp. C. Rin cms. 


130 
145 
105 
140 
200 
150 
120 
160 
120 
190 


TABLE III. 


u`R. 


Temp. € 


TABLE IV. 


| 
n*R. 


i E T 
ÍT C! 


t 


» 
w 
um 


pæd ji pd [OO £e feed je Pm) d pd m m 


eui- 


- 0X 


~] 
PEN 
-— 


Toup 


200 


£8x10- 4 
(048, 
(46, 

! 40 , 
16 , 
56 , 

| 40 , 
56 , 
20. s 
64 , 


R in ems. 


12x10-* 


TN 
NN 
2) 

1 20 
80 
20 
n MA 
Tees 
40 
64 
20 


3-2 


R in cme. 

| 120x10-* 
(4, 
20. 
+8 , 
S6 ,, 
20 , 
40 , 
32 , 
4.0 , 
40 ,, 
(104 , 


n. 


| dT 
56 
441 
| 


A. 


161 
68 
41 
51 


»#‘EB. 


] os 
129 
] 4^5 
Q:22 
] 62 
1°20 | 
ar eae 
pos 
J45 
1 69 ; 
]55- 
]: 2525 


1:15 


pond 
La 
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From these results it may be seen that : 


.1) n?R is fairly constant, though rather higher than the 
caleulated value. If a graph be drawn, it is found that the 
values of »?R for the small rocker lie fairly along the curve 
n!'Rzl2. 

(2) an alteration of the length of the handle does not 
affect the average value of n?R, nor does it affect the range 
of frequency. 

(3) amplitudes are greater at higher temperatures, though 
this is probably dependent on the excess temperature of the 
copper over the lead, not on the actual temperature of the 
former. 


Results with Simplijyied Rockers. 


The difference between the calculated and average experi- 
mental values.of n?R obtained from prismatic rockers may 
be due to an imperfect knowledge of the value of K for 
such a shape. Accordingly a simpler form was devised, 
consisting of a cylindrical rod of copper with a groove cut 
from one end to within 4 in. of the other. It had a peg in 
the centre of one end, so that, by resting the peg on a 
knife-edge, the bar rocked very nearly about its axis. 

In the following tables ( V.-VII.), frequencies greater than 
130 were more conveniently found by sonometer. Most of 
those lying between 100 and 130 were estimated by both 
methods to serve as a check; they differed by less than 1 per 
cent. In estimating the constancy of the values of »?^R 
in the last column, it must be remembered that amplitudes 
are correct only to 0:4 x 1074. 

The form of this simple rocker makes it easy to calculate 
its frequency under elastic vibration, treating it as a bar 
supported at both ends. These vibrations may be longi- 
tudinal, torsional, or transverse. 


(1) Longitudinal : 

velocity =v Y/p —3 x 10° em./sec. at 100? C.* 
(2) Torsional : 

velocity =y n/p —2 x 10° cm./sec. at 100? C. 
Dividing either of these velocities by 2l, where l is the 


length o£ the bar, we get frequencies running into thousands 


* The values of Y and rigidity are from Wertheim Pogg. Ann. lxxviii. 
p. 881 (1849). 


984 Mr. E. G. Richardson on the 


TABLE V. 
(Cylindrical Rocker, 4 in. diameter. 
2a=°32 om. ; r="625 em.; K?=477='195 cm.?; 
whence êR =3-0. 


(a) Length 22cm. Weight 240 gms. 


Temp.C. Rinems n.  »R. Temp.C. R in ems. n. œR. 


210 $6x10-* 173 168 105 24x10-* 248 147. 
145 40 4 198 Ey a 145 40 ,, 193 150. 
115 16 , SO 17 020 — 40 Xn %91 163l 
Jb . 4s3 ,, 158 me 115 96 , 2534 INT 
145 ER 206 203 lo 249 940 154 
140 40 295 DUS 95 32 053 — 2055 
120 | 396 ,„ 240 207 l0 O 56 , 192 202 
130 , 44 , 2]] 196 120 | 24 ,, ,206 103 
C ATO a 325. QUA ITS 145 . 40 , 197. 155 
|. 105 418 . 173 14400 ]1.eo0 ' 40 . 167 11-2 
| 170 48, 120, 156 170 qo 1587. 112 
| HMO | 24 , 201 ])0:1 160 423. p 200 128 


| (^) Length 17 em. Weight 190 gms. 
, 160 392x10-* +) 211] 142 160 40xl10-* 200 160 


I0 32 ua 22. 187 145 QU. d. | 29. duy 
135 32 , 236 189 120 au x 255 15:6 
150 ie) eye (xe 157 105 20 , 203 | TSR 

' E. on 20 , | 234 110 160 32 x DIRE. 157 

, M5 , 20 |, 2449 123 160 lc EN 217 150 
195 OZ a 197 — 124 170 40 2001 162 
170 J y 211] 145 200 08 ,, 345 9:6 
115 l6 . , 259. 103 135 F ux , 228 | 166 


125 20 , 234 109 WSs Os , 340. 96 


(c) Length 12 em. Weight 140 gms. 
^ 15 — 16 x10- | 240 


| 92, 185 18x10 | 60, 66 
125 at | 200! 96 130 28 , 184 15-5 
90 2S ,, | lo8| 77 110 o TNCS |196 99 
90 2d, | 130 1:6 120 24, 200 8:0 
110 2d I2! 79! 170 B0 , | 132. 13-9 
190 J23 , 65 59; 10 | 24 „ il! &8 
160 40 /, 177 | 125 115 6 , 20 R2 
205 J2 Iss | 11:7 240 |120 , 9e) 97 
160 — 120 , 90, Q6 160 | 104 , | 9? 88 
100 , 24 ,  ,l88, 80 115 l6 . 216 11⁄4 
20 240 „ | 16 | 71 | 120 | 64 , | 140. 13:4 


———— 
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TABLE VI. 
Cylindrical Rocker, ł in. diameter. 
2a=°32 em. ; r='95 cm. ; K?— 472-45 cm? 


whence n?R=3°5 


(a) Length 23 cm. Weight 520 gms. 


Temp. C. R in cms. | n. | wR. Temp. 0. R in oms. | n wR. 

ee ee ees as M -——_ 
120 | 80x10-* | 57' 26 | 90 | 24x10-*| 40 47 
105 |: 40 , | 92| 34 | MO | 40 . | 114! 52 
90 | 32 ,, 114; 41 | 135 | 24 , 140 ! 47 
130 32 , 126; 51 | 140 , 80 , 60 29 
180 24 , 123, 36 | 125 40 , | 98. 38 
165 32- 4; Mi. 39 200 | 40 , 92 34 
150 36 , 114! 48 180 24 , |130, 41 
135 24 , 133, 42 | 165 . 56 , i 74 31 
145 290 , 154, 47 | 215 GO , , 80 37 
115 56 89; 44 | 105 | 40 „ 96 37 

(b) Length 17 cm. Weight 400 gms. 


170 48x10-* , 70, 23 ; 115 60x10— | 62 | 2:8 
140 56 , 155 981 110 24 ,  . 100, 62 
130 39 , 197, 44 150 40 , 133 ; 71 
120 39:3 133 | 57 150 So i s 6:5 
100 94 , 137 | 45 105 28 , ,109i 38 
180 32 , 120 | 46 95 32 . 109 | 38 
160 32 . 133 | 57 180 40 , 136. T4 
130 33 , 108: 37 ' 130 3:6 ,, 109 | 43 
115 40 89. 32 120 44, 81. 29 
130 64 , | 62, 34 115 48 , 67:229 


(c) Length 12 cm. Weight 280 gms. 


190 ; 20x10— | 133| 35 | 150 ' 40x10-* 139, 72 
175 28 , 112] 35 | 130 | 40 , 150 | 9:0 
160 28 , 124 | 43 | 110 29-4. , 120 | 35 
125 80 , 52| 23 150 36 , 91 | 30 
120 | 16 > 8/154] 47 | 135 | 28 >` 137 | 53 
105 40 „ 107| 46 120 | 64 , 66 | 28 
100 36 ,  ,101| 39 150 56 , 64 | 2:3 
180 24 , 130 | 41 105 32 n 100 | 3:2 


956 


Temp. C.; 


| 


2 
! 


[xo 
160 
] 45 
130 
109 
05 
200) 
185 
160 
130 


Uo 


145 
LQ 
125 
Iso 
170 
160 
150 
155 
145 
100 
145 


140 
150 
1-160 
1) 
170 
135 
120 
105 
100 
180 
110 


| 


| 
| 
| 
| 
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TAnLE VII. 
Cylindrical Rocker, 1 in. diameter. 
2a ='32 cm. ; rz 1:21 em.; K?—:18 cm 
whence n? R = 2:0. 


(a) Length 23 em. Weight 970 gms 


2. 
"o3 


R in ems. n. WR. Temp.C. Rin ems, n. n*R 

I20x10-*.— 30 13 — 105 , 4K 10-4108 30 | 

96 03. 27 oO — 24 , 64 l5; 
RO AT o 28 120 32 , 66 l4 

4S. 63 1019 10 40 , 6t 16 | 
$33 . 6> 21 0M 24 o, ao 23 
24. SO 5. o 44, 66 19 
44. 63. 17 — b 7160 , $2 «16 
TES 7? 19 — doo 186 35 16 
8U ,, 56 25 165 , 72 , 16 lo 
0, 6 L7 130 40 ,, 66 17 
40 , 063 IET 90 D. ou 7 16 

(^) Length 17 em. Weight 720 gms. 
BOxl0-! 63 22 — d | 28x10 90 23 
S4, eU 1d 116 | 36 ,, RO 23 
le. M15 — HO — 24 921 20 
Dd. us 30) 20) 110 20 , 102 Ju 
80 , — 4.) 13 135 O 80O n 49 19 
G4 n 47 2h o XM ou 11 17 
32 o, 66 L4 Hà ! 40 , BO 26 
+0 ,, 60 1:2 10 , 24 , 109 2:0 
44 —. Ga 2u 115 206 , 60 20 
Du. 7; 700 qu 135 WO ,, 52 30 
40 , 68 rs 1-0 ! g88 , 56 34 
(c) Length 12 em. Weight 520 gms. 

52x]10-* 53 ]H4 , 1» 3'2 x 107* 66 1-4 
eo, ue 20 °° Ro  ?4 , 100 24 
24 s 8s 1:9 105 l6 , 106 1:8 
ITEM ü80 7 I4 0 01596 , 40) 25 
120 ,, Q2 1:5 170 9:6 , 44 l8 
Uu RO, LN wo 924 . 88 19 
24 . oF 29 45 ' 4U | 62 15 
16 , — 10109 IR 1140 64 . 46 13 
44 , R 29 Tho | 56 . 53 16 
od, 2, 18 WO 8. 12 , 98 l1 
' 1-7 2:4 90 19 
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As none of those in the tables exceeds 350, these kinds of 
vibrations are out of the question. 


(3) Transverse : 


N-y, 9B 


lig Di is the lowest frequency possible. 


The calculated values for n (transverse) are given below:— 


TABLE VIII. 


Summary of Results for Cylindrical Rozkers. 


n^ R. 

Radius r Length? - ---, -> - Calculated ` Experimental 
in cms. in cms. Experi- Transverse Range of 7. 
Cale. | mental | Frequency v. : 

| average. | | 

——-- | ————— ———— ——— 
|i At 100°. At 200°.’ Š 
625 22 8:0 16:1 304 297 | 270 to 173 
» 17 " 13:7 508 380 : 340 to .197 
$ 12 " 9:5 1004 765 . 240 to 60 
95 23 35 40 | 472 423 140 to 9T 
| T 17 » 43 : 805 773 | 160 to 62 
: 12 . 49 | M35 1555 ., 154 to 52 
1:26 23 9:0 19 . 62 357 108 to 32 
T 12 ; l8 2982 9075 , 112 to 30 


It can be seen that the calculated and experimental values 
of œR are in agreement, save in the first two lines (un- 
accountably), and that the actual range of frequencies 1$ 
considerably below that required by elastic vibrations 
(transverse). l 

The effect of varying the width of the groove while the 
diameter and length of the bar were kept constant was next 
examined. 

According to the “gravity” formula, n’R should be pro- 
portional to a?. The first two sections of Table IX. give 
good confirmation of this, as the average value of n?R is 
quadrupled when the width of the groove 1s doubled ; when 
the latter is increased half as much again, as in (c), the 
average value of »*R is only increased in the ratio 37 $29; 
instead of 9:4. Rockers with wide grooves are difficult to 
start, especially if hoavy, and do not oscillate well. 

It has long been known that pressing or weighting the 
bar raises the pitch, because the rocker cannot oscillate so 
far ; observations made during the above experiments show 
that the amplitude is correspondingly reduced. 
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Temp.C. R im ems. 


, 00 
(0125 


150 
115 
190 
170 
150 
135 
120 
156 


125 


ti = 
LL 
= = 
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t6 x 10-4 


| 104 


Average value of a ’R 


2001228. 104 I0 — 33 , 
M loo H0 ]90 00 ., 
170 134 200 48 , 

"15l ou 205 00 

d o2 67 190 M iq, 
» 132. 423 — dd. 

Average value of 4? R— 8&8 : calculated 7:9. 
(0) 2u2'32 cm. 

Q 0X, 52 120 | 64 ,, 
TN mew) 44 Ho. 
i sb. eg 170 ,112 , 
i: D» 24 135 — d2 , 
- 64 23 120 Q4 ,, 
" 1010253 50 170 240  , 
20 BT, 600 P5 A, 
20! n) 29 115 PR 
" lo 63, 95 9. 4 


Average value of u Rz 377 


(a) 2a2:21 cm. 


n, 


| 
| 


45 
40 
^3 
60 
137 
63 
34 
R4 
TR 
43 


TABLE IX. 


Rod 1:9 em. diam., 134 em. long. 


n*R. 


eue 
Slots 


mcs e 
me IS ts oS 


Temp. C. Rin ems. 


170 
100 

495 
170 
130 
210 
110 
140 
145 
100 


—*)9. 


(b) 2« 2748 em. 


&8x10-* 


o . 6 


calculated 2:0, 


: calculated 3:5. 


—— 


NULL bL oe oe eae ee 
tE be vl oo a Coo 00 


Harmonies of the simple vibration have also been observed 
Sondhauss and Chuckerbutti's experi- 
ments show that these are due to the independent vibration 
on one ridge alone, taking place 
more usual rocking from ridge to ridge. 

Vibration of the lead block was prevented as far as 
The intensity of the 
sound does not depend merely on the amplitude of the 
rocking, but is amplified by the block, if the latter is in a 


in the microscope. 


poszible during the above experiments. 


at the same time as the 
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condition to do so. Using a hollow lead cylinder for the 
rocker to work on, Dinkler * found the character of the 
sound changed by putting weights inside the former. 


(Conclusion. 


The results show that the formula—n?R constant for a 
given rocker—satisfies the observed phenomena fairly well. 
As R has been shown to be proportional directly to a?, and 
inversely to K?, it is to be concluded that the gravity theory 
is the more correct one. Such deviations as occur are at 
small amplitudes (less than about ‘0002 em. for the simple 
form of rocker), and it is possible that some other form of 
oscillation is to be found here. No common form of elastic 
vibration, whether longitudinal, torsional, or transverse, can 
be present, as the frequencies are not of the required order, 
nor do they vary with temperature in the manner required 
by the theory of elastic vibrations. 


Finally, the author wishes to express his obligation to 
Prof. C. H. Lees, of East London College, for bringing 
Mr. Chuckerbutti’s paper to his notice, and for valuable 
ideas, utilized in this work. 


©. On the Theory of 8- Radiation. 
By P. L. Kapirza f. 


We an alpha particle strikes a solid body, electrons 

are emitted from the place of collision and form the 
so-called 8-radiation. The explanation of the phenomenon 
is usually given as follows :— 

When the particle penetrates into the body, it loses 
its kinetic energy in ionizing atoms of the body. The 
liberated electrons possess certain speeds, and after several 
collisions may escape from the surface. These escaped 
electrons form the 6-radiation. Such a consideration, 
however, gives only the general picture of the phenomenon, 
and is insufficient to provide a basis for any numerical 
calculations. But if we consider the phenomenon purely 
from a statistical point of view, we can easily obtain some 
numerical values for the speeds and numbers of electrons 
in the 6-radiation. 

Let us first assame that the alpha particle, when stopped, 
liberates ali its energy to heat up a very small volume of 
the body. It can be easily calculated that the temperature 
at this place of local heating may reach several thousand 

* Repertorium de Phys. iv. p. 131 (1868). 
t Communicated by Sir Ernest Rutherford. 
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degrees. From the heated surface of the bodv, thermionic 
emission will take place. This thermionic emission is the 
6-radiation. This process will last a very short time, due to 
the fact that the heat will quickly dissipate into the body; 
but it will be shown in this paper that the 6-radiation 
caleulated from such a picture of the phenomenon gives 
the rignt value both for the number of electrons emitted 
and for their speeds. 

“Let us suppose that the collision between an a-particle 
and an atom takes place at O (see fig. 1) ; then the relations 


Fig. 1. 


v 


0 


whieh hold between the velocities of the a-particle before 
and after collision (written V and V’ respectively) and the 
velocity v of the liberated electron are 


M(V—-V)2mre .. . .. . (D 
? YI 9 
AMUN AV) md, ds a we cw B) 
where M is the mass of the a-particle and m the mass of the 
electron. Equation (2) may be re-written as 
| M(V—VW’)(V+V') = me’, 
where the left-hand side of the equation is a sealar product 
of two vectors. If we call the angle between these vectors 
B and substitute (V — V) from (1) we have 
v 
V4V ` 
Now it is known that an a-particle loses by ionization only a 
very small portion of its energy, and maintains its direction 
of motion practically unaltered. Thus we mav say that 
V+ V' is practically equal to 2V, and thus 


cos 8 = 


a 
Ce Soy wo Me. 4 UR OW 3 (4) 


It we assume a definite speed for the a-particle, the value ot 
the speed of the eleetron ean be calculated for a given value 
ni TT che D . 5, n"? 
of 8. ie results of such calculations are shown in Table I. 
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TABLE I. 
Speeds of the ionized electrons, in volts. 


Distance from 
the end of the a-ray range. 


6. ——_—_+—___. 

7 cm, 35cm. Ld em. 
LLL 4190 2620 1340 
909 ......... 3150 1900 1005 
GOS 1048 630 335 
809 ......... 12 76 40 
BO? oues: 32 19 10 

90? ......... "0 0 


The energy of the ionized electron is expressed in volts 
for a-particles with ranges 7:0, 3:5, 0°5, and 1:5 em. in air. 
Now, if the a-particle at each collision loses energy corre- 
sponding to a fall of potential of 40 volts, we see from the 
table that the value of 8 for the liberated electrons will lie 
between 85° and 80°.. This means that the velocity of the 
liberated electron is very nearly perpendicular to the path 
of the a-particle. If this were so, the electrons produced by 
an a-particle striking a surface vertically could never escape 
from that surface without an alteration in the direction of 
their velocity. Such an alteration would only be produced 
as a result of inter-electronic collisions. 

These collisions would result in a transference of energy - 
from electron to electron, and thus after the passage of an 
a-particle we have a great number of electrons moving with 
different speeds and in different directions. This process of 
the interchange of energy between the electrons will result 
in the liberation of electrons from the surface. 

Now we shall make an attempt to calculate the amount 
of 6-radiation to be expected, using the known constants of 
emission formula of Richardson. 

From the ordinary data of thermionic emission, we know 
what is the chance for an electron to,escape from the body 
if it has the average kinetic energy corresponding to a 
certain temperature. We may assume that after the passage 
of the a-particle into the solid the ionized electrons remain 
in a cylinder of small cross-section and possess kinetic 
energy equal to that lost by the a-particle. This energy is, 
dissipated along the radius of this evlinder according to the 
ordinary laws of thermal conductivity, while from the cross- 
section of the cylinder which coincides with the surface of 
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the body electrons are emitted according to Richardson's 
law. 

The above assumptions are, however, open to criticism. 
In the first place. the Richardson formula is only true when 
a Maxwell distribution of electron velocities exists. In our 
problem this will not be the case, but it is quite probable 
that, using the Richardson formula, we shall obtain results 
which are of the correct order of magnitude. In the second 
place, immediately after the passage of the a-particle only 
a few thousands of electrons possess very large kinetic 
energy, and the application of thermal-conductivity constants 
which have only a statistical mean. value is open to criticism 
in the case of a small volume. But if we bear in mind 
that in practice we deal with the average value of 6-radiation 
produced by a very large number of collisions, then the 
adoption of the ordinary thermal conductivity is probably 
nearly correct. 

Let us take the path of the a-ray as the axis of a 
cylindrical system of coordinates. Let also the a-particle 
enter the body at right angles to the surface. Then, in 
the first moment after the passage of the a-particle, all the 
energy yielded to the body will be included in a cylinder 
which we shall take as infinitely thin. In this wav we may 
state the initial conditions of the problem. Thus if T is the 
temperature, £ the time, and r the distance from the axis, 
we have: l 

t=0, T=0, r£40; 


t=0, T=«, r=0. 


The ordinary thermal - conductivity equation may be 


written 
oT = K Ò „OT 2 
d ol ~ed or or FU LS ( ) 


where K, c, and d are the thermal conductivity, thermal 
capacity, and density of the body respectively. To find 
a particular solution of this equation which will satisfy 
the initial conditions, we shall introduce a new variable u 
such that 


Equation (5) will then take the form 


„T _4k d dT. 7 
dar" teg cet ae ee die d (7) 
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and this, after integration, gives 
ed #2 


4K t ,- 
T=D{ e dy,. . . . . (8) 
0 J 


where D is a constant. 
By differentiating this particular solution with respect to t, 
we find a solution which will satisfy the initial conditions : 


cdr 


T= ewe, oe dx ar xou (9) 


To determine the constant D in this expression (9), we 
may express the fact that an amount of heat Q, equivalent to 
the amount of energy lost by the a-particle per unit length 
of path, passes through unit length of the surface of a 
cylinder coaxial with the origin during the time from t=0 
tot-o. This is done by tlie expression 


Q = -2nk | 7 Or at. 2... (10) 


Thus, using (9) and performing the integration, we get 


DEOS scq s KH) 


and the required solution of equation (5) is therefore 


Tao eke 12 
= 4K t ry e . . . . 
4v Kt* i us 
According to the laws of thermionic emission, the number 
of electrons emitted per unit surface of the heated body 
during one second is given by 


b 
N=ATe T, . .. . . . (13) 


where A and b are experimentally-determined constants *. 
Now, if we sum the rivht-hand side of the expression (13) 
over all possible values of r and t, the number of electrons 
emitted by the collision of an a-particle will be 
"oo 30 i E b 
n= | | mAT ard... . Q4) 
0 


e 


To perform the integration in (14), by substituting for T 


* See Richardson's book, ‘The Emission of Electricity from Hot 
Bodies.’ 
Phil. Mag. S. 6. Vol. 45. No. 269. May 1923. 38 
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from (12) we get a very complicated expression. But the 
difficulty can be overcome in the following way :—Let us 


take two coordinate axes for the variables r? and t, as shown 
in fig. 2. Then the meaning of our integration may be 


interpreted as follows. Each surface element of the area 
included between the two axes will be multiplied by 


b 
f(r,t) = mAT 7 


and the whole summed. Now let us divide the surface into 
elements (dw) over which the temperature may be taken as 
constant. For this purpose we take T as constant in the ex- 
pression (12), and, varying r^ and t, we draw the curve OAB. 
Atterwards we draw another curve OA'B' for a temperature 
equal to T+dT. Then the hatched surface OABDB'A' will 


be equal to the clement of the surface (dw) with constant 
temperature. 


It is easy to see that 


«e . (15) 
where £ is the uppermost limit of integration determined 


from the point of intersection of the curve OAB with the 


axis t. Tue value of ¢ is obtained from (12) by putting 
r0. Thus 
mur 


ERE tonc or s (6) 


If we introduce in (15) the value of 7? from (12), we get 
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the following expression for dw : 


Q? 
do = $rKedl °° s (17) 
and the number of electrons emitted will be 
dN = AThe Trdo = 28. T-*5.7eqT. . . (18) 
e Ked 


After performing the integration with respect to T from 0 
to œ we get 
5 
—Ol6 va D ed K 


From this formula we can get an estimate of N. For 
this purpose we may take the polonium a-particle, which 
has energy 2°09.10-™ cal. and a range of 7:03.1074 cm. 
in platinum. Then 


Q = 2:98.10-?? cal./cm. 


N (19) 


Taking for c, d, and K the ordinarily accepted values from 
the tables, we get 
A 
N = 2:12 . 107? 7. 
Now the values of b and A vary very much with the con- 
ditions oť the surface of the platinum. Taking the lowest 
and the highest value *, we get the following results :— 


TABLE II. 
A. C. N. Volt. 
Richardson ...... T5 x10% 4°43 x 10* 0:15 2:5 
Ac. Sides 50 x10% 68 x10! 59:0 35 
Langmuir ...... 2°02 x 103! 8:0 x10! 19.000 $1 


In the first two columns are the values for A and b, and 
in the third the number of emitted electrons. We see that 
N will vary very much, from 0:15 to 19,000. 

The actual values of N obtained from experiments on 
6-radiation lie between the values given above, and, as has 


been shown by Pound f and Bumstead & McGougan f, 


* Value taken from Richardson, loc. cit. p. 81. 
t Pound, Phil. Mag. xxiii. p. 813 (1912). 
t Bumstead & McGougan, Phil. May. xxiv. p. 462 (1912), 


3582 
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depend very much on the conditions of the surface, and 
vary in the same way as the thermionic radiation; for 
instance, the presence of hydrogen occluded in the surface 
diminishes the 6-radiation as well as the thermionic emission. 
The conditions under which the experiments on 6-radiation 
were performed are similar to those in which Richardson 
obtained the values of A and b ; and here we havea numerical 
agreement with the theoretical results. The value for N 
obtained from Langmuir’s data is enormous, but Langmuir 
worked in extremely high vacuum, in which no 6-ray 
experiments have been made. According to this theory 
we should expect also an increase in the 6-radiation when 
high-vaeuum conditions are reached. 

Other faets observed in connexion. with &-radiation 
phenomena may be explained by this theory. For instance, 
it has been observed that the source of a-rays itself emits 
many more electrons of the 6-radiation per a-particle than 
a plate which the; a-particles hit after leaving the source. 
The explanation of this phenomenon may be as follows :— 
If the a-particle strikes the body at a small glancing angle, 
the electrons would be emitted from a larger surface because 
the cross section of the cylinder increases with decreasing 
glancing angle. Now there will be a-particles going back, 
at all glancing angles to the surface, into the metal plate 
which carries the radioactive substance, whereas all the 
a-particles which hit an external plate do so nearly at right 
angles to the surface. So we may expect more 6-radiation 
to come from the source itself than from an external plate. 
Also, if an a-particle is slipping on the surface of the source, 
then some of the ionized electrons which have velocities 
perpendicular to the path of the a-rays as well as to the 
surface could escape from the source at a speed which may 
be high. This explanation may account for the high-speed 
electrons observed from the sources by Bumstead and 
MeGougan * and Wertenstein f. 

The speed of the greater number of the 6-radiation 
electrons, according to the approximate measurements of 
Hauser f, is less than 6 volts, and the distribution of speeds 
is Maxwellian. We can, from the formula (18), get an 
estimate of tlie most probable speed of the emitted electrons. 
For this purpose we have to find the temperature at which 
the largest number of electrons is emitted. This is bv 


* Loc. cit. 
+ Le Radium, ix. p. 6 (1912). 
] Physikalische Zeitschrift, p. 936, 1912. 
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differentiating (18) thus : 


d*N 
dB rr rn (20) 
which gives for T the value 
T = zb. 


The energy in volts of the emitted electrons which corre- 
sponds to this temperature is given in the fourth column of 
Table II., and lies between 2:5 and 4'1 volts. So again 
we see that the theory is in agreement with experiment. 

From the above discussion we may assume that the 
radiation, in general, has the same origin as thermionic 
emission, the difference being that in the case of thermionic 
emission the energy is supplied to the electrons by heating, 
while in the case of &-radiation the energy is supplied bv 
the a-particle. The calculations made above are not rigid 
enough to enable us to get a very close numerical agreement 
between theory and practice, but are sufficient to show that 
the 8-radiation may be explained using the same constants as 
are used in the case of thermionic emission. The enormous 
influence of the conditions of the surface on the magnitude 
of both types of radiation makes a more detailed calculation 
useless. 

The same method of calculation may be applied to the 
case of a positive ray or to a beam of electrons which, 
striking a solid surface, produces a secondary emission of 
slow electrons. In this case slow-moving particles strike 
a body, but they do not penetrate deep in the surface. 
The heat given up by the entering particle at the first 
instant must be considered as concentrated in a point 
and afterwards dissipated in the body perpendicularly to 
a spherical surface. The problem may be treated in the 
same way as the previous one, only using spherical co- 
ordinates instead of cylindrical ones. 

The solution will be | 


Í d d =n 
T =] Q pad e rs aK t " e " 91 
AT? K? V/ t5 $ : ( 
where Q' is the total energy of the particle which enters the 
body. 
Performing the integration as before, we find a more 
complicated expression for N : 
b 
A Q? ur T 
V32m- Kyed), T 7 


N = (22) 
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The most probable speed of the emergent electrons calcu- 
lated in the same way as (20), (21) comes to 


T. 


This means that the most probable energy of the emergent 
electrons will be 1°36 times the value found in the previous 
case. See (20). 

If we consider electrons or positive rays with gradually 
increasing penetrative power, we proceed gradually trom 
expression (22) to the expression. (19). This means that 
for a certain depth of penetration the number of ‘ the 
emitted secondary electrons stops increasing. This is 
actually found to be the case experimentally. 


I am indebted to Dr. E. V. Appleton for his kind 
assistance in tlie preparation of this paper. 


Cavendish Laboratory, 
Cambridge. 


CI. Tensors of given Types in Riemann Space. 
By Pnie FRANKLIN *. 


NE method of arriving at the laws of nature which 
describe certain phenomena, which has been given 
prominence by the theory of relativity, consists in deciding 
on the degree of mathematical complexity required, writing 
down the most general expressions of this degree of com- 
plexity, and using some of the known characteristics of the 
phenomena to specialize or reduce in number the constants 
entering into thisexpression. If the result obtained explains 
the known experiments in the field under discussion, it is 
uccepted as a physical law; if not expressions of greater 
complexity are tried f. 

According to the theory of relativity, all physical laws 
are, in their mathematical expression, statements of the 
equality of tensors. Consequently it becomes of importance 
to determine what tensors of given types are possible, and 
the object of the present paper is to prove a series of 
theorems useful in this connexion. A few examples of their 
application are added. 


* Communicated by the Author. Presented to the American Mathe- 
matical Society, Dec. 27. 1922. 

t The point of view here adopted, while in the main that of most 
writers on relativity, is in the precise form given the outcome of a series 


of discussions in the Seminar of Professors L. P. Eisenhart and O. Veblen 
at Princeton University. 
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We shall first consider tensors in Euclidean space, 
referred to Cartesian coordinates. That is, the transform- 
ations admitted are linear orthogonal ones, which leave the 
bilinear form 


Bar. sw ww eee (1 


(ôa equals 1 or O according as a is or is not equal to b) 
invariant. If we define an arithmetic tensor as one whose 
components are constant, being independent of both the 
position of the point and the particular set of Cartesian 
coordinates used ; then we have :— 


THEOREM I. There are no non-vanishing arithmetic tensors 
of odd order; every arithmetic tensor of even order (2p) may 
be expressed as a linear combination of products of p tensors 
of type (1). 

Proof. Consider the arithmetic tensor 


Aabe. 2 Ja 2°... WE ce de €t cO và (2) 


For the special choice of vectors 2'=68;, y'=82;, :5— gi 
(i from 1 to n, the dimensionality of the space), its value is 


Asst ae de oae Wo oum (3) 


If the index 1 appears an odd number of times in this term, 
then on using new coordinates which only differ from the 
old in having the direction of the 1-axis reversed, our vectors 
will have the same components as before except that z! (and 
any other non-zero 1-component) will have its sign changed. 
-onsequently the value of the tensor for this choice of 
coordinates will be 

Bos 42 deae D 


and since the value of a tensor is independent of the co- 
ordinates, we must have this term equal to 0. Rv a similar 
argument, we may show that any component of a tensor 
which involves any index an odd number of times must be 
zero. Since every component of a tensor of odd order must 
contain at least one index an odd number of times, if such a 
tensor is arithmetic, all of its components must be zero, 
which is the first part of our theorem. 

For tensors of even order, we shall only state the proof in 
detail for the case of sixth order tensors; the method is, 
however, general. If our tensor is 


À scopi JP stud vf wl. cue de oy AU) 


1000 Mr. P. Franklin on Tensors of 


for the special choice of vectors 25z/2:6,,; zu = ôx; ; 
t — wi=5,,, its value is 
Å 112233; TUE (6) 


while if we interchange the 1- and 2-axes, its value for the 
same vectors is 
Agaiiase e e . e e. . . (7) 


Consequently these terms must be equal, and in general we 

have the result that any two components of our tensors which 

may be obtained from one another by a transposition (and 

hence by any substitution) of their subscripts must be equal. 
It follows from this that if we subtract the expression 


6, 8.4 bef Å i2233 rty: ul it w... * è ê (8) 
where the dots stand for the similar terms formed from the 
14 other components distinct from each other and from 
A n2333, Which is a tensor because of its relation to (1), from 
the tensor (5), the result 


B, suy zh yh z^ uh vt ul w ee we æ 9) 


will be an aritlimetic tensor with all terms containing any 
index an odd number of times, as well as those containing 
three distinct indices, zero. If we prove that this tensor 
has all its terms zero, we shall have proved our theorem. 

The value of the tensor (9) is zero for the special choice of 
vectors a'=y'=6,,; ch=u'=6,,; r'=w'=d3, ; used above. 
If we now take as axes a set differing from the first in 
having those in the 1-2 plane rotated through half a right 
angle, these vectors will have as components: 


a=y=( vt V4 0 0...), 
z-u-(— v} v} 0 0..), 
v=u=( 0 0 10.., 

and the value of the tensor will be 
iDuusciPusas-—iPBnuns. +» + + (10) 


Therefore this term and similarly all the terms involving 
two distinct indices are zero. 


Finally if we take 
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the tensor has the value zero ; while on rotating the axes as 
before, the components are 


and its value is ° 


' $ PBununtdPsss-—lPuus . €. (11) 


which shows that all the B's are zero, and completes the 
proof. 


THEOREM II. Jf a set of numerical constants has the pro- 
perty that the linear functions. of the components of any tensor 
of the nth order with these as coefficients are the components 
of a tensor of the mth order, then these numerical constants are 
the components of two arithmetic tensors of the m+ nth and mth 
orders respectively; the tensor of the mth order is formed by 
multiplying the tensor of the nth order by the arithmetic tensor 
of the m+nth order, contracting with respect to its n indices, 
and adding the arithmetic tensor of the mth order. 


We state the proof for the case m=n=2. If Qas is the 
tensor of the mth order to be formed, and A.ga is the 
arbitrary tensor of the nth order, we may write 


Qas = Pabedca + dab; e ¢ >è è oœ (12) 


where the p's and q’s are the numerical constants. Since A 
is an arbitrary tensor, we may take it as identically zero, 
which shows that the g,, are the components of a tensor, 
necessarily arithmetic. Therefore 

Qas — da = Pas = Pabed Aca BT s$ 8 (13) 
is a tensor. If we replace the arbitrary A,, in this last 
equation by the product of two vectors, and multiply both 
members by the product of two new arbitrary vectors, we 
obtain : 

Pabu vb = pasea xt y u? vo ww ee (14) 
The left member of this equation is an invariant, and since 
the right member is the product of patea by four arbitrary 
vectors, it follows that the p’s are transtormed like the 
components of a tensor of the fourth order, and since they 
are constant, they must be the components of an arithmetic 
tensor. 

As an application of this theorem, we consider the ex- 

pressions for the stresses in a viscous fluid. We assume 
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that the terms in the stress tensor due to the viscosity depend 
linearly on the special derivatives of the velocity Qu JO; 
( which are tlie components of a tensor of the second order 
since the velocity u, is n vector) ; and that the terms in these 
derivatives vanish Tor a symmetric dilatation, ?. e. in case 
Ou REF = kô 4. 

Since the stress tensor is of the second order, by theorems 
I. and II. it must be of the form : 


Sap = Abu + (Boa, ca + C6, 83a + D6,,0,.) Ou /Oea. (15). 


Since S, must be symmetric in a and b, we have C= D, and 
our condition about the vanishing of the last terms for a 
dilatation gives : 

3B+C+D=3B+2C=0. . . . (16) 
This slows that 


Sap = A6, + CL (OUa OT + Qv,/0,) — ZEOT a} (17) 


the ordinary expression where A is the pressure in the 
absence of friction, and C is the negative of the coefficient 
of viscosity. The above is a mouditied form of the derivation 
given by Einstein in his Princeton Lectures *. 

In setting up the equations of gravitation and other 
equations in the general theory of relativity, we are led to 
form invariants and tensors which, from the analogous ex- 
pressions in the Newtonian theory, we expect to be linear 
in the second derivatives of the components of the funda- 
mental quadratie tensor (g;;) as these components correspond 
to the Newtonian potential, This gives importance to the 
Following theorems, which dea] with the most general forms 
for tensors of ive orders in Riemann space, linear in these 
second derivatives. 

As these tensors are all found to depend on the curvature 
tensor, we shall collect here a few of the fundamental 
expressions related to it. In terms of the Christoffel symbols: 


B ic 8 Dos 5 Obs Otc 
U. un(e $e ca) Q9 


not themselves tensors, we define the following expressions, 
which may be proved to be tensors: 


Ó a or’ 
a bd be a r "S a r 
lu a On, ET or, + p D Ls p. (19) 
Rye =R ea? jo ht ox x ue ee e ee ue ww CAU) 


R — 9 R,.. " » . e . . " . . * e (21) 
* A. Einstein, ‘The Meaning of Relativity, Princeton, 1923, p. 22. 
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For a “ geodesic coordinate system at a point,” i.e. one in 
which, at tbe point in question, 9,,=5,, 09;,/02,=0, we 
have : > 

079% Òg d 079 Ira 

a — Ibe cak NM vac í 29 
079; 079 9g 0794; ) 

= ee se ee ce ee $ 23 

be a + 9x82, Dada, Deade € 


R-.99» ^ OUYn ay 


~ 92,02,  Ox,0c, 


at the origin of the geodesic coordinate system. 


Concerning invariants in Riemann space, we have : 


THEOREM III. The most general invariant involving the g ;j's, 
together with their first and second derivatives, and. these last 
linearly, is a linear function of the Riemann scalar curvature, 
R; i.e, AR va, where A and a are constants *. 

By hypothesis, the invariant sought must be of the form : 


Oa 
ab,cd Qr, Oc? 
where U and the V's are functions of the y, and of their 
first derivatives. From tlie symmetry of the g;; and of their 
second derivatives it follows that the V,,,; may be taken 
to be symmetric in the pairs of indices ab and cd without 
real loss of generality. 

If, at a point in our space, we introduce a geodesic 
coordinate system, we shall have 


3 Jij = Sijs 09;,/02,=9, Ss pr. ow 7. (26) 
at the point, and (25) becomes 


I=U+V (25) 


ab,cd Qr, O2," e . . " . (27) 


where the b’s and a are now constants, independent of the 
point selected. (27) must be an invariant under all trans- 
formations which do not disturb the conditions (26). But, 
for a linear orthogonal transformation we have: 


L= pyt; where 9, Pai Pat = Sir 
Jik JabPai ok Since ga d;x,— Jabat o. . (28) 
094/02, = 094) [ Te Pai Por Per? 

and hence such transformations do leave (26) invariant. 


* The proof here given was suggested by that of H. Weyl, see his 
Raum, Zeit, Materie, fourth edition, p. 287. 
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But since, for such transformations, we also have 


0°9,,/02,02,= 079 43/07,02¢ Pai Pbk Per Pass c (29) 


the second derivatives in (27) are transformed like the com- 
ponents of a tensor, and hence the b's must be the components 
of an arithmetic tensor (Theorem II.), and by Theorem I. we 
must have 


bab,ed = A „p Ôa + B6,,0,,4 C6,,0,,. . ° (30) 
The conditions of symmetry make B=C, giving : 
babed =A bag Sea + BOO, t Saada) . . (31) 


But (26) also remains true if we subject the coordinates 
to the transformation 


Va Ta +2 P bca Jy Y . e [ e (32) 


where the P's are an arbitrary set of constants, symmetrical 
in b, c, and d ; for this gives: 


Ota 0.7; = 9,; t 3h icd tom, 
Jik = 02, DT Oa, Otk Jab . (33) 
= (n; 4 4P, iua Teta) (Sor + EPa rod n Ta)Iab 
For the transformation (32), we also have, for the origin, 
Qu, Dte 02, Ò Iar Otat Paea +Pracar (94) 


as is easily seen from (33). Therefore, since (27) remains 
invariant under such transformations, we must have 


bared (Pabea t Peaca )=2babea Pappea =9- + (39) 
In particular, if we take Pa bea = 54155151 0,;, and combine 
(31) and (35), we obtain 
A+2B=0; ——ijÀ. .. . (36) 
Therefore (27) can be written 
I= A (Daa Orp 0.7, —0 9,,/07,02,)-Fa, + (37) 
or in virtue of (24) 
T=AR+a. . . . . . . (88) 


Hence our invariant can be put in this form at any point 
for the special coordinates chosen, and since this is known 
to be an invariant for constant values of A and a, it is so 
expressible in any coordinates. 


TnEoREM IV. The most general corariant tensor of the 
second order involring the gus, together with their first and 
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second derivatives, and these last linearly, is a linear com- 
bination of Rip Rg;,;, and gig”. 

We have by hypothesis : 
l T, 7 Uga + V gi, ab, cà O Jab Ot, Oa, a ci (39) 
where the U’s and V’s are functions of the g’s and their 
first derivatives, and the latter are symmetric in the pairs of 


indices ab and cd. As before, on introducing a geodesic 
coordinate system, we have for the origin : 


T, = oh + boh, ab, ca O^ gas Om, Org P (40) 


As this must be a tensor for linear orthogonal transform- 
ations, and for such transformations (29) holds, we have 
by theorem II. that a,, is an arithmetic tensor of the second 


order (8,,) and bg, ab, ca is one of the sixth order. Hence by 
theorem I. we must have, in view of the symmetry : 


bon, ab, ed = ACÒ pn Oat Sea) + BCS G4 820 55a + 892520580) D) 
+ C(8,,8,, San + aden Dag) + D(8,,8,,8,,  8,,6,,8,,) 
+ E(8,, Sbe Sna + 84g acna + 8,,9,,8,, + ngad her P(E 
+ F(0,,9,, Oga + 851, Oac Oga + 0,,8,,0,,  8,,8,; Sac) 

Path using (32) and (34) in the same way as before, we 


bon, ab, cd P, bcd zI y^ —0, "PP (42) 
since T, 2? y^ is ay invariant, and (22) leaves the components 
of the arbitrary vectors r and y, situated at the origin, 
unchanged. As the P's in (42) are arbitrary, except for 
their symmetry in b, c, and d, we may obtain various rela- 
tions between the constants in (41) by taking special values. 
Taking z'=y'= ôg; Pa bea = 901991 0,94 gives : 


A+2B=0; . . . .. . (43) 
ai zz 5 —5,;, Pabed 9,049, 94 gives 
A+2B+2C+2D+4E+4F=0; . . . (44) 
ALLE y =o); I. bed = 94394199 gives: 
D+2E=0; ..° . . . (45) 
and finally 2/28, y = 82; Pappea = 902561 94 à; gives : 
| D+2F=0. . . . . . . (46) 


æ This theorem is stated by Weyl (loc. cit.). The theorem is discussed 
by M. v. Laue, Die Relativitátstheorie (1921 edition, vol. ii. p. 100f.) 
He fails to consider the term g,,, which is independent of the second 


derivatives. 
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It follows from the last four equations that 
A=—2B; C2D-2-—2E--—23F. . . (47 
This shows that (40) may be written : 
T 479,4 A (059,,/0.7; 025 — Ò ab] Ota O75) | 
+ COD Dra 07, + DYaaldt DEn — dIa DED P. (18) 
— 0'g,,/ D TaT) + KS), 
But, according to (23) and this is the value of 


in the coordinates Roli Since Ee and R ga are Known to be 
covariant tensors, this must represent the. tensor T in any 
coordinates, and the theorem is proved. 

By the aid of theorem IV. we may easily arrive at 
Einstein’s law of gravitation as the generalization of Poisson's 


equation for the Newtonian theory : 

Ò O'$ , ò$ 

s Oy 2 T o: .3 —4Amkp. e >» œ (50) 
In the generalization, we will replace the density of matter 
p by the energy tensor T, ; consequently for the left member 


we seek a tensor of the second order in the coefficients of 
the fundamental quadratic tensor (7,;) which take the place 
of the single potential $, and their derivatives. By analogy 
with (50) we expect the tensor to be iinear in the second 
derivatives, and nes by theorem IV. our equation must be 
of the form (49) o 

it gt sRaytto,=kTy . .. . (9D 
after a change of constants. Since it is known that the 
divergence of the tensor T vanishes (OT ,/Oz, — 0, in 


geodesic coordinates) this must be true fer the left member 
of (51). ge its divergence (in geodesic coordinates) is 


(4 E s) Ò aal: tO. b 07, Ò aO Ta Q7, 0-24), . (52) 


as is seen d (23) and (24). This shows s2 —i. To 
interpret the meaning of t, we multiply (51) by 95^ and sum 
for both indices. We thus obtain 


lt - 4s R - 4t —- ET gigs 
" . 2. (53) 
Hence, at points for which T ti R has the constant value 
1t, and i£ we call this value Ko, (51) may now be written : 
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In his earlier papers Einstein assumed R,—0, later * he 
considered the general case. The derivation of (54) just 
given is similar to that given by Einstein in his Princeton 
Lectures f. 


THEOREM V. The most general tensor of the fourth order 
involving the g jj's together with their first and second derivatives 
and these last linearly has as tts covariant components a 
linear combination of Rey (Ies R° pyn)» Jef Roar opua Rs JefIgh 
and the terms which can be formed from them by permuting 
the indices. 


We assume our tensor is 
Toga = Ue V oggi, ab, ed Ò JablÒ te n, Ens (55) 
and as before consider the form in geodesic coordinates : 


T ga = efyn t Pega, ab, ca 0 944/02, Ory. ZEE. (56) 
By reasoning similar to that used for theorem IV. we show 
that ag, and bofya, ab, eg are arithmetic tensors ; also that 


b Fgh, ab, oa a; ped TEYS 29 uh zz 0 e e o (57) 


for an arbitrary choice of P's (symmetric in bed), c, y, c, 
and u. 

Consider the terms in 5,5, abea which contain 6,4 and 
write them collectively as 2,42, ad, ca: If we take xi = yi =ô;3, 
=u’ =0, and give the P's such values that they are zero 
if a, b, c, or d are 3, the only non-zero terms in (57) will be 


dgh, ab, cd E> bed aI =O. © > è œ (58) 


We may apply to this equation the same argument we used 
on (42) above, as the g here is an arithmetic tensor with the 
same symmetry properties as the b of (42), and our restric- 
tion on the zero components when the indices are three is 
consistent with the values there used. "Thus we may show 


the part of (55) resulting from ô egyh, ab, ca is of the form 
(cf. (49)) : 

Age Ign R+ Cg, Ror t+ K 9,2, o ode 4459) 
aud a similar argument would apply to the terms involving 
a 6 which contained both indices from the four ef g h. 


Thus the sum of all such terms corresponds to a part of (55) 
which is a tensor, and from now on we may confine our 


* A. Einstein, * Kosmologische Betrachtungen zur allgemeinen Rela- 
tivitátstheorie," Sttzungsber. der Preuss. Akad. d. Wiss. 1917, p. 142. 
t 


L. c. p. 92. 
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remarks to the tensor left when this is subtracted from our 
original tensor. The correspondinz part of b contains the 
following terms, where the coefficients are equal as indicated 
because of the symmetry :— 


G(6,, 8, 6, Oan + 90758 Seg Bah + 6,, 6, pd ch Odg + 6, 55,,9,,0,.) 7 
+ H (8,,6,, ce Suf t San Sby ee ar t 0, ,8,, 9, 501, Oan Obg Se 5.) 
+ l(6,,8,,5,, 8, + Sag sp See San + 92 bq Sch Sde  0,, Sofer Sie! 
+ J(8,, 6, 9.8 aq + 801 Obe 9, ,O,, + Oae Sbn Seg Sap t Sah O50 Deg Saf) (60) 
+ K(?, 851,806 Cag + 90h 0, ,9,, Dg + 6, 9,6, ae + San 93,5 eg 5 ae) 
+ L(8,,8,, 8, ,5,, + Sag Obe Sesan + 0, by Sch Sap t ag Sbe Ser ar. 
For this part alone we still have (57). If we take 
wad, y =: =u and P,,,4-9,,0,,0,,04, we obtain 
hy combining (60) with (57): 
G+tJ+L=0. . . . .. . (61) 
For yi=6,9, =: =u = 8 and Pabed = 80285154841, 
G+I+K=0,. .. . . . (62) 
and by taking in turn zz; and u'=68¥ we obtain similarly: 
H+I+ L=0, id 
and H+J+K=0 H eu 
These equations show that 
G-H; I2J; K=L=-G-I, . . (64) 
and consequently the part of (56) corresponding to (60) is 
9G (0*«, [0.n, Otn - 0*0, ODE p ! 
— Qa [ Oz, 07, — 0*9, / OL Qon, 
+I mylde Dtp + DIAD Dr, 
— 074 4/00, Oty — O Ieg OX FÒT; : 


Comparison with (22) shows that this expression may be 


written 
h 
GR ofg tl Re sfe 
or G Ihr R? +191, R- fe i 


(65) 


(66) 


as in the normal coordinate system the g's are replaced by 
ós,and the second form is used since we are considerin 
the covariant components of our tensor. (59) and (66) show 
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that our tensor may be written, with a change of notation 
for the constants : 
+ Egu Rer + Fy px Boyt Gg, Rpg + Hg py Ren L, n 
1g, 52,4 RF Jogger R-- Kono 4, R | 
+ Loe gn t Moy orit NIKI FG J 

The tensor we have found may also be described as a linear 
combination of all the tensors of the fourth order which can 
be obtained by multiplying the curvature tensor R*.,, (or a 

: fgh 
scalar) by the fundamental quadratic tensor (g;;) any number 
of times, and contracting to make the final order four. The 
tensors of this type not appearing explicitly in (67) are linearly 
dependent on those present in virtue of the relations: 

R° ga + RY jro +R” p=, Rao = Rias etc. . . (68) 
which follow from (22). 

We conclude with the following generalization of the 
preceding three theorems, whieh includes them as special 
cases :— 

THEOREM VI. The most general tensor of given even order 
involving the g;js and their first and second derivatives, these 
last linearly, is a linear combination of tensors which may be 
formed from the tensor R° p,p and the fundamental quadratic 
tensor (g;;) by multiplication and contraction. There are no 
tensors of odd order of the type required. 

For the method used to separate out the terms in (59) 
above, may evidently be used to separate out all the terms 
for a tensor of order greater than four, and to reduce them 
to products of the fundamental quadratic tensor by those of 
the next lower even order. The last statement in the 
theorem follows from the non-existence of arithmetic tensors 


of odd order. 
Theorems V. and VI. are believed to benew. "They show 


that the complete theory of tensors of the type discussed 
depends on the curvature tensor R*,,, which plays the 
same role for these tensors that the fundamental quadratic 
tensor does for arithmetic tensors. The theorems are pre- 
sented here not only for their mathematical interest, but 
because of their possible use in physieal applications. 
Harvard University. 
Sept. 1922. 
Phil. Mag. S. 6. Vol. 45. No. 269. May 1923. 3 T 
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CHI. Directional Observations of Atmospherics—1916—1920. 
By R. A. Watson Watt, B.Se., F. Inst. P.* 


[Published by permission of the Radio Research Board.] 


I. Source of Data. 


N connexion with a Meteorological Office investigation 
into the Location of Thunderstorms by Radiotelegraphic 
Direction Finding, begun in 1915, Capt. C. J. P. Cave, R.E., 
then Meteorologist-in-charge at South Farnborough, was 
able to arrange, through the good offices of Captain Slee, R.N., 
that the coastal direction-tinding stations of the Admiralty 
should supply reports of observations made, when the 
exigencies of the service permitted, on the strength and 
apparent direction of arrival of atmospherics. The purpose 
of this paper is to present the results of a statisical reduction 
of some of the data so obtained. Of twelve reporting stations, 
six were selected as having supplied data nearly continuously 
over a four-year period, these stations were :— 


Latitude. Longitude. 
Carnsore ............... 529 ]1' 50” N. 6? 21' 0" W. 
Browhead ............... 519-97 20^ N. 9° 45' 30" W. 
Lizard: ailes 409 58 55" N. 50 17 15" W. 
Pra«le si. eeddccaessias 509 13' 10" N. 3° 42' 40" W. 
Flamborough | ......... 549 OF 05" N. 09 04' 55" W. 
Peterhead ............... 57° 33' 20” N. 1° 48' 55" W. 


It will be noted that the stations form a fairly well 
extended network from S. Ireland to N.E. Scotland. The 
wave-length on which the observations were made was 
always short, and may be taken to be, on the average, some 
400 metres. 

The intensity of disturbance was reported on an arbitrary 
scale, it is not, however, proposed to discuss here anything 
other than the observed bearing, or apparent direction of 
arrival, of atmospheries. This was determined bv the 
ordinary direction-finding method of estimation of relative 
signal strengths as the search-coil of a Bellini-Tosi radio- 
goniometer was rotated. The personnel of these stations 
developed amazing powers of aural discrimination in the 
application of tliis method, and the consistency of the data to 
be presented in the course of this report is a striking proof 
of their high skill applied to a peculiarly difficult and 
confusing type of direction finding. The variation of 


* Communicated by the Author. 
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personnel from watch to watch, and transfers between 
stations, are believed to have nearly neutralized personal 
error as affecting eomparison of observations from different 
periods and stations. 


II. Distribution of Data. 


Reportiug began in March 1916, and the observations 
between that dateand July 1920 are dealt with in this paper. 
.The total number of observations discussed amounts to 

12,973. Table O shows the distribution of these observations 
amongst stations and periods. For purposes of reduction 
the data have been grouped according to three-month seasons 
approximately centering on equinox or solstice, and 
according to a diurnal subdivision of four periods, morning, 
forenoon, afternoon, and evening. These periods were again 
grouped into “light” and “dark,” and into * A.M.” and 
“P.M.” pairs. This classification was rendered necessary by 
the fact that observations were not made at fixed hours, but 
at any hour when atmospherics were prominent and when 
work permitted. Further, no observations were made 
. between 2100 and 0400 G.M.T. 

The result of these limitations, combined with the known 
higher intensity of atmospheric disturbance during the hours 
of darkness, is that a great majority of. all observations fell 


close to the hours of 0600 and 2000 G.M.T. 
III. Most Frequent and Mean Directions 


of Maximum Disturbance. 


Frequency curves, showing the number of occasions on 
which a given azimuth from true North was reported as 
most, disturbed, have been plotted for each station, for each 
of the subdivisions as to season, time of day, and illumination 
already mentioned. Typical curves are shown in fig. 1. 

The directions forming the peaks of these frequency 
curves are tabulated as Xp in the summary of results, 
Table 1. They will be reviewed in some detail at a later 
point in this paper. 

The whole of the observations are affected by the radio- 
goniometric ambiguity of 180°, since the direction-finder 
determines the vectorial direction without discrimination of 
sense. Thus an observation reported as 150° E. of N. may 
apply to disturbance originating 150? + 180? 2330? E. ot N. 
Actually this ambiguity is of small moment since, as 
mentioned in a previous communication *, all available 


* “ Directional Observations of Atmospherics, 1920-1921," Roy. Soc. 
Proc. A. 102, pp. 460-478 (1922). 
3T 2 
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evidence, both theoretical and observational, points to an 
overwhelming preponderance of origins in lower latitudes, 
i.e. of directions of arrival lying between 90? and 270° 


Fig. 1. 
Seasonal Frequency Curves. Flamborough. 
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Degrees from true north 


(through 180°) E. of N. The present data in themselves 
support this interpretation, since similtaneous poses 
taken at different stations almost invariably converge towards 
the South. 

For statistical purposes, however, it has been considered 
that the most probable resolution of the ambiguity, in the 
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mass, would be to assign to all observations a sense such that 
the frequency curve has a peak directed in general, towards 
S.E. rather than N.W., and covers a range of 90? on either 
side of the peak. Thus, the average value of. Xp being 150°, 
the frequency curves will in general extend from 60° to 
240° E. of N., and to a reported bearing of 30° would be 
assigned the value 210° in this curve. 
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Peterhead 202 196 24 | 228 | 162 
Flamboroug EIN 24 2 13:4 2*0 28 5 183 
| Carnsore «| zei | i87 | 308 , 29! | ve 
396 | 266 | 256 | 450 | 323 | 3970 
| Prawie | 203 4sü| 43 3201 


The observations in each group having thus been assigned 
to the range Xr+ 90? (or, actually, to the range +90° from 
the 5? peint nearest to Xr, this approximation being necessary 
to reduce the labour of computation) the mean direction of 
arrival of atmospherics has been computed for the group 
and tabulated as X. Since all the frequency curves are 
more or less skew, Xy does not coincide with Xy, and their 
difference is taken as a measure of the skewness. 

It may be remarked that, while the most frequent or 
modal value Xr would doubtless be, in a perfect series of 
observations on a skew distribution, the most probable value 
of the variable sought for, yet psychological considerations 
would seem to point to the possibility of the mean value Xy 
bringing out the finer detail of variations. For it is the 
most frequent value that impresses itself on the memory of 
the actual observer, and predisposes him to assign to a 
dubious determination the value nearer to Xy, so that the 
curve becomes overweighted towards Xp; the value of Xy, 
which emerges only after statistical reduction, while suffering 
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somewhat from this overweighting, is a more sensitive index 
of the true variation. 

Along with each mean value is tabulated the standard 
error of the mean. The distribution not being normal, the 
* probable error" will not be equal to two-thirds of the 
standard error but the error in assuming that this is so, 
should it be preferred to think in terms of the * probable” 
error, will be small. 


IV. The Standard Deviations. 


The standard deviations from mode and mean have also 
been computed and those referred to the mode have been 
tabulated. In no case is the skewness sufficient to make 
these two deviations differ by any considerable amount. 
These standard deviations give a convenient (inverse) 
measure of the * peakiness" of the distribution curves, and 
their seasonal and diurnal variations are in themselves 
interesting on tliis account. 


V. Diurnal Variation. 


As has already been stated, the observations were not 
made at fixed hours. The diurnal variation has, accordingly, 
been examined by subdivision into four main groups :— 
m (morning) containing observations made between mid- 
night and sunrise, / (forenoon) sunrise to noon, a (afternoon) 
noon to sunset, and e (evening) sunset to midnight. On the 
whole the observations are crowded at the boundaries 
between m and f and between a and e. 

The unweighted mean of the most frequently disturbed 
directions for all six stations then varies from 160? in the 
morning, through 137? in the forenoon, to 122? afternoon, 
returning to 148? in the evening period. The use of mean 
values in place of modes does not appreciably alter these 
figures, which become 1579, 136°, 123? and 144? respectively. 
(It will, however, be noted that the skewness is greater during 
the dark hours.) There is, accordingly, a counter-clock wise 
swing of 34? range between morning and afternoon. The 
data from individual stations are as consistent as could be 
expected, the direction of swing being the same for all six in 
the periods a to e and e to m, slight swings opposite to those 
of the majority are shown by two stations in the period f to 
a, and by one in the period m to f. These irregularities are 
all within the range of probable error in the f and a groups, 
the “ probable error” reaching 5? in some cases in j. 
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The diurnal range for each station may be specified by the 
quantity (mm — Gr), i.e., the difference between the mean 
values of the mean direction of arrival for the morning and 
afternoon groups. These quantities for the six stations are 
plotted in fig. 2, against the latitude of each station. 

It will be seen that, excluding Carnsore, which shows, 
throughout the whole of the data, variations very inuch 
smaller than those at other stations, the range ef diurnal 
variation decreases as the latitude increases. 


Fig. 2. 


Mean Daily Range of Mean Direction of Arrival of 
Atmospherics plotted against Latitude. 


Daily Range (m 8M 7-264) 


Latitude. 


Proceeding from the range of variation in passing from 
one group to another, to the standard deviation, within the 
group, from the mode or mean for that group, we find a 
remarkable regularity in diurnal change. The standard 
deviation of the f group is, in five out of six cases (the 
exception being Carnsore), much higher than that of the m 
and a groups. In all cases the standard deviation of the e 
group is less than that of /, and also, for all stations except 
Flamborough, less than for the m group. Thus, with but 
slight exceptions, the standard deviation has a diurnal 
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variation of the type shown in fig. 3, which shows the 
unweighted means of standard deviations for all stations. 
The standard deviations also show strongly the influence 
of latitude. Peterhead has the least standard deviation in 
each group, (save in one case where Flamborough is 2? 
lower) and the general run of each curveis that of increasing 
standard deviation with decreasing latitude till Prawle is 
reached, this station having the maximum standard deviation 
in three curves, its neighbour Browhead providing the fourth 
maximum. All four curves then show a sharp decrease in 


standard deviation as between Prawle and Lizard. 
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The grouping of the observations according to whether 
the sun was above or below tho horizon at the time of 
observation shows that, on the mean of all stations, the 
apparent direction of arrival of atmospheries varies from 
122° E. of N. in daylight to 148? in darkness. All six 
stations without exception show a shift in the same direction 
though of varving amount. 

Similarly there is a difference of 13? between the mean 
modes of observations taken in the “ A.M." period 0000 to 
1200, and those in the ** P. M." period 1200 to 2400, the 
* A. M," value being 160°, the “ P.M?’ 147°. The means of 
the corresponding means are 159? and 1419. Again the 
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shift is in the same direction at all stations. The skewness 
of the ** P. M, " distribution is noteworthy. 

The standard deviations in the “light” group are some 
90 per cent. higher than in the “dark,” those of the ** A.M." 
group some 20 per cent. higher than those of the “P.M” 


group. 
VI. The Seasonal Variation. 


The seasonal variation in the unweighted mean of the. 
modal values is from 150? in Spring (February, March, and 
April) to 118? in Summer, returning through 138? in 
Autumn and 148? in Winter. Using means in place of 
modes these figures become 152°, 125°, 136°, and 149°. 

Measuring annual range, in a manner similar to that 
adopted for daily range, »8y — «Ox, the difference between 
Spring and Summer means, we find again that, within the 
limits of the probable errors, the range decreases with 
increasing latitude, Carnsore again showing an abnormallv 
small range. Actually the slight discrepancies between 
adjacent pairs of stations become still less if seasonal modes 
are used instead of means, in the diurnal range means were 
slightly more regular than modes. 

The seasonal variation of standard deviation is very 
consistent. Each one of the six stations has a minimal 
standard deviation in Spring, all save Peterhead have 
maximal standard deviation in Summer, (the discrepancy in 
the Peterhead value is only 1°); the Autumn and Winter 
values are not very ditferent, and are approximately midway 
between the Spring and Summer values. 

The variation with latitude of the seasonal standard 
deviations is in strict agreement with the variation of diurnal 
standard deviations, a general decrease of standard deviation 
with increasing latitude, Carnsore generally fitting into 
this scheme but showing slight irregularities, Lizard with 
consistently lower standard deviations than would follow 
from the general latitude law. Fig. 4 shows the curves of 
standard deviation against latitude for the four seasons. 

The very uneven distribution in the diurnal groups 
prevents any clear evidence on diurnal variation of skewness 
from emerging. The seasonal distribution is, however, much 
more satisfactory, and the variation in skewness becomes 
fairly clear. If the difference X4— Xp be taken as 
measuring the amount of skew, then Spring shows a positive 
skew at all stations save the most Northerly one, Summer 
shows a larger positive skew, decreasing towards the North, 
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Autumn a positive skew in the South, becoming negative in 
the North, Winter a negative skew, most negative in the 
North. Thus Summer and low latitudes tend to give 


Fig. 4. 
Standard Deviations plotted against Latitude. 
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positive skews, Winter and high latitudes negative skews, a 
positive skew being here defined as a clockwise displacement 
of the mean value from the most frequent value. 
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VII. Apparent Locations by Intersection. 


It is not proposed to discuss in this paper the apparent 
locations of centres of disturbance obtained by plotting on a 
gnomonic chart the nearly simultaneous observed bearings 
of atmospherics at several stations. Many such locations 
have been made, and many have been identified with 
thunderstorms independently reported by meteorelogical 
observers, but an examination of such locations must be 
reserved for another report. 

It is, however, of interest to plot the various modes and 
means here tabulated. Dealing first with the modal values 
of all observations for each station, we find that all save 
Flamborough are contained in a band which, at the point 
where it cuts the 30° parallel of North Latitude, has a width 
of 3°, from 6° 20' E. to 9? 20' E. The width of the band 
contributed by the four south-westerly stations just covers 
the island of Majorca. Browhead, Lizard, and Prawle have 
modes which intersect at 389 30' N., 3? 40' E. 

The plotting of means instead of modes widens the band, 
the contribution of the four south-westerly stations now 
covering beth Majorca and Minorca, Browhead, Carnsore 
and Prawle means intersect 35° N., 6° 20’ E. 

Of the seasonal values, the Spring modes (excluding 
Flamborough) form a narrow band crossing the 38°N. 
parallel between 6° and 8° E., this being its narrowest 
section. The South-West group again give a band just 
within the width of Majorca. The corresponding means 
cross the 30? N. parallel between 6? and 8° 30' E., while the 
Browhead, Lizard, and Prawle means intersect at 38? 5' N., 
2? 40' E. 

The Summer modes are extremely scattered, the means 
give a diffuse group of intersections round 46? 30' N., 10? E. 

.The Autumn modes for Peterhead, Prawle, and Lizard 
intersect east of Corsica, at 42° 15' N., 9? 40'E. The 
means give no intersection and show a slight tendency to 
converge in the N.W. quadrant. 

The Winter modes for the four South-Western stations 
rive a band just wider than Majorca, while Browhead, 
Lian and Prawle give an intersection at 31? N., 4? E. 
The means are nearlv parallel, the contributions from the 
South-Western group covering a region from just west of 
Majorca to just west of Ivica. 

In the diurnal groups, the morning and afternoon modes 
are scattered, the forenoon modes from Prawle, Lizard, and 
Carnsore give a rather poor intersection at 49? 45' N., 3250" W., 
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the evening modes are nearly parallel. ‘The morning means 
converge towards N.W., the forenoon means give two 
alternative intersections, C'arnsore, Browhead, and Prawle 
at 48? N., 3° W., Carnsore, Lizard and Prawle at 49? 30/ N. 
3? 45' W. The afternoon means from Peterhead, Flam- 
borough, Lizard, and Prawle intersect at 45° 30’ N., 14° E., 
the evening means from the four South-Westerly stations 
cross the 35° parallel between 7° 20’ and 8° 5! E. 

The “ Light” modes from Lizard, Prawle, and Peterhead 
intersect at 49° N., 8° E., the 0 “Dark”? means of Browhead, 
Carnsore, Lizard, and Prawle cross the 30? N. parallel at 7° 
and 9? 15' E. 

The “ A.M.” modes are nearly parallel, the ** P. M." modes 
form a band whose narrowest section is 37° N., 4° 20’ 
to 5° 5' E. 

The ** A. M." means are scattered, the ** P.M.” means from 
the four South-Western stations cross the 30? parallel 
between 10? and 14? E. 

In almost all tlie cases noted above, it will be seen that 
Flamborough gives bearings pointing eastward of the main 
bands or intersections. This may be due to “refraction ” 
by the nearly right-angled prism of land formed by Norfolk 
and Suffolk, some support is lent to this view by the fact 
that the three cases in which Flamborough falls into the 
general grouping are cases in. which the bearing misses or 
just grazes this prism, although the cases of crossing to 
non-crossing are in the ratio of two to one. 

The consideration of such refractions would, however, 
lead too tar from the aim of the present paper, as the 
majority of the rays under consideration cross such land 
prisms at least once in passing from the Mediterranean 
to the observing stations. 


VIII. Harmonie Analysis, 


With a view to giving a more precise representation of the 
Seasonal variations discussed, monthly mean and modal 
values (without subdivision into diurnal groups) have been 
computed and the three sets of twelve ordinates, (Xr monthly 
most frequent direction of maximum disturbance, Xy 
monthly mean direction, and op monthly standard deviation 
from Xp) analysed into the series 


FC RC in($4 X,)+......+¢Cysin 6(¢ + Xe), 


where X,=15°. The coefficients and phase angles are set 
out in Table Il. Their principal features are here enume- 
rated. Owing to the marked disagreement between the 
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values for Carnsore and those for other stations the rough 
generalizations that follows are in some cases reached by 
neglecting Carnsore. 


Fourier Coefficients Table II 
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(a) Most Frequent and Mean Directions of Arrival. 


The constant term C, varies between 129? for Browhead, 
and 152? for Carnsore, the mean values do not depart from 
the modes by more than 3?, and the departures do not 
appear to be systematic. The considerable difference 
betweert the values of C, and the corresponding total values 
in Table I. arise from the very irregular distribution of 
observations from month to month, and consequent differ- 
ences of weighting. The unweighted mean value for C, 
for all stations is 138? for both modes and means. This then 
may be accepted as an approximation to the mean direction 
of arrival of atmospherics in Great Britain. 

The twelve month periodic term has an amplitude C, 
which (excluding the very small value for Carnsore) ranges 
between 12° and 37°, with a mean for all stations of 209, 
again the same whether means or modes are used. The 
phase angles X, lie between 210° and 271°, the corresponding 
dates of incidence of maximum of this term lying about one 
month after the winter solstice. The lines of equal 
amplitude, in so far as they can be plotted with so few 
stations, have an inclination to the geographical meridians 
which is approximately midway between that of the isovonics 
and of the isoclinics of terrestrial magnetism, Peterhead 
und Browhead, Flamborough and Lizard, forming pairs of 
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similar amplitude, while Prawle has maximal amplitude. The 
phase angles X4, on the other hand, show a fairly strongly 
marked longitude variation, increasing Westerly longitude 
increasing the phase angle, t.e. giving an earlier date 
of maximum clockwise deviation. The actual dates of 
maximum range from December 10th for Browhead to 
February 7th for Flamborough in the case of X , for Xs 
the corresponding dates are December 15th and February 
12th. 

The same variation is found, with one exception other 
than Carnsore, in the phase angles XN, of the six-month term. 
These indicate in Xr dates "of maximum ranging from 
February 20th for Browhead to June 10th for Flamborough. 
In the case of Xm the dates of maximum are consistently 
earlier, by some three weeks on the average. The ampli- 
tudes, C» of this term are, in general, less than half the 
corresponding amplitude C. 

The coethicients C4, C, are all of the same order as C,, Cs 
tending to be somewhat larger than Cs. 

To sum up, the analysis reveals a well-marked annual 
variation, with a range of about 105, such that the direction 
of arrival is approximately 138°— 209—115? E. of N. one 
month after the summer solstice, and 158? E. of N. after the 
winter solstice, These deviations are greater in the N.E., less 
in the N.W., and are reached earlier in the W., later in 
the E. 

The shorter period variations are relatively unimportant. 
The analvsis does not throw much light on the skewness of 
the distribution. On the mean of all stations the series for 
Np and NXg are almost undistinguishable, and the variation 
of skewness is more obvious in the coarser seasonal groupings 
previously discussed than in the monthly grouping. 


(b) Standard. Deviations from Monthly Most Frequent Values. 


Here the constant term C, ranges from 18° at Peterhead 
to 35° at Prawle, small values of ‘this measure of scattering 
pertaining to higher latitudes and wee versa. Carnsore 
tits into this general scheme, Lizard, as previously noticed, 
has smaller scattering than that indicated by latitude effect. 

The twelve months’ term has an amplitude C, lving between 

5? for Peterhead and Carnsore and 16° for Prawle. The lines 
of equal amplitude are similar to the corresponding lines for 
annual variation of direction of arrival. The phase angles 
X, for this term lie between 0° and 62°, or between 42° and 
2° if Carnsore be omitted, the corresponding dates of 
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maximum standard deviation being August 2nd for Lizard 
and July 13th for Browhead. Lines of equal phase may 
also nearly coincide with the lines of equal amplitude: the 
data are insufficient to decide. 

The six months’ term has an amplitude C, averaging 2/3 
of C,, (which is itself about 1/3 of Co). This term has a 
somewhat smaller amplitude in lower latitudes than in 
higher. The phase angles and higher harmonics have no 
features of special interest. 

The standard deviation from the most frequent direction 
of arrival has, then, a mean value for the country of 28°, 
with a variation of twelve months’ period giving a maximum 
standard deviation a month after the summer solstice, this 
variation having a total range of 18°. The term of six 
months’ period is of some importance, it has a range of 12° 
and a maximum slightly earlier than that of the annual 
term. The mean standard deviation in the lower latitudes 
is about twice that in higher, the annual variation is greater 


in the S.E. than in the N.W. 


IX. Conclusion. 


The salient features of the statistical reduction may 
conveniently be collected here for reference. 

The Diurnal Variation of Direction of Arrival has a range 
of some 35°, a counter-clockwise swing of that amount taking 
place between the midnight to sunrise period and the noon- 
sunset period. This diurnal range decreases with increasing 
latitude, from 58° at Lizard to 22? at Peterhead. The mean 
is displaced counter-clockwise from the mode at all times 
save between noon and sunset, and most so between sunset 
and midnight. 

The scattering from the most frequently disturbed direc- 
tion is generally less in higher latitudes, greatest in sunrise- 
noon and least in sunset-midnight period. 

Observations made during daylight give a mean displaced 
counter-clockwise by 26° trom the mean for dark hour 
observations. The scattering in daylight is 50 per cent. 
greater than in the dark. 

Observations made before noon are displaced 15? clock- 
wise from those made after noon. The mean of observations 
after noon is displaced 6? counter-clockwise from the corre- 
sponding mode. The scattering before noon is 20 per cent. 
greater than after noon. 

The Seasonal Variation takes a form which, when referred 
to solar altitude, is similar to the Diurnal. A counter-clock- 
wise swing of some 30? takes place from Spring to Summer. 
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The mean is displaced clockwise from the mode in Summer 
and low latitudes, counter-clockwise in Winter and high 
latitudes. Thescattering from the most frequently disturbed 
direction is least in Spring. greatest in Summer, and is 
generally less in high latitudes. 

The general mean directions of arrival are readily 
visualized ns crossing the island of Majorca. 

The mean curves of monthly mean and monthly most 
frequent directions of disturbance are adequately represented 
by the expression. 


X =138 4-20 sin ($ +230) + 8 sin 2 ($+ 90), 


where @ is a date measured in days from June 15th. 

The scattering from these monthly values is such that 
some 70 per cent. of all observations. will fall within a range 
of Xy-t ag where ag — 28? +9 sin (+50) +6 sin 2 (P+ 50). 

The annual variation of direction is large in the S.E., 
small in the N.W., the maximum deviations from the mean 
occur earlier in the W., later in the E., and on the mean 
about a month after the solstices. The semi-annual varia- 
tion follows a similar law of phase variation with longitude. 

The scattering also reaches a maximum about one month 
after the summer solstice, the mean scattering in lower 
latitudes is twice that of higher latitudes, and the annual 
variation of scattering is greater in the S.E. than in the 
N.W. 

It is somewhat unfortunate that the group of stations 
giving reports sufficiently numerous for full analysis does 
not include a station in the S. E. of England, to verify these 
conclusions, Lydd (509 58° 20" N., 0? 53' 50", E.) is well 
situated, and while 1ts total number of observations reaches 
only 594, it has been thought worth while to make a 
partial analysis to test the conclusions that a South- 
Easterly location favours large annual range, late incidence 
of annual and semi-annual maxima, large standard devia- 
tion, and large annual range of standard deviation. 

The results are, considering the paucity of observations, 
satisfactory. The analysis of monthly mean directions of 
arrival at Lydd gives a Cy term of 112°,a C, of 70°, an X, 
of 218°, and Xs of 71°. ` Thus the annual range is nearly 
double that of tlie next station analysed, the annual term has 
a phase less than 10° (or ten days) out of agreement with 
the longitude law, the phase of the semi-annual term is in 
complete agreement with the law. The standard deviations 
for Lydd give a Co term of 38°, C, 15°, X, 75°, and X}; 89°. 
These fit in well with the main results, as they show this 
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South-Easterly station to have the largest mean standard 
deviation of all, and an annual range of standard deviation 
only 1? less than the maximum (that of Prawle). 
. lt would be rash to pursue much further, in face of the 
obvious limitations of the methods used and of the temporal 
distribution of the data, the implications of these results. 
It is sufficient in the present state of our knowledge, to have 
established in this and the preceding paper *, the essential 
regularity and simplicity of the general laws emerging from 
straightforward analysis of data obtained, near the two 
extremes of the gamut of practical radio frequencies, by - 
standard direction-finding methods. The results themselves 
must, and must soon, be fitted intoa geophysical theory, but 
their immediate value may rather lie in the encouragement 
which they offer to the worker seeking order in the super- 
ficial disorder of the incidence of naturally occurring electro- 
magnetic waves. 


Thanks are due to the Admiralty for the supply of the 
data and for permission to make use of them in publication, 
to the Meteorological Office and the Radio Research Board, 
under whose auspices the work was carried on, to Captain 
C. J. P. Cave, R.E., and Captain J. A. Slee, R.N., the 
officers responsible for the inception of the reporting system, 
and to Mrs. R. A. Watson Watt, who has carried out much 
the greater part of the reduction of data. 


July 3, 1922. 


ABSTRACT, 


13,000 bearings of atmospherics, taken between 1916 and 1920, at six 
British coastal direction-finding stations, spread over 71? in latitude and 
9? in longitude, are analysed statistically. 

Diurnal and seasonal variations of the apparent direction of arrival of 
atmospherics are established, the sense of both variations being counter- 
clockwise with increasing solar altitude. The mean direction of arrival 
is about 140? E. of N., the mean diurnal range and mean seasonal range 
are both of the order of 30?, both ranges decrease with increasing latitude. 
The distribution is skew, the mean being displaced clockwise from the 
mode (1) in the afternoon, (2) in summer, and (3) in low latitudes, 
counter-clockwise (1) at other times of the day, (2) in winter, and (2) in 
' high latitudes. 

Observations in daylight give a mean displaced 26° counter-clockwise 
from the mean for dark hour observations. Observations between 
noon and midnight have a mean 15° counter-clockwise from. that for 


æ Loc. cit. 
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observations between midnight and noon. “P.M.” observations show 
particularly marked skewness, evidently due to the sunset midnight 
period. 

The scattering from the mean or mode for the group, measured bv the 
standard deviation, is great (1) between sunrise and noon, (2) in daylight, 
(3) A.M., (4) in summer, (E) in low latitudes and small, (1) between 
sunset and midnight, (2) in darkness, (3) P.M., (4) in spring, (5) in high 
latitudea. i 

Fourier analysis of monthly means and modes gives non-periodic 
terms between 130? and 150°, variations of twelve-monthly period with 
amplitudes between 4? and 40°, this amplitude being great in the S.F., 
small in the N.W., the maximum deviation from mean occurring early 
in the W., late in the E., and on the mean about one month after the 
soletices. The variation of six-monthly period follows a similar 
longitude-phase law. 

The scattering reaches its maximum about one month atter the 
summer solstice, is lesa in high latitudes, and its annual range is greater 
in the S.E. than in the N.W. 


These results are tested in the case of a seventh station in S.E. 
England. 


CHI. The Calculation. of the Skin Egect in Electrical 


Conductors. By F. F. P. Bisacre, O.B.E., M.A., 
A..M.Jnst. CLE. 


T is well known that the calculation of the skin effect in 
straight cylindrical conductors, carrying alternating 
currents, can be made by means of Bessel Functions of 
argument +v —j r, where j= 4-4/ —1. 
It is usual to split up the required functions into real and 
imaginary parts, thus: 


JaV —ja)m ber z +j bei s=IdvVj z) . . (1) 


ase 


, m , 

FIAV —j 2) = ber’ r+) bei'ze 7 I (v/j x). . (3) 
K(vjz)-kerz-cjkeiz,. . . . . . (3) 

d » T ' ° e 

4; Ko(V je) = kere +j keiz.. . . . . . (4) 


Eight functions therefore enter the general calculation f. 
Some years ago the writer had occasion to make calcu- 
lations of the skin effect in some rather complicated cases. 


* Communicated by Sir J. J. Thomson, O.M., F.R.S. 


T Russell, Phil. Mag. April 1909, and ‘ Alternating Currents,’ vol. i. 
p. 207 (1914 Ed.). 
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He found, as he thought, that there were several objections 
to the above “ ber-bei " method. 

1. There are no less than eight functions to handle, to say 
nothing of the combinations of these ; the algebra is con- 
sequently very heavy, as Heaviside and Russell have 
observed. 

2. The beauty of the complex variable * seems to be lost 
if the functions are split up in this way. 

3. The symbols for these functions are cumbrous to write, 
and unless the writing is good, ber'z degenerates into beiz, 
ker’ x into keiz, and so on! 

Professor Kennelly has published tables for JV —J x) 
and J, (/ —] æ) in his vector notation T, and these are simple 
to use, but they are applicable only to the solid straight 
conductor, and the results for this case have been tabulated 
by Pedersen f. 

The problem of the single, solid, straight conductor seems, 
therefore, to have been completely solved. The problems 
of the straiglit, tabular conductor and the straight, concentric 
cable remain. 

The author proposes to discuss a method which is readily 
applicable to these problems and is simple in its numerical 
use. 


Differential Equations. 


Let be the permeability of the material of the wire, 
p the specific resistance, 1 the current density at radius r 


Fig. 1. 


(fig. 1), A the tangential magnetic-field strength at radius r. 
We assume that the magnetic flux surrounds the wire in 
circles, the planes of which are perpendicular to the axis of 


* As used, for instance, by Sir J. J. Thomson in ‘ Recent Researches 
in Eleetricity and Magnetism ` (1803 Ed.; p. 262 et seq.). 
T Amer. Inet. of Electrical Engineers, vol. xxxiv. no. 8, p. 1795. 
| Jahrbuch der  DraAtlosen | Telegraphie und Telephonie, vol. iv. 
pp. 901-515. 
DUZ 
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the wire and the centres on the axis, and that equipotential 
surfaces are planes perpendicular to the axis—t. e., the radial 
current in the wire is ignored. 

By applying Faraday s Law of Electromagnetic Induction 
to the circuit A D C D (fig. 1), we get 


nis 4 C V I dr] 


ài oh 
ee P3: PF yt . PD (A) 
Similarly, by applving the law that the line-integral of 
the magnetic force round a circuit equals 4 times the 
current enclosed, we get for A’ D' C D’, : 


rh= in| ird. 


ae "o 


l ; | 
: È (A) mimi. . A ode. ow op owe CD) 


Equations (A) and (D) are the fundamental differential 
equations. Wecan eliminate A or from these two equations, 
getting 

^ là! 4m Ot : 
9 9 + T 9 =- e ò e . " " (9) 
or or Or p ol 


Oh loh A NE LI oh . 
and ME E m a ap eS (6) 


These equations apply in the material of the wire. > 

The words * magnetie force " and “current” are used in 
a generalized sense in the following analysis for any func- 
tions that satisfy equations (A) and (B) whether the 
functions be real or complex. The conditions of a particular 
problem are then specified just as if these quantities were 
magnetic forces and currents in a physical sense. The 
e generalized. pressure ". follows from equation (19) derived 
in this way. It is well known—and can be easily proved— 
that if equations (5) and (6) are solved in complex functions 
and the solution fitted to the generalized conditions of any 
special problem, then either the real part or the imaginary 
part of the solution gives a physical solution corresponding 
to a real current, magnetic force, and electrical pressure. 
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Greneral Solution of the Differential Equation 
for Current. 


If i is a sinusoidal function of time, we may assume that i 
is of the form Se, where S is a complex function of r only 
to be determined and w=27n, where n is the frequency. 

Substituting this value of i in equation (5), we get 

2 
oo alu TÉSZO..... (7) 


d? ? dr 


where k= j wee Swe "€ de Eb ne. qe AO 
Put ga The, See eee (9) 
then k=V—jgq, ...... (10) 


where q is a real number. 
The solution of equation (7) is 


S=cJ (kr) +coH,(kr), è > * é (11) 


where Jo(kr) is the Bessel function of the first kind, of 
zeroth order, and Ho(kr) is a Bessel function of the second 
kind, of zeroth order. 

The complete expression for : runs 


i= [eJo(kr) +coHo(hr) Jem,  . . . (12) 


where c, and c, are constants to be found from the conditions 


of the problem. 
"E 
; H Par ar 
dr o(z) — — Ji1()), 
b= 57 CJ.) eH (e. 2. . (3) 


we easily get (remembering that 


Equations (12) and (13) involve two constants only; to be 
determined. 

By equation (10), we have 

k= +v — 4, the +ve sign by definition, 
= q(cos 45° —7 sin 45?) ; 

i. e. berg» e ou x X doe UR xs 0A oe X C) 
and |. kr [qr, —45°], where gr is a real number. 

[gr, —459] is sometimes written qrj159, a vector of 
length gr, turned through an angle, —45°, relative to the 


initia] line. This notation seems to have no real advantage 
over [gr, —45°], and itis more difficult and expensive to print. 
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The Hankel Functions. 


The H functions (Funktionentafeln, p. 94) * are used 
instead of the K or G, as H seems to be the symbol for 
Bessel functions of the second kind for complex arguments 
which has not been defined by mathematicians in several 
different ways f. 

There are two Hankel functions, the choice between 
which depends on whether the imaginary part of the argu- 
ment is positive or negative. If the imaginary part of z is 
positive, we use H,''(:), defined by 


j; Hy (mad) You)... (5) 


where a= (log 2—y), y is Euler’s constant, and Y,(:) is the 
usual Neumann function f. 

If the imaginary part of z is negative, we use H,9(z), 
defined by : 


—j5 Hy () mal (Y. ndo). . (16) 


The function H,"(:) is used for z2re&*, 0«0«, the 
second, H,?'(z), for z2re7?*, 00 «7. 
In the usual ker-kei notation, we get 


-j Hi" (Aj. x)= ker cj keia. . . (17) 


The ker-kei notation is employed in the B. A. Tables 
(1915) and in Russell’s ‘Alternating Currents,’ vol. i. p. 209. 
The H functions approach zero as the modulus of the 
argument approaches infinity. 


* Jahnke & Emde, ! Funktionentafeln mit Formeln. und Kurven." 
Teubner, 1909. 

+ ‘The theory of these functions is no concern of the applied physicist 
— it is sufficient for his purpose if he knows their properties and where 
he can get tables of their values. “The choice of a standard solution " 
of the second kind ‘is largely a matter of convention, since the difler- 
ential equation is still satistied if we add any constant multiple of J (z) ” 
(Lamb, * Hydrodynamics `). 

There are some 16 different “standard ” solutions, and unfortunately 
the same letter has often been used in different senses. The relations 
of the different notations are set out in a table (p. 173, Jahnke & 
Emde, Funktionentafeln), 

t Defined p. 03, Jahnke & Emde, Funktionentafeln. 
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_ We,are only concerned with the H,z) function as the 
imaginary part of the argument is negative ; hence we shall 


write H,(z) for H(z). 


The Concentric Cable. 


a shall now deal with the problem of the concentric 
cable. . ' 

Suppose (fig. 2) the outer conductor is composed of material 
of specific resistance p, and permeability us, the inner, of 
specific resistance p, and permeability p, *, and let u be the 
permeability of tlie material occupying the insulation space. 


Fig. 2. 


Let I, be the total current flowing in the inner at any 
instant, eastwards, and I, the total current in the outer at 
the same instant eastwards, then I, +1,=0. | 

The conditions of potential are that the potential all over 
the end A is constant; all over the end B, constant; and 
over the short-circuited end C, constant ; hence the pressure- 
drop between A and B is that in the filamental circuit 
aß +y. The drop is clearly ![p, 1, + drop required to over- 
come the inductive e.m.f. due to the flux in the insulation ' 
space — p; ib], the last term having the negative sign because 
i; is the current from left to right. 


V =l[ pi 1, —ps i5 4-inductive e.m.f. 
due to insulation-flux] J ' 


(18) 

* The distinction is made mathematically between the properties of 
the material of the two conductors ; but physical facts would have to be 
taken into account if these properties differed greatly, e. g. hysteresis 
losses, heat-conduction. 
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When a<r<b, h= a hence the total flux in the 
insulation-space is given by 
_ ^ 2], b 
é-u ( t dre ?Lal log” 


"VD" l, 
V= [pipit inlog]. - . . (19) 


Bi dA 
P3; PS: . 


OSOON 


Similarly 


pi àr m 2 9I 
mS), a FE 


V — 2i], Le pe ta NC MAC . (20) 


Now 


The drop of pressure in ie outer is clearly (— ps1.)! as 
there is no Hux external to r=c ; hence, to find the drop in 
the inner only, we merely have to subtract (—p52.)/ ; hence 
the pressure-drop along en inner, V,, is given by 


vet [misto à) +i], . . (21) 


and that along outer conductor, Vo, by 
Vo= — pold, . . ° . ° ° (22) 
giving a total drop, V, of the value stated in equation (19). 

This analysis holds, whatever function I, may be of time 
or whatever the distribution of current may be. 

To find expressions for the equivalent resistance and 
reactance for alternating currents, we need a formula for 1, 
the current density, w hich may be obtained thus :— 

The magnetic conditions are : 


"E 
a 


at r=a, 


ae: x 
an at r=b, 


b 
0 at r=c and r>c. 
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By equation (13), if =I; det, where I may be a 
complex number, we get, for the 3 inner conductor, 


2I, evo 


a et te J (ka) ]e*, 
since h is finite at r=0 and ^ | Hy (kr), =o. 
ky 21,' l 1 


ĉc = 4m" a “dy(ka)’ (22) 


where 4, is the value of k for the material of the inner 
conductor. 


Al d 1 Ja) ,. i 
So à ky Jy (Ea)? by equation (12), 
Or/s 
where k= E i AT pho ° 
p 
Similarly, for the outer conductor 
21,’ 4T . . 
x m [oid 1060) - c4 H4 (555) ], by equation (13), 
AT | 
and 0 z P» [oJ i(kgc) + es Ha (9c) ], 
where i= ie s 


We now define a function of kr in the following way :— 


J (Rr), H,(her) 
J (kee), H, (Aye) 
We shall only need this function for n=0 and n=1. 


9T Ar, Ke) 
b CAS, ke) 


for this expression.is of the form (13) above and gives 
the correct values of h when r=b and r=c—and, by 
equations (12) and (13), 


EE 2d Av Kr, ke) ju 


~ 4m" "Ay (Kb, kc)" 


sh! Afr ke) |, ( 
= mb AXE ce 09 xm os 


Put A,( 4,7, kge) = 


, n being 0 d . (23) 


an integer. 


Then | h= 
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Also p» =k,A,', where Ay (.7) is ~- # Aola), 
uM NE Ao (kab, Aye) 

5)" = ks A (Eb, kac)" 

or 

Substituting now in (20), we get 


hence 


J hı Jo (kia) — us Ao (Aah, ka) b 
Vea. [T Jiha) T lab Alae) THEa) (25) 
But I,= I jae. 


. Vene — 2ljo p Jo(kia) , 200p. Ao( Kb, kze) 
i à kya Jy (kya) kab A (Rub, kze) 


+ jwp log” |. . . (26) 


in which accented Bessel Functions are replaced by functions 
of the first order, with sign changed. 


The quantity in [ ] can be put in the form a-- 799, where 
a and are, by definition, real numbers. 


What is the physical significance of these numbers? We 
know that 


V z (a joB)I, e/*' 


on replacing I'e by I,. 
V and I, are both complex numbers, representing pressure 
and current. Let 


V=V,+jVa 
I, = Ci JC». 


On substituting and equating real and imaginary parts, 
we get 


Visa +02, 
V,—aC ELM 


By the principle mentioned on page 1028, either of these 
equations gives a real solution of the problem, i i. e., a physical 
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current corresponding to a physical pressure; but either of 
these equations is exactly the same equation as we should 
have connecting an e.m.f. and à current in an inductive 
circuit of resistance a and inductance £, 


je a jo =R 4- joL, 


where R is the equivalent resistance and L the equivalent 
self-inductance, i. e. 


_ M Jokia) , be Ac( Kb, kzc) 4 
kia J, (4a) kb A^ kab, kc) PP log: ° 
«ow (21) 
This result is the accurate solution of the problem of the 
complete concentric circuit. 
The further analysis of this result is facilitated by study 
of the A functions. 


R 4 joL- 2jlo 


A Functions. 


The A function is straightforward to handle analytically, 
and, what is even more important in applied physics, it is 
convenient for numerical calculation and leads to systematic 
formule (e. g. equation (27) above). | 


Numerical Calculation of A's. 


For cases in which tlie argument has intermediate values 
—values ioo large for the *small"-value approximations 
and too small for the asymptotic ones, the A's must be 
calculated from tables of the Bessel Functions concerned. 

Tables for the following functions are given in [r, 0] and 
[a+ jb] form: 


JV —j x), Ji(V/ —j2), HoV —j«), H,(4/ —ja). 


The tables for the J's in the ['r, 0] form have been calcu- 
lated from the corresponding tables in the (a+ j^) form, due 
to St. Aldis (Proc. Roy. Soc. Lond. lxvi. pp. 42, 43, 1900). 
Kennelly also gives a table (Proc. Amer. Inst. Elect. Eng. 
xxxiv. no. 8, p. 1795) with which this table agrees very 
closely *. Tables for Hy and H, in the (a+ j^) form are due 


* The fundamental St. Aldis tables are reprinted in FunAttonentafeln 
on pp. 137,188. In these tables there is an error of sign in the imaginary 
part from :/— 5:1 to 72670 inclusive. 
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to Jahnke and Emde, from Funktionentafeln, pp. 139, 140 ; 
while the [r, 0] form has been computed from these 
values *. | 

The graph (fig. 3) shows the general trend of these 
functions. The accurate values of 4, and A, can be com- 
puted from these values of the Bessel Functions, for the 
range r=( to r—6. Above r—6 asymptotic expressions 
are available for the direct calculation of the functions required, 
tic. J4/J, and AgyA,—and. nearly all practical cases are 


Fig. 3. 
ex H 
o 
NVa ny, s | N 
oo 
£- 2 15) 
te. 8) J, 
> l (3 €) 
(o4) b 
| j 
Uo 
LZ ple Ass — 
2 i oN te) 2 a 3 4 
S Numbers thus (2 5; are t^e 
F appr as value. of X at the pert 
Graph SAOWING frend of - S PE them 


dos fee range of 
yasseble (1-77 X + 
d. 2 8 
from &*0ftcx**-6 
-l v 


Route of tre 


* x3 e mgep verieb/e 


covered by the asymptotie expressions, since the problem of 
"skin-effect" only becomes of practical importance in 
“ wireless? work where the frequency is high. For this 
reason, it has not been thought worth while to give approxi- 
mate formul: for cases where the variable is small—for such 
cases, Tables I. and II. are available, while approximate 
formulz can be very easily obtained from the series for the 
Bessel Functions. 


* Miss M. M. Fleming and Mr. C. F. Powell have kindly checked 
these tables independently. 


Skin Effect in Electrical Conductors. 


1037 
TABLE I. 
| 
T. Jo V—jx)=[p, 8] — (a j^). J,( 4 —j2)- [p, 0]— (a 4). 

p. | 0. a. b. p. 0. | a. h. | 

00; 1000| 0 Ó 6 +1-0000}+0-0000 | 00000 |—45 Ó 6 +00000 | — 0-000 
02! 1-0001) 0 34 23 --1:0000 --00100 | 0:1000|—44 42 59 --0:07106| — 0-070306! 
| Ot; 1:0003/ 2 17 29, +0-9996 |--0:0400 | 02000 | —43 51 56 --0:1442 | —0-1386 | 
(06, 10020| 5 9 11:40-9980/+0-0900 | 0:000 —42 25 12 +0-2215 | 202024 | 

08} L0004| 9 8 32 .-0:9930 |+0:1599 | 0:4004 |—40 25 16 4-0:3048 | —0:2596 

1-0) 10158) 14 13 13 40-9844 |--0-2496 | 0:5013| -37 51 11, +0:3958 | — 02076 
| 123i L0319| 20 20 26 -F0:9676|--0-3587 | 06032, —34 42 6| 4-0-4959 | —0:3434 | 

. 1-4) L0586 27 22 13:4+09401|+04867 | 07069|—31 0 35 +0-6059 | —0:3642 

r6 1:0984| 35 10 13 .-0:8979 |.0*6327 | 0-8136|—26 46 0 +0-7264 | --0:3664 
L:8' 1:1544|. 43 32 49 4+0:8367 1,077953 | 09244 |—22.. 0 2 +08571 | — 03463 | 
20| 12291] 52 17 31 407517 4.09723 | L04121—16 43 45 40-9971 | —0:2097 | 
22| 1:3247 | 6113 2 +06377411610 | 1634 11. 1 33 +1:1419 | —02225 | 
(24! 14429, 70 1124 +04890413575 | 1:3012/— 4 50 10 --1:2960 | —0:1097 i 
, 26| 15856) 79 5 23 40-3001 |4.1°5569 | 144498 |. 1 49. 7, 4-144491 | 4-004306, 
| v8! 17541] 87 52 93 40-0651 /41-7529'| 16148] 8 34. 7 +1:5968 | +0-2406 | 
| 3:0! 19502| 96 31 7 —02214|+19376 | 17998) 15 42 54, 4-173296 | 4-0 4875 | 

32! 21761|105 1 57|—0-5644/42°1016 | 20088| 23 4 00, +1-8480 | 4-071875 

34| 24342] 113 25 58.—0-9690 | 42-2334 | 92459] 30 37 19 4-1:9327 | +1:1440 

| 36: 2-7282/ 121 44 58 — 14353 |+23199 | 253100 | 38 17 45 41-9742 | +1589 
$8, 30613,1290 59 28 19074 |.-2:9454 | 28226) 46 3 59 --1:9584 | 4-2:0327 

40 34391/138 11 26]. 25634 |2302; | 31729] 53 54 22 --1:8692 | +2'5639 

42| 38671]146 21 39|—3-2195 |42:1422 | 3:5722| 61 47 24 +1:6886 | -3:1479 
44: 4:8518| 154 30 47|—3-9983/4.1-8726,, 4:0274|. 69 42 19 --1:2969 |+3-7774 | 

| 1 4:9012 | 162 39 26|—4-6784/41-4610 | 4:5459|. 77 38 28 4-0-9730 | +44406 

| 48| 575243 170 47 42|—5-4531 |4.0°8837 | 51366] 85 35 27 4-0:3949 | 45-1214 

,50| 62313179 56 0| 62301 401160 | 58091 | 93 33 4 —0:3598 | +5°7979 

.5:21 703381187. 4 14 —6:9803.—0:8658 | 6:5745| 101 31 3 —1:3127 |-+6-4421 
I 54| 179453 | 195 12 36176674 | 20845 | 74456 | 109 29 31 —2:4844 | +7-0189 | 
 D'8! 89821 1203 20 52/—8:2466/—3:5597 | $4371] 117 28 20 —3:8922 | +7°4857 | 
| 58.10160 |211 29 12 -86644,—5:3068 9-5510| 125 31 18 --5°5402 | +7°7735 | 

219 —1:3347 (10-850 | 133 27 8 — 74622 | +7:8767 


60 11:501 | 
| i 


Columns « & b are by H. Steadman Aldis 
(Proc. Roy. Soe, Lond. lxvi. pp. 42, 43. 


37 J0.—8 8583. 
| 


1900). Columns p & 8 computed from e's | divided by V2. Columns p & @ com- 


.and 6’s, The signs of the imaginary part, 
in Jahnke & Emde’s Table, p. 137, from 5l 

to 60. are ns in their graph; not as in their 
‘Table. 


— 


Columns a & b are by H. 
Aldis (loc. cit.) His figures 


puted from as & b's. 


Steadman 
have been 


aeS —" 


H, 4 —j2)=[p, 6] (a ^). 


! 


132 24 26|- 
127 30 12) 
121 33 23, — 0-4989 


—0 
2:1158 
—0:9195 


| 115 0 59,— 02828 


| 


108 6 6. 
100 56 2 


55 23 12 
47 34 51 
39 44 11 4005549 
31 51 594005110 
23 59 84004598 


—0:1541 

—0-07210 
93 35 12 —0'01564 
86 6 27 +0 010611 
78 31 43 .-0:03804 
70 52 17 +0050% 
63 9 14140-05752 
+-0°05960 
+0°05858 


16 4 2140-04083 
8 9 510037509 
0 11 3.40-02984 


(02517 — 7 46 36 --0:02493 
(002128 | - 15 44 57 4-0:02046 
001798 | — 23 43 53.4 0701646 
(001523 | 31 43 23 4.0:01295 
—89 42 37 +0-000932 
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TABLE II. 
i HX * —j2)- (o, 0]—(a 4 j^). | 
D Ae er osea - 
p. | 0. | a. | b. | p. 
ae ee | 

ool c | 90 0 0-025000 o | wo 
02/12042 | 66 22 20 40-4826 411023 — 3:1373 
DADB | 25629 10 404480 00765 1:5103 
Qr6lü 5995 4; 23 59 +04008 +04413  ,09524 
0 804617 | 39 38 83 403606 402883 0-6688 
KUIR IZS I | 30 4 43 40515E 401825 "04958 
L20:29183 21 36 56 +02713 401075 — 03801 
1-40 2266 | 13 14 36 40-2503 — -p0:05420 lv-2980 
Leo 1933 4 55 2340-1926 +001659 — 10-2373 
L8 159] j— 3210514-4Wwl1588  —0:009338 (01913 
2001316 — 11 37 15 401289 —002651 — 01555 
22101091 |— 19 53 22 -(1020  —003712 01274 
24009112 — 28 5 11 008089 |—0:04290 — .0-1049 
2-610 07587 !— 36 1 9-006030 |—004463 [008684 
E "os ;— 44 29 5 4-004553 |l-004474 007216 
p 05367 — 52 39 14 4003256 ,—0:04267 — 006017 
32004517 (— 60 49 28 4-002202 o 03944 005032 
34003310 ,— 68 50 30 +0 01366 |-003507 004218 
36003219 — 77 9 53 -0007152 —003139 — 003537 
(37002514 - 85 16 23 +0-002154 —0-02605 10-02990 
1002308 ,— 93 28 20 0001398 —0:02304 
14220-01057 ,—101 37 22 —0:003943 —0:01917 
/4-4looL0n2 —109 45 54 —0:005620 —0:01564 
40001112 —117 54 2 —0:006608.—0:01248 
4500120] —126 2 37 —0 007066, —0:009710 "091291 
50001021 —134 15 97 —0 007122 —0:007309 


| 


| Columns a & 5 from Jahnke & Finde, p- 139, , 


t 


520008712 —142 
| 54 0007422 — 150 
| 56.0006329. — 158 34 30 
80-005 02 —166 41 49, — 0005257 —0:001243 
/600:004613 —174 49 6 —0 004594; 


19 10, — 0-006893 — 0005325 
26 37 — 0-006456 — 0003661 
—0:005892 — 0-002312 


[OE 
\ 


000931 


0:000737| - 
0 005738; 
| - 00004166 0-004890 


] r—20'4, Columns 


001096 |—47 43 47 40007371 
—bb 44 31 +0005241 
i0007917| —63 45 42; +.0-003500 

~71 47 9140002106 
—19 48 53| +0-001015 
-87 51 4400001834 — 0001687 


+o 
H23 3165 
+1:1981 
NUS 
!--0:6061 
|: 04713 
402974 
+O 2368 
+0°1874 
014609 
4-011136 

+ (08655 
4-006411 
-F0:0M613 
+0 03177 
+0°02046 
+0°01167 
+0 005015 
+ 0:00009609: 
— 0003405 
,— 000577 
| — 0007236 
— 00US007 


— 0-008248 


— 0008109 
— 0:007 605 
—— 07007101 
.— (00060400 

— (005617 


Columns a & b from Jahnke & Emde, 
correcting the sign for the real part of r=6°0. ; s 140, correcting the sign of the real part for 


Columns p & 0 computed from a'a & b's. p & “@ computed from a’s 


"E — cx x 


| 
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Asymptotic Formule. | 
We require asymptotic formule for A, (kr, kc) and A,(kr, kc) 
and, in particular, the ratios 


A«(Rb, ke) |, Jolka) 


A,(kb, ke) ^^ Ji(ka) 

Each of the latter can be obtained directly, without any 
knowledge of the asymptotic expansions of Bessel Functions, 
by a physical method *. Take the first one. The function 
we require an asymptotic expression for is a special value of 


l A,(kr, ke) 


Up, = k . Ai (kb, kc) 4 VIZ. Us, 
Ao(kb, ke) _ 
for then Ab, ke) = kuz. 

This function, u,, is clearly a solution of Bessel’s Equation 
Cu ldu | | 
dà tp dp +=, 

for it is of the type 
AJ o(kr) + BH,(kr), 
du 
and an =0 when r=c, 
——1 » r=b, 
. and berec. 


Put r= 7 and the equation becomes 


du ldu i, _ 
4g + Rag t= 
where pe 


The conditions become 


du 
1H =0 when R=ge, 
du 1 
and n; when R=g, 
and qb ER -— qc. 


These conditions hold in the region between two concentric 
tubes of radii gb and qe, the radial gradient of u being 


* Dr. J. Dougall suggested this method to the Author. 
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specified over the inner and outer tubes. Now, when q 
becomes large, the problem becomes that of finding u fora 
region between parallel plates, where surfaces of “equal u ” 
are planes parallel to the boundary planes, and the specified 
radial derivatives become specified normal derivatives over 
the boundary planes. 

Taking the origin in the westward boundary plane and + 
positive, e eastward, we get 


de t D +hPu=0*, 


where orn =(), to the first order. 
o7 | 


ü e + hyPu=0, 
Ou 1 
where T when 220, 
and 2 —0, when v2 4(c— 0), 
whence TE RE L cocci n. 


kiq sin (Aiq(c—5)] 


for this value of u clearly satisfies the conditions. Put ©2=0, 
and we pet 


L | 
iz c ni, 
1 
= , cet A(e—b), . . . . . (28) 
The asymptotic value of Jo(ka) 


we can be similarly found, 


the solid cylinder becoming an infinite plane on the outside 
and the centre going to infinity, so that the equivalent 
“rectilinear” figure is a “half-space” bounded by an 
infinite plane. 


lf ER: Jo( £r) 
- kJ i (Ka)? 
we get, asymptotically, 
d*u 
d —A'u, where A=7 k, 


* For full details of the transformation of this equation to the Bessel 
form, see Richardson, ‘ Electron Theory of Matter,’ p. 26 ef seg. 
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and Eat when z-0,. 
dz q 
=0 when z> œ; 
1 
1. e u= — one 
which gives, when z=0, 
uec 
am qÀ ; 
i. e. E FS NS asymptotically. . . . . (29) 


ka J,(ka) ul ka’ 


The above method is not sufficiently refined to give the 
accurate asymptotic values of u, itself for any value of r; 
it merely gives the correct values at r=b or r=a. The 
correct values can be found directly from the usual asymptotic 
formule for the Bessel Functions (Funktionentafeln, pp. 101, 
102). The following values are at once obtained :— 


Akr, ke) =—“)cosk(e—r), . . . . . (80) 


mky/ rc 
A (br, ke) = — — sin Ker) ; 2... (81) 
"E m — P" 
"E E 
where a= 2q(e—b). . . . . . . . . (83) 


At very high frequencies. 
Ao(kb, ke) _ | 
Ay(kb, ke)” 
d) Pe 2... (M) 


Jolka) |. | ; 
while dia) +I) 


Numerical Work. 


The asymptotic expressions give simple formulæ for 


` numerical work, bearing in mind that Kennelly has given a 


very useful table of functions of “semi-imaginaries " (see 


Table VI. of ‘Tables of Complex Hyperbolic and Circular 
Phil. Mag. Ser. 6. Vol. 45. No. 269. May 1923. 3 X 
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Functions’: Kennelly)". He gives values of sinh, cosh, 
tanh, cosech, sech, and coth, where the argument is [p, +45 7 
The numbers are given in [r. 0] form. Transforming to 
hyperbolic functions of [p, +45°], we get : 


AC ke) L jcoth (4(c—8), +45°}. . . (35) 


Ay, ke) 
2) 
A (Lb, ke) = =p, cosh { (eb), 459). . (36) 
9 
Akb, ke) =— ge inh fq(c—b), -- 459). — (31) 


Comlined. Comparative Impedance. 
By equation (27), we have 


pi Jolka) | ug Ao (Ksb, ka) h] 
— kad, (Aut) k EN A, (Kb, kac) +ulog |]. (38) 

Now the areas of the cross-sections of the inner and outer 
conductors are usually equal, so that 


R 4 joLz2jlo| — 


=¢?— 7, 

e e c— b = d 

and b and c are each greater than a, therefore a is at least 

twice as great as (c—b). Hence a higher order of approxi- 

mation is required with the Ao/A, function than with J,/J,. 
We can therefore put 


Jo/J,=) and A,/A,; = = — cot £(e— 0), 


and R,, the normal resistance of the whole circuit, 


TA. ul] ale. 2. . (39) 


T La ea -—b 
Whence, l 
R+jwlL _2rw 1 Hi o 
4s Wd or ka t dS; eth (ae 0), 45°} 
*jnlog*], 2. . (40) 
where Cz late = ere 


* The following formule are useful for transformations :— 
cos kr = cosh (q.r, 4- 45^), 
sin kx = — j sinh (qr, 4- 459), 
cot kv =jcoth (qv, +45°). 
The right- hand functions are all tabulated in Kennelly’s tables, 
‘Table VI. 
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and the “coth” is given directly in Kennelly's Table. In 
the absence of this table 


sey Nahe 2. . (4) 
cosh a — cos a 
where a—4/2q,(c—b) and &(c—b)24/ —jqs(c—0). (42) 


Example. A concentric copper cable for which 


cot kx(c—b) = 


a=0°75, b=1, c=1'25, py=ps=1700, uiu, —u-— 1. 


Frequency 345. This relatively low frequency has been 
specially chosen to test the accuracy of the asymptotic 
formule for values of the variable well within the range of 


Tables I. & II. 
q= / UM —40. 
C 23:56 and 


RxjoL _ 2mx845x2m | 1 = 
Ro 1700 3:56 [3:0, —45°] 


1:0746, —27? 3] |... 
L fum 3 02871 | 
—11074;1360.. . . . . . . . (43) 
g =h107, i 71360, and i =1:752, . (44) 


Z being the equivalent impedance. 
It is interesting to compare numerically the accurate and 
approximate values of Jo/J, and Ao/A, at this relatively low 
value of q. 
J,(3:00, — 45°) —f1. o 4g! 1 
J (3:00, —45°) —[1:0836, 80° 48'] by Tables I. & II., 
| —[1:0000, 90°] by +) approximation *. 
Ao(4:00, —45° ; 5°00, —45°) _ 
—A,(4:00, — 45°; 5:00, —45°) ~ 


—[0:9690, 64° 53'] 
by Tables I. & II., 
= —[1:0746, 62? 51'] 
by — cotk,(c—b), 
= — [ 1:0000, 90°] 
by —J approx. 
* A closer approximation to Jo(ka)/Ji(ka) is 7 (1- i.) i 
3X2 
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The Heating of the Conductor. 
Consider a coaxial tube of internal radius r and thickness 
ôr, in the material of either conductor. 
Let i, be the complex current density in this tube. 
Then, since the physical current is the real part of the 


current in the tube, 27rér x i,, the heat generated in time èt 
in this tube is 


l 
E X (real part of i,)? X (2mrór)? xót. . (45) 


Hence the mean rate at which heat is generated is 


6r (7T 
"t (real part of /,)?dt. — .. . (46) 


1 T . . | P 1 . . 
Now j| (real part of 7,)? dt is : as it is the mean- 
,/0 


square of an alternating current whose maximum value 
is|1,. Hence, if W, is the total rate of heat generation in 
the inner conductor, we get 


Wi=pilr h edo o 0.0.0. (0) 
0 


and, for the outer conductor, 


* 


Wompile| itr. 20... (48) 
b 


Inner Conductor. 
AA ko Jolkir) 
= 2na ` Ji(Aia) 


LIT 


I,'eé*' by equation (22)', (49) 


[Jer 


2,4 
whence wr fee | rdr, . . . (50) 


2ra? Jy Jia] 
where I is the r.m.s. total current flowing. 
Now  J4(/ ja) =j 2) = |J —) x)? 


because the factors on the left are conjugate complex numbers. 
Also, we have the formula 


(m? — n?) : rd (mr) Jo(nn)dr 
e 0 


=a [Ina - Jo(na) —Jo(na) 2 Jalma) | , (51) 


* Pidduck, ‘A Treatise on Electricity,’ p. 13. 
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; Wi ne , Tolkia) 
whence Roxi — real part of (ay 


where Rẹ; is the normal resistance of in inner conductor. 


ry ka Jo(ka) 
(Tables for 9 ' Jia) 


Funktionentafeln, p. 147.) 


(52) 


are given in Jahnke & Emde's 


Outer Conductor. 
FN ka Ao(ksr, koc) I 
= 9qb ^ A, (kd, kac)? 


pl Pas I kso , kgc) |? 
2mb? Ai( kab, kc) 


(Compare with (50) above.) 
With the help of theorem (51), which is a general one for 
all Bessel Functions, we can evaluate this integral if we 
wish, but ıt is hardly worth while, as the asymptotic formule 
give a very simple result, and it is only where these apply 
that the additional heating i is appreciable. | 


‘eM by (24), 


whence W,= 


rdr. . . . (53) 


We get 
Ao(kar, ki) b cosky(e—7) 
Aib kun) — r` sin h,(c—h)’ by eq. (32), (54) 
Ao! m cosh od + cos $ 
whence A, —. cosas E Lx (55) 


where =/29:(c—r) and a-4/2qs(c— b). 
Integrating, we get 


T B/S 2mb 
sinh a + sina 
cosh a— cos a 


where p= and a—V/2q,(c—b). . (56) 
Putting R,,o for the normal resistance of the outer 


conductor, we get 
Wo _ — b? VC —9 )q2 
EO. xp. . . . . (517 
Rano 24/20 om) 
Whole Circuit. 


If R, is the normal resistance of the whole circuit, R,1? 
is the normal rate of heat-generation. The actual rate is 
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(W,4-W)-RP, where R is the equivalent heating resistance. 


. R _ actual rate of heat-generation _ Wot We 
'* |, normal rate of heat-generation— R,E? 


9 


whence, putting C= e + , : 2] as before, and assuming 
Pı =P? 
R = c [rea art of 5 e + 72? i (93) 
Re CUSI Ja J, (a) ^ 94/2. | 
By comparing this expression with equation (40) for the 


equivalent impedance ratio of the whole circuit, it will be 
found, after a little reduction, that it is the real part of the 


equivalent impedance ratio, after putting MOD as is 
1 

done in deriving (40). The real part of the first term in (40) 
gives the energy loss ratio for the inner conductor; of the 
second term, for the outer; while the log. term is a pure 
reactance. It therefore seems natural to conclude that the 
first term in the total equivalent impedance ratio (40) 
belongs to the inner conductor, the second to the outer 
conductor, and the third to the inner, as a reactance. Ina 
sense this is true, but it is not true, as we shall now show, 
that when so interpreted, the r.m.s. voltage across the outer 
conductor is Z,I, where I is the r.m.s. current flowing, and 
Zo the equivalent outer impedance so calculated. 

As the frequency tends to infinity the pressure-drop across 
the outer conductor, and therefore the apparent equivalent 
impedance, tends to zero—not to infinity, as the second term 
in (40) does. It is evident that this is so from the fact that, 
as the frequency increases, the current in the outer conductor 
concentrates in the inner parts of it, and that 7.0 as q>% , 
as we shall presently show. There is no flux at all external 
to r=c; hence there cam be no inductive e.m.f. on the 
outside of the outer conductor; and as the current-density on 
the outside tends to zero as ilia frequency increases, so, too, 
must the resistance drop, and hence the e.m.f. across the 
outer conductor. 


The Outer Conductor and the Pressure across tt. 
k 21% A (Age, Kor) 
iT i b ` Alk b , kac) 

Now, by a theorem on linear differential equations of the 
second order” , we have 


Aol kac, koc) = i where B is constant. 


* Forsyth, ‘ Differential Equations,’ 3rd ed. p. 181. 


nc 


eet, by eq. (24). . (59) 
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This equation is an accurate one; hence we can use the 

asymptotic expressions to find the value of B. We thus find 
9; 

Ave, ho) Leo 2... s (60) 


If R, and L, are the apparent equivalent resistance and 
self-inductance of the outer conductor, we get, see (21), 


(Ro TjoL)l,'e = — pid, 
Rotjoly P-P 1 — Q—j (61) 
C]. Come Aly hy? coo OD 


This formula is an accurate one. 


whence 


Asym ptotic F ormule. 


Putting 
2 ; 
Aj (heh, kae) = — si nm (aq (c — b), 45°}, by eq. (31), 
we get 
St = n „e° 4. cosech {q(c—b), 45°}, (62) 


where the cosech is tabulated in Kennelly’s Tables, ` 


Apparent Impedance of the Outer Conductor as q—>® « 
The modulus of 


=e?) 
cosech {q(¢ — b), 45°} ->2e ~? as gero, 


ie a 
and q-e “2 —0asg—. 
R +joL 
Fn : Jf B ° »0 as q—» 9 
A, 0 


i.e. as the frequency increases, the whole pressure-drop 
across the outer and inner conductors, in series, tends to 
concentrate on the inner conductor—a result due to the fact 
that, while the outer conductor is under the magnetic 
influence of the inner, the inner is screened from the 
magnetic action of the outer conductor. 

At very high frequencies, the formula for the relative 
apparent impedance becomes 

Rotjoly c-— Ei {i -4 
ae e 


it ce Uae So. (02) 


This result shows that, while the apparent impedance 
approaches zero with increasing frequency, the pliase of the 


1048 Mr. F. F. P. Bisacre on the Calculation of the 


impedance vector decreases continuously with increasing 
frequency. As the frequency increases, the end of the 
apparent impedance vector rotating clockwise traces out a 
spiral of continually diminishing radius, and at certain 
frequencies the apparent resistance is negative—a somewhat 
curious result. This statement is true for large values 
of q for which the asvmptotic expression is valid. The 
spiral begins on the real axis at Z,— HR, o and it can also 
be shown by expansion of the Bessel Functions in A, in 
series of ascending powers of k as far as 4*, that for small 
values of q the apparent resistance to alternating current is 
less than the normal resistance. It is therefore extremely 
probable—and numerical. caleulations confirm. it—that for 
all values of q the apparent impedance vector is a decreasing 
one, beginning at value R„o at q=0 and decreasing with 
increase of g; the vector rotates clockwise so that the end 
of the apparent impedance vector describes a negatively- 
drawn spiral about the origin, beginning at the real point 
(+R,,0) when g=0. and ending at the origin when q— œ. 


Vector d tagrams. 


A typical vector diagram is given in fig. 4. Itis drawn 
for the case of a concentric copper cable, for which 


a=0°75 cm. M=; =pl. 
bzl00 ,, ps7 f = 1700. 
ez135 , ~ = 345. 
Ra o= Ry, i= 1 ohm. q=4. 
Fig. 4. 
It 
R 
I 


Q I eL T, 
P 


Vector Diagram, showing pressure and current for concentric main. 
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Description of Pressure Vectors. 
OI, current vector. 
Or,, in-phase resistance drop in whole circuit. 
ril, quadrature reactance drop in whole circuit. 
Or» in-phase apparent resistance drop in outer conductor. 
roP, quadrature apparent (negative) drop in outer conductor. 
OI; total apparent drop in the inner conductor. 
I,'I,, quadrature drop in inner conductor due to flux in 
insulator space. 
OI,', true apparent drop in inner conductor. 


_ The gencral nature of the loci of the ends of the apparent 
inner and outer impedances and the total (actual) equivalent 
impedance is shown in fig. 5. The reactance due to the 


Fig. 5. 


Fiquits Rus (20) are the values 


Le ne & the pant? 


Apparent Impedance Vector Loci, showing effect of increasing frequency 
(Concentric Cable.) 


insulation flux has been omitted, as it increases proportionally 
with the frequency and rather confuses the point that the 
diagram is intended to illustrate—namely, the effect of want 
of uniformity in the current-distribution in the conductors, 
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CIV. On Photographing the Ionization Tracks of the Rest 
Atoms of Radioactive Elements. By D. M. Bose, M.A., 
Ph. D., Ghose Projessor of Physics, na S. K. Gos, M. B 
Research Scholar, University College of Science, Calcutta * 


[Plate XIV.] 


HEN an atom of a radioactive substance disintegrates 
with the emission of an a-particle, the rest atom 


. . *. , . LJ LJ *. m 
recoils back in the opposite direction with a velocity v = "I 
m 


where m, v are’ the mass and velocity of the a-particle, and 
m' the mass of the rest atom. The value of v is from 3 to 
4 x 107 em. per sec. 

Ihe ionization by these rest atoms has been studied in 
detail by Wertenstein T. He has shown that C. the 
velocity and kinetic energy of such an atom is about .), times 
that of an a-particle, vet the n al number of ions produced 
by such an atom is less than ig, times that produced by an 
a-partiele. On the other hand, he has found that the number 
of ions produced per em. length i is greater than that pro- 
duced by an a-particle; in certain cases it was five times 
greater. Further, contrary to what is observed in the case 
of a-particles, the number of ions produced per unit length 
diminishes with the velocity of the rest atom. 

The range of the rest atom from RaA was found bv 
Wertenstein to be 


. 


In air at atmospheric pressure ...... 0:14 mm. 


In hydrogen | ..... TREES So O33 ,, 
In silver about ............ "onm .... 2x10? mm. 


From the study of the absorption curves he concluded 
that the scattering of the rest atom is much greater than 
that of the a-particle, a result which can be expected from 
theoretical considerations. 

It occurred to us that by taking photographs of the ioni- 
zation tracks of a-particles emitted by the disintegration 
products of radium emanation contained in a given volume 
of hydrogen at reduced pressure, it would be possible to get 
the ionization tracks of the rest atoms too. 


* Communicated by the Authors. 

T For literature, ete, see Meyer and Scehweidlers Radioaktivitit, 
pp. 133 & 164. The above account of the i ionizing properties of the rest 
atom has been taken from this book. 


Ionization Tracks of Rest Atoms. 1051 


From Wertenstein's experiments it was concluded that 
these tracks would show the following characteristics :— 

(i. They would appear as continuations of the a-particle 
tracks, but would be thicker at the base and narrower at 
the end. 

(ii.) While the a-particle tracks are straight lines, these 
would show a considerable amount of scattering. 

By means of a modified form of Wilson’s apparatus which 
is described below, we have succeeded in obtaining photo- 
graphs of the ionization tracks of the rest atoms in hydrogen 
at a pressure of about 12:5 cm. These tracks show tlie 
characteristics which have been mentioned above. It can 
be stated here at once that, owing to the necessity of having 
saturated water vapour inside the cloud-chamber the range 
of the recoiling rest atom inside it, when filled with 
hydrogen at a given low pressure, is less than what would 
be expected from Wertenstein’s value for the range in 
hydrogen at atmospheric pressure, viz. 0°85 mm.; e. g., if 
we take the temperature to be 32? C. (which is about the 
value that prevailed in the room during this series of expe- 
riments), then the tension of saturated water vapour is 375 cm., 
and the range of the rest atom in a vessel filled with hydrogen 
saturated with water vapour ata pressure of 20 cm. is 1:5 inm. 
only, while the corresponding value in pure hydrogen under 
the same pressure is 22 mm. 


Apparatus. 


The essential modification introduced in this apparatus is 
that while in Wilson's apparatus the expansion 1s produced 
by the rapid fall of a piston, here it is produced by opening 
a valve connecting the cloud-chamber to a vacuum vessel. 
The apparatus is built on the same principle as the one used 
by one* of us in photographing the hydrogen recoil atoms. 
The original apparatus was made entirely of glass, but owing 
to the difficulty of getting good glass-blowing done here, the 
present apparatus was made partly of brass. We find "that 
this modifieation has not inany way diminished the efficiency 
of the apparatus. 

The cloud-chamber C (10 em. diam. x 7 cm. depth) is 
made out of a stoppered-glass bottle, whose bottom is 
removed and replaced Ly a glass plate cemented with 
sealing-wax. To the neck of this bottle is fitted a glass 


* D. Bose, Phys. Zeit. p. 388 (1916): Berlin Dissertation, 1919. 
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tube G, by means of a ground-glass joint ; this tube connects 
C to the rest of the apparatus. The expansion in C is pro- 
duced by lifting the valve V and connecting it with the 
vacuum chamber B,. The arrangement for producing a 
vacuum in B, is as follows. Two wide-necked bottles B, 
and B, have their openings closed with two wooden disks 
D; and D,, which are cemented to the necks with sealing-wax. 
There are two holes in D,, in one of which fits the thick 
brass tube carrving the valve V and in the other a bent 

lass tube G, which joins B, to B, The second glass tube 
fitted to D, connects B, either toa Gaede box- pump or to air. 
The glass bottles are filled partially with water, the level in 
B, being higher than in B,  T,....T, are glass taps. 


A small quantity of radium bromide is contained in the 
tube E, and the emanation from it can be drawn off to the 
chamber C by opening T). 

To fill the apparatus with hydrogen, all the taps except T, 
are closed and the pump set going. When the air from C 
and the space above the water-level in B; has been sufficiently 
pumped out, T, is closed and hydrogen from a Kipp's appa- 
ratus which has passed through two wash-bottles containing 
water, is introduced into the apparatus by opening Ts. 
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After the apparatus has been several times washed out 
with hydrogen, it is filled with hydrogen at the desired 
pressure as recorded by the manometer M,. To produce an 
expansion all the taps except T; are closed and the pump set 
going. When the pressure indicated by the manometer M, 
is less than that indicated by M,, then Ts is opened. The 
level of the water falls in B; and rises in B,. When the level 
in B, has fallen sufficiently low to produce the required 
‘degree of expansion, then T; is closed and the pump. 
stopped. On lifting the valve the expansion is produced. 
The apparatus is brought back to its original state by 
opening T, and T;. As the water flows back to B, the valve 
V is lifted up, and the tap T, opened. The returning gas 
sweeps in some of the emanation contained in E into the 
chamber C. 

It is found that when the air in B, is being pumped out, 
some of the hydrogen dissolved in the water bubbles out. 
After the expansion when air is introduced into B;, the 
water dissolves some of the air, and a part of it is given off 
to the volume enclosed above the water-level in B, Thus 
after making a certain number of expansions, it is found 
necessary to replace the hydrogen in the cloud-chamber, 
otherwise the ionization tracks of the rest atom cease to be 
visible. 

The cylindrical inner surface of C was completely blackened 
by covering it with a paste of lampblack mixed with Canada 
balsam dissolved in xylol. A strip of glass surface was left clear 
for introducing a beam of sunlight, which was focussed into the 
chamber bv means of a lens L anda heliostat. ‘The camera 
was placed vertically above the chamber C. A Thornton 
Pickard shutter S was fitted to the objective of the camera. 
The releasing string of the shutter was tied to the valve-handle 
H, after passing over a pair of adjustable pulleys. By adjusting 
the tension ot the string, the exposure can be made at a 
suitable instant to secure the best photographs of the 
ionization tracks. Sunlight was only introduced into the 
chamber after the apparatus had been made ready for an 
exposure. 

The objective used was a Dallmeyer lens of aperture £/3. 
There was an arrangement for removing the ions produced 
in € by means of an electric field, which was cut off when. 
the exposure was made. 
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Result. 
A few photographs are given (Pl. XIV.) in which are 


shown the simultaneous ionization tracks of the a-particle 
and the rest atom arising out of a spontaneously disintegrating 
radioactive atom. That these photographs represent the 
beginnings and not the ends of a-particle tracks can be seen 
from the following considerations. 

In these experiments the final pressure in C was about 
12:5 em. (with the exception of No. 1 where it was 15 em.). 
Under this pressure in hydrogen the ranges of the a-particles 
from all the disintegration products of radium are several 
times the linear dimensions of the vessel. Further, we have 
found that if no emanation is allowed to enter C by closing 
the tap I, and if the gas in this vessel is removed, then the 
number of ionization tracks seen at each expansion dueto the 
emission of a-particles from radioactive matter deposited on 
the inner surface of C is very small; frequently during an 
expansion not a single track is seen. And these tracks 
when observed exteud from one side of the vessel to the 
-other. 

The expansion used in these experiments was about 1'7. 
The photographs are reproduced on a scale of unit magni- 
fication. In all the photographs except No. 4 it will be seen 
that the ionization tracks are broader at the base and narrower 
towards the end. All of them show a certain amount of 
scattering. The rest atom shown in No. 4 we think has 
been seattered in the direction of the line of sight. 


Summary. 


A modification of Wilson's expansion apparatus for photo- 
raphing the tracks ofionizing particles and rays is described. 
With this apparatus the ionization tracks of the rest atom 
of radioactive elements have been photographed. 

It was found that these tracks possess the characteristic 
properties which were deduced by Wertenstein from his 
study of the ionization produced by rest atoms. 


o 
e 


University College of Science, 
Physical Laboratory, 
Calcutta, India. 
Sept. 7, 1921. 
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CV. The Elastic Constants of Spruce. By 
H. CARRINGTON, B.Sc., M.Sc. Tech., A. M.1. Mech. E." 


ROM a consideration of the results of experiments on 

four balks of spruce f, mean values of the moduli in 

terms of a unit stress of 10* grammes weight per square 
centimetre are ;— 


F | E oem ee a | 
T | | 
Balk. | E,.| E,.| Ez. | Fy: | Fy. Fa DEP Pry | 
{ 
" UR NN --— ——— — 
A......| T48 | 421 | 10,100 124,200 | 23,000 | 1,335 621 | 506 | 2265 
-— | | — PERMET MN e — — 
B......| 864 | 706 | 16,900 30,900 | 45,100 | 2,170 880 637 381 


—— A ÓNÓ 


— | —Á | | c M— ái 


C ......| 727 | 436 | 10,950 


SERM RA, e 


Dass 650 | 424 


| | 
24,500 24,400 | 1,335 632 506 236 


T A S 


| E ] | i j 
| 11,150 [une ! 29.100 | 1,470 | 602, 588 261 
| | | 


— eee m 


| 


The axis of z is in the direction of the grain, and the axes 
of z and y are in directions perpendicular to the grain, and 
normal and tangential respectively to the annual layers. 
The direct moduli are noted by Er, Ey, and E; ; the symbols 
F+, Fy, and F; are equal respectively to three relations of 
the type 


neo a, 


Oyz Czy 
lateral strain in the direction of z 


where oye... denotes 7 tudinal strain in the direction of y ' 


and Lyz, Mz», and pry are the three principal values of t! e 
moduli of rigidity. 
The moduli correspond with 12 per. cent. of moisture, 


* Communicated by the Author. 
1 Phil. Mag. June 1921, May and July 1922. 
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and the other physical properties which influence the 
moduli are :— 


Shrinkage per cent. in. : 


` Balk. Density (dry). direcion 
| Granines;cu.cin, XOX. - YOY. 
| ; ee 0:371 1:97 | 3:50 | 
| c — — PCENA es 
B ...| 0498 286 | — 350 
C un... 03855 2:15 | 3:59 
O 884 


B uus 0:300 1:91 


NE: ee —À ext — — — 


The elastic constants are the coefficients in the formula for 
the strain-energy function * 


2W = Ae. + Bezu + Cet. + 2Feyyss + Gereras T2Heze,, 

T Lei. + Me rt Me?, : 
this being written in the notation of Love's ‘ Elasticity.’ 
These covthcients can be calculated from the values of the 


moduli. Values of A, B, and Č are given by three equations 
of the type 


ZU es ze 
EE qe 
A= vi ^ F. ; 
and values of F, G, and H by three equations of the type 
1 1 
ES EF. + FF.’ 
A 
1 1 ] 
E. F: Fy, 
where A= — i X m F , 
Ll d L 
| Fy Es E: 


whilst L, M, and N are equal respectively to pyz, pzz, and 


Harus 
* Love's ‘ Elasticity, Art. 110. 
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On inserting the values of the moduli given in the first 
table in these equations, the following table of elastic con- 
stants results. The constants are in terms of a unit stress of 
10* grammes weight per sq. cm. 


Balk.| A. | B 
dcs 984 | 550 | 11,000 | 369 | 564| 388! 621, 506 | 92265 
B....11,00 | 863 | 18,150 | 606 | 589 437 | 860 | 637 | 381 
C....|1,015 | 607 | 12,650 | 424| 608| 495| 632| 506 | 236 


588 | 26:1 


396 | 602 


D... icd 500 | 11,000 Eid 579 


It immediately becomes evident from an examination of 
these results that Cauchy’s deduction *, i.e. F = L, G = M, 
and H = N, does not hold, for H is over ten times as great 
as N. It therefore follows that the equations of St. Venant f, 
which were based on the assumption of the truth of this 
reduction, do not apply. If these equations had held, they 
would have reduced the number of constants from nine to 
four. The equations were reduced in default of experimental 
results for which St. Venant observes the need. 

If the spruce can be considered as transversely isotropic, 
then A = B, F = G, L = M, and A—2N = H, so that the 
number of constants is reduced from nine to five. It is 
easily seen that these relations do not apply, and in particular 
that A—2N is in every case over twice as great as H. In 
view of the large number of experiments from which the 
constants are calculated, the last difference is too great and 
consistent to be accounted for by variations in the :olotropy 
of the material. 

It accordingly appears that neither Cauchy's reduction nor 
transverse isotropy hold for spruce. It may be noted that 
Voigt ¢ found from experiments on the elasticity of crystals 
that, on the whole, Cauchy's reduction did not applv. 


* Ibid. Art. 66. 


+ Todhunter & Pearson's Elasticity, vol. 11. Arts 307 -314. 
I Love's Elasticity, Art. 113 and Introduction. 


Phil. Mag. S. 6. Vol. 45. No. 269. May 1923. 3 Y 
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CVI. The Physics of Colour Vision. 
By Prof. W. Pennie * 


HE subject of colour vision is one which appeals almost 
equally to the physicist, the physiologist, and the 
psychologist. But it is rarely indeed that a writer on the 
subject is equally qualified to ‘deal with the several aspects, 
As a matter of fact, it is probable that, with the exception 
of Helmholtz himself. no one was ever in that position, The 
experimental physicist deals with the observational facts, and 
the mathematical physicist deals with their formal relation- 
ships. He may, at the same time, introduce a hypothetical 
mechanism for the elucidation of the reasoning. That mech- 
anism may, or it may not, be ultimately found to be the 
one actually ocurring. The settlement of that question is 
one for the anatomist or the physiologist. But their settle- 
ment of it, when it comes, must be in agreement with the 
fundamentally essential mathematical formulation as deter- 
mined by the physicist. And that formulation, developed 
initially by Helmholtz, is now so complete that the tri- 
chromatic theory of vision must be regarded as being estab- 
lished phy sically, in its main features, on as firm a basis as 
is the molecular theory, or the electromagnetic theory of 
light. 

Much needless discussion and inconsequent assertions would 
be prevented were any physiologist, who may happen not to 
have had the leisure or the training essential to a tull compre- 
hension of the bearing of the physical theory, to work out 
his problems and conclusions in his own way, using his own 
terminology, and leave its correlation with physical theory to 
the physicist. There is, for example, no reason really why 
Dr. Edridze-Green, with his wide observational experience, 
should not express his results in terms of a score of funda- 
mentals if he so thinks proper. We may leave their subse- 
quent reduction to three, if found possible, to the physicist. 
The collaboration between the physiologist and the physicist 
should be complete. Instead of that there is far too often 
found repeated attacks by physiologists upon certain aspects 
of physical theory, which are supposed by them to be irrecon- 
cileable with facts ; the conclusion being due, in many cases, 
to an insufficient, and probably unavoidably so, familiarity 
with the physical reasoning. 

It is with the hope that this state of matters may become 
less evident, and that the co-operation of physiologists and 


* Communicated by the Author. 
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physicists may speedily become more complete and fruitful, 
that I venture to discuss some observational facts, in view of 
the recent attack bv Dr. Edridge-Green upon the trichro- 
matic theory in the November number of this Magazine. 

He quotes from Helmholtz the statement that, as far as he 
could see, there was no means of deciding on the elementary 
colour sensations other than the examination of the colour- 
blind. But Dr. Edridge-Green seemingly does not know that 
this statement has reference necessarily to the early view that 
colour-blindness was due only to absence of one of the three 
fundamentals. When Helmholtz found that there were cases 
of colour-blindness which did not fall into that category, he 
gave the natural extension of the theory of dichromasy, quite 
sufficient to cover all observed cases of the abnormality, and 
more. The result was that he pointed out clearly that it is 
utterly impossible to discriminate the absolute fundamentals 
by means of observations on colour mixture. Dr. Edridge- 
Green surely has not observed that Helmholtz's conclusion is 
dependent only on the linearity of the law of colour mixture, 
and is, therefore, quite independent of any assumption as to 
trichromasy. Thus it applies equally to his own multi- 
chromatic or non-elemental postulates. Helmholtz's position 
is exactly counter to Dr. Edridge-Green’s aim, instead of 
supporting it as he claims. His crucial facts are absolutely 
non-crucial. 

In discussing the relation of luminosity to colour he then 
states, that if the sensation of white were compounded by the 
addition of three elementary processes, and one of these 
processes were subtracted, the position of the apex of the 
luminosity curve would not be the same in the colour-blind 
as in the normal. Here he must mean that it is to be as- 
sumed that the apex of tlie subtracted curve does not coincide 
with the luminosity apex. But in any case, it is pointless to 
refer only to the limited, simplest, and therefore first adopted 
postulate, as to the mode of occurrence of dichromasy. |: From 
this point of view his next statement, that there are numerous 
dichromies who have a luminosity curve similar to the normal, 
ceases to have application as an adverse argument. The 
implied inference is that the trichromatic theory cannot meet 
thecase. On the contrary, this dichromatic type is one of the 
most easy to predict on the basis of that theory. Then he 
refers to a case of dichromasy in which there was shortening 
of the red end of the spectrum while the luminosity apex was 
in the normal position. This is readily accountable for on 
the trichromatie theory ; but the equation which Dr. Edridge- 
Green writes down as a trichromatic expression for the 


3 Y 2 
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theoretical white is not one which any physicist upholding 
that theory would write down as the suitable expression. 

He then asserts that the facts of colour-blindness are 
quite inconsistent with any three-sensation theory, and that 
supporters of such an elemental theory have in many cases 
contented themselves with describing a case of colour- 
blindness in the terms of the theory, without showing that 
the ascertained facts are consistent with the theory. This 
fairly well amounts to a charge of incompetence, or at the 
very least, of peculiar oversight. No upholder of the tri- 
chromatic theory can claim infallibility : : but it is logically 
impossible to describe in terms of a physical theory, facts 
which are inconsistent with it. The alternative explanation, 
which is rendered likely by some of his other statements 
regarding the theory, is that. Dr. Edridge-Green is himself 
unacquainted with the full scope of the theory. Thus he 
states, as an example, that no one has shown how, on an 
elemental theory, 50 per cent. of dangerously colour-blind 

an get through the now obsolete wool test. If there be 
any truth in this statement, and it may easily be entirely 
true. it can only mean that practic: ally everyone is aware 
of the ease with which the explanation is furnished by the 
triehromatie theory ; in fact, the explanation is identical 
with that given hy Dr. Vdvidec-Geecn himself. That it 
must be so is self-evident to anyone who realizes the essential 
linearity of the law of colour mixture. Then he asks, as if 
unanswerable on the tricliromatie view, two questions whose 
solution should be easily given. by anyone who realizes the 
most general way of imposing six relations amongst nine 
arbitrary quantities, 

The next case discussed is one of merely anomalous vision, 
in which little more than one-half of the normal amount of 
green was used in forming an equation for white, and 
fatigue. by red diminished “the necessary proportion still 
further. T have known a case of this type in which a colour 
which was reddish to a normal eye appeared to be greenish 
to the abnormal eye. The trichromatie explanation is very 
direct, and Dr. Edridge- Green does not, in this case, make 
any direct assertion that the effect is not so explainable. 

His remarks upon the inadequacy of the terms red-blind 
and green-blind, as frequently used, may be readily agreed 
with, : although. they are only in the same category as other 
terms, such as latent-heat, which are survivals of an earlier 
provisional hypothesis, and do no harm when their limitations 
are comprehended, 

He points out the interesting fact that some colour-blind 
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persons, who object to a normal white equation, cease to do 
so when the intensity of the comparison white is raised to 
such an extent that it appears much too bright to the normal 
eye. He remarks that this clearly shows that the normal 
mixed white produces the same effect so far as colour is 
concerned, but has a more powerful effect as to luminosity. 
This may be so; but it need not indicate anything more 
than the change of sensation with intensity. However that 
may be, when he goes on to say that these facts are quite 
inconsistent with a hypothetical red sensation, which is 
affected by light of all visible wave-lengths, it is not possible | 
to agree. He points out that the red end of the spectrum is 
always shortened in these cases, and, in illustration of his 
argument, proceeds thus: * A man with shortening of the 
red end of the spectrum and normal colour discrimination 
will put together as exactly alike a pink and a blue or violet 
much darker. If, however, the pink and blue be viewed by 
a normal-sighted person through a blue-green glass which 
cuts off the red end of the spectrum, both will appear 
identical in hue and colour. This proves conclusively that 
the defect is not due to a diminution of a hypothetical red 
sensation, because all the rays coming through the blue-green 
glass are supposed to affect the red sensation, and yet we 
have been able to correct the erroneous match by the sub- 
traction of red light." Surely it is the case that abstraction 
of red light from the pink by the blue-green transmitting 
glass gives rise to less red stimulus, so that the pink looks 
blue. There is in his statement a fundamental misconception 
of the implications of the trichromatic theory, which is not 
by any means uncommon. 

The remark is next made that “ A totally erroneous view . 
of a case may be obtained through methods based on the 
three-sensation theory." And, in illustration of this, he 
discusses a particular case of colour-blindness, and gives an 
explanation of it, which he apparently presnmes to be 
impossible on the trichromatic theory. Yet the argument 
could practically be adopted word for word by one accounting 
for the phenomena on a trichromatic basis. 

Finally, Dr. Edridge-Green appeals to Dr. Houstoun's 
theory as supporting his own special views. It seems to me, 
on the contrary, that the theory is worthy of consideration 
as giving a possible indication of the way in which trichromasy 
has arisen. 

He does not seem to be aware of the fact that Helmholtz 
insisted on the merely illustrative value of the special hypo- 
thesis regarding the mechanism of vision, and even said that 
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a triple set of nerve-fibres might be inessential. The fact 
that Helmholtz nevertheless did not give up trichomasy 
might give food for thought. On the other hand, the fact 
that physiologists very frequently take wrong views of the 
contents of the trichromatic theory can scarcely be altogether 
laid to their blame. Knowledge of the earlier developments 
was spread abroad, and was incorporated in text-books aud 
discussions, and was never superseded fully by the later 
treatment. Most of the arguments directed against it are 
futile, in that they are aimed at the older views, and, even 
so, frequently regard inessentialities as essential. The 
“magnificent structure finally reared by Helmholtz is to rhis 
day largely unknown, although it is adequate for the treat- 
ment of the most modern work of observation. 


CVII. Quantum Theory of Photographic Exposure. 
Third Paper. By L. NILBERSTEIN, Ph. /).* 


‘Communication No. 173, from the Research Laboratory of the 
Eastman Kodak Company. ] 
HE purpose of this paper is, first, to take account of 
the absolute energy values. of the exposures used 
in the experiments deseribed in the first two papers on this 
subject, which values were since measured, and, in the second 
place, to deduce from the fundamental formula the integral 
or “‘ density " formula for a certain type of emulsions and to 
compare it with the experimental results recently obtained 
with X-rays. The treatment of the first point will afford a 
good opportunity for amplifving the proposed theory in 
a sense already hinted at in the second paper. 


1. In section 4 of the second paper (Phil. Mag. vol. xliv. 
1922, p. 956), it was mentioned that possibly not the whole 
but only some fraction e of the area a of a silver halide grain 
is “vulnerable,” j.e. ready to become developable (say, to 
lose an electron) on being hit by a light dart carrying a 
quantum of energy of sufficiently high frequency, and that 
if n be the unknown number of such darts i impinging per unit 
area of the plate, what can be determined from microphoto- 
graphie experiments alone is essentially only the product nea, 
and therefore also ve, but not x itself. Whether at all and 
how much the coefficient e which can be taken as the 
measure of sensitivity of a given material, differs from unity, 


* Communicated by the Author. Paper read at the annual meeting 
of the A;nerican Phy sical Society at Boston, December 27th, 1922. l 
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can only be decided by measuring the absolute energy-value 
of the exposure given to the plate. If this be Æ per cm.? of 
the plate, we shall have (assuming that the whole energy is 
split into quantum parcels) 
E/lv =n, 

and dividing by this number the value of en obtained micro- 
photographically, we shall find the required value of e. 

Now, Trivelli and. Righter's “first step?" observations 
which were tabulated in the first paper and for which the 
microphotographic method gave en — 0:572 per square 
micron, i. e. 


enz5:12.10" per cm.?, 


was obtained by an exposure to a 250 watt nitrogen lamp at 
a distance of one metre, through a standardized diaphragm 
(No. 10) with a standardized opal glass and through a blue 
tilter (referred to as No. 78, giving a maximum intensity 
at XA—470up) during 45 seconds. Careful measurements 
recently completed in this laboratory by Mr. A. L. Schoen 
have shown that that exposure amounted, within +10 per 
cent., to 
E 19:8 ergs/cm.?, 

i.e, with A=470up, to n=4°7.10" light quanta per cm.? 
of the photographic plate. This also is, substantially, the 
number of quanta reaching the plane of the (single) layer 
of grains, for the reflexion at the surface of and the 
absorption within the thin gelatine layer amount but to 
a few per cent. | 

In our case, therefore, i. e. for the experimental emulsion 
W12C used in those observations, the discussed fraction 
would be as small as 

e=1:2.10~°. 

In fine, on an average, only about one hundred thousandth, 
and certainly not more than one ten thousandth, of the area 
of a grain of this emulsion would be sensitive to light, i.e., 
made developable (together with the remainder of the grain) 
on being hit by a single light dart *. There being good 

* Mathematically, the above state of things might be accounted for 
bv assuming that the whole area of a grain is sensitive, but that a “hight 
dart " carries 10' or 10° quanta of energy. From the physical standpoint, 
however, such an assumption, made ad hoc and standing perfectly isolated, 
is manifestly very unsatisfaetory as compared with that attributing to 
each light dart a single energy quantum. For there is good independent 
evidence for the existence and separate propagation of precisely such 
energy parcels. 


At first sight yet another alternative might seem possible, namely, 
to assume that the whole area of a grain is equally * sensitive," but that 
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reasons for ruling out the alternatives mentioned in the 
footnote, we are driven to this conclusion by the above 
experimental results. This does not necessarily mean that 
only such a small fraction of the impingent light darts is 
actually absorbed by the grain (the remainder being trans- 
mitted and reflected), but that only such a small minority of 
all these darts are photographically efficient, ?. e., do actually 
eject photoelectrons. 

It may be well to point out in this connexion that in a set 
of Elster and Geitel’s experiments (1912) with what was 
considered a very sensitive potussium cell, only one out of 
2300 blue light quanta hitting the cell liberated a photo- 
electron, though a little later (1913) Pohl and Pringsheim 
succeeded in pushing the efficiency of a potassium surface 
under special conditions up to two or even three in a hundred. 
(Cf. A. L. Hughes, Photo-Electricity, 1914.) 

Moreover, the replacing of the measured grain area a 
by ea introduces into the proposed theory, at first purely 
geometrical, a very desirable feature, namely the coetticient 
e which may vary from emulsion to emulsion, and will thus 
serve as a measure of their specific sensitivity. The fact 
that this coefficient was found to be as small as 107* or 107? 
is also of some practical interest; for it makes it reasonable 
and worth one’s while to try to increase it considerably, 
pushing it towards its ideal limit, which would be unity. 

We have thus far tacitly assumed that, for equal grains at 
least, e is a given constant fraction, and this amounted simply 


a M ea eee ae = ee ambe cmm Po ud Be e 


instead of one, it must be hit by at least, say, a thousand light quanta in 
order to be made developable. But such an assumption would entirely 
distort the original formula 


k/Nz1—e-5, s=const. Ea, 
which essentially, apart from minor correction terme, does i isis the 
microphotographic findings. In fact, while the number of grains hit 


at least once is 
k=N(1—e—*4), 


the number of those hit at least twice will be found to be 
m—k 


k,=k (i. k i m=nNa, 


and the number of those hit three times 


sical teal 
Ek, [;.- ka |, 


and so on, and these formule deviate considerably, and to an increasing 
extent, from the correct one, 
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to replacing na in our previous formule by nea. The main 
results will not be altered very much if this simple assumption 
is replaced by the following more general one which is more 
likely to correspond to the actual conditions, and seems 
fruitful inasmuch as it leads to some further interesting 
ex periments. 

Let the sensitive part of the area of a grain, instead of 
being all in a lump, consist of a number of separate vulnerable 
or sensitive spots, each of area w, and distributed among the 
individual grains (each of area a) not equally but haphazardly. 
The necessary and sufficient condition for a grain to be made 
developable will now be that at least one of its spots should 
be hit by at least one light dart of a sufficiently short wave- 
length *. | 

Let N be the total number of grains, of equal areas a, and 
No, Ni, Ns, etc., the numbers of those among them which 
have 0, 1, 2, etc., generally « such vulnerable spots. Then 
the number of grains affected by an exposure to n light darts 
will be, by our original formula (without the correction due 
to a finite ‘cross-section of the darts," which now may 
become superfluous), 


k= X N,(1—e- e), 


a=0 
if m be the largest number of spots on a grain. Since 


N= XN, 


this can be written 


k=N— 5 N,e- tno, 


k—0 


Now, if x be the average number of spots per grain, the 
former being distributed haphazardly among the latter, w 
shall have 


N, (Ne\ 1 |i 1 Ne-« 
v=(Ce)wU-N) : 


* These vulnerable “spots” will not be confounded with Prof. 
Svedberg's “centres” (mentioned in our second paper), which he 
himself considers as the product of light action on the halide grains. 
The “spots” would rather correspond to the nuclei of sensitiveness 
suggested by Mr. F. F. Renwick (Brit. Journ. of Photogr. lxviii. 1921, 
p.907). It seems likely that Svedberg's * centres" are those of our 
sensitive spots which were actually hit and thus made developable. 
If so, then & sufficiently strong exposure should reveal (after a short 
development) all “spots” as visible markings or “ centres." 
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and for large Nx and small «/Nx, 


K*e—k 
N,N- E. oe So oue ue AD 
a x! 2 
and therefore, : 
k M KAY — Rnw 
: — p ~= k 
Nee RD 


Here we can write 


Sas («e—nw)s 


ci? 


and if m be a large number (a condition still compatible with 
a small ratio m : Nx), 


Thus our formula becomes 
K£zN[1—e(^""-D01. . . . . (1) 
If nw (a pure number) is a small fraction, we have 
e—-?w-—] = nw, 
and, as a first approximation, 
kK=N[1—e--nkw) 


ax if every grain had actually the average number « of spots 
and, therefore, the same vulnerable area xw. The second 
approximation, up to (n0)?, will be 


K=N[1—e-vew(1—jnw)], b X e du (la) 


Introducing again the abbreviation 


N 
r=log( 7). pook BR ee e. (29) 


the first and the second approximations can more con- 
veniently be written r= kic and 


e-kno(l—liuo) . . , . . (3a) 
respectively, and the complete formula (1). 
e—k(l—e-?»-. . | . , , (3) 


The product xw is the average vulnerable area of a grain, 
and since a is its total (projected) area, our coefficient e, 
called provisionally “the specific sensitivity,” will now be 
detined by | 


e — — 


eet). TERTE 
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and will thus represent the average sensitivity of the (equal) 
grains of the emulsion. We do not prejudice whether e 
itself is a constant of the material or depends on a. In other 
words, « muy but need not be proportional to the area of the 
grain. Using the definition (4), the approximate formula 
(3 a) can be written 


v-ean(l—iean/k). . . . . . (5a) 


As far as our present knowledge goes, the second bracketed 
term need not be a negligible fraction of unity. This will 
depend on x. In fact, the value of v observed in all our 
experiments, even for such grains as a=2y?, was of the 
order of 0°5. Thus, since v = ean gives at least a coarse 
approximation, the product ean itself is, in all these cases, 
a moderate fraction. Consequently the second term ean/2« 
need not be inappreciably small unless «, the average number 
of vulnerable spots per grain, is large. 

We will, for the present, close the discussion of the com- 
plete equation (3), equivalent to (1), by one more remark. 
If this equation be aecepted as valid even for indefinitely 
increasing exposure, « acquires a simple experimental 
meaning and is made easily aecessible to measurement, 
namely, it becomes equal to the limiting value of v 
for n=, 


=r, =logy, 3x RO odhboc.uwe 4. (6) 


or, equivalently, k, — N(1—e-5*)*. Thus, if æ is reasonably 
small, the limiting number £, of affected grains (of a given 
size) should perceptibly fall short of the total number N of 
grains originally present; the surviving grains would simply 
be those that had no vulnerable spots at all. Whether, and 
to what extent, such be the case can only be decided by 
careful experiments with a rather fine-grained emulsion. 
Notice that if « amounts to more than a few units, the 
percentage value of £, will not be easy to distinguish 
microphotographically from 100. The utmost which can 
thus be reliably distinguished can be taken to be 99 per cent., 
i.e. 1 per cent. surviving grains, to which would correspond 
«=4°606; in order to obtain 10 per cent. of permanently 
surviving grains, the value of « would have to be about 


* Notice that this is only a verification of (3) with regard to the 
original assumption, according to which all grains deprived of vulner- 
able spots (N, in number) should be left over. In fact, we have by 
(A), N,2 Ne-*, and since, by the said assumption, 4, 2 N— N,, formula 
(6) follows at once. 


am fumum Fun nU UE ne RD 


eee ee ic 
-- 
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2:30 only. For small grains, however, x may be small 
enough to enable us to distinguish decidedly 4, from N. 

If so, then, having found « by means of (6), we shall 
be able to determine w by means of (3) which, n being 
measured, will give 


‘ 7) 
n Prior ( 

In this way we may be able to find both « and w experi- 
mentally, for every grain size a, instead of speculating about 
their dependence upon a. 

The results of experiments just undertaken to that effect 
by my colleague Mr. Trivelli will be related in the next 
paper. 


2. Density formula for ideally “exponential” emulsions *.— 
It has seemed interesting to test the elementary formula 
k=N(1—e-e@) with e assumed. constant, by integrating it 
for an emulsion of exponential type and comparing the 
resulting formula with the usual density measurements on a 
plate coated with an emulsion of roughly such a type. 

the number of grains of size a to a +da is N,du=f(a)da, 
with 


fla)2C€Ce-m, . . . . . . (8) 


valid from a—a, to a=ay (and nil outside these limits), then 
the total projected area of AgBr made developable will be 


Au? 
(en + p 


a 


" [1+ (en - u)a ]e- (ct e)a 


a 


K=. 1— 


where A — [af(a)da is the total available area of the silver 
halide. : 

If the frequency curve has a long “tail,” as is the case 
with many emulsions, we can approximate the real case by 
taking a»— x , and, on the other hand, if aj is small enough, 
we can simplify matters, without much deviating from the 
actual conditions, by putting «,—0. Thus the last formula 
becomes 


Ag! — 
T NE. eo 2s (9) 
The photographic “density” is always assumed to be 


* I.e., emulsions whose frequency-curves assume an exponential form, 
as defined by (8); this is, approximately, the case for many emulsions. 
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proportional to the blackened mass of silver halide*. If so, 
then denoting by D, the “maximum density," or rather the 
extreme density obtainable, 
2 . 
D-D,|i-;. ^] s ^ Q0 

Notice that D depends only on the quotient en/p. 

On the other hand, if the transparency T of the plate is 
taken to be 

T=1—A, 


the corresponding density will be (writing Log for logo) 
Dz-—Log(l—K). . . . . AD 


of which the former relation is an approximation (for 
small A). At any rate, it has seemed interesting to combine 
also this relation (11) with the formula (9) for the blackened 
area K. This, with the abbreviation 


en 
pem =ak, . " . . . . 12 
z (12) 
gives for the density D as function of the exposure E, in any 
conventional units, 
An -" 
eg roe [1— Kut (1+aK)?J' +8) 
where Km is defined by 
D,--—Log(l—A,). . . . . (Ba) 


Now, in most practical cases (of many-layered coatings, 
of course) the extreme density J), certainly exceeds the 
value 3, so that 1— A, < 0001. For plates producing 
such high densities we may use the limit of (13) for 
K,,21 (i.e. for D,,2 œ ), which gives 


Dz2Log(lar«E). . . . . (14) 


* This is based on experimental results obtained with many-layered 
coatings for densities ranging from 0'5 to 3:5 (cf. Sheppard and Mees. 
Investipations on the Theory of the Photographic Process, p. 38). 
The matter has been investigated mathematically by P. G. Nutting 
(Phil. Mag. xxvi. p. 423 (1913)). For a one layer coating the propor- 
tionality between densitv and mass of silver does not hold, the correct 
relation being, manifestly, T (transparency) =1— A, whence 


D=Log (^) =—Jog (t - K), 


so that only for small A, D= MA, where Log stands for logi», and 
M= Log e. 
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It has seemed interesting (even apart from any theory) 
to compare this remarkably simple formula with some ex- 
perimental “characteristic curves,” especially with X-ray 
exposure curves which appeared to be qualitatively at least 
of such a type. Although the relation (11), upon which 
(14) is based, is suited primarily to single-layer plates, 
yet the latter formula might be expected to hold also, 
approximately at least, for many-layered coatings, provided 
the emulsion has, roughly, an exponential effective frequency 
curve. The following table contains the results of such a 
comparison, The first column gives the X-ray exposures E 
in arbitrary units (in this case, proportional to the exposure 
times, at reliably constant intensity), and the second column 
the corresponding densities obtained in this laboratory by 
Mr. R. B. Wilsey on a “portrait film," the development 
conditions and time being the same for the whole set of 
fourteen exposures, 


E. Dobe. Dante, ôD. 

l UUs 0:12 0:04 

2 0:15 017 +002 

2 0-20 0:23 +003 
24/2 0:20 0:30 4-001 
4 0:40 041 -- 0-01 

1. 2 0:54 0:54 0-00 
8 0:72 0:69 — 0-03 
EVE. 0:00 0:87 — 003 
16 1:10 1:07 —0:03 

l6 2 1:32 1:29 —0:03 
32 1:56 1:53 — 003 
3272 1:30 1:79 — 0:0] 
64 2-12 2-06 0:06 
042 2448 2 33 —015 


The third column contains the density values calculated 
by means of (14). The constant being given the value 


a 20:151, 


all the observations, in the wide range of E — 1 to 64, and 
even to 612 Vv 2, are well represented. The deviations 6// are 
all, with a possible exception of the last, well within the 
limits of experimental error. 
Rochester, N.Y., 
January 23, 1923. 
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CVIII. Zonization by Collision in Helium. By J. S. TowNsEND, 
M.A., F.R.S., Wykeham Professor of Physics, Oxford*. 


l. T ionization of argon and helium by the collisions of 

electrons and positive ions with molecules of the gas 
was investigated some years ago by Gill and Pidduck f, and 
the experiments which they made on the currents between 
parallel plates indicated that these processes of ionization 
follow the same general laws in the monatomic gases as had 
previously been found with other gases. 

These experiments are not in agreement with the modern 
views held by some physicists as to the mode of development 
of currents in monatomic gases, or with the determinations 
of resonance potentials or ionization potentials as found by 
experiments where the electrons from a hot filament pass 
through a gauze between two fields in which the electric 
forces act in opposite directions. 

The apparatus used in the latter experiments resembles 
the three-electrode valve used in wireless telegraphy ; und 
this method of investigation may be referred to as the valve 
method in order to distinguish the results from those 
obtained by measuring the conductivity between parallel 

lates. 

When electrons are emitted from the negative electrode 
in a gas, and the stream flows to a positive electrode at 
various potentials, the curve representing the currents in 
terms of the potentials should, according to the modern 
theory, be in the form of a series of well-defined steps with 
angular points at the top and bottom of each step; and when 
experimental results conflict with this view, the discrepancies 
are attributed to impurities. 

2. I have recently made some experiments with Mr. Ayres 
on the currents through helium, in order to examine tlie 
matter more closely by finding a large number of points on 
the current-potential curve, as in Gill and Pidduck’s earlier 
experiments these points are far apart, and variations in 
curvature might have escaped observation. We have taken 
every precaution to eliminate impurities, and have obtained 
exactly the same results with helium from a natural source, 
and helium prepared by heating thorianite. The current- 
potential curves do not show any steps over the range of 
forces and pressures similar to those used in Gill and 

* Communicated by the Author. 


t E. W. B. Gill and F. B. Pidduck, Phil. Mag. (6) xvi. p. 980 (10905), 
and xxiii. p. 837 (1912). 


1072 Prof. J. S. Townsend on 


Pidduck's experiments, where the current increased with the 
potential V, which was proportional to the distance z between 
the plates, by the factor e*. 

The earlier investigations having been made with a view 
to testing the theory of ionization by collision and applying 
it to calculate the sparking potentials, the smallest potentials 
used in the experiments were generally not less than about 
40 or 50 volts. This was necessary in order that the elec- 
trons set free from the negative electrode should travel a 
short distance through the gas and attain the steady motion 
corresponding to the ratio of the electric force X to the 
pressure of the gas p. 

In the experiments which we have recently made the 
investigations have been extended, in order to determine the 
initial effects obtained with comparatively small potentials, 
where the electrons set free from the negative electrode are 
being aceelerated and begin to acquire sufficient energy to 
ionize molecules by collisions, 

| have recently pointed out in a paper published in the 
Philosophical Magazine * some objections to tlie principles 
on which the modern theory of the mode of development of 
currents is founded, assuming the conclusions which have 
heen drawn from the valve experiments to be correct. 

In the case of helium the rate of increase of the currents 
between parallel plates, with the potential difference between 
the plates, is much greater than the inerease which would be 
obtained if the energy required to ionize a molecule were 
as great as 2] or 25 volta, which are the minimum lonizing 
potentials determined by different investigators using the 
valve method. 

It is of importance, therefore. to show how the energy 
required to ionize a molecule may be investigated by experi- 
ments on currents between parallel plates without introducing 
any hypotheses depending on the lengths of mean free paths 
of electrons, or on the mode of distribution of energy about 
t mean value in a group of electrons. 

. When the conductivity between parallel plates is ob- 
Tr ed by the action of ultra-violet light on the negative 
electrode, and the potential difference V between the plates 
is proportional to their distance apart x, the rate of increase 
of the current with the potential varies for ditferent ranges 
of the distance. 

In general three ranges may be considered. In the first. 
range, where V is small and the distance æ varies from 0 toa, 
the mean kinetic energy of the eleetrons and the distribution 


* Phil. Mag. March 1923. 
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of the energy about the mean value changes with the distance; 
in the second range between the distances c=a and r=b the 
mean kinetic energy of the electrons and the distribution of 
the energy is independent of the distance x, and the current 
between the plates is given by the formula n=nye%; in the 
third range from «=d to c=S the positive ions produce an 
appreciable effect, and sparking takes place at the distance 
S between the plates. The distances a and b are not very 
definite and there is no abrupt change in the mode of develop- 
ment of the current. For the purposes of this investigation 
it is necessary only to consider the rate of increase of tlie 
current with the distance between the plates in the first two 
ranges. 

The unit of energy may be taken as the energy acquired 
by an electron in moving between points differing in potential 
by a volt, and the energies may be expressed in volts. Ifc 
be the energy required to ionize a molecule, ionization may 
occur when an electron with kinetic energy greater than c 
collides with the molecule. The probability of a molecule 
being ionized by a collision depends on the amount by which 
the energy of the electron exceeds c. 

Let c--v be the mean energy of the electrons in coming 
into collisions which result in the ionization of molecules. 
After a collision the excess cf energy v may be retained by 
the colliding electron, or some fraction of it may be imparted 
to the electron which is set free from the molecule. Hence 
after the collision the mean energy of these two electrons is 
v/2. As these electrons starting with the mean energy 7/2 
move through the gas under the action of the electric force, 
their velocities gradually increase until they again acquire 
sufficient energy to ionize molecules. The electrons pass 
through tliis cycle several times, and in addition to the loss 
of energy when molecules are ionized, they lose energy in 
each cycle by collisions with other molecules. Let w be the 
average value of the total energy lost by each electron in a 
cycle by collisions with molecules which are not ionized. 

4. Let u be the mean energy of the electrons passing any 
plane between the two planes z—a and r=6, where tlie 
motion is steadv and the distribution of the energies of the 
electrons about the mean value u is the same at all points 
between these planes. The number of electrons n that pass 
through any plane ata distance a from the negative electrode 
is given by the formula. n= ne, which has been found 
experimentally. 

The energy acquired by the stream of electrons as they 
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pass through the distance b—a is 


b = 
x( nye*' da — E m). 


X being the electric force in volts per centimetre, n, the 
number of electrons entering the space through the plane 
x=a, ng the number passing out through the plane r=b. 
The energy of the electrons entering the space is nyu, the 
energy of those passing out is nou, and the energy lost in 
generating (ng—n,) electrons by collisions is (14—)c. 
Hence 

a\( leg ree 

Xum) — (04 2) (my—m) + W, o 
where W represents the loss of energy in collisions with 
molecules which are not ionized. In order to find W in 
terms of the mean energy w lost in a cycle, the distance 
(b—a) may be taken as the distance in which the current is 
doubled, so that n3 2n,. In this case each electron entering 
the space performs one complete cycle, and the total energy 
it loses in collisions with molecules which are not ionized 
is w. 

The electrons generated in the space between the planes 
perform the first part of the cycle, in which their energy 
increases from the initial mean value v/2 to the mean value u, 
in moving various distances under the electric force. Thus 
the new electrons lose less than the original electrons, and 
their average loss may be represented by wy, where y is a 
factor less than 75. 

Hence W=n,w(14+y), and equation (1) becomes 


Ld 


p =ce+utw(lt+y) . . . . . (3) 

9. A relation between c and v may be obtained by con- 
sidering the effect of the two groups of electrons passing the 
plane z=a with the average energies v/2 and c+ e respectively, 
when ng=2n,. The factor e®-% is then equal to 2, so that 
(b—a) 2:693/a. Thus each electron entering the space 
between the two planes ionizes one molecule, except some of 
those with energies less than the mean value ¢/2, the 
deficiency being made up by some of those with energies 
greater than the mean value c +v, which ionize two molecules. 
The effect as far as the estimate of the mean value of v is 
concerned is the same as if each electron in the two groups 
ionized one molecule in the space between the two planes. 
The group passing the plane z—a with the mean energy «/2 
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acquires additional energy as it moves under the electric 
foree and ionizes molecules just before passing through the 
plane +=). The mean loss of energy of each electron in 
this group due to collisions with molecules which are not 
ionized is w, and the energy each acquires under the electric 
force is X(b—a). Also for each electron entering the space 
with the energy v/2 two pass out with the same mean 
energy, so that the following relation is obtained 


5 y-693— cio +52. se oe a O) 


6. The values of « corresponding to various forces and 
pressures may be found experimentally, and the ratio a/p 
may be represented in terms of X/p by means of a curve. 

There is a maximum value of the ratio a/X at the point of 
contact of the tangent through the origin. In helium the 
value of a/p is ‘5 and of X/p is 16 at this point, and the 


corresponding value of = X63 is 22-2 volts. Itis therefore 


secn from equation (3) that the sum of the three energies 
(c+w+v/2) has a minimum value which is 22:2 volts, when 
X/p=16. The energy w diminishes and v increases as 
X/p increases, and assuming c to be constant, the variation 
in the quantity w+v/2 with the ratio X/p is obtained from 
the curve representing «/p in terms o£ X/p. 
7. The following expression for w in terms of X]a is 
obtained by eliminating c from the relation (2) and (3) 
X v 
u '307 + 9 —WY, . . + © o (1) 


and it is of interest to find the numbers of electrons with 
energies above and below the mean value « in the space 
between the two planes r=a and r=), 

If x=a, be a plane near the plane x—a, the electrons 
with the smallest energies which pass the plane «=a; are 
those which ionized molecules and the new electrons gene- 
rated between the two planes. The number v of these 
electrons with small energies is 2»,(e(79*— ]), ny being 
the total number passing the plane x-—a. The electrons 
which ionize molecules just after passing the plane z=a 
and those they generate have the largest energies in the 
group v, and if the maximum energy is equal to u the 
distance (a, — a) is given by the equation 

u = X(aj—a)-rv[/2— wy 
3U X/apve[/2—wy. . . . . . (3) 
322 
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Hence (a, —a) nis uh und the number v of electrons passing 
the plane z-«, with velocities less than u is 2^ (€ 9 1) 
='72n,, and the total number passing this plane is 1° 36. 
Thus 47 per cent. of the total number of electrons passing 
any plane have energies greater than the mean energy u. 
After passing through “the plane r=a the electrons with 
the larger energies are the first to ionize molecules, and the 
others acquire sufficient energy to ionize molecules after 
moving greater distances through the electric field. The 
electrons which pass the plane .—a with the energy u 
ionize molecules as the stream passes the plane as, W “here 
the total number in the stream has increasrd to 1:47 xn. 
Thus e“: ®¢=]:47 and (ag—a)='385'a. The potential 


difference between these two planes is ~-x°385, and in 
ex 


helium the value of this potential is 12:3 volts when 
X/p= 16. 

Hence, if the energies of the electrons in a group are all 
nearly equal tothe mean energy u, when the group is pa-sing 
a plane za, the majority of them will ionize molecules near 
the plane ay, which differs in potential from the plane r=a 
bv 12:3 volts when N/pz16.. Approximately half the group 
lonize molecules ne and the remainder atter passing the 
plane r= dg. 

8. In order to obtain another relation connecting the 
quantities a, ic, and v, independent of the relations (2) and 
(3), it is necessary to MCI tle currents in the gas when 
the electrons set free from the negative electrode first begin 
to ionize molecules. 

When a group of electrons is set free from the negative 
electrode by ultra-violet light, the same current is obtained 
for a considerable range of small distances between the 
plates when the electrie force is maintained constant ; but as 
the distance and potential ditference between the plates 
increases. beyond a certain point, the electrons acquire 
sufficient energy to ionize molecules, and the current in- 
creases, They all start with a small. velocity from the 
negative electrode, so that comparatively few of the electrons 
have enerzies much different from the mean energy of the 
«roup in the earlier stages of their motion through the gas. 
Thus the mean energy of the group may attain the value ; T 
before ionization by "collision begins to have anv appreciable 
effect on the current. Let N be the number set free from 
the negative electrode, ô their distance from the electrode 
when their aver age energy is u, Ò their distance when halt 
the number in the group N have d molecules of the 
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gas. At this point the number of electrons in the stream is 
1:5N, and the distance ô, may be found very accurately from 
measurements of the currents between the plates at various 
distances apart when the force X and the pressure p are 
maintained constant. The preceding investigation shows 
that if the group of electrons pass the plane c=6, with the 
mean energy u, and half the electrons ionize molecules 
before reaching the plane sz, the potential difference 


between the two planes is zX ‘385. Hence 
X (85 — ò, ) =*x 385 and ô= ô, —°385/a. 


In moving from the negative clectrode to the plane z— 8, 
the electrons lose energy by collisions with molecules, and 
in the latter part of this path, while their energies increase 
from v/2 to vu, the average loss of energy is wy. In the first 
part of the path, before they attain the energy v/2 they lose 
a comparatively small amount of energy, which may be 
denoted as wy’. Hence, if v; be the energy of the electrons 
when emitted from the negative electrode, the following 
equation for v is obtained : | 


u = X6; + — u(y t y^) 
= X(8,—:385/a) -e—t(yy). . . . (8) 


The experiments on the initial development of the current 
from the constant value N to the value 1:5N may also be 
interpreted as showing that when electrons start with 
energy vo and traverse the distance ô, under the force X, 
they attain the average energy c+v required to ionize 
the molecules. This consideration leads to the following 
relation between the energies : 


ctv = X+ vool ty) o... (7) 


The correction for the loss of energy in collisions with 
molecules which are not ionized is in this case the same as 
that occurring in the complete cycle while the energy rises 
from v/2 to «+, and, in addition, the energy wy' lost in 
the collisions which occur before the electrons attain the 
energy cv/2. 

The expression (6) for v may be obtained by eliminating 
c and v from the equations (2), (3), and (7), so that ( 6) and 
(1) are not independent relations between the energies. 

In determining the values of the quantities Xô; and X/a 
for substitution in the energy equations, the ratio X/p must 
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be the same in the various experiments. The same values 
of Xô, and X-a are obtained with different pressures and 
forces, provided the ratio X/p is constant. With the 
apparatus which has been used, the distance between 
the plates was not increased above one centimetre, in order 
to maintain a uniform electric force between the plates ; 
and the most accurate results are obtained by using com- 
paratively small forces and pressures to determine the 
potential Xô, and forces and pressures about three or 
four times as large to determine «a'p. A full account of 
these experiments will be given in a future paper, but 
for the purpose of illustrating the method of obtaining 
the values of c-p ic and v it Is ficient to take the value 
X6, = 3075 volts obtained when the ratio X/p is 16. 

. The values of e+e and v obtained from equations (3) 
and (7) are : 


Tm SN —— NES 
693X 7 
v2 = Xô, oe try-—wy. 2. 2. . (9) 


The last two terms in these equations are comparatively 
small, ry being about one volt and wy’ a quantity of the 
same order, so that for a first approximation to the values of 
c w and v these terms may be neglected. When the values 
of X6,2 30:5 and X/a=32, which were found experimentally, 
are substituted in the above equations, the following values 
of the energies are obtained : 


e+w = li volts, . p wc C11) 
v = l66volts. . . . . . (12) 


It is difficult to obtain accurate evidence from these 
experiments as to the proportion in which the 14 volts 
is divided between ¢ and i, but it is improbable that the 
latter B is negligible and ¢ is probably not greater 
than 12 volts. An inv estigation is being made of the loss 

of energy of electrons in collisions with molecules of helinm 
bv the same method which has been used with air and other 
gases. and when it is completed it will be possible to make a 
more accurate estimate of the value of w. 

The second relation, v— 16:6 volts, shows that the mean 
value of the energy of the electrons when thev ionize 
molecules is about 28°6 volts, when the ratio X/p is 16. 
]lence the energy required to ionize a molecule of helium 
is approximately 12 volts, and the sum of the energies 
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of the electron which ionizes the molecule and the electron 
which is set free is 16°6 volts, after the collision. 

In a small proportion of the collisions with energies 
between 20 and 25 volts, molecules are ionized, but with 
smaller energies the number which are ionized is in- 
appreciable. 

10. There is a considerable difference between the above 
conclusions and some of those deduced from the valve 
experiments. It has been found by these experiments 
that an electron may ionize a molecule of helium by a 
collision, provided the energy of the electron exceeds a 
certain minimum value which has been found to be 
between 21 and 25 volts, and it has been concluded that 
this number of volts represents the loss of energy of an 
electron when it ionizes a molecule. This assumption is 
not, however, supported by experimental evidence, and the 
direct measurements of the quantity c+w obtained from 
the results of experiments on the conductivity between 
parallel plates show that c cannot exceed 14 volts. 

The valve experiments have also been interpreted as 
indicating a comparatively large effect due to radiation 
from the gas, which may be produced by collisions when 
the energies of the electrons exceed a certain minimum 
value called the resonance potential, which is less than 
the ionizing potential. For helium the resonance potential 
is about 21 volts, and this number of volts is assumed 
to represent the loss of energy of an electron when it 
excites molecular vibrations. 

The principal difference between the results of the valve 
experiments and the parallel-plate experiments is in con- 
nexion with the radiation effects. Since the resonance 
potential is less than the ionizing potential, it is reasonable 
io assume that collisions which give rise to resonance effects 
occur more frequently than the collisions in which molecules 
are ionized, while the energy of the electrons is increased 
from v/2 to c 4- v under the action of an electric force. Thus 
the energy w lost in collisions with molecules which are not 
ionized would be verv considerable, and the total loss of 
energy in a cycle (cic) would be very much larger than 
14 volts. 
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CIX. On the Distribution of Energy in the Lines of the 


Balmer Series of Hydrogen. By R. T. BEATTY, M.A., 
B.E., D.Sc.* 


D^ the Mareh number of the Philosophical Magazine a 

paper appeared by Prof. P. Lasareff, in which he records 
visual photometric observations made on a Geissler tube 
containing hydrogen and excited by a large induction coil. 
From these observations he obtains the relative energies 
emitted per second in the lines comprising the first three 
lines of the Balmer series, and deduces the relative number 
of atoms which radiate in these three different modes. 

This subject was investigated quantitatively some years 
avo by Jolly t and Beatty f. Jolly examined a heavy 
discharge through hydrogen contained in a silica tube by 
means of a thermopile. In Beatty's work the hydrogen was 
excited by a constant current which was kept at a low value 
to diminish absorption of light by the gas, and energies were 
measured by a photo-electrie cell which was calibrated by a 
thermopile throughout the spectrum. By using water vapour 
the continuous background was eliminated. 

The following table gives Lasaretl’s results compared with 
selected values obtained by Jolly and Beatty :— 


Relative energies. 


Lamreff (),———— Jolly œ). Betty (3). 
1 ES 1-00 1:00 1:00 
Mens gk 0:34 0:13 (0-007 
H, TEPEN 0:26 0 053 0:0071 
M coezcios is oe 0:026 (00003 


(1) Heavy disruptive discharge ; current and pressure not measured. 

(2) Heavy disruptive discharge with condenser: current not measured, 
pressure 20 mins. 

(3) Current 15 milliamperes ; pressure 10 mm. 


These results differ widely ; this is to be expected, as the 
relative energies are functions of the pressure and current 
density. Constant values with a simple interpretation may 
be looked for only when conditions are such that an atom ean 
emit its full radiation without interference by other atoms, 
and that absorption of the radiation in the tube can be either 
measured or eliminated. 

* Communicated by the Author. 


T Phil. Mag. (6) xxvi. November 19135, p. 801. 
ti Phil. Mag. (6) xxxiii. January 1917, p. 49. 
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Lasareff, however, disregarding such consideration, has 
given an interpretation of his results. He argues that since 
the energy emitted by an atom is hv, the relative energies in 
the spectrum lines will give, when divided by the corre- 
sponding frequencies v, the relative number of atoms radiating 
in each mode. | 

This argument seems unsound. It neglects the effects of 
collisions experienced by the radiating atom, the effect of 
the field of force of neighbouring atoms, the absorption 
- of the radiation by surrounding excited atoms, and the back- 
ground due to the secondary spectrum of pure hydrogen. 
It ignores the facts that the relative energies are functions 
of pressure and current density, that impurities produce a 
large effect, and that the relative number of atoms and 
molecules present is influenced by the position of the elec- 
trodes and the shape of the Geissler tube. 

Much experimental work remains to be done before an 
answer can be given to the important problem arising out of 
Niels Bohr's theory of spectra—namely : What is the chance 
that an atom, which is capable of radiating, shall emit 
radiation of frequency corresponding to a transition from a 
given stationary orbit À to another given stationary orbit B? 


-—— — PE = - 
p—s M —— a ——— ÀM—— 9 = — ee 


OX. The Stark Effect for Strong Electric Fields. 
To the Editors of the Philosophical Magazine. 


GENTLEMEN,-— 


ACE a careful study of two papers on the Stark 
Effect by Mr. A. M. Mosharrafa, which have appeared 
recently in the Philosophical Magazine *, I am unable to 
accept his results without making a small modification. 
I find that equation (11.) of the second paper should read 


N'(n) = (nj + ng n3)! (17(n; + n; ng)? + 69(n, n? — 93}. 


Mr. Mosharrafa, in a comparison of the results predicted 
by his theory with those obtained experimentally by Takamine 
and Kokubu, finds that ihe agreement is not as close as 
could be wished. My results lead to the same value of 
N'(n) as his, sinceinall the cases he gives n, =n and m, = ms. 

* “On the Appearance of Unsymmetrical Components in the Stark 


Effect," Phil. Mag. May 1922, and “On the Stark Effect for Strong 
Electric Fields," Phil. Mag. August 1922. 
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But in cases in which the two values of n or m were unequal, 
the difference would be important. 

As pointed out in the second paper, equation (7) * should 
read 


4 nhi 3B? 
B= —VaA(VC+ mY + al- 
5BD?,,,, 7B? Š 
id MU ayo @ 
Since D? contains the factor F?, when we substitute for B 


and B? in this equation from (13), we get (to the second 
order in F) 


B=-VA(VU+ pij 
l 
n D Gs a ee F3 aP EA (C+ =) 
4A c-3( 32 mge E Ar 


"Aer t pese). nn 


Writing in turn 
B=m(eK4 8), D2-m,F, n=n, - 
and B=m(e#h—B), D=mveF, N= Ne, 


* nhi * . - . 
and in each case / € 2 + o... (ef. equations (51), and adding 
2o 


the two resulting equations, we get 


e b ] , ; F Tm 352 
my Ez VA Ut nt nn e (m ng ng) (ng 7 VSAM 


SAT? 


_ 3k d + ny +73)? 


250 A74 E? 
ome? e 


OLAS 277 i 


(ns E 2m (n? + Tng + Tn’) 
T (n54-2nj)( n? + Tng t+ Tn?)}. (15) 
This last eubic in (242555) 
= (ni d ng  n3)lt, 
where liz lu? lén? +20 + Tryng + Tngng3—L4ning. (16) 


* Arabic numerals between l and 13 refer to the first of Mr. Moshar- 
rafa’s papers. 
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To solve for A, let us put 


A - —(K-- LF-- ME), | X 
= _T2 
V Ami K(1*5 KR F'IUUM L F+) approx., | 
1 1 "n 
x7-x(!- &F) " iL Q7 
1 i | 
Ae? Kaa i | 
1 2 
Ai? — — OK? ” 4 
S mE IE (ny ng ng) | 


1L,,14MK-L',, 
x(1* 5 aK ty kr F ) 
gener L | 
(IRF) 
SAE (n, + a+ 15)°N y, 
256m HK? 


_ Smeh (m+n +n)R ys 
6 AT! KS j2 , 


mgeB = VE (s, sen), | 


0= hL(n + n, + ng) 
4m/ K 
_ Bme? (nit ry + n3) — 7i) A 
SKr? 
and = tet oe L?) . (19) 
4, meli + ma + ns) —m)L 
8K? 
3I (ni +n +n) N 
256m EK? 
Smyre?h? (ny +n t n;)R 
on equating the coefficients of the different powers of F. 


1084 The Stark Eject jor Strong Electric Fields. 


These equations give at once 


imme E? 
0 MP (n 4 ng4- n)? jo uoo 
A3 (ni  ng4- nj)(ng—mi) ` 
be oy 
and, after some simplification, 
OM (ny + ng n) : j 6N t 

T SLri mee Et i OR =o pu) m ^um) 

(20 c) 


Now N = (6n? + Óngng + n2) (2n, + 53) 
+ (60 + Onang + ng^)(2ng + n3) 


(see equation (10), in which there is an obvious misprint of 
61,75 tor 67473). 


zu + ng + ng)” —3(n, + ng + n) (R2— n)’ 
—n3"(ny + ng + ng). 
h5N' 
Hence M= soa 33» & a 1028) 


512m "mg 7 Et? 
where 


N'z (n, 4- n t n)! {140m + 1400.7? + 20n$? + 704 ng + 10nn 
— 1401 yng —36 (ng — nj)? — 18(n, + ng + ng)? + 6n3?), 
= (ny tng + n;)t {17 (n, + mg + 3)? 
469(44—5n,)—9n3). . . (22) 


Let W be the energy. Then from equations (5), (20 a), 
(20 b), and (21), 


A 
res 
Ms 2i," 
0 Rn m” E? (ni ng + ng) ( (n2 — n) F 
~ AZ tug nz)? B BTM E 
m (23) 
lO24-79:3gEUt Co^ 7oC 


If AW denote the change in W due to the introduction 
of the external field F, 


0c MP(ni + ng + ni)(n—n) APN’ 
al ev^nE p 1024m5i Se Et 


If Av be the corresponding change in frequency, Bohr's 


F?, (24) 
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formula gives us 


hav=AW,,-AW,, . . . . (25) 


where W,,, W, denote the energies in paths characterized 
by quantum numbers mmm; and nin,ni respectively. 
3hF 
Thus Av= Br?m,E [(ng—)(n Tn ng) | 
— (m, — mi) (m, + m; +m;) | 
hs? : 
d- 1024n mpe i [N (n) — N (m)]. " (26) 


Y l a 
Balliol College, Oxford, |. Yours truly, 
10th February. 1923. H. O. NEwBourT. 


CXI. The Spectrum of the Semi-circular Helium Model. 
By H. O. Newsoutt, B.A., Scholar of Balliol College, 
Oxford *. 

S ago Langmuir put forward a model of the 

helium atom, in which the electrons vibrate about the 
nucleus in opposite directions f. In the accompanying 
diagram, the orbits are ACB, A'C'B', and they are reflexions 


C! 


of each other in an axis Oz, through the nucleus O. By 
the method of successive approximations and mechanical 
integration, Langmuir showed that the orbit ACB is very 
nearly an arc of a circle, whose centre F lies on the perpen- 
dicular to Ow through the nucleus. 


* Communicated by Dr. J. W. Nicholson, F.R.S. 
1 See the Physical Review, 2nd Series, xvii. p. 339. 
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The ordinary Sommerfeld-Wilson quantum condition 
Spdg=nh, when applied to this model, gives a negative 
value for the ionizing potential, and therefore the model is 
untenable unless the quantum conditions are modified. 
Langmuir suggested that the maximum angular momentum 
of a single electron should be set equal to A and deduced 
as the value of the ionizing potential 95:62 volts, in close 
agreement with the experimental value of 254 +25 volts 
obtained by Franck and Knipping. 

Langmuir does not discuss the question of the spectrum 
of helium; but if his hypothesis is correct, it would appear 
that the spectrum should be obtained by setting the maximum 
angular momentum of an electron equal to an integral 


multiple of a In this model it is clear that the maximum 


angular momentum of the electron which vibrates in the 


path ACB is attained at the middle point C. If OC is ri 
and the angular velocity at © is dy, we obtain as our 
quantum condition, 


: li 
morelde g, CAL Hu E (1) 


T 
Where mg is the mass of an electron, and n is an integer. 
Now, Langmuir proves that if — W is the total energy of 
the system, 
Wn 


e —2N—1i-—a, c M DP (2) 


where Ne is the nuclear charge and 
mor ibe? 
a= mot Po. ° e. e * r e (3) 
and obtains as the value of a, 
a=20920. . . . .. . (4) 
From (1) and (2) we get 
n?A* 


marge? = — - - 
dic 477a" 
and from (2), on putting N —2 for helium, 


-_ (T — 2a), 
A 
2mge*r?*a(7 — 2a) 1 
— oe jo USCORU TS S VM n? . 
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Hence the frequency of the spectrum should be given by 
a(l —2a)2mym?e* ( 1 > 15 


v= a WC 59 
=a(T—2a)R( 5- 5), - See X 


where R is the Rydberg constant and m and n are integers. 

The formula (7) cannot accord with the ordinary series in 
the spectrum of helium ; but this fact would not preclude the 
temporary existence of helium atoms of the structure 
considered in sufficient numbers to show perhaps a weak 
spectrum. Thus a test of the formula numerically is 
desirable in order to determine whether it can lead to any 
lines associated with helium but not belonging to the 
ordinary series. 


| m. n. A. v. 

| 3 4 3183:83 31408:8 

| 04 5 6878-64 14537°8 

| 4 6 4457°36 22434-8 
4 7 3676-94 27196-5 
4 8 330174 30287-0 
5 6 12662-9 7897-06 
b 7 7899-68 12658-7 
5 8 6349-51 15749-2 
5 9 5596:57 178681 
5 10 5158-98 19383-7 
5 11 4821-02 20505: 1 
5 12 4689-10 21358:0 
6 7 21001-0 4761-68 
6 12 13460-9 742892 


The values of m and n in the table were selected with a 
view to obtaining wave-lengths in the visible spectrum. 
The first line and the last two show that such lengths can 
only be given by m=4 or 5. 

The spectrum dóes not show a correspondence with any 
known spectrum ; and the only conclusion that can be made 
is that the hypothesis about the quantum condition used 
in Langmuir's investigation is not correct, though it does 
lead to a suitable value of the ionizing-potential. 
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CXII. Adsorption from the Gas Phase at a Liquid-Gas 
Anterjace.—Part I. By Tuomas IREDALE *. 


T was proposed to measure the adsorption at a liquid-gas 
interface of a substanee which is present, not in solution 
in the liquid phase but as a constituent of the gas phase only. 
The idea is not new (Gibbs, Scientifie Papers, vol. i. p. 235 ; 
Cantor, Annalen der Physik, vol. lvi. p. 492, 1395 ; Langmuir, 
Journ. Amer. Chem. Soc. vol. xxxix. p. 1848, 1917), but has 
never been given any quantitative expression. From measure- 
ments of the surface-energy changes of a liquid under varied 
pressures of an adsorbed vapour, the amount of the adsorption 
do 
but the actual measurement of the adsorption itself isof much 
greater difficulty, Very few such measurements are to be 
found in the literature, the more notable ones being those of 
Donnan (Proc. Hoy. Soc. A, vol. Ixxxv. p. 558, 1911) and 
Lewis (Phil. Mag. 1908, p. 499, and 1909, p. 466 ; Zeit. Phys. 
Chem. vol. Ixxiii. p. 129, 1910), which were concerned with 
the adsorption at liquid-gas and liquid-liquid interfaces re- 
spectively of substances in solution in the liquid phase. There 
exist, however, very considerable discrepancies between the 
experimental values for the adsorption and those calculated 
with the aid of the Gibbs equation. One reason for this js 
probably the faet that the substances emploved were either 
electrolytes or organie substances of high molecular weight 
which tended to form colloidal solutions, and one could not be 
sure that the gas laws were obeyed with sufficient accuracy, 
and there was also the difficulty of a probable irreversible 
gelatinization of the colloid at the interface. The adsorption 
of a gas or vapour is free from such defects as these, thouch 
in the latter case the interesting phenomenon of Incipient 
condensation must not be overlooked. 

The first part of this investigation is concerned with a 
suitable method of measuring the surface tension of a liquid 
under the prescribed conditions—i. e., a continuously varving 
vapour pliase. i 


might be calculated from the Gibbs equation (.c.), T= 


The Drop-weight Method of measuring Surface Tension. 


In view of the recent developments of the technique of 
this method (Harkins and co-workers, Journ. Amer. Cliem. 
"oe. vol. xxxviii. p. 839, 1916 ; vol. xli. p. 499, 1919; 
vol. xlii. p, 2534, 1920), it was decided to employ it in the 
preliminary investigations, and, if necessary, to use some 

* Communicated by Prof, F. G. Donnan, F.R.S. 
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other method later as a check on the results. A careful 
examination, however, of the recent work in this field has 
convinced the writer that the drop-weight methed, though 
quite satisfactory practically i£ the procedure of any parti- 
cular worker be followed rigidly, does not yet rest on a 
really rational basis. It would seem that as far back as 
1881 (Worthington, Proc. Roy. Soc. vol. xxxii. p. 362, 1881) 
and later (Guye and Perrot, Archives des Sc. Phys. vol. xi. 
p. 225, 1901; vol. xv. p. 132, 1903) more was known about 
the actual conditions of drop formation and detachment 
than the modern experimenter is aware of, and that in the 
curious mathematical developments of the original formula 
much has been assumed but very little explained. 

The only reasonable formula for a cylindrical drop hanging 
from a tube under the influence of gravity is the one quoted 
by Worthington and Lord Rayleigh (Phil. Mag. (5) 
vol. xlviii. p. 321, 1899), namely w=arT, where w is the 
weight of the drop, 7 the radius of the tube, and T the surface 
tension. This is an equilibrium condition, and a slight 
increase in w should result in a detachment of the drop. 
This, however, never happens, for, by reason of its rapidly 
changing shape, the drop takes up new positions of equi- 
librium, and finally detaches at a stage quite beyond our 
control (Lohnstein, «lun. Physik, vol. xx. pp. 237, 606, 1906). 
The above formula has therefore to be modified by a cor- 
rection factor, which varies aecording to the shape of the 
drop. This is the method that Harkins has adopted in his 
more recent measurements, but for some reason or other he 
prefers to use the formula ww —27r7T ; and although this gives 
correct results in the end, as his method is purely a com- 
parative one, it must be admitted that the whole procedure 
is far from satisfactory. His definition of an ideal drop, as 
one conforming to that formula, seems without meaning, 
and can only be used as a convenient standard for want ot 
a better understanding of the real facts of the case. 

There was another formula developed in Worthington's 
day (Worthington, l. c.) which rests on a sounder theoretical 
basis, and seems to the author to explain in a much more 
logical manner the more accurate results of the modern 
experimenter. The fact that it did not come into general 
use is due to that very reason—that no experimental data in 
those days were sufficiently accurate to test its validity. 
Harkins (l. c.), for instance, has shown how unsatisfactory 
were Rayleigh’s results, due to the use of thin-walled tubes. 
The formula is a comparative one, and rested on the assump- 
tion at the time, and is certainly in agreement with the 


Phil. Mag. S. 6. Vol. 45. No. 269. May 1923. 4A 
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interesting fact at the present day, that different liquids 
may form drops of similar shape from tubes of different 
diameters. 

If T,, T, be the surface tensions, p;, ps the densities of two 
liquids, and. K theratio between two similar linear dimensions 
of the drops—e. a., the ratio of the radii of the tubes from 
which they hang. or of the principal radii of curvature, — 
then the equation of symmetry becomes 

Kt le 
1 2P1 

A satisfactory proof of this equation has already been given 
by Worthington, and it will not be necessary to re peat 
it here: but it will be seen that it affords a most convenient 
method of calculating the surface tension of any liquid of 
known surface tension and density. For if, by choosing a 
suitable radius of tube in both cases, the drops of the two 
liquids can be made to assume similar shapes, then the value 
of K, the ratio of the two radii, can be ascertained ; and that 
is all that is required now for the solution of the equation. 
It is vet to be explained, however, in what way it is possible 
to ascertain the exact shape of the drop and its variation with 
the size of the tube employed. Now it is a remarkable fact 
that the shape of a drop is completely decided by the ratio of 
the radius of the tube to the radius of the detached portion 
of liquid considered as a sphere, and although this is purely 
an experimental fact, there are some theoretical reasons for 
assuming that this must he the case. If the equation of 
sy mmetry is to have any significance at all, it must hold 
right down to the moment of detachment of the drops; and 
as the rupture undoubtedly occurs at the point of maximum 
concavity * . the same fraction of the hanging drop will 
detach in the two cases; and, moreover, the radii of the 
spheres which the detached element of fluid immediately 
forms will bear the same ratio to the radii of the two tubes. 
Consequently, if we have a small and a large drop, of different 
liquids but of the same shape, and we imagine them pro- 
jected on to a screen, both to the same size, . then we could 
not distinguish between the mode of detachment i in the two 
eases, and the projections of the falling spheres wouid have 
the same radius. 

We have assumed that the rupture occurs at the point of 
maximum concavity, as it is here that any upward force due 
to the surface tension is least; and though the cohesive forces 
of the liquid are now the deciding factors in the detachment, 


* Guye and Perrot, Arch. des Sc. Phys. vol. xiii. p. 178 (1903). 
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the faet that these vary from liquid to liquid does not appear 
to affect the argument. It follows also, from the conditions 
of symmetry, that the ratio between the distances of these 
points of. maximum concavity from the bases of the drops 
must have the value K, which is determined entirely by the 
surface tensions and densities of the liquids forming the 
drops. 

All that is required now is a knowledge of the tube-radius 
and drop-radius ratio, with a continuously varying radius of 
tube, for some standard liquid of known surface tension and 
density. 

The most complete and accurate data for this purpose are 
supplied by Harkins and Brown (Journ. Amer. Chem. Soc. 
vol. xli. p. 499, 1919), who measured the weights of drops 
of water falling from tubes of all radii, from 0:09 to 1 cm. 
The author has calculated the radius of the drop in each case 
and the ratio it bears to the radius of the tube from which it 
falls, and the results are given in Table I. and expressed 
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TABLE I. 
Radius of tube. Radius of drop. Ratio, 
r. P. rjr'. 
0:09946 cms. 0:1998 cms. 0:4977 
0:14769 ,, 03238 , 0°6603 
0:19666  ,, 02425 ,, 08112 
0:28092  ,, 02532 ,, 0°9103 
0:23790 02555 , 0:9565 
0:26802 ,, 0:2615 ,, 1:014 
027605 ,, 0:2069  ,, 1:035 
020423 0:2719 1:081 
0:20604 ., 02721 ,, 1:088 
0:318901 , 02785 ,, 1:145 
032362 , 02797 aus 1:157 
034188  , 0:2844 1:202 
037904 ,. 02938 ,, 1:289 
0:39262 _,, 02970 ,, 1:322 
044755 , 093103 ,, 1:442 
0:50037 ,, 03231 ., 1:551 
0:55009 ,, 03251 ,, 1:643 
0:50703 ,, 0:3463 ,, 1724 
0650831 .. 6*358l 1:816 
060883 ., 03692 1:894 
072229 ,, 023744 , 1:929 
01478A ,, 03750 ,, 1:078 
077329 ,. 0:3829 2:019 
079915 ., 05854 .. 2013 
0:84804 03-48 ,, 284 
10028  .. 0:3900 2:011 


UL 


Radius of Tube er 
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graphically in fig. 1. It will be seen that the ratio varies in 
a continuous and gradual manner, and passes through unity 
for one particular radius of tube. 

It will be shown now how, with the aid of Table T. and the 
equation of symmetry, the surface tension of any liquid may 
be found, provided its density is known. The weight of a 
drop of the liquid falling from a tube of known radius is 
first ascertained, from which its radius, and hence the ratio 
of tlie tube-radius to the drop-radius, can be calculated. By 
referring to the table, the radius of the tube corresponding 
to this ratio in the case of water can be found. In the 
equation. of symmetry the value of K is the ratio of this 


Fig. 1. 
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tube-radius for water to the tube-radius for the other liquid. 
and since Ti, p; the surface tension and density of water, and 
p» the density of the liquid are known, its surface tension T, 
is thus easily evaluated. The computation seems a little 
puzzling at first, but in practice is really very simple and 
rapid. and gives just as accurate results as any calculation 
involving the notion of “ideal drops ? or the use of various 
mathematical functions. 

To take some concrete cases :—The weight of a drop of 
mercury falling from a capillary tube, the radius of the 
bore being 0:0852 em. (r), was found to be 0:1794 gram 
at 25^ C. "The density of mercury at this temperature is 
13°53; hence the radius of the drop is 01469 em. (r): 
whence rr'z0:5801. Referring to Table I., we can cal- 
culate that, to give this ratio, the radius of the tube for 
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water must be 0:1239 cm. The value of K is therefore 
given by 1239/852, and since T,—72:8, p,— 0:998, and 
pa 13" 53, T, has therefore the value 466 dynes per centi- 
metre. 


Harkins (Journ. Amer. Chem. Soc. vol. xli. p. 513, 1919) 
gives 0°025783 gram as the weight of a drop of benzene 
filling at 20°C. from a tube of radius 0:23052 cm. The 
density of benzene at this temperature is 0:897, and by 
making a similar calculation the surface tension of benzene 
is found to be 28:92 dynes per cm. [Richards’s (Journ. 
Amer, Chem. Soc. vol. xxxvii. p. 1656, 1915) and Harkins's 
(l. c.) values vary from 28°88 to 28°94 dynes per cm.] 

It is essential in all drop-weight determinations that the 
period of drop formation be fairly long—a matter of 
minutes,—or that the nearly full-sized drop be allowed 
to hang for some time, and the detachment effected by 
very gradual increments of fluid. This is not only to 
allow sufficient time for surface equilibrium to be reached, 
especially when we are dealing with a definite adsorption 
phenomenon, but also to prevent an undue dynamical effect, 
caused by the too rapid entrance of fluid into the drop. 
For the same reason, vibration must be avoided as much us 
possible, as secondary droplet formation might occur and 
vitiate the results. 

It is obvious that this method is applicable to the case of 
a drop hanging in another liquid of less density than itself ; 
and p; in the formula becomes then the apparent density of 
the drop, and the case of a drop detaching upwards in 
a liquid of greater density than itself could also be catered 
for bv a slight modification of the formula. 

The “ drop symmetry " method of measuring the surface 
tension of liquids depends, then, on the conformity of the 
latter to certain definite principles which, as far as tlie author 
is aware, are in the majority of cases followed with remark- 
able exactness. But it is obvious that liquids of extremely 
high viscosity, or with a tendency to gelatinize, mav have 
to be excluded from the present consider ations ; and the 
difficulty that many of these have in forming drops of 
definite shape precludes them in any case from all drop- 
weight methods of measuring surface tension. 

The three postulates on which the “drop symmetry ” 
method depends may be re-stated finally as follows :— 


Gi.) That it is possible for different liquids to form drops 
of similar shape when emerging from tubes of 
different diameters. 
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Qi.) That drops of the same shape, which have assumed 
similar forms continuously to the point of rupture, 
will detach in similar wavs. 

(11.) That, in the ease of all such similar drops, the radius 
of the tube from which thev hang bears a. constant 
ratio to the radius of the detached element of fluid, 
considered as a sphere. 

The principle of symmetry lies at the basis of all com- 
parative drop-weight methods, and, as outlined in the present 
paper, seems to the author to offer the most satisfactory 
explanation of the recent accurate experimental] results, 


Adsorption from the Gas Phase. 


This form of adsorption was originally considered. by 
Gibbs (l. e.) for the case of mereary and water vapour. 
Owmpg to the abrupt ehange in density of the mereury from 
the liquid to the gaseous phase, the original equation of 

TM pede da 
equilibrium simplifies to P= =P,» where T is the surface 

Up 


excess of adsorbed vapour, p the density of the rapour, and 


da 
d the rate of change of the surface tension of the mercury 


with the partial pressure of the vapour, This equation may 
be dedaced in a more simple manner, though by no means 
as rigidly as in Gibbs's original method, in the following 
way :— 

If we take p and s as the independent variables defining 
the svstem (for a given temperature), and if F denote the 
thermodynamic potential (£ function of Gibbs), then 


ol = våp + o6s, 


where ø is the interfacial tension. 


Hence : 3o 
i S), (57), " 


pov+Tés = 0, 
where T = excess concentration of vapour per unit 
area of interface, 
and p = density of vapour in the vapour phase. 


But, 


Hence (Ge "EN 
Os pit i p’? 
and therefore Òc 
r = -»( ° 
Op 3, t 
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Adsorption of Organic Vapours by Water. 


A number of preliminary experiments have been carried 
out on the influence of the vapours of certain organic liquids 
on the surface tension of water. 

For this purpose an ordinary dropping pipette was con- 
strneted, having a tip made of capillary tube. By means of 
a constriction in the top of the pipette the drops were made 
to take at least twenty seconds to form at the tip, and the 
number obtained from a given volume of water in the pipette, 
which changed a great deal when the drops were formed in 
the presence of the vapours, served to indicate the surface 
tension of the water. 

It has been found that the more soluble a substance is in 
water, the greater is the effect of its vapour on the surface 
tension of this liquid. Substances such as pentane or hexane, 
which on shaking with water give solutions having surface 
tensions very little different from the surface tension of pure 
water, vield vapours at 20? C. influencing the surface tension 
to the extent of from 5 to 10 per cent. Substances such as 
chloroform or methyl acetate have a much greater effect than 
this, and in addition are much more soluble, their solutions 
having considerably lower surface tensions than pure water. 
For the purpose of the present investigation, only sub- 
stances of very slight solubility could be considered as 
serviceable, and this seemed to restrict one to the use of 
the saturated hydrocarbons. As pure specimens of the 
latter were difficult to obtain, research in this direction has 
been abandoned for the time bei ‘ing, though it must be 
admitted that the study of the adsorption of hydrocarbon 

vapours by water is of peculiar interest and importance, 
as we are dealing with substances of a non- polar character 
and anticipate a quite distinct type of adsorption laver. 


Adsorption of Organice Vapours by Mercury. 


The vapours of all organic liquids seem to have the 
property of lowering the surface tension of mercury. 

Iu the study of this phenomenon a special apparatus was 
devised (fig. z 2) which, so far, has worked satisfactorily. The 
dropping pipette consists, as usual, of capillary tube, with a 
very narrow constriction at one pl: ice to slow down the rate 
of movement of the mercury column, and with a specially 
prepared tip. This latter was made, as recommended by 
Harkins (/.¢.), by filling the capillary with Wood's metal 
and grinding to a level surface with emery. Rouge was 
used for the final polishing, and then the Wood's metal 
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was melted out. and the orifice cleaned with nitric acid 
and examined under the microscope. For the purpose of 
accurately measuring the diameter of the orifice a travelling 
microscope was employed, and a sample of capillary tubing 
was rejected, in the first instance, if its bore was at all 
alliptical in cross-section, though it is remarkable that some 
portions of tubing have so perfectly circular a bore that the 
slight irregularity, if such exists, is not detectable to within 
0:0003 em. under the microscope. 

The rate of formation of the drop is dependent on the 
difference in height of the orifice of the pipette and the 


Fig. 2.— Irop-weight apparatus. 


TE: 
i 


mereury in the container C ; and by means of the rack-and- 
pinion device R, this container can be raised or lowered and 
the period of drop formation controlled to a nicety. It can 
be varied from a few seconds to half an hour, and the nearly 
full-sized drop can be allowed to hang for an even longer 
period if necessary. 

The apparatus was gus in an air thermostat regulated to 
0?-1 to 09:2 C., and the rack-and-pinion device worked from 
outside. The air in the thermostat was stirred by means of 
a fan worked by an electric motor, and although the latter 
was supported on a framework attached to the wall of the 
room, some vibration was communicated to the thermostat, 
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and as a check on the results, the tan was sometimes shut off 
for a few moments before the drop detached. Slight errors 

caused by small vibrations are not appreciable ; but it may 
be found necessary, where extremely great accuracy is 
required, to eliminate even the impercoptibly small vibra- 
tions. The drops, as they detached, fell into the removable 
cup G and were afterwards weighed. 

Where it was found necessary to employ a lubricant for 
the taps, etc., dextrin dissolved in glycerin was used. 

In these preliminary experiments, organic vapours mixed 
with air have been employed. ‘This procedure seems justi- 
fiable from certain evidence which will be submitted later. 

The vapours were generated by passing a very slow current 
of dry air at constant pressure through the organic liquids 
in series of saturators of a tvpe similar to that described by 
Cumming (Trans. Faraday Soc. vol. vi. p. 10, 1910). That 
efficient saturation was obtained may be judged from the fact 
that when the temperature of the thermostat was 09:2 C. 
below that of the saturators, visible deposition of liquid 
occurred on the walls of the glass drop-weight apparatus in 
the thermostat, and when the temperature of the latter was 
072 C. above that of the saturators no such deposition could 
be observed. 

The following was the procedure adopted in every case:— 
Alter tlie current. of vapour had been flowing through the 
apparatus for some time, the tap T, was closed and the 
current shut off. The vapour in the apparatus was now 
allowed to acquire the temperature of the thermostat 
(26? C.), whieh in some cases was considerably above that 
of the saturators ; but the vapour pressure is decided 
entirely by the temperature of the liquid in the saturators, 
and the only difficulty we are concerned. with is that tlie 

vapour cannot quite reach the temperature of the thermostat 
while in thermal communication with a portion of its con- 
taining vessel at a much lower temperature. This difference, 
however, was not very great as a rule, and the temperature 
of the mercury, w hich is a much better conductor of heat, is 
really the deciding factor in the adsorption. 

The period of drop formation was never at any time less 
than three and a half minutes, and with longer periods the 
weights of the drops were not found to decrease : appreciably. 
The: adsorption of the vapour appear, then, to be a fairly rapid 
process. 

The surface tension of mercury in air varies a great deal 
according to the amount of moisture in the atmosphere. 
When a current of dry air is passed through the drop-weight 


Surface Tension of mercury in dynes per com. 
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apparatus, as high a value as 472 dvnes per em. has been 
obtained, which is very little different from the surface 
tension in racine, 

It was not anticipated, then, that the air present with the 
organic vapour would interfere very much with the adsorption 
of the latter. This is an important point, as Stockle's results 
(Wied. Ann. vol. Ixvi. p. 49. 1593) seem to indicate that the 
presence of air and other gases interferes with the formation 
of a surface equilibrium with mereurvy, though only when a 
dynamical effect is considered. Now that the drop-weight 
method of measuring surface tension has become practi- 

cally a statieal one, tiese effects, of course, are not readily 
P rved. 


Fig. 3. 
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Partial pressure of Methyl acetate in mm of mercury. 


The type of curve obtained when the surface tension of 
mereury is plotted against the varving partial pressures 
of organie vapour is shown in fig. 3 and is obtained from 
the data in Table IL, the organic liquid in this instance 
being methyl acetate. 

b The mercur y was purified bv treatment with dilute nitric 
acid and distillation in a eurrent of air. 

The methyl acetate was purified from a commercial simple 
bv treatment with potassium carbonate solution and frac- 
tionation after standing over phosphoric oxide.] 
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TABLE II. 


Temperature Vapour pressure Drop Surface tension 
of saturators, of methyl acetate. weight. of mercury. 
= O mm. 0:1903 gram. 472 dynes per cin. 
—20°0° C. 19 ,, 01780 „n 414 /—— ,. a 
0 ,, 62 ,, 01685  ,, 428. p T 
108 ,, 109 ,, 0:1673 , 419  ,, "m 
150 ,, 197 ,, 0:1665  ,, 4l3  , 5 
I83 . low. 010658  , H7 ,„ » 
- 260 ,, 227 0:1640  ,, 412 . 5 
(saturate d to to 
vapour) (1494 ,, Əv ,, E 


(Diameter of orifice of drop-pipette = 0:1796 em.) 


After a certain vapour pressure is reached [the vapour 
pressures were obtained from Young and Thomas’s data 
(Journ. Chem. Soc. vol. Ixiii. p. 1209, 1593) for methyl 
acetate], saturation with an adsorbed film occurs, and the 
curve becomes practically horizontal. But the phenomenon 
does not end here. As the temperature of the saturators 
approaches that of the thermostat, the value of the surface 
tension suddenly falls; but this seems to depend on certain 
conditions which are, vw vet, outside the control of the expe- 
rimenter. Two figures are therefore, given for the surface 
tension in the saturated vapour : the highest obtainable, 
which is near the value for the saturated adsorption ; and 
the lowest. which is practically the value of the surface 
tension of mercury in liquid methyl acetate. The rest 
of the curve is hypothetical, and nerely indicates that 
the surface tension at the interface of the two liquids 
considered does not alter much with increased pressure. 
“This makes up the complete form of the curve, but the 
most interesting parts of it are the first three—namely, 
a phase of increasing adsorption, a saturation phase, and 
condensation phase. 


A calculation from the formula NP i of the 


adsorption for a vapour pressure of 62 mm. leads to a 
"lue for Poof about 4:5 x 107* gram of methyl acetate 
per square centimetre. [t ean be tae het calculated from 
this result that the number of methyl-acetate molecules per 
square centimetre of mercury surface is 0:27 x 10, It 
seems, then, that in all probability we have a monomolecular 
laver, as this figure is very near the values given by Langmuir 
(Journ, Amer. Chem. Soc. vol. xxxviii. p. 2288, 1916) for 
monomolecular layers of carbon dioxide, nitrogen, ete. 
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Moreover, the space taken up by each molecule (27 x 107)° 
sq. em.) is near that required for molecules of esters and 
fatty acids on the surface of water, namely 23 x 10776 sq. 
cm., and it is possible that the same type of orientation 
obtains on the mercury surface. 

There appears, however, to be a somewhat abrupt change 
from a simple adsorption process to a condensation, and. this 
phenomenon is now being investigated in greater detail. 


I am indebted to Professor Donnan for suggesting to me 
the idea of this research and for the great interest he has 
taken in its progress, and to the Roval Commissioners of 
the 1851 Exhibition for a scholarship which is enabling me 
to continue the work. 

Phvsico-Chemical Laboratory, 


University College, London, 
March 20, Im . 
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Prolegomena to Analitical Geometry in Anisotropic Euclidean Space 
of Three Dimensions, By Eric Harod Nevite, late Fellow 
of Trinity College, Cambridge and Professor of Mathematics 
In University College, Reading, Cambridge University Press, 
1922. 30s. net. 


N a stimulating volume, Professor Neville has given an 
I account of the principles underlying the use of Cartesian 
axes and vector frames in ordinary space and of ideal complex 
Euclidean. space of three dimensions. In the first section the 
Author deals with various fundamental matters such as, for 
example, attaching signs to the volume of a tetrahedron, matters 
in the discussion of which it is of great importance to avoid 
ambiguity. The next section is concerned with veetor analysis 
aud gives an account of the development of the subject. The 
exposition is very clear, and the logical status and the character- 
isties of a vector —a complex in which a number is associated with 
a direetiou--are developed in a manner which, quite apart. from 
the uses to which the theory of veetorsis put in subsequent seetions 
of the volume, is of great. value in that it affords an admirable 
example of the modern logical method in mathematics which was 
introdueed by Frege and Russell. The uext section applies 
vector analysis to obtain formule for use with Cartesian axes and 
with vector frames; the next deals with the construction of 
alvebraic space, aud the final section with ideal space. 

There are two aspects from which the present volume might be 
discussed, As regards the actual progress of geometry, it is 
evidently of great importance that the attention of students of 
geometry should be directed towards the problems which are here 
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discussed. Quite apart from the particular treatment accorded to 
them in this book, 1t is of real value to have the problems stated 
clearly and incisively. 

On the other hand, the careful study of this book will 
repay students of mathematies who wish to understand some- 
thing about the structure of mathematics. The method of defini- 
tion and the logical development of the characteristies of vectors 
adopted here show clearly the kind of way in which any body 
of mathematical knowledge must finally be built up. ‘The 
building-up of any domain of knowledge can, of course, only come 
after the new ideas have been conceived aud the discoveries have 
been made. Once the material exists, even if it exists only in the 
form of isolated results, the building-up of the results into a new 
domain of knowledge can only be accomplished bv the careful 
critical development of the characteristics of concepts defined in 
abstract terms. ‘The present work enables us to see this building 
process in operation. Asan example of the logical method at its 
best, Professor Neville’s work can be enthusiastically recom- 


mended. D. M. W. 


British (Terra Nova) Antarctic Expedition 1910-1913. I. Deter- 
minations of Gravity: Ato, pp. 105+ plates 4; 7s. 6d. net. 
II. Observations on the Aurora: 4to, pp. 464 plates 2; 7a. 6d. 
net. By Capt. C. S. Wrigur. Harrison & Sons, 


THE first of these papers is an aecount of the determination of 
the value of gravity at Cape Evans during the last Scott Antarctic 
Expedition. It deals mostly with the experimental methods 
employed. The result is that the value of gravity at Cape Evans, 
10 feet above sea-level, is 98:3:0034-:002 cin/sec*. The observa- 
tions seem to have been carried out with remarkable care and 
precision in the difficult circumstances. To indicate the kind of 
difficulties that had to be faced, one may mention that hoar frost, 
largely from the observers breath, was formed on the optical 
parts of the apparatus, and the temperature was so low that a 
wait of about two weeks was necessary for this to evaporate. On 
the other hand, the low temperature was found useful in the 
construction of a support for the pendulums: the freezing of 
water in the interstices of gravel produced a quite satisfactory 
concrete. ‘The result will be of much use in investigations of the 
figure of the earth: observations at more stations would, of 
course, be required before we could reach any conclusion about the 
isostatic compensation of the Antarctic Continent. Other deter- 
minations were made at Christchurch, Wellington, and Melbourne, 
and the whole checked against Potsdam. 

The auroral observations were made at Cape Evans and Cape 
Adene, and have been analysed with regard to the diurnal vari- 
ation and the relation to terrestrial magnetism. They cannot be 
discussed satisfactorily in a short abstract; the paper will be a 
valuable source of information to investigators of polar phenomena. 
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Tables Annuelles Internationales de Constantes et Données 
Numériques de Chimie, de Physique et de Technologie. Vol. IV. 
Parts 1 and 2 (2 volumes). Gauthier-Villars (Paris); Cam- 
bridge University. Press (Cambridge); University of Chicago 
Press (Chicago), 1922. 


Tue publication of these valuable tables was interrupted by the 
war. ‘The two volumes now issued are evidence of the great 
effort which is being made to deal effectively with the vast mass 
of material which has nccumulated since the appearance of the 
last volume iu 1914. They cover the vears 1913 to 1916 
inclusively ; Volume V., which is announced to be in preparation, 
will carry the work up to the end of 1920, 

Wherever we have consulted the tables, we have found them 
very complete as far as the period covered is concerned. The 
arrangement, however, still leaves something to be desired : for 
Instance, data covering the N-ray speetra are to be. found in 
Part 1 under the general heading Npec/res d'émission, subheading 
Emissions de rayons X, and diii rent data for the same period in 
Part 2 under the hendi Rayons Roentgen, subheading Npectres 
de rayons Roentgen. This particular case is not of great practical 
Importance, because all workers are aware that the data given 
have by now beeh mostly superseded by more refined measure- 
ments, but it indicates a need of more careful classification. Itis, 
however, ungraeious to find minor faultsiu a performance of 
such ditlieulty as the assemblage and arrangement of these masses 
of tables at tie present. time. To get some idea of the labour 
involved, it is only necessary to glance at, say, the section dealing 
with magnetism. We feel that all phy sicists will congratulate 
M. Marie, the general seeretarv, and his collaborators on the 
appearance of these volumes, and do their best to give what help 
they can to promote the speedy appearance of Volume V. All 
communications on the subject of the tables are welcomed by the 
secretary. 

We would like to suggest that it would be acceptable to working 
physicists if the latest values of all the universal constants could 
be assembled together, instead of being scattered under various 
headings, 


X Rays. By G.W. C. Kaye. Fourth Edition. Longmans, 1923. 
Price 165. 


Dr. Kaye’s excellent little book, dealing in an elementary manner 
with all aspects of X rays, has now gone into a fourth edition. 
There have been no essential changes made, but fresh matter has 
been added on the practical uses of X rays, including both the 
industrial applications and the work done on old pictures by 
Drs. Heilbron and Chéron, in. which advantage is taken of the 
different X-ray absorption ‘of different pigment layers to reveal 
details which have been painted over. The only eriticism which 
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we have to offer of the new edition does not affect Dr. Kaye: it is 
that, in spite of the much enhanced price, the book it not so well 
produced as was the first edition. 


The Principle of Relativity with applications to Physical Science. By 
A. N. WiirrEHEAD, Cambridge University Press. Price 10s. 64. 


Professor WHITEHEAD in this volume has put forward an 
alternative rendering of the Theory of Relativity which calls 
for careful and thorough examination. 

The first part deals with general principles of a philosophical 
nature. It carries a good deal further the inquiry undertaken 
by the author in his two previous works *The Principles of 
Natural Knowledge’ and ‘The Concept of Nature,’ aud it should 
be read in connexion with them. In this discussion of the 
character of our knowledge in general and of our knowledge 
of nature in particular, the author comes to the conclusion 
that our experience exhibits and requires a basis of uniformity— 
a uniformity which in the case of nature exhibits itself in the 
uniformity of spatio-temporal relations. This conclusion is in 
severe disagreement with the spirit of Einstein's second theory, 
and Professor Whitehead’s searching analysis and detailed 
working-out of his own point of view which is grounded in 
these philosophical premisses is consequently of the greatest 
interest. A second fundamental divergence from conventional Re- 
lativity is to be found in the view of tlie inter-relation of physics 
and geometry which is here expounded. One of the most novel 
parts of the theories of Einstein is the suggestion that different 
types of geometry can be made to absorb different types of 
physical force. The large step from the first theory of Re- 
lativitv of 1905 to the second of 1915 consists largely in the 
suggestion that a certain specific type of geometry can be made 
to absorb gravitational fields. In the present volume, however, 
a very different view is taken. Physics and Geometry are 
considered to be fundamentally distinct. The point of view 
adopted is developed with the admirable logical skill always 
to be found exhibited in the works of the author from premisses 
suggested by general philosophical considerations. 

These important divergences from orthodox Relativity theorv 
as it has grown up during the last eight years call for detailed 
consideration. The great skill of the author as a mathematician 
and a logician, and in particular as a Geometer, make this book an 
important challenge to Relativists in general. It is unnecessary 
to describe the method of treatment of the present volume other- 
wise than by referring to the author’s international reputation as 
a keen thinker whose splendid work in these domains has done 
much to initiate a new epoch in the logic of science. 
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CXIV. Jntelligence and Miscellaneous Articles. 
THE REACTION CONSEQUENT UPON THE EVAPORATION OF A 
LIQUID AND UPON THE EMISSION OF VAPOURS FROM 
SMALL ORIFICES, 


(The following addition to Professor Duffield’s paper under the 
above title reached us after our April number was published. It 


should be added at the end of Section 4 on p. 676.—Ebs. | 


\ E may, L think, obtain some indirect. evidence concerning 

the rate at which the molecules of a vapour issue trom a 
boiling liquid, from a series of observations made by Royds (Phil. 
Trans. Roy. Soe, A, 1905) upon the mechanism of the electric 
spark, Using a method devised by Schuster and. Hemsaleeb, he 
photographed the spectrum of the spark upon a rapidly-moving 
film and obtained lines drawn out into streamers, Whose iuclination 
gave a measure of the velocity of the material in terms oi the 
velocity of the film. fn all cases thev were greatest close to 
the poles; the maximum velocities measured may be taken as 
approximating to the velocities of projection. 

In the accompanying table we compare these velocities, tops, 
with those of atomic agitation, vz. of the material of the poles, on 
the assumption that the temperature, T, of the hot pole is that of 
the boiling-point, as it almost. certainly is in the are. For this 
purpose we use the equation rr cux V 2-273 x VT, M, where 
vg is the velocity o£ the hydrogen molecule (18:39 x 10* em. ‘sec.) 
and M is the atomic weight of the material. We see from the table 
that the two velocities are of the same order of magnitude ; 
indeed, considering the difficulties in the measurements, the 
agreement is remarkable, In some cases two types of lines 
were distingmished by Royds, and designated by him Types I. 
and [1.: usually the former give velocities rather less, and the 
latter velocities greater than ep. Rovds regards the streamers as 
being charged negatively, but I think the only evidence in favour 
of this is that they seem to. emanate from the pole which is 
momentarily the cathode: it may, however, well be that only the 
cathode is raised to the boiling-point. Since the velocities fall off 
as the vapour reaches the centre of the gap, it is clear that the 
atoms are projected: they do not start from rest and accelerate 
under the forees of the field, but rather diffuse into the sur- 
rounding vapour. There is some reason for thinking that the 
streamers are rendered visible by fast-moving electrons projected 
from the cathode at the same time that the vapour is emitted. 

Taking the agreement between calculated and observed values 
of the velocities in conjunction with other indications, the view is 
strengthened that molecules are projected from a boiling liquid 
with their temperature velocities, 


Element .............. . Mg. Al. Zn. Cd. Sn. Sb. Hg. Pb. Bi. 
— m tt, MM 
jc ravens meer sus do IIL L d The Tle = — TT L Il 


Velocity obs., rons,- 46. ST 39 40 137 223 94115 30196 28 202 


. eale, rq ...... 119 137 67 48 72 59 28 28 36 36 45 45 


Ratio, Up ops, ......... 26 16 17 102 5 3 3 342 2 10 


Phil. Mag. Ser. 6, Vol. 45, Pl. XI. 
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CXV. The Electronic Theory of Valency.—I. Intramolecular 
Ionization. By Tuomas Martin Lowry *. 


I. Introductory. 


qus theory of intramolecular ionization was put forward 

in 1914 by Sir Joseph Thomson in a paper on * The 
Forces between Atoms and Chemical Affinity " (Phil. Mag. 
[6] xxvii. p. 757, 1914). Tt was based on phenomena 
observed with positive ravs, where it was found that nega- 
tively- as well as positively-charged atoms of hydrogen, 
oxygen, earbon, and chlorine were present in the discharge. 
These must obviously have taken up at least two electrons in 
order to neutralize and then to reverse the positive charge 
with the help of which they were driven through the 
cathode. Opposite polarities were shown, therefore, to be 
possible in the atoms of many of the common elements, and 
it was suggested that this might also occur under more 
commonplace conditions. 

Since it appeared that ionized molecules would have a 
greater electrical moment than those which were neutral 
throughout, it was possible in the case of gases to apply 
experimental tests in order to determine whether internal 
ionization had or had not taken place. A number of common 


* Communicated by the Faraday Society. 
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gases were therefore classified, with the help of observations 
on specific inductive capacity and refractive index, into two 
groups, as follows :— 


Group I. Not Ionized. Group II. Jonized. 
Ha 0, Na, Cl, HCl, CH,Cl, CHC; (weak), 
He, CO, CO, CS,, H,0, CH;* OH, C,H,: OH, 
CH, CCL, C,H,, NO. NH;, 8O,. 


To chemists, intramolecular ionization is most familiar in 
the case of the organic amino-acids, such as glycine, the 
salt-like formula for which is justified bv the conversion of 
glveine on methylation into betaine, which cannot pass into 
a non-ionized form except by addition of water. 


+ a ep x 
NH, CH, CO: OH> NH: CH; CO-09NMe, CH, CO: O. 
Glycine Glycine Betaine 
(non-i0nized form). (ionized form), donized form). 


The introduction of electronic formule based on the theory 
of octets has, however, made it necessary to postulate a 
condition of intramolecular ionization in a large number of 
compounds where nothing of the sort has been suspected 
previously. Thus, in the two isosterie gases, carbon dioxide 
and nitrous oxide, the nuclear charges and the attached elec- 
trons are found to be perfeetly balanced in carbon dioxide, 
which Lewis represents as :0::C::0:, if each electron 
that is shared with another atom is reckoned as one-half ; 
but in nitrous oxide, :O::N::N:, where the nuclear 
charges are 8+7+4+7 instead of 846-48, this balance is 
destroved by the transfer of a unit of positive electricity 
from the nucleus of one of the outer atoms to the nucleus 
of the central atom of the chain. IË carbon dioxide be 
written as O=C=Q, nitrous oxide must then be written 


+ - 

as OZ NzN, or Oz NZN, where the barb represents an 
electrovalency directed from the + to the — atom. In 
addition to its application in organic chemistry, which will 
form the subject of another paper, the theorv of intra- 
molecular ionization has a number of applications in in- 
organic chemisiry, and these are set out briefly in tle 
paragraphs which follow. 
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2. Odd and Even Valencies. 


Before the advent of the octet theory, chemists were wont 
to divide the elements into two groups according as the 
typical valencies were odd or even numbers. This sub- 
division was based on a rule, to which there are not many 
exceptions, that when the valency of an element varies, it 
generally increases or diminishes by two units. The prin- 
cipal exceptions to this rule are found in nitric oxide, NO, 
nitrogen dioxide, NO;, triphenylmethyl, C(C,H;);, and in 
certain cases of dissociation such as monatomic iodine, where, 
as Lewis poinís out, the tota] number of electrons in the 
molecule is an odd number. With the advent of the octet 
theory, it appeared that each element had, as a rule, only one - 
principal valency, although electro-negative elements could 
use this either as a covalency or as an electrovalency of 
equal number; apart from this exception, it looked as if 
every case of variable valency represented an exception to 
the general rules of the octet theory. When, however, the 
possibility of ** mixed ” bonds is admitted, it is seen that in a 
large number of cases two units of valency may be added, 
namely one covalency and one electrovalency, .without dis- 
turbing the arrangement of the octets on which the primary 
valency was based ; these cases will be found to cover nearly 
all the instances in which Langmuir has used variable 
valencies in constructing electronic formule for inorganic 
compounds (J. Aimer. Chem. Soc. xli. p. 868, 1919). 

This effect can be demonstrated most easily in the case of 
oxygen, which has six electrons in its outer shell. Since 
a single octet contains eight and a double octet contains 
fourteen electrons in the outer shell, an atom of oxygen can, 
if other conditions are favourable, be added to any saturated 
octet which is not already surrouuded by four other atoms or 
radicles. This limitation makes it impossible to increase the 
valency of carbon from 4 to 6 by converting methane into 
an oxide, since all the electrons of the octet have already 
been converted into duplets ; but, in the case of nitrogen, 
saturated compounds of the ammonia-type can be converted 
into oxides, as in the case o£ the methylethylaniline oxide, 


CH, 
CH, No 
CH, 


which was prepared by Meisenheimer in optically active 
4 B2 | 


? 
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forms. From the point of view of the octet theorv, the 
oxidation of the nitrogen atom in methylethylaniline is 
represented by the scheme 


C C 
CiN:—C:N:O: 
C C 


This shows the last available edge of the nitrogen octet as 
being gripped by an oxygen atom, O:, which carries with 
it the six electrons that are needed to add an additional octet 
to the system, Langmuir (J. Amer. Chem. Soc. lxii. p. 280, 
1920) states definitely that in this compound “the nitrogen 
is quadricovalent, and it is entirely unnecessary to assume 
a quinquevalent nitrogen." It is difficult to believe that 
Langmuir can. have overlooked the fact that in this system 
the nitrogen atom is positively charged (and therebv con- 
verted into a kation), whilst the oxvgen is negatively charged, 
and so converted into a “ bound” anion, since the two ions 
are united by the covaleney as well as by the electrovaleney ; 
but I cannot find in any of Langmuir's papers a clear recog- 
nition of the phenomena of intramolecular lonization, or of 
the existence in this compound of “ bound ” ions correspond- 
ing with the “free” ions of ammonium chloride. It there- 
fore really looks as if the obvious method of representing 
this compound as one in which the oxygen is linked to the 
nitrogen by a mixed double bond, including one covalency 
and one eleetrovalenev, thus 


CH, CH 
CH, ——O or (,H,—. N= 0, 


n 
i 
CH, P d CH, ^ 


mav perhaps be novel. 

By bracketing the oxvgen atom in a precisely similar way 
onto a molecule of water, a formula is obtained in which the 
valency of one atom of oxygen is increased from 2 to 4 Just 
as that of the nitrogen was increased from 3 to 5 by convert- 
ing methylethvlaniline into its oxide. The formule 


m z ts n 
:0:0: or 0— OL or — d 
i T XH \H 


appear to represent the properties of free hydrogen peroxide 


* 
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more accurately than the conventional formula which shows 
the compound as containing two hydroxyl groups linked by 
a covalency, thas HO: OH. Its close resemblance to ozone 
may be shown by representing the latter compound as one 
in which an oxygen atom is bracketed onto a molecule of 
oxygen, thus, 


:0 :0::0: or 0—0—0 or O=—O0O=—O, 


the valency of one of the oxygen atoms being again increased 
by two units, one of covalency and one of electrovalency. 

Theoretically it should be possible to treat hydrogen chlo- 
ride in the same way and to convert it into an oxy-acid in 
which the valency of the chlorine would be raised from 1 to 4 
by the addition of one unit of covalency and one of electro- 
valency, thus, 


:0:€l:H or O——CI—H or 0-—CI——H. 


In practice, however, it is clear that the ionization of this 
molecule would leave the anion with a negative charge on 
the oxygen, and that the hydrogen ion would therefore be 
likely to return to the oxygen rather than to the uncharged 
chlorine. | 


0——GL——H-——-0—— Cl + H—»>H—_O—I. 


The formula for hypochlorous acid in its non-ionized form is 
therefore not H C]I——O but H O—— CI, and itis from 
this latter compound that any scheme for increasing the 
valency of chlorine in this series of acids must start. In 
the ion, however, as will be shown below, there is nothing to 
distinguish this first atom of oxygen from those which are 
introduced subsequently. 


3.. Stability of Oxy-acids. 


The increasing stability of the oxy-acids and of their salts 
as the number of oxygen atoms increases appears to receive a 
clearer explanation than has hitherto been possible now that 
the phenomena can be interpreted in the light of the pheno- 
menon of intramolecular ionization. 


(a) O.ry-acids of Chlorine.—The complete series of chloro- 
acids may be set out as in Table I., which shows in the case 
of each ion (i.) the ordinary chemical formula, (ii.) the elec- 
tranic formula, (iii.) the electronic formule interpreted by 
means of the theory of intramolecular ionization, (iv.) an 
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alternative representation of the mixed double bonds in 
which the total number of valencies can be seen more clearly 
than when + and — signs are used. 


TABLE I. 


Electronic Formule for the Ions of the Chloro-acids. 


——— — —— — —M— — ——— — 


;: Formula 


Electronic Formule showing Mixed 


Name of acid. Vor dont Formula of double Bonds. 
| Ion. 
Hydrochloric acid. Cr TUR Cl 
Hypochlorous acid.) ClO’ ! : Ci :0: CI-—O | 
| | 
iW dur s a + 5 
Chlorous acid ...... CIO, | :0:01:0: |0-—CI-—0 or 0% C1 —0 
| MEE o 
| e O 
: | Ea A 
'Chlorie acid ......... | ClO,’ | :0:Cl:0: 0 —cCl—-0 or OZC- Cl —7-0 
| : o 
| "RT ae 
, Perchloric acid ...... clo,’ | :0:01:0: |0—-CI—O or O—— Cl ——O 
| :0: | | 
| va od O 


| | : 
The most conspicuous feature of the formule in the fourth 


column is the progressive growth of the positive charge on 
the chlorine atom. This atom is originally negative, but 


+ ++ +++ 
passes through the successive stages of Cl, Cl, Cl, Cl until 
it carries a surplus of three positive charges. Since the 
oxygen in each of these compounds is negatively charged, it 
is clear that the stability of the oxy-acids should increase 
us the polarity of the central-chlorine atom increases. A 
maximum is, however, reached in the case of perchloric acid 
because all the electrons of the chlorine octet are now shared 
with other atoms and no more oxygen atoms can be bracketed 
onto the chlorine. 


(b) Oxzy-acids of Sulphur. 


Tn the case of the sulphur-acids, it is interesting to note 
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Electronic Formule for the Ions of the Sulphur-acids. 


| Electronic 


, Formula’; Formula showing Mixed 
Name of acid. of Lon. Ws cn or Double Bonds. 
DEN mj cu Ea c 
Sulphuretted hydrogen, S” :8: S 
H,SO (not known) ... SO" SS: 0: s—o 


H,SO, (not known) ...| SO," 0 : g TT 0-—S-—0 


P " o 
30: | | i! 

Sulphurous acid ...... SO," :0:S:0: TER ONES or om S —-:0 
TN i 

9 ++ PE T 

Sulphuric acid ..... | SO," 1:0:8:0;! O-—S-—O or OZ— 8 —O 
:O: l | 
v oe O 


O 


that the double negative charge of the sulphide ion, S, 
would be distributed between sulphur and oxygen in the ion 
of the hypothetical acid, H,SO, whilst the ion of the acid, 
H,SO,, has both negative charges on oxygen and none on 
sulphur. Under these conditions, it is not surprising to find 
that the acid, H SO, the ion of which would consist of two 
negatively-charged atoms, appears not to be capable of exist- 
ence, whilst the ion, SO;, which would have two negatively- 
charged atoms of oxygen attached to a neutral atom of 
sulphur, is apparently of the same low order of stability as 
the ion ClO’, where precisely similar conditions prevail. 
Stable ions only begin to be formed when the central sulphur 
atom acquires a positive charge as in the ions of the sul- 
Oy + - UN ++ /9 
phites _ 5 S——O and sulphates _ 2 S4 .. In this 
07 07 NO 
connexion it is of interest to note that the acid, H4SO, 
(which is the only one to which the name of hyposulphurous 
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acid can be correctly applied *), although itself unknown, is 
manufactured on a large scale as a commercial reducing 
agent in the form of a condensation-product with formalde- 
hyde, sodium formaldehyde sulphoxylate, HO: CH,’ SO* ONa. 


The electronie formula of this compound is, however, 


H :0: 
H TV :C :S : plus ENS 
H :0: . 
* 70 T 
or H-—0-—CH,—S < _ plus Na. 
YO 


The electronic formula shows clearly that in this case also 
stability is only achieved when the sulphur atom has 
acquired a positive charge. This has, in fact, been done 
by treating the acid as monobasic, with one hydrogen atom 
attached directly to sulphur instead of through oxygen ; the 
electronic formula of the hypothetical mono-sodium salt would 


"T ss E x = + 
then be :0:58:0: plus :Na: or O—SH——O plus Na, 


H 
and the sulphur atom is again seen to be carrying a positive 
charge. 

The sulphur-series of oxy-acids again stops short at a 
point where four oxygen atoms are linked to the central atom. 
A persulphurie acid of the formula H,80; is indeed known, 
hut it is a monobasic acid, which must be formulated as a 
monosulphonie derivative of hydrogen peroxide, and its ion is 


ON ++ VAS, 
probably - 584 . 
07 [SOH 


* Ordinary “hypo” was at first thought to be a real hyposulphate 
having the formula Na HS9, in which one of the molecules of water of 
crystallization was taken into the structure (Na, S,0,, H,O=2NaHSO,); 
it is, however, derived from a dibasic acid of the S: series, and its ion 
++ ,0 ORIN 
5 Cx . Zine hydrosulphite, which is 

O 
also sometimes called a hyposulphite, was thought to be ZnSO, instead 
of Zn5,0,; this salt, is, however, also derived from a dibasic acid of the 


s 
is formulated as SO,O;,"— a 


O 
that the ions of these stable compounds have, like those of the sulphites 
and sulphates, a positive charge on the central sulphur atoms. 


O, + + ,0 
S series, and its ion is formulated as — > S—S/ —. It will be noticed 
O 
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(c) Oxy-acids of Phosphorus.—The most stable acid of 
phosphorus is again the one which contains four oxygen 


Ov + ^O 
atoms. Its ion PO,” may be written as — PC, 
07 O 
where it is seen that the atom of phosphorus carries only a 
single positive charge. The corresponding acid with three 
atoms of oxygen would therefore have a neutral atom in the 


O - 
centre of three negatively-charged oxygens N P—Õ, 


O^ 
and would be of very low stability : actually, however, 


Hy. + ^O 
phosphorous acid is only dibasic, and its ion — AE. 
O O 


retuins a single positive charge, very much as in the case of 
the sulphoxylic acid, quoted under (b) above. The next acid 
of the series, hypophosphorous acid, HPO, behaves in a 
corresponding way, since this is only monobasic ; its ion, 


H + 0 | 
» - , therefore still retains the single positive charge, 
H O | i 


which appears to be essential for stability in nearly all the 
oxy-acids. 


(d) Silicie Acid.—In the case of silicon, even the O, acid 


has a neutral atom in the centre of the ion SiO,""", which 
Ov ZO 

must be represented as _ 5»Si( .. Less highly oxy- 
O^ NO 


genated acids o£ which the ions would contain a negatively- 
charged silicon atom = surrounded by negatively-charged 
oxygen atoms are unknown. 


(e) Dehydrated Acids.—In all the above cases the formule 
assigned to the various ions agree, so far as covalencies are 
concerned, with the formule attributed to them by Lang- 
muir; but as he failed to recognise the intramolecular 
ionization of these compounds, and therefore omits all the 
charges on the atoms, it was not possible for him to arrive at 
the simple theory set out above, that stability in oxy-acids 
usually depends on retaining a positive charge on the central 
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atom, without which it is difficult to hold the negatively- 
charged oxvgen atoms. In the case of the dehydrated acids 
such as H,810, and H,CO,, or HPO; and HNOs;, which are 
derived from acids of the O, series by the removal of water, 
satisfactory formule are provided most readily by assigning 
to the central atom a “ sextet ” (Lewis, J. Amer. Chem. Soc. 
xxxviii. p. 775, 1916; Latimer & Rodebush, ibid. lxii. p. 1423, 
1920) or “depleted octet” of 8 or 16 electrons instead of 
the 2--8 or 2+8+8 electrons of the normal octet. The 
introduetion of this conception has very far-reaching con- 
sequences in organic chemistry, and its introduction in 
inorganic chemistry appears, therefore, to be at least worthy 
of a trial. On this basis the ions of the four acids cited 
above become | 


O t - 0 + e Ox 4x = O\ 4+4 -' 
is »5—9, E P C-——O, . »P-—QO, - NN-—0, 
O O 07 O^ 


where the symbols printed in italics are those of atoms which 
are assumed to carry two electrons less than the usual 
number ; the much greater stability of the O, acids of silicon 
und phosphorus as compared with carbon and nitrogen may 
perhaps be associated with the greater difficulty of carrying 
out this robbery in the case of atoms containing three shelis 
of electrons instead of two. The new formule have the 
advantage of eliminating the difference between the single 
and double bonds of the conventional formule, and replacing 
each by a covalence and electrovalence; they also make the 
formul:e of the ions symmetrical as regards the three oxygen 
atoms, and thus bring them into line with the crystallographic 
data where previously it was customary to write them unsym- 


/9 79 
metrically as * O==C¢ and Bcc. ; 
NO O 
It is of interest to note that formic acid, CH40;, maintains. 
its stability in very much the same way as hypophosphorous 
acid by becoming monobasic, so that the ion is O—-CH—0O, 


and not O (15 0; where the central carbon atom would 
be neutral instead of carrying a stabilizing positive charge. 
This neutrality of the central atom can, of course, also be used 


* The “symmetrical” formula for the nitrates was given by Latimer 
and Rodebush, but without the electric charges shown above. 
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to explain the instability of orthocarbonic acid, H,CO,, or 


O O | 
= CK although derivatives such as C(OC,H;),, in 
O O 


which neutral atoms are held together by covalencies, are 
quite stable; as shown above, the central atom of the ion 
acquires a positive charge when orthocarbonic acid passes ' 
into carbonic acid, and the carbonates derived from tlie 
latter acid are fairly stable. 

Finally, attention may be directed to the fact that the old 
conception of “ ortho-acids ” in which all the oxygen is pre- 
sent as hydroxyl, e.g. Si(OH),, P(OH);, S(OH),, CI(OH);, 
has no significance whatever, since the octet theory imposes 
a limit of four on the primary covalency of all the lighter 
elements. It is therefore very doubtful whether any of these 
acids, except silicic acid, can exist, unless as “ molecular 
compounds " held together by residual electrovalencies, t. e. 
by stray fields from primary electrovalencies such as have 
been postulated in the formula for sulphuric acid. The place 
of the old **ortho-acids" is taken by the series of acids and. 
ions which contain four oxygen atoms, as in 


H,8i0,, HPO, HS0, HCIO,, 
and SiO," PO" SO”, CIO, 


where the maximum covalency of four is reached ; at the 
same time the maximum development of electrovalency 
makes these acids and ions more stable than those containing 
less oxygen. 


4. Acidifying Properties of Oxygen. 


The theory of intramolecular ionization leads to a novel 
explanation of those acidifying properties which led Lavoisier 
to bestow the name of oxygen upon this element. In 
general, acidity may be traced to the repulsion between a 
heavy positive nucleus and the light nucleus of a hydrogen 
atom ; this results finally in the expulsion of the latter in 
the form of a detached proton or hydrogen ion, which leaves 
behind its electron in the form of a negative charge on the 
anion. The repulsive force increases progressively in the 
series z CH, =NH, —OH, CIH, partly because of the in- 
creased weight of the nucleus, but apparently also in some 
inverse proportion to the number of hydrogen nuclei on 
which the repulsion acts. 
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This last effect appears to find an explanation in the obser- 
vations of Rankine (Trans. Faraday Soc. xvii. p. 719, 1922) 
on the collision areas of the hydrides. These observations 
have shown that the size of the octet increases progressively 
from neon to methane, perhaps because of the mutual repul- 
sion of the adherent hydrogen nuclei, but also as an obvious 
result of the weakened grip of the central nucleus on the 
surrounding electrons as protons are transferred trom the 
inside to the outside of the shell. If these sizes are regarded 
as fixed, it is clear that the repulsive action of the nucleus in 
hvdrogen fluoride as compared with that in methane mav 
increase much more rapidly than its mass since Bohr has 
calculated that the electric field outside an octet would vary 
as the tenth power of the distance from the nucleus (see 
Langmuir, Trans. Faraday Soc. xvii. p. 609, 1922). This 
repulsion can apparently be transmitted through a series of 
atoms, since a relatively distant chlorine atom produces a 
marked increase of acidity in compounds such as the chlora- 
cetie acids, where the chlorine is separated from the hydrogen 
bya chain of two carbons and one oxygen, thus 


[n all such cases the mechanism by which the repulsion is 
transmitted would appear to be a displacement of the nuclei 
relatively to the shells of electrons (compare Langmuir. 
Trans. Faraday Noe. xvii. p. 609, 1922), e.g. from left to 
right in the above formula, thus increasing the final repulsion 
of the nucleus of the hvdroxvlie oxygen for the terminal 
hydrogen nucleus which is split off as an ion. Whatever the 
mechanism may be, however, it is clear that the effeet is 
cumulative for several halogens, but diminishes rapidly and 
progressively as the line of intervening atoms is lengthened. 

A more ctfective way of increasing the repulsion is, how- 
ever, to add a positive charge to the repelling atom; and 
this can be done by bracketing it with an oxygen atom, as 
described in the preceding section, since under these con- 
ditions the oxygen atom always acquires a negative charge, 
whilst a positive charge is transferred to the atom which is 
bracketed by it. The effect of this is seen on comparing the 


neutrality of alcohol, ('H34——CH,-— OH, with the weak 


m + 70 " 
acidity of acetic acid, ke , where the positive 
OH 
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charge on the carbon atom transmits through the hydroxylic 
oxygen a repulsion just sufficient to enable the terminal 
hydrogen nucleus to escape as an ion. The direct etfect of 
the carboxyl oxygen is probably small, since the repulsive 
action of its heavy nucleus is argely neutralized by the 
negative charge which it carries. 

On the same basis the acid H—GI—-0 or H—C1—-O 
would be stronger than hydrochloric acid ; but in practice 
the hypothetical oxy-acid passes (as described above) into 
the more stable electrically-neutral molecule H—-O-— Cl, 
where tlie repulsive action of the chlorine is now required to 
operate through an oxygen atom, so that the compound is 
weaker than hydrochloric acid instead of stronger. When, 
however, the chlorine is now bracketed with additional 
oxvgen atoms, each of these contributes an additional positive 
charge to the chlorine, and makes the acid not only more 
stable but also stronger in the series 


: O 
EE or ON iN are 
-CIOH, OCIOH, - »OI—on, 0- GI—OH. 
Ó i 
7 


This procedure is, however, limited to the introduction of four 
oxygen atoms, since the octet is unable to carry any larger 
number of nuclei. 

The converse process of diminishing the acidity of a com- 
pound by imposing a negative charge on one of the repelling 
atoms is ios familiar in the polybasic acids, such as sul- 


OH 

++ 

phurie acid "NS < . In this case the splitting off 
HO^/ 


of one hydrogen Pos leaves behind a negative charge 


O N ++ /OH . " . 
" » S d - which weakens the repulsion transmitted from 
O NO 


the nucleus of newly-ionized oxygen atoms through sulphur 
and OX ven to the second hydrogen nucleus, and so makes 
HSO; a weaker acid than. H,SO,. linc thence way the 
SER USES diminution of acidity i in the series HCIO,, H; »SO,, 


H;PO,, H,SiO, may be associ: ited with the diminishing positive 
l +++ ++ + 
charge on the central atom of the ion, thus Cl, S, P, 


as well as with the diminishing mass of the nucleus. 
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5. Influence of Intramolecular Ionization on Physical 
Properties. 


It will be noticed that in Sir Joseph Thomson’s classifi- 
cation carbon dioxide and nitrous oxide both appear in 
Group I. as non-ionized molecules. It therefore remains to 
examine how far the views set out above ure in harmony 
with the observed physical properties of these gases, and for 
this purpose the exact effect of the rearrangement of the 
nuclear charges on passing from one gas to the other must 
be considered. In the first place, it should be noticed that 
the repulsion between the nuclei of C and O will be very 
similar to that between N and N, since if these forces can be 
assumed to be governed still by the law of inverse squares, 
the repulsions would he in the ratio 48:49. In the second 
place, the view has been adopted that the nuclei are not 

rigidly fixed in the centre ot the enveloping octets, but are 

able to adjust themselves to the attracting and repulsive 
forces acting upon them. Under these conditions it may be 
doubted whether any important stray field of force would 
escape bevond the cage of electrons in which all the nuclei 
are embedded. This conelusion is indeed almost inevitable 
in view of the fact that the similarity of the gases appears, 
not onlv in their refractive indices and specific inductive 
capacities, but also in the much wider range of physical 
properties tabulated by Langmuir. On the other hand, the 
stability and other chemical properties of the molecule which 
depend on fields of force within the molecule may be in- 
fluenced very profoundly, on the lines discussed in the 
present paper, by these internal electrical forces. 


6. Summary. 


(1) Internal ionization is postulated in a number of com- 
pounds where the charges on tlie nuclei are not balanced by 
the enveloping electrons. 

(2) Stabiity in oxy-acids depends on the presence of a 
positive charge on the central atom of the ion. This also 
increases the strength of the acid. 

(3) A maximum of stability and of strength is reached in 
acids containing four atoms of oxygen round the central 
.utom of the ion. 


University Chemical Laboratory, 
Cambridge. 
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CXVI. Note on the Theory of the Specific Heat of Liquids. 
By F. A. LINDEMANN *. 


N the January number of the Philosophical Magazine 
Professor Honda has put forward a theory of the specific 
heat of liquids which can scarcely be allowed to pass 
unchallenged. It applies primarily to monatomic sub- 
stances, and may briefly be outlined as follows :—The 
atoms in a solid execute translational vibrations according 
to the usual theory with the mean energy 3K/(8,/T), 
0, being the characteristic temperature and /(0,/T) the 
function which according to the quantum theory determines 
the energy content. In addition to this, he assumes the 
atoms to carry out rotational oscillations about their centre 
of gravity in the solid, being constrained by the directive 
forces of the neighbouring atoms. Fusion he assumes to 
occur at the temperature at which the energy of these 
rotational vibrations becomes so large tlat the atoms 
execute continuous rotations. He neglects the work done 
against cohesion in the change of volume on fusion, and 
explains the latent heat of fusion as the energy which 
these new degrees of freedom of continuous rotation must 
acquire. Deviations from the atomic heat in the liquid 
proper to the three translational degrees of freedom plus 
two or three rotational degrees of freedom are explained 
by supposing that the potential energy in the translational 
oscillations may diminish if the atom executes long un- 
constrained free paths like the atoms in a gas. 

Apart from the first generally accepted view of the 
translational vibrations, scarcely one of these assumptions 
is free from objection. 

Atoms cannot rotate about their centres of gravity, as 
their moments of inertia are much too small. They are of 
the order Smr?, where m is the mass of one electron and 
r its mean distance from the nucleus, and are clearly less 
than 10-9, Since Iv must be 4z?»h, I being the moment 
of inertia, v the frequency of rotation, » an integer, and 
h Planck’s constant, therefore v would have to be of the 
order 10", i. e. the characteristic temperature @ of the order 
5.109. It is evident that rotation at ordinary temperatures 
is impossible, on account of the factor e79?T, If the atoms 
could execute rotational oscillations the ener: y of the solid 
would be larger than 3H/(0,/T) by an amount 3Rf 0/T), 
0 being the characteristic temperature cyrresponding to 
the rotational frequency. On melting, if Prof. Honda’s 
theory were true, these oscillations would become complete 

* Communicated by the Author. 
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rotations and the potential energy would become free, i. e. 
a negative heat of. fusion would result: If atomic oa ois 
really occur in fluids, they must oeeur in a gas. If this 
were 3o, the atomie heat of mercury vapour would be 3R 
and the ratio of the specitic heats 1:333... instead of the 
observed value of 167. The work done against cohesion 
by expansion on fusion is bv no means negligible, as is 
assumed, but amounts to about half the latent heat Finally, 
the atoms could only execute free paths ae constraint 
if they were comparatively far apart. On fusion, their 
mean distance in general increases by little more than 1 per 
cent. Tf their amplitude of oscillation is 12 per cent. on 
fusion, therefore at most 1/13 of their paths could be 
executed under diminished constraint and hence no material 
diminution of the potential energy can take place. 

For each and all of these reasons, Prof. Honda’s theory 
must therefore be rejected. To avoid ambiguity, it may 
perhaps ke worth while brietly to restate the "theory which 
] had believed to be currently accepted. 

Under the influence of their mutual attractions. and 
repulsions the atoms in a solid form a space-lattiee, regular 
in ervstals, irregular in glasses, Their thermal energy at 
constant volume is in the form of translational oscill: ations, 
whose frequenev is determined by the mass and thie 
restoring force, A simple application of Tavlor’s theorem 
shows if at the restoring force is elastic: tor small displace- 
ments, but does not remain so for large displacements. 
Hence the mean potential energy equals the mean kinetic 
energy at low temperatures, but may exceed it near the 
melting. point. At the melting-point some discontinuities 
in the atom collide or overlap, presumably orbits of peri- 
pheral electrons, Hence a crystal hos a sharp melting- 
point, a glass an indefinite one. Monatomic solids expand 
on [ndam and about nalf the latent heat is simply work 
done against the cohesive forees. On account of the 
greater distance between the atoms in the liquid, the re- 
storing force is less than in the solid and eonsequently the 
atoms! frequency and the characteristic temperature 0, must 
be lower. The balance of the latent heat is therefore pro- 
bably accounted for by a term 


Tm 
3R f (POT —7(84/T) dT. 


This point of view appears to account for the facts quite 
adequately and consistently, and unless Prof. Honda can 
show that it involves ditfieulties comparable to those 
inherent in his theory it would seem preferable to adhere 
to it. 
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CXVII. The Total Reflexion of X-Rays. By ArtHur H. 
Compton, Ph.D., Wayman Crow Professor of Physics, 
Washington University, Saint Louis *. 


1. Deviations from Bragg’s Law. 
qe direct attempts to measure the index of 


refraction of different substances of X-rays have 
hitherto failed, deviations from Bragg's relation, 


nX — 2D sin ð, 


have been observed which have been ascribed to an 
appreciable refraction of the X-rays as they enter the 
crystal. These deviations were first observed by Stenstróm f, 
using wave-lengths greater than 2:5 À.U. Duane and 
Patterson f and Siegbahn $ have also noticed that even with 
ordinary X-rays the waye-lengths calculated from measure- 
ments in the different orders of reflexion do not exactly 
agree with each other. Stenstrém’s conclusion that these 
experiments indicate appreciable refraction was criticized by 
Knipping || ; but a more careful analysis by Ewald { shows 
a quantitative agreement between the diserepancies observed 
by Stenström and those calculated on the refraction hypo- 
thesis. 

The fact that Bragg's law cannot be strictly true seems to 
have been pointed out first by Darwin **, who gives for the 
difference between the observed glancing angle @ and the 
angle 8, anticipated from Brage’s formula, 

0 — 60, = ó[sin 0 cos 0. 

Here 

ô = l—p, 
where y is the index of refraction of the X-rays in the 
crystal. An expression which gives the index of refraction 
from measurements of the glancing angle for different orders 
of reflexion is 
Ai—A. ng 


ct gus xxx) 


A ug—uj 


ô = 


where A, and A, are the apparent wave-lengths as measured 


* Communicated by the Author. 

+ W. Stenström, Dissertation, Lund (1919). 

[ Duane and Patterson, Phys. Rev. xvi. p. 522 (1920). 

$ M. Siegzbulin, Comptes Rendus, eclxxiii. p. 1350 (1921) ; pp. 174, 745 
(1022). 

| P. Knipping, Zeits. fF. Phys. i. p. 40 (1920). 

q P. P. Ewald, Phys. Zetts. xxi. p. 617 (1920). 

** C. G. Darwin, Phil. Mag. xxvii, p. 318 (1914). 


Phil. Mag. Ser. 6. Vol. 45. No. 270. June 1923. 4C 
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in the n, and ng orders respectively, and 8, is the glancing- 
angle for the a, order *.. If the index of refraction of the 
ervstal is known, the true wave-length can be calculated 
from the formula, 


nr=2D sin e(1— 


(2) 


Ò 
sin O 7 7o 7 7 


Duane and Patterson t find an apparent. difference in the 
wave-length of the tungsten La. line, A—L 413 À., as ob- 
served in the first and second order from e: ilcite, of A, — A; = 
(00015 Å. According to equation (1), this means an index 
of refraction less than unity by 6=8 x 1076. ‘Their similar 
measurements on 1: 20) and 1:096 À. giveó—10and 3 x 107° 
respectively, 


2. Drude-Lorentz Theory of Dispersion. 


According to the Drude-Lorentz theory of dispersion 7, 
the index of refraction of a medium for radiation of very high 
frequency is given approximately by 


r 
nee 

oe on mae e a E 
Here n, represents the number of electrons per unit volume 
which vibrate with the natural frequency v, e and m have 
their usual significance, y is the frequency of the radiation, 
and the summation is taken over the different types r of the 
electrons. If, as in the case of ordinary X-rays traversing 
matter. composed of light atoms, the frequency of the 


* Darwin's investigation shows that, in spite of the fact that the ware- 
length is less than the distance betweén the individual atoms, refraction 
problems may be treated in the usual manner, If then @ and A are the 
glancing angle and wave-length respectively outside the crystal, and 6' 
and A’ the corresponding angle and wave-length within the crystal, 


À 1 cos 8 sing’ ] l l—yp 
x75; and aoso Te 9T gino «( sin? a). 


jut Bragg has shown that 
uXz—2D sin 60; 
whence 
nd =2D sin 0 (s s \ 
sin* 67’ 
which 1s equation (2). This gives the true wave-length in terms of the 
known grating space and the observed glancing angle. To determine 
the index of retraction, the glancing S 0, and 8, for two different 
orders m and 4; must M measured: This gives two equations ( (2), from 
which the unknown wave-length A may be eliminated, giving, after some 
reduction, equation (1). 
+ Duane and Patterson, doc, cit. 
t Cf, e.g, M. A. Lorentz, * The Theory of Electrons,’ 2nd ed. p. 149. 
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radiation is considerably higher than the natural frequency 


of the electrons, this becomes very nearly, 
| ne? 

Nc —c 
where n is the total number of electrons per unit volume of 
the medium. g 

If X-rays of wave-length 1:473 À. traverse calcite, this 
expression (4) indicates an index of refraction which is less 
than unity by about 8x 10-76. For X—1:279, 6—6 x 1076, 
and for A= 1'096, = 4:5 x 1075. The close correspondence 
between these theoretical values and the values calculated 
from Duane and Patterson's experiments can leave little 
doubt but that the consistent changes in apparent wave-length 
with order which they observe are due to refraction. 


3. Observation of Total Reflexion of X-rays.. 

Since the refractive index is less than unity, a beam of 
X-rays striking a plane surface at a sufficiently large angle 
of incidence should be totally reflected. The critical glancing 
angle is given by 

cos 0 = p, 
or 


sind = 28. 
For 1:279 Å., the value of 8 for crown glass of density 2:52 
is given by equation (4) as 52 x 10-8, in which case 20= 22 
minutes of arc, which is a readily measurable deflexion *. 
Fig. 1. 


In searching for the totally reflected beam, the apparatus 
was set up as shown diagrammatically in fig. 1. The beam 
of X-rays passing through the slits S, and S, had an effective 

* In this calculation, the composition of crown glass was assumed to 
be Cu). Na,O. 2810,. However, tor a given density, variations in the 
.coin position affect only very slightly the index of refraction as calculated 
from equation (4). 

4C2 
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width of about 2 minutes of are. The d was a piece of 
ordinary plate class, of density. 2:52, mounted upon the 
prism tuble of a spectrometer. The x T of the speetre- 
meter was used only to check the accuracy of a lamp and 

scale system, which was set at such a de from the 
um that a rotation of the mirror through an angle of 
0 = I minute gave a deflexion of 1 mm. The slit 5 could 
be moved by a nicrometer screw through any desired 
angle ġ. while the opening into the ionization chamber was 
wide enough to admit ravs coming from the mirror through 
a range of about 1:5 decrees. 

The zero position of the slit S was determined by removing 
the mirror and adjusting the slit X for maximum deflexion. 
The zero position of the mirror could not be determined by 
the maximum deflexion, since, as we shall see, the beam 
reflected from the surface is nearly as intense as the primary, 
so that the maximum deflexion is not given when the tront 
surface of the mirror just bisects the primary ray, but when 
part of the primary ray is reflected from its front surface. 
A more satistuctory method of determining the mirror’s 
zero point was to turn it until the visual image of the slit 5, 
eoincided with the real slit. 

In searching for the predicted total reflexion, the slit S 
was moved several minutes of are from the zero position. 
and the ionization current noted for various positions of tlie 
mirror, The results thus obtained, for different. positions of 
the movable slit, are shown in fie, 2. For example, when 
the slit was at an angle $212, on turning the mirror from 
zero to 12^ the intensity of the X-ravs entering the chamber 
increased from zero at small angles to à maximum at 6 and 
then fell to zero at larger angles, lf the. X-rays entering 
the chamber were diffuse ly ir they should have been 
ot maximum Intensity when the mirror was at the smallest 
glancing angle at which all the primary beam would impinge 
upon its front surface, Le. at about 4. Thus the fact. that 
the X-rays are in every case of maximum intensity when the 
angle $220 shows that there is an approximately specular 
reflexion. of the X-r: avs at these small angles. Tke in- 
creasing breadth of the reflected beam at the larger angles 
shows that the reflexion is not perfectly regular. ‘It appears 

rather that the glass surface reflects the X -rays in much the 
sume manner thai the air above a heated street reflects Hight 
to Form a mirage. The fact that no appreciable reflexion is 
observed at angles as great as @=18' means that for the 
greater part of the X-ray beam the critical glancing angle 8 
is less than 9. 
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Glancing Angle of Mirror 


The maximum intensity occurring when the glancing angle of the 
mirror is half that of the slit indicates specular reflexion. 


Fig. 3. 


Mirror at O' 


Jonization in arbítrary units 
Mirror at 3' 


Angle of Slit 


The reflected energy is nearly equal to the incident energy, 
indicating total reflexion. 
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If the observed phenomenon is really one of total reflexion, 
the energy in the reflected beam should be nearlv as great 
as that in the primary beam. A measure of the total energv 
in eaeh beam was obtained bv integrating the observed 
ionization as the slit S was moved across the beam. Curve A 
of fi. 3 was thus obtained when the mirror was set at zero, 
and curve B when at 3’. This small glancing angle was 
necessary in order not to exceed the critical angle for the 
shorter wave-lenyths. In order to satisfy this condition with 
greater cert: üntv, the tube was operated at the compar: ative Iv 
low potential of about 12,000 peak volts. But the angle was 
so small that part of the primary beam was not intercepted 
hy the mirror, giving rise to a sharp peak at 15 in curve B. 
Thermo ihe areasot dhoitwo eur ves, O91, shows that the 
greater part of the incident energy is indeed reflected. 


4. The Index of Refraction for N-rays. 


In order to test quantitatively the theoretical dispersion 
formula for these very high frequencies, it was necessary to 
determine the critical glancing angle for a known wave- 
length. For this purpose the c: alcite ervstal C, on the crystal 
table of a Bragg spectrometer, was placed in the path of the 
reflected beam, so that its spectrum could be studied. a 
procedure then consisted in measuring the intensity of : 
given spectrum line in the beam reflected. from the mirror, 
and in finding the angle @=20 bevond which the line fails 
to appear. The results of these experiments are shown in 
fig. 4. Curve A shows the intensity of the reflexion of the 
tungsten L line A=1:279 A. by the plate-glass mirror at 
various angles $—20. It will be seen that the line has 
almost disap peared from the reflected beam at a critical 
glancing angle of about 20, Curve B shows the intensity 
of the same line as reflected from the surface of a silvered 
glass mirror coated with a thin film of lacquer. It is 
auparent that the critical angle for the lacquer is passed at 
about 22, while the line fin: ally disappears not far from the 
angle 43° predicted by Lorentz’s theory as the critical 
glancing angle for silver. From these curves we may take 
the eritical gli ancing angle for glass as @=@/2 = about 10, 
for lacquer as about 11^, and for silver as about 22-5. These 
values correspond to indices of refraction less than unity by 
4°2x 1076 in the case of glass, 571 x 1078 in the case of 
lacquer. and 21:5 x 107° in the case of silver. 

The spectrum of the rays reflected from glass at the angle 
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$-—8' is shown in fig. 5, curve A, as compared with the 
spectrum of the primary beam, curve B. The ordinates of 
the spectrum of the reflected rays are magnified by a factor 
of 3. It will be noticed that whereas the spectrum of the 
primary rays begins at 8—29:1, corresponding to a wave- 
length of 0-22 À., the spectrum of the reflected rays begins 
rather gradually at about 4°5, and apparently, if the slits 
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were sufficiently narrow, would begin at about 59:0. "Thus 
@/2=4' is the critical angle for a wave-length of about 
"52 A., corresponding to a value of 1—4-—0:9x10-75. This 
value is not, however, as reliable as the values obtained from 
the spectrum line. 


5. Comparison of the Ewperiments with Theory. 
The ealeulation of the index of refraction of crown 
glass is not difficult, since the frequency of the radiation 
emploved is considerably higher than that of the K absorption 
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band of the heaviest element, calcium, in the glass. Conse- 
quently, the. simple formula (4) can be applied with very 
little error. In the case of silver, however, the wave-length 
employed, 1:279 Å., is intermediate between the critical K 
and L absorption frequencies. It is thus necessary to take 
into account the natural frequencies of the electrons in. both 
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of the inner rings. It is surprising, however, how small a 
difference the corresponding degree of resonance makes. 
Thus if the middle of the K absorption band is taken as 
39 Å., that of the L series as 2:9À., the number of electrons 
in the K ring as 2, and in the L ring as 8, the value of 6, 
according to equation (3), is 198x 1076; but the approxi- 
mate equation (2) gives the corresponding value as 20:3 x 1078, 
a difference of only 2 per cent. 
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_ In Table I. are given the results of the experimental 
measurements of the index of refraction as compared with the 
theoretical values for glass, silver, and lacquer. 


TABLE I. 


Wave- Critical er A s=1—p, 


Substance. Density. ye à po experiment. theory. 
Glass...... 2°52 1:279 10' 42x10-6 5:'2x10-$ 
Glass...... 2°52 '92 4 09x10-6 — 07x10-6 
Silver ... 10:5 1:279 22"5 215x10-6  19:8x10-6 
Lacquer.. — 1:279 11'0 51x 10-6 — 


It is at first sight surprising that the value of ô should be 
greater for lacquer than for glass. Some recent experiments 
by Miss Laird have indicated *, however, that the density 
of thin films of celluloid increases considerably as the films 
become very thin, rising from the value of 1:41 for thick 
films to greater than 2:5 for the thinnest filins measured. In 
view of the hydrogen content of these organic substances, it 
thus appears that the electron density in these dense thin 
films is greater than in glass. Thus in every case the 
experimental values of the index of refraction are in satis- 
factory accord with the usual electron theory of dispersion f. 


6. Application to Physical Problems. 


This establishment of the theoretical dispersion formula 
makes it possible to calculate with accuracy the index of 
refraction for these very high frequencies by substances 
containing only the lighter atoms. There remains some 
uncertainty with regard to the natural frequencies o£ the K 
and L electrons in the heavier elements ; but as we have 
seen in the case of silver, errors from this cause can hardly 
be serious. Fortunately, the crystals most used in X-ray 
spectroscopy are composed of relatively iight elements. In 
the case of calcite, formula (4) gives the value of 1—p as 
3°67? x 1075, where X is expressed in Ángstróm units. As 
compared with formula (3), this expression is accurate to 
I per cent. for wave-lengths less than 2 À., and is accordingly 
reliable for corrections of the wave-length throughout the 
usual X-ray spectrum. The corresponding expression for 

* E. R. Laird, Phys. Rev. xix. p. 384 (1922). 

+ There is an apparent tendency for the experimental value of 1—y 
for glass to fall below its theoretical value, though the difference is 
hardly more than the experimental error. If the difference is real, it 
may indicate the existence of a thin laver of niatter of low density, such 
as water or oxvgen, on the surface of the glass. 
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rock-salt is 3:04 A? x 1079, which should also be accurate to 
l per cent. over the same range. Using these values for the 
index of refraction, the true wave-length can be calculated 
from the glancing angle according to equation (2). 

A matter of considerable interest is the prominence of the 
L series spectrum lines in the spectrum of the totally 
reflected ravs. In the primary. beam, operating the tube at 
about 70,000 peak volts and using a wide opening into the 
ionization chamber, the M background is more 
prominent than even the strongest of the L series. lines. 
But when wave-lengths shorter than O75 A. are absent, as 
they are in the reflected beum, the spectrum lines stand out 
much more prominently. In fact, the continuous background 
has almost disappeared. It is obvious from this result that 
the principal part of the continuous background in this region 
consists of the higher orders of reflexion “of the shorter wave- 
lengths, and that. comparatively little enerey of wave-lengths 
greater than 1 A. occurs in tlie general pe diti on 

This experiment illustrates the use of the phenomenon of 
total reflexion as a means of filtering the short wave-leneths 
from a beam of N-ravs, a result which cannot be SRETEN by 
absorption filters, Unfortunately the method-can be applied 
only in the case of very narrow beams of X- -ravs, having a 
breadth of the order of a few minutes of are. Bu: in the 

"use of such beams, the reflexion is so nearly total that the 
reduction in intensity is not great, while the critical glancing 
angle is so well defined that the shorter wave-lengths are 
rather sharply cut off. For use as such a filter, a mirror 
with a platinum surface is to be recommended, because its 
index of refraction differs so greatly from unity that the 
critical angles are comparativ ely large. 

The existence of an index of refraction of the magnitude 
predicted by the classical electron theory would seem 
irreconcilable with the view that one quantum of X-rays can 
atleet but a single electron. For there would seem to be no 
possibility of retraction unless the ray can spend a part of its 
energy in setting in vibration some of the electrons over 
which it passes so as to give rise to a secondary ray which 
will combine with the primary train, But this ‘involves the 
idea that parts of the quantum are capable of affecting. the 
traversed electrons, It is not easv to reconcile this result 
with such experiments as that of the softening of scattered 
X-rays *, which seem to demand that each electron affected 
by the primary rays receives both the momentum and the 
energy of a whole quantum. 


ee A. H. Compton, Bulletin Nat. Research Council, No. 20, p. 16 
(1922) 
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It is of value to note that equation (4) supplies a means 
of determining with fair accuracy the wave-length of an 
X-ray beam from an experimental measurement of its index 
of refraction, if the number of electrons per unit volume is 
known. If the number of effective electrons per atom is 
taken equal to the atomic number, as X-ray scattering 
experiments show is at least approximately the case, the 
measured value X — 4:2 x 1079 for glass means a wav e-len oth 
of 1:18A. This value is independent of any knowledge of 
crystalline structure or of the energy quantum, and so gives 
a very valuable confirmation of the wave-length 1: 2% 

calculated on the basis of other more accurate though less 
fundamental methods. 

Perhaps of greater importance is the fact that, knowing 
the wave-length, it is possible to calculate from the observed 
index of retraction the number of electrons per atom which 
are affected by the incident X-rays. In calculating the 
theoretical value of the index of refraction from for mula (3), 
the number of electrons peratom has been taken equal to the 
atomic number. From the accuracy with which the index as 
thus calculated agrees with the experiments, it follows that 
this assumption is probably correct to within about 5 per cent. 

The two most direct methods hitherto employed for 
determining the number of electrons in the outer part of the 
atom are the study of the scattering of alpha rays by atomic 
nuclei and the measurement of the intensity of scattered 
A-rays. The first method determines the charge on the 
atomic nucleus, and it is not certain @ priort that the charge 
thus measured is identical with the charge on the electrons 
which are responsible for high frequeney radiation. The 
intensity of the scattered X-rays, on the other hand, though 
determined by the electrons exterior to the nucleus, is a 
function not only of their number but also of their arrange- 
ment and size. The index of refraction is theoretically 
independent of the arrangement and size of the electrons, 
and depends upon their resonance only to the same extent as 
does the scattering. Thus an estimate of the number of 
mobile electrons in an atom based upon a measurement 
of the index of refraction is more reliable than a similar 
estimate based upon these other methods. It is accordingly 
gratifying that such a measurement confirms the result of 
the earlier w ork, indicating that the number of electrons per 
atom which are affected by high frequency radiations is equal 
to the atomic number. 

Washington University, 

St. Louis, : 
Dec. 6, 1922. 
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CXVIII. Lumtnous Pulsations in the Glow of Phosphorus. 


By H. P. Waray, M.A., Ph.D. (Cantab.), F.Iust.P.* 
I2 RAYLEIGH has recently called attention f to the 


remarkable travelling pulses of luminosity observed 
when oxygen comes into contact with phosphorus vapour. 
Following the earlier procedure of Joubert he has examined 
the travelling pulses of luminosity, using the method of 
allowing atmospheric air (containing oxygen) to leak slowly 
into a space in which phosphorus vapour is being continually 
produced by a lump of phosphorus. About two years ago 
I happened to observe the phenomenon of the periodic 
luniinosity of phosphorus in somewhat different circumstances, 
with an apparatus of the form shown in fig. 1, which was 


Fig. 1. 


i ~~ 
| p 1 
e * | 
acus | 
= AA I 
J 
| N; À 
ME 
| 
H 


being used for quite a different purpose. Since my observa- 
tions ditfer in some respects from those of Lord Rayleigh in 
the paper referred to, it may be of some interest if 1 set 
out the facts of my observation in some detail. 


* Communicated by Prof. A. W. Porter, D.Sc., F.R.S., F.Inst.P, 
T Proc. Roy. Soc. A, xc. p. 3872 (1921). 
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In the apparatus of fig. 1, K is the side tube containing a 
little phosphorus used to free the apparatus from traces of 
oxygen; while M is the arrangement by which a small 
bubble of electrolytic oxygen could be introduced into the 
system whenever required. D is a large discharge-tube 
over 50 centimetres in length and about 4 centimetres in 
diameter, and connected to it are the Tópler pump P and 
MeLeod gauge J. The taps T and T' having been kept 
open for some time, the whole of the apparatus became fouled 
by the phosphorus vapour and the thin deposit of phosphorus 
all over the glass surface could be readily seen by the change 
in tint throughout. Experimenting under conditions of 
total darkness in the room, when a bubble of oxygen was 
let into theapparatus the short flash of luminosity throughout 
the apparatus was followed by bright and practically momen- 
tary flashes of luminosity in the wider portions of the pump 
P and the MeLeod gauge J. The perfectly dark and 
comparatively long intervals between the flashes of luminosity 
were of the order of about twenty seconds to start with. 
This period diminished gradually until, after about twenty to 
thirty flashes, the luminosity was faint and the pulsations, if 
any, too difficult to be followed with certainty. 

It was interesting to note that the smaller bulb of the 
McLeod gauge showed a shorter period and a lesser number 
of flashes and these flashes were quite out of phase with those 
occurring in the bigger bulb of the mercury pump. No 
flashes except the initial one on the first entry of oxygen were 
noticed in the large discharge-tube D. 

The bulbs of the pump and gauge are connected to the 
rest of the apparatus by comparatively long and narrow 
tubing. Through these there was the possibility of a 
kind of damped ‘oscillation of the eas between these bulbs 
and the large volume of the discharge- tube, maintained by 
the periodic explosions occurring at these bulbs at the far 
end. But difficulties were encountered in pursuing this line 
of explanation further. Though the circumstances of the 
travelling pulses of luminosity discussed by Lord Rayleigh 
and Lise: of the periodic luminosity observed by the auior 
are different, it is possible that the explanation for both is 
based on the same primary cause. 

Though I had set aside this interesting observation for 
investigation at a more convenient opportunity, recentiv, 
since the publication of Lord Rayleigh’s paper, I have tried to 
experiment Further on the phenomenon with a view to explain 
some of the differences in our observations. "The first 
difference noted by me was that whereas Lord Rayleigh 
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asserts the need. for the presence of water vapour to 
maintain the travelling pulses of luminosity, oxygen dried 
over phosphorus pentoxide at a low pressure seems to be 
quite effective for producing the periodie flashes. Secondly, 
in my arrangement the whole of the oxygen is let in Into the 
highly exhausted volume of the: apparatus and is not grad- 
u: ally supplied by a process of leakage through a fine ca pillar: Y 
tube, In these two respects amongst others the phenomenon 
of the periodie flashes seems to differ from tlie case of the 
travelling pulses of luminosity. It is also ditheult to follow 
up the explanation of a travelling pulse from the circum- 
ference to the centre or rice versa, since on this view it is 
ditticult to explain the further flashes after the first one has 
consumed all the available oxygen. It may be that bv a 
process of damped oscillation between parts of the apparatus, 
or by a very slow flow of jas through the long and narrow 
connecting tubes, fresh supply of gas is continually available 
for the maintenance of the successive flashes. 

To test these two possibilities further, two forms of 
apparatus as shown in fies. 2 and 3 were made. In fig. 2, 
pure dry electrolytic oxygen is stored at a low pressure in 
the bulb b over a layer of phosphorus pentoxide. The 
phosphorus is contained in a tube ¢ immediately below the 
Hash bulb B, and a stoy-cock N separates these two volumes. 
Oxygen from b can be let into B by turning the half-filled 
stop-cock T, and the bubble of gas thus let in 1 has to traverse 
the spiral of glass tubing before it enters the flash bulb. 
Because of this arrangement there is no large idle volume 
connected to the bulb B to permit of the oscillations of gas 
between the flash bulb and itself. This part of the apparatus 
is completely exhausted, and by opening the stop-cock 5 
and warming the tube ¢ phosphorus ean be distilled over into 
B. where it deposits itself as a thin layer over the glass walls. 
This form of apparatus has the great convenience that it is 
complete in itself for the flash experiment. The admission 
of pure oxvgen makes the products of combustion in the 
flash. bulb practically disappear, leaving the vacuum in 
B as perfect as before, thus permitting the apparatus to 
be used again for observing another set of flashes. Experi- 
menting with this apparatus, for every bubble of oxygen 
admitted into the apparatus a regular series of flashes was 
observed as expected, even after tlie oxygen bad been dried 
by standing in contact with phosphorus ‘pentoxide for over 
one and a half vears. This proved two points. Firstly that 
the presence of water vapour is not essential for the main- 
tenance of these series of periodic flashes, though it may be 
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necessary for the travelling pulses of luminosity. Secondly, 
that the flashes are not being maintained by a periodic supply 
of gas arising from the oscillations of gas between parts of 
the apparatus, with narrow connexions between them. 
This latter point is further supported by the observations with 
the similar apparatus of fig. 3, where the long spiral con- 
necting tube is; also dispensed with. To keep the large 
volume of the flash bulb quite dry and free from any 


Fig. 2. Fig. 3. 


moisture introduced with the phosphorus distilled into it, a 
small bulb X of phosphorus pentoxide is permanently sealed 
on to it. A side tube leading to a bulb Z containing a little 
water enables water vapour to be added on to the bubble of 
oxvgen let into the space S by turning the half-filled tap T, 
before the mixture of the two is let into the flash bulb by 
opening Ty. From the experiments with this apparatus it 
would appear that the influence of water vapour 15 not any- 
thing serious, and the effect, if any, is a slightly increased 
o luminosity in the flashes. 
Experimenting with this apparatus the sequence of 
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changes noted as characteristic of these flashes were as 
follows :— 


(1) An initial luminosity for a brief interval on the 
admission of the bubble of gas into the system. 

(2) Its quick decay to complete darkness. 

(3) The orizin of the periodic flashes. 

(4) Their continued occurrence with gradually de- 
creasing period. 

(5) The disappearance of the final faint glow. 

Any proper explanation of this phenomenon must be capable 
of satisfactorily accounting for this sequence of changes. 
Though the nuclear theory ‘of Lord Rayleigh is satisfactory 
enouph i in explaining the propagation of the. travelling pulses 
ot luminosity studied by him, it does not seem to be 
applicable to the present case, The earlier conelusion of 
Joubert that below certain pressures too small to measure 
phosphorus would not combine with oxygen, seems to be 
suggestive of a profitable line of attack if we make the 
further assumption that the explosive or luminous combina- 
tion of phosphorus vapour and oxygen is governed by the 
fact that, as in any explosive mixture, their partial pressure 
in the mixed atmosphere must bear a certain minimum ratio 
before combustion can spontaneously originate or be 
maintained in the mixture. 

The validity of this assumption is proved bv Lord 
Ravleigh’s experiments on the travelling pulses of luminosity, 
where p luminous combination starts always at a partic- 
ular level when oxygen slowly leaks into a system where 
a gradient in the vapour pressure of the phosphorus located 
at the other end exists. The situation is represented. more 
clearly by the graphs of fig. 4, where the partial pressures 
of the constituents are plotted against the length of the 
evlinder. The change with time corresponds roughly toa 
vertical dis placement of tle partial pressure curves at 
ditferent rates, and the propagation of a pulse of luminosity 
may be guided purely by the progressive change in this 
ratio at different levels along the tube. This is “dependent 
on the rates at which oxygen and the vapour ef phosphorus 
are flowing into each othar from either end. 

This line of explanation seems to suit the periodie flashes 
as well. For the conditions represented by the graphs 
of fig. 4 are exactly reproduced in the flash bulbs of the 
ap paratus shown in ties. 2 and 3. To begin with, the inner 
surtace of the flash ST has a thin coating of phosphorus 
which is giving off inwards a slow Siren of phospliorus 
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vapour, and there is a gradient of this pressure from the 
wall towards the centre when the flashes originate. The 
vapour of phosphorus, saturating the bulb to begin with, 
gets consumed by the first rush of oxygen, and this explains 
the initial glow. The bulb is now mainly filled with oxygen 
and particles of the oxide of phosphorus. The steady 
diffusion of phosphorus vapour into this central region of 
oxygen sets up in the course of a few seconds a circum- 
ferential zone of narrow width where the pressure of the 
phosphorus vapour is steadily increasing, As soon as it 
reaches the critical ratio combination results in this layer, 
which is seen as the first flash. This creates a situation 
quite favourable for the maintenance of the successive 
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flashes. The first flash leaves an inactive spherical zone 
of narrow width filled with particles of the oxides of 
phosphorus, and oxygen and phosphorus vapour diffuse into 
it from either side of it. A second flash follows when the 
critical ratio is reached again, and this action goes on pro- 
ducing the successive flashes, until the whole of the oxygen is 
used up. Since the pressure of oxygen falls with every flash, 
because of its expansion, the quantity of phosphorus vapour 
required to give the critical ratio decreases, and for a steady 
rate of evaporation of phosphorus from the walls the 
required vapour is formed in a shorter time and that accounts 
partially for the progressive. diminution in the period of the 
successive flashes. The period suffers. also a diminution 
because of the uncombined phosphorus vapour remaining in 
the region bevond the zone of active or luminous combination. 


Phil. Mag. S, 6. Vol. 45. No. 270. June 1923. iD 
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The correctness of this line of explanation can be checked 
by the follewing consequences of the explanation :— 

(1) For a uniform intensity of illumination throughout 
this spherical layer of combination, when the bulb is viewed 
from the side it should show a greater intensity towards 
the circumference. 

(2) The tlashes of luminosity should not occur in the 
initial stages of the apparatus when there is only a little 
phosphorus vapour in the bulb and a laver of phosphorus 
has not been deposited on the walls. These are observed 
to be the case in practice. 

Apart from these high frequency flashes with periods less 
than about 10 to 20 seconds there is an interesting type of 
long period flashes, often noticed with apparatus of large 
volume exhausted down toa very low pressure. A typical 
case of this is provided by the Tópler pump of the shape shown 


Fig. 5. 


in fig. 5, used to exhaust these flash apparatus. Its walls 
get contaminated with the phosphorus in course of time. If 
the apparatus connected to it contains a residual trace of low 
pressure oxygen and the Tópler pump be given a stroke and 
its cylindrical bulb watched with patience in total darkness, 
faint flashes with a period of the order of ten to fifteen 
minutes are often noticed. These flashes do not appear 
as instantaneous, but seem to be taking place during a 
definite interval of the order of a second or two during 
which a gradual growth and then a decay of the luminosity 
can be “distinctly noticed. Their period also remains 
practically constant. 

These long period flashes seem to be maintained by the 
slow feed of gas through the long and narrow connecting 
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tubes, at these very low pressures. To begin with, after the 
stroke of the pump, as the mercury level goes down in the 
pump forming the Torricellian vacuum above it, the space 
above gets saturated with the vapour of phosphorus evapor- 
ating from the walls. On the mercury level descending 
past the side tube the low pressure oxygen begins to flow in, 
and it takes some time before the critical ratio for the 
firing mixture is established, and hence the long period 
flash. This flash consumes the whole of the available supply 
of oxygen and necessitates a fresh supply flowing in for the 
second flash. If we raise the level of mercury at this stage 
and prevent the oxygen flowing into the bulb, the expected 
flash does not take place. This proves that it is the slow 
feed of gus that is responsible for the maintenance of the 
flashes in this case. Further, if by a few more strokes we 
reduce the pressure of oxygen, it ought to increase the 
period of the flash. This is “found to be the case in practice, 
affording additional evidence in support of this explanation. 


In conclusion, I must express my indebtedness to Prof. 
A. W. Porter, D.Sc., F.R.S., for his sympathetic interest in 
this. work done at his laboratory. 


University College, London. 


CXIX. The Mechanism of the Electric Arc. By W.G. 
DurriELD, D.Sc., Professor of Physics in University 
College, Reading *. 


HAVE been greatly interested in the recent discussions 

in the pages of the Philosophical Magazine of the 

theory which I ventured to put forward in 1919 to explain 

the repulsion experienced by the poles of the electric arc. I 

hope that at this stage a few remarks from myself may not 
be considered out of place f. 


* Communicated by the Author. 
t References :— 
(1) Duffield, B. A. Report, Australia, 1914. 
(2) Sellerio, Nuovo Cimento, xi. p. 67 (1916). The present writer 
regrets that he has not seen this paper. 
(3) Duttield, Burnham, and Davis, Phil. Trans. Roy. Soc. A. 220. 
p. 109 (1919). 
(4) Dutfield, Burnham, and Davis, Proc. Roy. Soc. A. 97. p. 326 
(1920). 
(5) Ratner, Phil. Mag. xl. p. 511 (1920). 
(6) Tyndall, Phil. Mag. xl. p. 780 (1920). 
(7) Beer and Tyndall, Phil. Mag. xlii. p. 756 (1921). 
(8) Tyndall, Phil. Mav. xlii. p. 972 (1921). 
(9) Sellerio, Phil. Mag. xliv. p. 765 (1922), 
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I should like in the first instance to express my apprecia- 
tion of the courteous way in which Professor Sellerio'? has 
drawn my attention to his own work on this subject ?', 
published in 1916. I have little doubt that the cause which 
led me to ignore his 1016 paper was the same as that which 
led him to overlook the fact that in 1914 I had presented a 
communieation ! to the British Association, entitled ** The 
Pressure gn the Poles of a Carbon Arc" (B. A. Report, 
Australia, 1914). I willingly forgive him the omission of 
any reference to a paper published i in title only, but which I 
think it useful to mention, as it m: iv serve to date the first 
observation of this phenomenon. I am the less uneasy 
regarding my own oversight, because in his 1916 paper 
Prof. Sellerio neglected to take into account, as he very 
frankly admits in his 1922 paper, the forces occasioned by 
the magnetie field of the earth and the rest of the circuit, the 
elimination of which were essential before the existence of 
any repulsive effect could be established. 

I wish also to express to Prof. Sellerio my thanks for his 
appreciative comments upon the accuracy of the experimental 
work of my fellow-workers and myself upon this effect; but 
at the same time I wish that he had not been content to 
accept our figures for the corrections for the electromagnetic 
effect of the rest of the cireuit, and to apply them to his own 
observations. I can scarcely believe that the dispositions of 
our two sets of apparatus were sufficiently alike to justify 
this. I had hoped that completely independent work might 
settle beyond dispute whether the variation of the force with 
the current is truly linear or not. l confess alsothat I find it 
difficult to accept the great difference between the anode and 
cathode pressures caleulated by Prof. Sellerio, varying from 
a 12 to l ratio to a 2 to 1 ratio. We should expect action 
and reaction upon the two poles to be more nearly equal, 
because the only wav in which momentum disappears from 
the are-gap is through the agency of convection currents, and 
these we do not find to conxtitute a large proportion of the 
whole effect. According to the experiments of Burnham, 
Davis, and myself, the reactions upon anode and cathode are 
more nearly equal—indeed, in the case most carefully con- 
sidered ( ‘the 0 mm. 1) amp. ure: the mean reactions only differ 
by 4 per cent., an agreement which is probably accidental. 
We do not find any evidence of “knees” in the curves con- 
necting current and reaction, deseribed by Prof. Sellerio '* 
our gr aphs were all smooth, though we repeated our ni 
tions with several different dispositions of the apparatus. 
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Lhe Origin of the Forces upon the Poles. 


In this connexion my remarks will be confined to three 
headings :[— 


(1) The motion of ions under the electric forces in the arc. 


In a previous paper I put forward the view that the pressure 
upon the poles of an are is not to be explained by the motion 
of ions arising solely from the electric field within it, or, to 
put it more generally, that the action of the electric field 
upon either pole of an arc balances the reaction upon it due 
to its bombardment by ions whose motion the electric forces 
occasion. We can, for example, easily show (loc. cit”) that 
for an ion starting from rest with charge e in a uniform field 
of strength R, the rate of change in the momentum delivered 
to the pole of opposite sign is equal to Re, which is also the 
electric pull upon that pole. 

This rule I believe to be one of the salient features of the 
arc, possibly a more remarkable feature than the existence 
of a small pressure upon the poles ; the precision with which 
it is obeyed may not be obvious, but it becomes apparent if 
we calculate upon any reasonable hypothesis the rate at 
which ions falling into a pole of opposite sign deliver 
momentum toit. If, for example, we suppose that positively- 
charged oxygen atoms, each carrying a charge 2e, fall into 
the cathode in sufficient numbers to carry a current of 10/2 
amperes in a 10 ampere arc, then, since they possess velocities 
induced by the potential drop just outside the pole, 11:6 volts 
(Duddell), that pole should experience, if there were no 
compensating action, a force which can easily be calculated 
to be of the order of seven hundred dynes. But experiment 
shows that the force only amounts to about 2 dynes; conse- 
quently, on the most unfavourable view, the compensation 
must be nearly complete, and the rule is obeyed with an 
accuracy of 0:3 per cent. 

But the question has arisen whether the two dynes pressure 
results from an imperfection in the compensating mechanism, 
or from the impact of particles whose motion arises from 
some cause other than the electrostatic forces. 1 favour the 
latter, and have suggested that the outstanding pressure 
results from the projection of high-speed electrons from the 
cathode, whose momentum is transmitted through the body 
of the are to the anode. Professor Tyndall ® has discussed 
the balance theory from a point of view different from that 
which l originally put forward, and has come to the con- 
clusion that it should hold good for an are between poles 


large compared with the are-gap and in which the ions move 
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viscously, but believes that in an actual are the lack of 
symmetry occasions a departure from a true balance and can 
account for the observed reaction. 

According to him the dissymmetry may be of two types— 
a dissymetry in the shape ot the electrodes, such as may arise 
trom the cathode becoming pointed, or a disaymetry due to 
the acceleration of the ions under the electric field. On 
these grounds he disputes my theory. I do not think his 
objections to complete compensation well-founded; though 
Tam not sure that Lam in a position definitely to disprove 
his contention, the following considerations appear to me to 
carry weight :— 

(«) It in an are with pointed electrodes any particles 
arrying charges fail to strike one of the poles, the latter is 
deprived of the momentum which their impae s would have 
occasioned ; the pressure upon the pole is either reduced. or 
unaffected according to whether the charges have, or have 
not contributed to the attraction acting upon that pole. I do 
not think the pressure could be increased by their removal. 

Moreover, Professor Tyndall’s reservation concerning the 
pointed cathode seems unnecessary, because he deduces ‘from 
an experiment with an are witha pointed electrode, which he 
enclosed in a quartz tube in order to eliminate convection 
currents, that the lateral loss of momentum is negligible. 

(b) As evidence of a lack of balance with a pointed 
electrode, the case of the electric windmill has been cited. 

jut the two types of discharge have very little in common. 
The apparent repulsion of a “pointed conductor at a high 
potential is due to the pull of the Faraday tubes on the 
end of the conductor away from the point (Chattock, Phil. 
Mag. Aug. 1910). In an are there are no free charges on 
the rear of the pole, so the Faraday tubes are concentrated 
in. the space between it and the opposite electrode. [t is 
worth noting that even with a high potential discharge we 
obtain an accurate balance if we arrange to eoneentrate the 
tubes of force on the pointed side of the electrode. I tried 
the following experiment :—4A pointed rod, delicately pivoted, 
was connected to the negative pole of a not very powerful 
Wimshurst machine, and a plate, about 5 em. in. diameter 
connected to the positive terminal was brought near it. 
When the plate was within 2 or 3 em. of the point the 
latter was on the whole stationary (though small fluctuations 
were observed: sometimesa very faint repulsion, occasionally 
a rather stronger attraction, due either to air-currents or to 
fluctuations in ie working ol the machine). Only when the 
distance exceeded about 4:5 em. did the repulsion usuaily 
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associated with a point discharge become manifest. The 
critical distance varied, I think, with the potential attained 
by the point. | 

(c) Professor Tyndall suggests as another reason for an 
unbalanced pressure that there is lack of symmetry whenever 
“the drag of the ion on the gas" is unequal to the force 
imposed upon it by the electric field; in particular he 
argues that, since an ion starting from rest near a pole does 
not acquire full speed immediately, its “suction” on the 
electrode it is leaving is proportionately reduced, and con- 
sequently a backward pressure may prevail. But surely, if 
we subscribe to the suction idea and terminology (which is 
questionable), we ought to take into account the fact that 
such ions will go on “sucking” longer than if they instan- 
taneously acquired their viscous velocity ; the total suction 
will be the same whether or not it takes an appreciable time 
to reach the steady state, because it depends only upon the 
total amount of momentum permanently communicated to 
the vapour molecules by the moving ions. 

So 1t appears to me that there is here no valid cause of 
departure from a true balance. I am strengthened in this 
view by the fact that if we do assume that this type of 
dissymmetry can occasion a lack of balance and account for 
the observed pressure, we do not, as Tyndall himself has 
shown, obtain very probable values for the mobilities of the 
ions taking part in the phenomenon. 

But it seems to me unnecessary to insist upon the dis- 
symmetry hypothesis. Professor Tyndall and Mr. Beer 
explain certain of their observations upon the manometric 
pressure by the emission of positive and negative thermions 
from the hot poles, a feature which, in itself, would seem 
naturally to call for a recoil phenomenon. 

Again, while I do not wish to imply that the projection 
theorv is devoid of difficulties, it appears to me that Professor 
Tyndall’s main objection to my theory arises from a mis- 
apprehension. Such evidence as I was able to obtain 
indicated that the particles responsible for the reaction were 
electrons, and I sought to fit this information into the scheme 
of the arc outlined in my paper upon “The Consumption of 
Carbon in the Electrie Arc" (Roy. Soc. Proc. A. xcii. p. 122, 
j915). From this investigation it seems definite that, near 
the cathode, electrons must carrv either 0, 2, 4, $ or all 
the current. The pressure work limits us to one of the last 
four alternatives; all of these give values of e/m for the 
carrier of the order of magnitude associated with the electron 
rather than with the atom, but it happens that the value 
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obtained by assuming that 4 the current near the cathode is 
borne by electrons gives the value agreeing best with the 
accepted value ; and as this choice also seemed preferable for 
reasons stated in the above paper, it was this view to which 
I devoted most attention, though I did not, nor do I now, 
wish definitely to rule out the other alternatives, because the 

values obtained for e/m depend upon the distribution of the 
emitted electrons about the axis of the arc; and upon this 
point we require further information. 

Now, all this argument deals with what takes place at or 
in the immediate neighbourhood of the cathode (as reference 
to pages 132 and 133 of Phil. Trans. Roy. Soe. A. 220. 
pp. 102-136, 1919, will contirm) ; but Professor Tyndall 
seems to have overlooked the force of the words I have here 
italicised, because his objection is based on his deduction 
that the number of positive and negative carriers in the body 
of the are must be in the ratio of their mobilities, which 
would imply that if the negative carriers are electrons, they 
must carry 500 times as much current as the positives— 
practically the whole of the currrent. As he definitely 
excludes the region close to the poles from this category, 
there is no clear disagreement between our views. It seems 
to me certain that there will be intense ionization where the 
projected electrons meet the vapour molecules, especially as 
thev suffer a further fall of some 11:6 volts just outside the 
cathode, possibly within their mean free path, and therefore 
that there should be liberated a sufficient number of electrons 
to carry the bulk of the current and to conform to the 
condition laid down by Professor Tyndall as pertaining to 
the hody of the are. 

But I think it important to emphasize that the mechanism 
of the are is determined chiefly by what goes on at the poles ; 
it does not lead us far if we are content to treat it simply as 
a mass of gas between two electrodes. The clue to the 
mechanism of the carbon are lies in the fact that for each 
carbon atom which is lost from the cathode of a verv short 
are, or à long one if extraneous losses are excluded. four 
electronic charges, or their equivalent, cross the are-gap. 
Add to this the facts that the nature of the surrounding eas 
is of vital importance— we know, for example, that the are 
depends for its existence upon interactions between the vas 
and the material of the poles,—that the maintenance of a hot 

cathode is essential, and that a certain minimum potential 
must be maintained across the terminals, depending to some 
extent upon the temperature we allow the anode to reach, 
and we have the necessary foundation upon which to erect 
our theory of the are. 
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I do not think we can get away from the four main 
alternatives enumerated in the paper to which I have referred ; 
what we must do—what I have endeavoured to do—is to 
choose the view which fits the new information provided by 
the reaction observations. I venture to think that Professor 
Tyndall’s contention has not rendered my explanation less 
probable ; there is nothing contrary to my theory in the 
manometric pressure-arc length curves upon which he has 
based his objection. 


(2) The evaporation of carbon atoms from the poles. 


Professor Sellerio, somewhat naively disclaiming any in- 
tention of dealing conscientiously with the problem, disregards 
all other alternatives, and considers that the observed pressure 
is the reaction consequent upon the evaporation of carbon 
atoms, a hypothesis which I had previously examined and 
rejected. Sellerio has, however, recalculated the reaction to 
be expected on new assumptions, and maintains that the 
result is substantially in agreement with observation. He 
dissents from my view that the carbon atems upon evapora- 
tion issue with velocities of the order of magnitude of their 
atomic speeds appropriate to the temperature of the are—that 
is to say, of boiling carbon. He gives reasons for preferring 
a velocity only 1/500 to 1/1000 of this, but his argument is 
based upon the erroneous supposition that the vapour is 
saturated upon emission. Some interesting spectrograms of 
a spark discharge were taken some years ago by Dr. Royds 
(Phil. Trans. Roy. Soc. 1908) upon a moving film; each 
spectrum line was curved like a streamer, whose inclination 
was a measure of the velocity of the material as it crossed 
the gap. These velocities T find to be of the same order of 
magnitude as the atomic velocities calculated on the assump- 
tiou that the poles are at the boiling-point of the material of 
which they are composed. Other evidence to the same effect 
will be found in a paper recently presented to the Editors of 
this Magazine. 

Furthermore, as I hinted in a previous paper“, no in- 
vestigation of the evaporative reaction is complete which does 
not take into account the interaction of the projected material 
with the surrounding vapour. This I have recently attempted 
to do, and find that the reaction R may be simply calculated 
from the approximate expression R —(Dv)7/2IIA if the loss 
of weight D in gms. per second is small; here II is the 
external pressure, À the area from which the discharge 
occurs, and v the velocity of projection. Applying this to 
the 10 amp. 6 mm. arc, we have for the cathode A = 
0:096 cm.? (Sellerio); D is obtained from our previous 
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estimate of the carbon loss, 8:5 x 107* gm. per sec., of which, 
however, 66 per cent. occurs from the sides of the carbon 
and contributes nothing to the reaction; the remainder, 
3:1 x 107* gm., is the valueof D. This gives R (cathode) — 
Od dyne. Similarly for the anode, even rif we suppose half 
the total loss to take place from the crater, which is an 
overestimate, we find R (anode) 2707 dyne. These values 
are far too small to account for the observed pressure, namely 
2:18 and 2:10 dvnes respectively. 

Even if we were to suppose that the whole loss of carbon 
assists in producing the reaction, and that it all takes place 
from the small areas upon the poles from which the are 
springs, the corresponding forces would be *33 and 29 dyne 
respectively, still smaller than the observed values ; we have, 
moreover, the contrary evidence that the forces upon the 
poles remain constant or diminish to a minimum value as the 
are length increases, whereas the total loss of carbon in- 
creases to a maximum for both poles. 

We calculated our value of e/m on the assumption that 
the projected material did not interfere appreciably with the 
momentum delivered to the poles bv the vapour of the are— 
whose undisturbed arrival should provide the ordinary 
atmospheric pressure upon it, —and found that e/m was of the 
order of magnitude associated with the electron. This 
means that the electrons do not to any large extent impart 
momentum to the vapour molecules as “they pass through the 
are; when thev ionize the vapour, their momentum is in 
the main handed on to the electrons to which they give rise. 
A small loss of momentum would not, however, appreciably 
affect the calculated order of magnitude of e/m. 

On the other hand, if we suppose that the projected 
material does interfere with the external atoms, we must 
substitute for our equation (1) (Phil. Trans. Roy. Soc. A. 220. 
p. 131, 1919) the expression 


V/ áp z (mnv)*/211A, 
which gives us 


eli z VC! V JIIAp, 


which for the cathode leads to e/m 21690, which is reasonably 
close to the value of e'm for a carbon atom carrying two 
electronic charges, n: mely 1600. 

The corresponding value for the velocity v is 1:43 x 10° 
cm. [see which is soine 5 times greater than the atomic 
velocity, 2:07 x 10? em./sec., for carbon vapour at 4000? C 
I do not wish to state definitely that this is an impossible 
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value, since a few of the lines for metals measured by 
Royds (loc. cit.) gave values for v about 5 times as great as 
the velocity of atomic agitation at the boiling-point, but in 
these cases there were always other and stronger lines which 
provided values nearly equal to the temperature velocities. 
Still, the matter is in an interesting stage; it would open up 
new difficulties if the vapour in the are were to receive so 
much of the momentum of the projected material that only 
a few per cent. reached the opposite pole, or were effective 
in producing a recoil upon the pole from which the material 
was originally derived. 

l therefore submit that in the present state of our know- 
ledge the evidence is against the evaporation of carbon being 
the main cause of the phenomenon, though I do not think it 
quite negligible. Indeed, in the particular state of the iron 
arc which I characterized as turbulent, as distinct from the 
normal quiescent arc, I believe it plays the predominant 
part. Even in the case of the carbon arc, more exact in- 
formation regarding the sizes of the hot spots might cause us 
to revise our conclusions. We can, however, only deal with 
the evidence before us. 


(3) On the relationship between the manometric and mechanical 
pressures. 


One hesitates to criticize’ the deductions made by an 
observer from his own experiments, but ] think it important 
to suggest, though I scarcely expect Prof. Tyndall to 
agree with me, that it does appear from his and Mr. Beer's 
important experiments“? upon the manometric pressure 
within the are that this arises from the same cause as that 
which produces the mechanical reaction upon the poles, 
namely the projection o£ particles from the cathode. 

It we accept electronic projection from the cathode, what 
manometrie pressures should we expect at the two poles? 
At the cathode, if the hole is central and small enough to be 
completely within the hot spot, there will be high-speed 
electrons projected from the walls of the tube more or less 
normally, and these will occasion a positive pressure there ; it 
the hole is not central or too large to be completely covered, 
we should expect the electrons projected from the end to 
mpart some at least of their momentum to the gas molecules, 
which will thus be withdrawn from the tube leading to the 
manometer, causing it to record a reduced pressure. At tlie 
anode the arrival of negative ions should occasion an increase 
of pressure, and, as the hot spot is large, this would be 
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observed with much larger holes than could be used in tlie 
cathode. 

This is precisely what Tvndall and Beer observed. They 
also found that, when definite results were obtainable, the 
manometric pressure increased with the current just as tlie 
mechanical pressure does, and that the variation of hvdro- 
static pressure at the anode agreed with our Series D curves. 
In addition they occasionally noted a very minute negative 
pressure at the anode when the current was very small and 
the hole large and non-central: this 1 should ascribe either 
to convection eurrents, which were certainly not negligible 
in my experiments, or, as Tyndall and Beer regard it, to the 
effect of thermionic projection there. 

Nor is the magnitude of the manometric effect out of 
keeping with the view that it is due to an electronic discharge 
from the cathode*. Taking, for obvious reasons, the 
ma.cimum positive pressure observed in a-hole in the cathode, 
namely 24:7 dynes per sq. cm. for a current of. 15:5 amps., 
which is equivalent to 24:4 x 10 1*5 dynejem. ? fora 10 amp. 
are, we see that, since the area of the hot spot is 0:096 em.?, 
according to Sellerio, the reaction upon the whole are should 
be 24:7 x 0096 x 10, 13:5 or 1°76 dyne, which is in reasonable 
agreement with the 2:1 dynes which we observed ; it is 
certainly of the right order of magnitude. 

The manometric pressure at the anode observed by Tyndall 
and Beer was 88 dyne cm. for a current of 10 amperes 
(measured from their curve * D"). The area of the crater 
being 0:31 em.? (Sellerio), the reaction to be expected is 
SS x031=2°73 dynes: this is somewhat in excess of the 
mechanical pressure observed by Burnham, Davis, and 
myself, but remarkably close considering the difficulties of 
estimating the size of hole and of crater, and considering 
also that tlie presence of the hole must somewhat modify the 
conditions within the arc. 

We note further that the * suction" at the cathode was 
observed by Tyndall and Beer to be much less numerically 
than the positive manometric pressure at the anode, the 

ratio for a 10-ampere are being rather less than Lto 4. This 
is in keeping with our view that the bulk of the momentum 
is conveyed across the are to the anode without imparting it 
to the vapour molecules. 

Dundrennan, Glenelg, 

south Australia, 


Feb. 1923. 


* The approximate quantitative agreement was first pointed out by 
Sellerio ^ though he did not suggest that the effects were otherwise 
related.—D. G. 
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CXX. A Theory of the Abnormal Cathode Fall. By The 
Research Statf of the General Electric Co., Ltd., London * 
(Work conducted by J. W. RYDE.) 


Summary. 


THEORY of the abnormal cathode fall is given, 

according to which conduction in the dark space is 
closely analogous to that in a high vacuum between a plane 
thermionic cathode and plane anode. According to the 
theory, the width of the dark space with given current and 
voltage should be determined by the atomic weight of the 
gas and universal constants. 

The theory is compared with the measurements of Aston 
and of Aston and Watson. The relatively small divergence 
between the simple theory and experiment can be removed, 
partially at least, by taking into account the electrons 
liberated at the cathode, information concerning which is 
given by Cheney’s measurements, and the collisions of the 
positive ions with neutral molecules. 

But it seems difficult to reconcile the theory with Aston’s 
determination of the variation of the electric field through 
the dark space. 


ALL theories of the cathode fall with which we are 
acquainted assume that it is determined largely by collisions 
of the positive ions with neutral molecules within the 
cathode dark space. The assumption is made either when 
it is assumed that the velocity of the ions at any point is 
proportional to the field there, or when it is assumed that 
the cathode fall is determined by the ionization potential. 
So far as the normal cathode fall is concerned (and it is 
to the normal fall that such theories have usually been 
directed) the assumption is probably correct. But in a 
recent paper we have shown that there is some reason for 
believing that it is not correct in the abnormal fall. The 
cathodic disintegration, which increases so very greatly in 
the passage from the normal to the abnormal fall, seems 
explicable only if, when the fall is abnormal, the positive 
ions arrive at the cathode with nearly the full velocity corre- 
sponding to the fall; their velocity has not been greatly 
reduced by collisions. Accordingly, it seems worth while to 
proceed to the other extreme and to discuss the abnormal 
cathode fall on the assumption ihat there are no collisions. 
Doubtless the assumption is not exactly true, but it may be 


* Communicated by the Director. 
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possible to introduce the effect of the collisions as a small 
correction to a theory based on ignoring them. 

[tis known that the intensity of the field is very small at 
the boundary between the dark space and the cathode glow. 
Let us assume that the division between the dark space and 
the glow is a definite plane, parallel to tlie plane cathode, 
and that in this plane the field is zero. Physically, the 
assumption is possible, for it implies that the number of 
positives disappearing by recombination in the glow is very 
large compared with the number dragged out of it to the 
cathode by the field; and the luminosity of the glow indi- 
cates that re Couinition is proceeding rapidly. Now, if 
these assumptions are made, the problem of determining the 
relation between the current through the dark space, the 
potential difference across it, and the distance between its 
boundaries is precisely analogous to that of determining the 
corresponding relation for a plane thermionic cathode in a 
high vacuum. To the electrons in the thermionic case corre- 
spond the positive ions, to the hot cathode at which dV/dce=0 
corresponds the boundary between the negative glow and 
dark space, and to the cathode corresponds the anode. It is 
well known that the relation is given by 


di?f2 kV . 5. ..... (0) 


" 9 
where p= 2 e 


E. o 
Mere ¿ is the current, d the distance, and V, the potential 
ditference between the electrodes, e and mj, the charge and 
mass of the carriers, which are now the positive ions of the 
gas in tho discharge-tube, and not electrons. 

The relation between V, i, d has been determined experi- 
mentally. for a number of gases by Aston and Aston and 
Watson *, who expressed their results by the empirical 
formula 


di?=k(V—G),. .... . (3) 


which differs in form from (1) only by the substitution of 
V—G for V?!, where G and 4, are constants, determined by 
the gas and the material of the cathode. We have calcu- 
lated. the relation between dè? and V}, first from the 
empirical equation (3), which represents directly the experi- 
mental results with aluminium electrodes (see p. 1155), and 
second from our equation. (1), which contains, beyond the 


* F. W. Aston, Proc. Roy. Soc. A. Ixxix. p. 80 (1907) ; F. W. Aston 
and H. IZ. Watson, ib. A. Ixxxvl. p. i68 (1912). 
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atomic weight of gas, nothing but universal constants. The 
results are indicated in figures 1, 2, where the full lines give 
the observed results ; the dotted lines the calculated results. 
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It is obvious at once that observation and calculation do 
not wholly agree ; and we do not pretend that they do or 
suggest that they ought to agree. But we would point out 
that they agree in order of magnitude, and that the relation 
between the observed and calculated lines is of the same 
nature for all the gases. They all cross at about the 


Fig. 2. 
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sume angle and in the same region of voltage. We draw 
the conclusion that in general outline our theory is correct, 
and that the remaining discrepancy is due to some factors of 
minor importance that we have neglected. 

There are two such factors. First, there are the electrons 
liberated by the positives when they impinge on the cathede ; 
second, there are collisions of the positive ions, and perhaps 
of the electrons, with the neutral molecules. We will 
discuss them in turn, 
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The electrons from the cathode will have two effects on 
the relation in question. They will carry some of the 
current, and, by neutralizing partially the space charge, 
they will permit more positives to cross under the same 
field. It is easily shown that the second effect is wholly 
negligible. For, with the notation usual in the analogous 
case and putting V=xz=0 at the boundary between dark 
space and glow, we have 

d?V 
de = —Ane(n, —n.), E d UA Us (4) 
i = e(n} +n- t), . . . . . (5) 


mw? = eV, bma? = e(VQ,— V). . . (6) 


If each positive ion causes the emission of g electrons from 
the cathode, 

N Vg = qn t. e . e . . e (7) 
Proceeding in the usual manner we find 


dV\? ai 
(T) = qtl {V'7+6(Vo—V)4—6bV,'7}, . (8) 
B 1/2 
where peor (=) nasa Re (O 
(0 (m, VA ! 
b = (7) e 8 > č è č è 9 « œ (10) 


Now, q is not greater than 0*1, T not greater than *0006 ; 


hence b is not greater than :002. But bis the maximum 
ratio of the sum of the last two terms in the bracket to the 
first. Itis clear then that b may be neglected and that the 
only appreciable effect of the electrons trom the cathode is 
represented by the g outside the bracket. In other words, 
though these electrons carry an appreciable fraction of the 
current, they do not alter the field appreciably. 

Accordingly, the only change in (1) necessary is the sub- 
stitution of 7/(q +1) for i, so that now 

di?—k(qt1)?V?*,. . . . . (1D) 

q can be estimated from the observations of Cheney *. 
It is determined by the speed and nature of the ions and of 
the material of the cathode. Unfortunately, Cheney's results 
refer only to lithium, potassium, and rubidium ions; but it 
appears from them that g for hydrogen should not be very 

* W. L. Cheney, Phys. Rev. x. p. 835 (1917). 

Phil. Mag. S. 6. Vol. 45. No. 270. June 1923. 4E 
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different from that for lithium. Using Cheney's value of q 
for lithium and an aluminium cathode, we may recalculate 
from (11) the relation for hydrogen and the same cathode, 


Fig. 3.—Hydrogen with Aluminium Cathode. 
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and compare it with Aston’s measurement. In fig. 3 the 
full line is that observed, the dotted curves those calculated 
from (1) and (11). 
It will be seen that the introduction of q makes the 
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observed and calculated lines almost parallel, but the latter 
is definitely higher. It is unfortunate that Aston's" 
measurements on cathodes other than aluminium were made 
without guard-rings, and are therefore not comparable with 
the theoretical equations, and that g is not known for other 
positive ions. But qualitatively the influence of the material 
of the cathode and of the nature of the ions is always in the 
direction indicated by (11) and by Cheney’s values of g. 

It remains to be explained why the values of di!? given 
by (11) are uniformly greater than those observed. The 
discrepancy is doubtless partly due to the fact that Aston’s 
V is the difference of potential between anode and cathode, 
while ours is that between negative glow and cathode, and 
is therefore slightly smaller. But the presence of the 
neutral molecules must be taken into account, The elec- 
_trons produced by ionization will not be important, for they 
are few in number compared with those from the cathode. 
However, the loss of energy of the positive ions at collisions 
may be appreciable. It will produce an effective decrease 
of V or increase of m), and will therefore bring the calcu- 
lated line nearer to the experimental. But we have not 
succeeded in making an estimate of their effect sufficiently 
accurate to enable a numerical comparison to be made. We 
hope, however, in the future to throw further light on the 
matter by determining by means of sputtering with what 
velocity the positive ions actually strike the cathode. 

One further discrepancy remains. Aston found that in 
the dark space dV/dx was proportional to 2; according 
to (8) it should be proportional to z'?. No explanation can 
be offered at present ; reduction of the energy of the positive 
ions by collisions with neutral molecules must change some- 
what the distribution of the field, but it seems difficult to 
believe that it could distort it se completely as Aston's 
measurements indicate without at the same time changing 
the currents so as to remove all agreement between experi- 
ment and theory. However, whatever inay be the solution 
of this difficulty, we feel that sufficient evidence has been 
produced that with abnormal cathode fall, the width of the 
dark space is determined mainly by the atomic weight of the 
gas, and that the positive ions arrive at the cathode with very 
nearly the velocity corresponding to the full cathode fall. 


We take this opportunity of correcting an error in a 
previous paper, Phil. Mag. xlv. pp. 99-112, 1923. On p. 102, 
l. 3, for “ m'/C' 2 constant ”, read “ m’C'=constant ". 

* F. W. Aston, Proc. Roy. Soc. A. lxxxvii, p. 437 (1912), 
4E2 
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CXXI. Extended Application of the Principle of Stationary 
Phase in Wave-Motion Problems. By GEORGE GREEN, 
DSc" 


b a former paper under the title “ On Group-Velocity and 

on the Propagauon of Wavesin a Dispersive Medium" f, 
the theory of group-velocity is discussed from the stand- 
point of the late Lord Kelvin’s paper of 1837, “On the 
Waves produced by a Single Impulse in Water of any 
Depth, or in a Dispersive Medium." The theory of group- 
velocity contained in this paper is essentially the same as the 
principle of ‘stationary a hie " frequently employed in 
optical and ether waves problems. This principle is illus- 
trated in the above paper in the evaluation of the integral 


14° —- 
E= | dk cos Hla V]: Vash), . . (1) 


e 


expressing the effect at any point x at time t of an impulse 
delivered at the origin at time zero in any dispersive medium. 
For each Fourier train represented in the above integral by 


: 2 
a definite value of k, we have the wave-length A= a the 


wave-velocity V=f(k), and the phase ¢=[k(2—Ve)] at 
point z at time t. The condition that the phase of the 
constituent Fourier trains is stationary in the neighbourhood 
of a definite value £j at point x at time ¢ is 


d d( kV 
P mro m0. or wath E Rf (QM. . (2) 


Thus the point of the medium at which the wave-length. 
2m , jum ; 
A predominates changes its position with velocity, 


U = {iho + kof (ko)}, where U is the group -velocity 


. zT 

corresponding to wave-length hc 
0 

According to the principle of “stationary phase," the. 
wave-trains which contribute effectively to the resultant 
displacement of the medium £, at point x at time t, are those 
included in a narrow range of & on either side of ky: and the 
phase $ within this range may be represented accurately by: 


* Communicated by the Author. 
+ Proc. RH. S. E. vol. xxx. (1909). 
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a few terms of the series 


b= [Ha Vi] ela - fU) + (kh) E 5,0777 


2! dk,? 
(k—ky dh 
id nA + etc. 
b 
=ü + gio y c Glos. 4: a esce de 13) 


TN 
in which P — 0, and we have put ø instead of k — ko. 
0 

Outside the effective range the phase varies rapidly with k, 
and tlie quantity to be integrated consists of a large number 
of positive and negative parts whose total effect is very small. 
Within the effective range of k on either side of A, the 
number of terms of the series required to represent the 
phase $ with sufficient accuracy depends upon the relative 
values of the successive terms. The case treated by Lord 
Kelvin in the paper above referred to, and by later writers 

; ., d$. ; 

also, is that in which a is large compared with any term 
coming after it. The evaluation given by Lord Kelvin is 
therefore restricted in its application to certain definite 


3 

ranges of æ and ¢ within which the term fe is exceedingly 
: 

small compared with Aa The evaluation given by Lord 

Kelvin is contained in the statements 


= LO m" gs [ bo 3 
£= zl dk cos — ARG cos | 20+ 91? ] 


1 T 
ze (a 4 ) . . (4) 


the negative sign being taken when b is negative. 

The process here employed virtually consists in replacing 
the curve OPQ in fig. 1, representing the true phase over the 
whole range of k from zero to infinity, by a curve, RPS, 
which coincides with the true phase-curve only in the 
immediate neighbourhood of ky, the point at which the phase 
is stationary for variations in &. On account of the rapid 
variation in phase on the assumed phase-curve beyond a very 
small range on either side of ky, the contribution to the total 
value of the integral depending on these parts of the curve 
is very small, just as in the case of the true phase-curve. 
The same reasoning justifies the infinite limits in the case of 
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the auxiliary curve, provided A, is not itself a very small 
quantity. When ko is a small quantity, the lower limit of the 
integral isnot —2 but — k, if a slightly better approximation 
than that given in (4) is required. 

The evaluation given above applies to the case where, at 
point .r at time t, the phase-curve has one point of stationary 
phase. The range of values of x and t to which the result 
applies depends on the closeness of the agreement between 
the auxiliary phase-curve and the true phase-curve over a 
considerable range of values of k. This agreement between 
the two curves near the stationary point is, of course, improved 


Fig. J. 


by the inclusion of the term T in the series, but the new 
0 

auxiliary curve is now of a different type from the original 

curve, being a curve with a point of inflexion and two 

stationary points, and it is accordingly unsuitable for use 

over the full range of integration. 

When however the phase-curve itself has two points, 
kı and ky, at which the phase is stationary as in the curve 
OPQR of fig. 2, the third term in the series must be included 
in order to obtain the necessary agreement between the 
auxiliary phase-curves and the true phase-curve. In this 


3 2 
! : term is not small compared with the Ai term, 


and may become the predominant term. This occurs when 


case the 


the two roots of Pi =0) become very close, or pass into 


coincidence when therefore did becomes zero altogether. 


The intention of the present paper is to discuss fully the 
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z | 
evaluation of £ when the Aa term is included in the ex- 


pression for the auxiliary phase-curve. The discussion 
applies to all cases where there are maxima or minima of the 
group-velocity, and contains the extension referred to by 
Lord Kelvin at the close of his paper, where he remarks 
* The working out of our present problem for this case, or 
any case in which there are either minimums or maximums, 
or both maximums and minimums, of wave-velocity, is 

* particularly interesting, but time does not permit of its being 
included in the present communication." 


Fig. 2. 


Let us take the curve represented in fig. 2 to be the true 
phase-curve, k; and k being the two stationary points at 


which st =0. The auxiliary phase-curve exactly agreeing 
with this curve in the neighbourhood of £, is given by 


b €1 
gi g? — 31 a, e 9 7 5» (5) 


and that agreeing with the true curve in the neighbourhood 
of k; is given by 


$1-a + 


$9—4:— gf oP. e o è oè œ (6) 


The dotted curve shown in the figure represents the 
auxiliary curve at kı. When £, and kare nearly equal, it 
follows from Taylor's expansion that all three curves agree 
over the full range between kı and k, but in general, with 
k,—k, large, the agreement of each curve with the true 
phase-curve ceases to be sufficiently good beyond the point 
of inflexion. On the auxiliary curve at Aj, the point of 


inflexion occurs when (k—k;) has the value + and the 
1 
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curve itself is symmetrical about its point of inflexion. 
Similarly, on the auxiliary curve at 4, the point of inflexion 


b 
occurs when &— k, has the value — i and this curve also is 
2 


symmetrical about its own point of inflexion. If now we 
employ the auxiliary phase-curve for k, for integration up to 
its point of inflexion and the auxiliary phase-curve for ką for 
integration from its point of inflexion outwards to infinity, 
we shall obtain a value for the complete integral similar to 
that obtained by Lord Kelvin for the case of a single ue 


of stationary phase on the true phase-curve. When 7 is 
1 

exceedingly large, the point of inflexion A on the first 
auxiliary curve at 4; is far removed from 4,, and the whole 
integration in which the 4, curve is employed corresponds 
exactly to the case dealt with by Lord Kelvin except in this, 
that the auxiliary phase-curve used contains the additional 
terms depending upon e. In this case also the same 
remark applies to the integration in which the 4; auxiliary 
phase-curve is employed. 

According to the above an approximate value for the 
integral appearing in (1) may be obtained by writing 


b, 
eT ag >? | z 
2 cos gid + o, cos g.do=£,+&, . (7) 
-A 2. os 


where ¢, and $, are given by (5) and (6) respectively. By 
means of the substitution 


7 E MN Cy -^y 
gr MC 01 


in the first of the above integrals, and of the substitution 


in the second, each of the auxiliary phase-curves is referred 
to an origin at its point of inflexion, and (7) is transformed 
into 


^! 4 13 (*0 
£- L 2.1 | dw cos[ (ai 5 5 „)- g Gom) | 


) 
2T s 


1} r3 „3 
EE a d | dw cos[ (a— 3:5) — 3 (omg) | 


2. . (8) 
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- [2.5 V^ (1,45) 
a= {=o hicks . 

— 1/2 P (3b? _ 12,78 du b, \? 
m=3(5) (2) (Si). m= aZ) [- (2j) - 


When the points of stationary phase coincide at £j, we have: 
a); — ds, bí, 5,0, C= Cg, m,=m,=0, and 


1 3! Ead h 
mime sl | woos [7 29]. e wwe o (9) 


When « is assumed to be very large, as in the cases treated 
by Lord Kelvin, we may put a=% , and then we have for the 
special case considered in (9), 


1 fr 3!)!? PM 
m p s - wow uw Xd 
E miu) Cos dw cos; w’, (10) 
which is the same asa result given by the late Lord Rayleigh* 
and by T. H. Havelock *. 

For the complete evaluation of £ in (8) we require the 
values of the integrals 


where 


- 00 


a "a rT a : T 
dw cos à (w3—mw) and | dwsin 5 (wv —mw) 
0 0 dnd 


for values of æ finite and infinite f. Each of these integrals 
is a function of », I(m), such that I(0) and its derivative 
I'(0) may be regarded as known, being defined by well-known 
integrals. Each integral also, regarded as a function of m, 
satisfies a differential equation of the form 


2 2 

A + (5) „a I20 (a constant); . . . (11) 
and the values of the above integrals are readily obtained by 
first writing down the complete solution of this equation and 
then determining the two arbitrary constants by means of 
the known values of I(0) and I'(0). In the present paper 
we shall put down the results only for the case of a=% , as 
the corresponding results for æ finite can*be readily written 


* Scientific Papers, vol. vi. p. 10. 

t Phil. Trans. Ixxxi. (1908). 

I The cosine integral has been evaluated in the form of a series by 
Stokes, who has also established the convergency of the integrals 
(Mathematical Papers, vol. ii. p. 329). The cosine integral has also been 
evaluated by Wirtinger, in ‘ A wei Bemerkungen zu Airy's Theorie des 
Regensbogens,’ by the method employed in the present paper. 
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down by the method employed here when we come to discuss 
particular problems in which these integrals are required. 
The complete solution of equation (11) is given by 


[1 3,2 
Km e An! J ipfa a i + Bm! UL 2 }4CF(m), 
(12) 
where 


pm pen 


1.2.4.5 © 1.2.4.5.7.8 | 
3 ] 
and P= (3) e 3 e e e. (13) 


1 0 
. mT 
For the integral | dw cos > (1 — mw) ; 


C=0, I9) , V. (2) T (5) (0) = zx) r($). 


For the integral E dw sin 5 Ge muc) ; 
"0 


c=- O=) PG) ro -- i(3) TG) 


The values of these integrals are accordingly given by 


K(m)= | A 37 


etc.: 


\ dw cos 


: (1? — mw) 


=3-(3) [6 6) Jrd) P) oo 


e 
. T 
( dw sin ) (à — mic) 


e 0 


= 2 . ml? [I-i GOR —4Ji3 (3) | | —& g FQ). 
(15) 


The expressions which we have obtained for the sine and 
cosine integrals are useful for calculation when the quantity 
m is small in value. When m is large we can employ the 
asymptotic expressions for the Bessel’s functions, but an 
asymptotic value for the function F(m) is also required, 


and 
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and it can be obtained by means of the integral 
o =F mx) 
i} dwe °’ : 
0 


If we first expand e^ 3"" and integrate term by term; and 


if we expand e~3” and then integrate term by term; we 
obtain two different expressions for the value of the integral : 


dis eo 
0 
2d my? my? A 
=g m? Jf = (5) ! Tyo} "(3 ) +] + g EQ) 
T/l 1.2 1.2.4.5 
= 5 2n "t + pm — ete. . (16) 


Eliminate F(m) from (15) by means of this equality, and we 
have ihe asyniptotic value for the sine integral given by 


oo 
( dw sin (w! — mw) 
~0 - 


Pr") GI) 


m/l 1.2 


— üp n^ nt ete. ). © « (17) 


Taking only the first term of the well-known asymptotic 
values for the Bessel functions, we find, for m exceedingly 
large, 


Mc iem Ene 3) -i 
E cos 5 (w° — mw) = (ma cos m 3 Ir 


o0 1/3 3/2 
{a sin gn —mw) = - Gratin L (3) — ib . (18) 


in agreement with a result given by Stokes ". 

The above results enable us to evaluate the integrals 
contained in (8) for the case where «= ; that is, where k, 
is large, and so to determine £. It is interesting to note that 


* Ibid. p. 341, equation (23). 
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when m, and mg become very large the portions of the 
auxiliary phase-curves employed in the integrations extend 
to infinity on both sides of the point at which the phase is 
stationary. Taking for example the second integral in (8), 
with ms very large, we can readily verify that its value is 


given by 
Eu en T us ( Ns 
Stay Laat) 
my m 21? 
ni 32 12,3 
7(3) ~ Be,?? 
1 T 
b= apeos [amg e s Q9 


which coincides with the result given by (4) for a phase- 
curve having one point at which the phase is stationary. 
When the two stationary points Kj, kọ are widely separated, 
we have proved that the result given by (8) is equivalent 
to the result obtained by applying Lord Kelvin's evaluation 
given in (4) at each point of stationary phase separately, as 
already pointed out. Bv means of (14) and (15), and the 
corresponding results obtained for a finite, we can accord- 
ingly evaluate & for all curves of the type shown in fig. 2, 
whether the points of stationary phase are very near each 
other or the reverse. 

In the general case an auxiliary phase-curve of the type 


or, since 


l 
brat y eh got 


can only be used to represent a curve with one point of 
stationary phase over a limited range. Beyond the point of 
inflexion on the auxiliary curve its form differs entirely from 
that of the curve it is intended to replace. Similarly, if we 
take four terms of equation (3), 


b d 
pat y cte qur quts 


to represent a phase-curve having only one point of stationary 


Stationary Phase in Wave-Motion Problems. 1165 


phase, the auxiliary phase-curve can only represent the 
original curve between two points of inflexion on the auxiliary 
curve. Provided the portion of the auxiliary curve employed 
is of the same type as the original phase-curve, the results 
obtained by means of the auxiliary curve are more and more 
exact as the terms containing higher and higher powers of e 
are included in the auxiliary phase-curve. This is well 
illustrated in the application of the stationary phase principle 
to derive the asymptotic expressions for the Bessel functions. 
The first term of this expression has already been derived by 
the late Lord Rayleigh * by means of the result given in (4). 
Taking the function, 


J,(:)— =|, do eos {z sin o—no}, "y 


we require.an expression for its value when z is very large, 

and n is small compared with z. The phase {zsinw—no} 

is stationary at the value of w given by cos @,=n/z, and the 

auxiliary phase-curve is represented by 

zsino n 3, 28ino, 

gi ges 
(22) 


(zsinw —no) =(zsinw,—nw,) — 


if we include four terms of equation (3). If we put 


the approximate value of the function (21) is given by 
r E 
Ja(z) — v I. sini o; a oJ ($1— y! — ay + By*}, (23) 
where $,=(z sin ej —n0,), 


a= p" . > = " s 
6\z sin w, 62 sin w” 


and the values yı, y; corresponding to points of inflexion on. 
the auxiliary phase-curve are given by 


PE n 
—:sine,——75—:-— and 
n=/ 1 of 22 3in w) 


sin 0, 


ye zino + 7 ne ra (24). , 


* Scientific Papers, vol. v. p. 620. 
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Since < is large the effective range of integration is large. 
but the terms ay°, By‘, only become appreciable compared 
with y? near the limits of integration. If we expand the cos 
term and omit the odd term containing the sines, as its 
— from —æ to +æ is zero, we have 


due. (cos t6. — y + By} cos apt. (25) 


Approximate results are obtained by expanding cos S», 
sin u‘, cosas? in series after expanding the cos 1$,— y; 
+ Bi}, and by making use of the integrals 


+o T To : 
{ dy cosy? = | z= dy sin y’, 


+o 3.1 ar * “+m 
[dry cos y= ToT viel, dyy sny). . (26) 


— JO v 


Tr > 1.5.9.1 
MZ cosy — o 39 = “hy siny’. 


The result obtained in this way Pn 


rm mou que 
no 2 afc od. iu EE 9 "BEES j 
3. lg 
+ sin($i— 7 2 B— ete. 1 ]. 


* These integrals are regarded as divergent integrals. By integrating 

by parts twice we readily obtain 
"+a 3] : 3 1 +a e 
y' cos y^ dy — a? sin a? 4- ; ep 2a 810 a?— Q*g*| cosy dy 
e -a -qa 

Let a now become infinitely great. The integrated terms a’ sin a?, and 
a sin a?, oscillate in value rapidly as a 18 increased, while the third term 
is a convergent integral. The results employed above are obtained by 
neglecting the oscillatory terms, and by taking the convergent integral 
to be the value to be assigned asa mean value of the required integral 
when a becomes infinite. The above cases are very similar to that of 
the Fourier integral in equation (1) of this paper: for a finite, 


ein ar 
p dk — a Yt 79 
A 


e 0 


and when a is infinite, the integral has the value zero at all points 
except at v=0. The process of evaluation employed gives the correct 
values for the above inteerals required in physical problems, and for 
intevrals of the type contained in equation (1), several cases of which 
have been examined. 
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The expression given in (27) is in agreement with the 
well-known asymptotic expression except in the term con- 
taining £S?*. To bring the final term of (27) into complete 
agreement with the corresponding term of the asymptotic 
expression for J,(z), the auxiliary phase-curve must be 


2 sin œ : 
lg. When this 


modified by the addition of the term S 
term is included, we obtain by the above method an ex- 


e e e 2 e e 1 
pression which is correct as far as the term containing EE 


and the higher terms are obtained correctly when a sufficient 
number of terms are employed in the auxiliary phase-curve. 
Applications of the expressions contained in the present 
paper occur in the problem of determining the front of a 
group of waves advancing in shallow water, and in connexion 
with the minimum of the group-velocity in the case of 
waves governed by gravity and surface-tension combined. 
The theory also allows of an extension of the well-known 
solution of the ship-waves problem whereby the motion in 
the neighbourhood of the line of cusps can be determined 
with greater accuracy. There is also the question of energy 
propagation in wave-motion in the cases to which the theory 
given in the present paper is applieable. These problems 
are of interest in themselves and also on account of their 
bearing on analogous problems of wave-motion in dispersive 
media ; they will be dealt with separately in later papers. 


CXXII. The Movements of the Earth's Surface Crust. 
By J. Jory, Sc.D., F.R.S., F.T.C.D.* 


Introduction. 


I is well known that periodically the Ocean floods the 

lower land-surfaces of the earth, and that such trans- 
gressional seas prevail for so long a time that geosynclines 
receiving the sediments washed from some mountain range 
may accumulate debris to the depth of many miles. 

But still more strikingly eloquent of vertical movements 
affecting the continents is the fact that the mountains 
themselves are mainly built of marine sediments, although 
batholiths and other igneous bodies exist within. 

The mountains clearly reveal the effects both of horizontal 
and vertical movements in the form of folding, overthrusting, 
block-faulting, etc. 


* Communicated by the Autkor. 
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Furthermore, it is known that great mountain ranges now 
existing on the Globe received a remarkable increase of 
elevation. during comparatively recent times; that these 
events were (geologically speaking) of simultaneous occur- 
rence over the earth: and that wide-spread flooding of the 
land areas, with marginal and central transgressional seas, 
heralded these movements, 

Looking back into the past we find over and over again 
evidence of similar events and always in the following se- 
quential order :—(a) Prolonged crustal disturbances leading 
to fluctuati: gy transgressions; (b) Greater and more per- 
manent transgressions and, often, much local accumulation 
of sediments; (c) Mountain elevation and retreat of the 
continental seas; (d) Final great elevation of the mountain 
ranges and restoration of former continental levels. Attending 
these movements of the earth's crust volcanoes may break 
out on a great scale and vast floods of lava may escape at 
low levels, especially along the western margins of the 
continents or to the west of high mountain ranges. 

The events which heralded the great “revolution” of 
Laramide times in N. America, and their final consumma- 
tion in the elevation of the Laramide ranges, may well 
illustrate this succession of crustal movements. And, again, 
very many millions of years earlier—in Permian times— 
similar phenomena affected the same continent when the 
Appalachian ranges originated. Earlier still, near the close 
of the Pre-Cambrian and, finally, away back in the Archean, 
one or two revolutions of extreme intensity and very long 
duration appear to have affected, to the point of complete 
transformation, the entire land-surfaces of the Globe. 

Between these events, which seem to be cyclical in recur- 
rence, lesser disturbances affected the crust—disturbances 
eloquent of unstable conditions and of some source of restless 
energy existing beneath. 

Now, in this present paper I venture on an endeavour to 
trace the origin and inter-relation of these various events 
to :—(1) The existence of a general basaltic magma-ocean or 
isostatic layer in which the continents float and upon which 
the oceans rest; (2) The presence of a certain amount of 
radioactive materials throughout this magma-ocean ; (3) The 
maintenance, both in the past and in the present, of isostatic 
equilibrium of the land-masses ; (4) Certain forces acting on 
the earth’s surface materials, forces of astronomical origin : 


i.e. tidal and precessional. 
We shall first consider the existence and nature of the 


magma-ocean. 
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The evidence for the existence of such a layer extending 
beneath the continents and oceans primarily arises from the 
support. which the theory of isostasy has received in recent 
years. No one who has followed the evidence can question 
the fact of continental flotation and of the existence of 
downward extending “compensations” buoying up the 
greater raised features of the earth. These facts involve a 
sustaining, sub-continental layer. That this layer must be 
composed of material denser than the average continental 
rocks is evident. "We have further guidance as to its nature 
in the great outpourings of basaltie lava at intervals in the 
earth's history, dating back to most remote times; and, again, 
in the fact that by far the greater number of the volcanoes of 
the Globe emit basalt. Yet another fact points to this roek- 
substance as composing the magma-ocean—its relatively 
low melting-point. Plainly the sustaining ocean must be of 
lower melting-point than the average continental rocks. The 
melting-point of the latter varies from 1400? C. to 1700? C. ; 
the melting-point of basalt is below 1200? C. under like 
conditions of pressure. 

The view that basalt composes the isostatic layer is sup- 
ported by many petrologists. Notably, Daly (‘Igneous 
Rocks and their Origin,’ 1914), dealing with the problems 
of magmatic differentiation, volcanicity, etc., thus sum- 
marizes his conclusions :—“ The facts of Volcanic Geology 
seem, therefore, to co-operate with the facts of plutonic 
geology in showing that the essential process in igneous 
actions on this planet is the rise of basaltic magma from the 
universal substratum along abyssal fissures” (p. 303). 

The depth of the layer required by the theory of isostasy 
is not closely determinable. Some of the best authorities 
consider the most probable depth to lie between 60 and 
10 miles. 

Thus we perceive that basalt is the most prevalent and 


most important rock-material of the outer part of the 
Globe. | 


Melting of the Magma. 


All basalts so far examined reveal small quantities of 
radioactive materials, both of the Uranium and Thorium 
families of elements. There are quantitative variations— 
relatively fairly considerable—but always actually concerned 


Phil. Mag. S. 6. Vol. 45. No. 270. June 1923. 4 F 
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with minute amounts, as the following table will show * :— 


Ra. grm. per Thorium grm. per 


grm.x 10-2, grm. x 10-5, 
11 Basalts (chiefly Hebridean) ........... Canis 0:5 0:38 
5 Gabbros and Norites ............ ——— T . l3 0:50 
8 Diabases and Dolerites ........... T 1:0 0-22 
14 Basalts and Melaphyres (chiefly Deccan 
and Antarctic) ...... nU 2:0 0:84 
18 Basalts (generally representative)............ 1-4 0°63 


It is well known that radioactive substances generate heat 
at a constant rate which no extremes of pressure or tempera- 
ture litherto tried affect or modify in the smallest degree. 
It may, therefore, be assumed with certainty that, if the con- 
ditions prevailing in the magna are such that this heat is 
conserved, ultimate fuston of the whole mass is inevitable. It 
must be kept in mind that this ceaseless generation of 
thermal energy progresses in every gram, in every cubic 
centimetre, throughout the whole bodv of the material. 

The physical conditions otherwise affecting the magma are 
not everywhere the same; the pressure, of course, increases 
all the way down, and this will influence the melting-point, 
latent. heat, and thermal expansion, as will be referred to 
again further on. When, therefore, we ask the question as 
to how far would attainment of the state of fluidity be a 
simultaneous phenomenon, we must answer with respect to 
the upper regions only; and always bear in mind that the 
word * simultaneous ? is taken in its geological sense. 

If we assume that at some stage in the history of the 
magma it is at its melting-point but in a state of quasi- 
solidity, lacking the latent heat necessary to produce liquefac- 
tion ; then after a certain period the several constituent 
parts, differing in their radiouctive content, melt in the 
order of their radioactivity, the richest melting first. 

Now, in a region of the magma where the main body is 
still solid, nothing can come of such local fusion save that 
these more radioactive centres share their accumulated heat 
with surrounding basalts, causing them to melt and bringing 
about thereby intermingling with the poorer magma. Unless 
the heterogeneity of the magma with respect to radioactive 
constituents be on a very great scale (which we have no 
reason to believe is the case) this must be true. 


* J. H. J. Poole, “The Average Thorium Content of the Earth’s 


Crust," Phil. Mag. Apr. 1915; J. Joly, “The Radioactivity of Terrestrial 
Surface Materials,” Phil. Mag. Oct. 1912, 
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This gradual, part-by-part, liquefaction of the magma must 
persist over a very long period. It represents the period of 
preparation for a great revolution. Volume changes (to be 
considered presently) are locally produced which may be 
of sufficient magnitude to affect restricted areas at the surface. 
The condition of change must continue until there is a final 
and general breakdown of the residual ** rigid " ground-mass 
of the magma. When this occurs, and only then, the climax 
of a revolution is reached. Thereafter convective circulation 
on a big scale begins and the slow thermal flux permitted by 
the conductivity of the medium gives place to active circula- 
tion— melting and stoping of such surface-layers as may yet 
have escaped fusion and the convective distribution down- 
wards of the cooled and denser magma which results. 

We notice that in this sharing of heat among the con- 
stituent parts of the magma—the richer magmas melting 
down the poorer—it follows that neither tle richest nor yet 
the poorest lavas determine the duration of the period re- 
quired for the thermal accumulation to reach that critical 
amount which determines general fusion, but the average. 
A little consideration, in fact, shows that the extremes cannot 
control the date of the final breakdown. 

Hence, in our time-estimates we take the mean values of 
the quantities of radium and thorium contained in the basalts 
(and their equivalents) as giving the best clue to the time- 
intervals which must separate world-wide revolution. For, 
as will be seen later, our assumption is that it is the volume- 
changes arising in the liquefaction of the abyssal magma 
which determine the most conspicuous events then taking 
place at the surface. 

Now the radium content of a composite powder made up 
of 18 representative basalts *—as determined by the fusion 
method—and the thorium content as determined by the con- 
tinuous-ebullition method (Phil. Mag. July 1911 and May 
1919) are respectively—as cited above—1:£x 107? and 
0:60 x 107? gram per gram. The heat continually evolved 
by one gram of radium in equilibrium with its related 
elements is 576x107? gram-calorie per second. The heat 
evolved by one gram of thorium and related elements is 
6:6 x 107? calorie per second, as determined by Pegram and 
Webb (Phys. Rev. xxvii. 1908), which is somewhat lower 
than the calculated theoretical amount (Rutherford, * Radio- 
active Substances and their Radiations,' p. 583 (1913)). 


* These include 3 ITebridean, 4 Antarctic, 3 Deccan, and basalts from 
the Eifel, Saxony, He:sen, Siebengebirge, St. Helena, etc. . 
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From these data we find that 11:8 x 10-1 calorie is 
generated per second in a gram of the rock, or 3°71 calories 
in one million years. In 25 million years 92°75 calories 
accumulate in every gram. If we accept for the radium 
content of the average basalt 1:2 x 107? gram per gram, we 
find that it takes 28 million vears to accumulate 92:4 cals. 
per gram. According to Vogt (Christiania Vid. Selsk. 
Skrifter, 1904, p. 54 et seg.), the latent heat of such rocks 
may be taken as 90 calories, So also the experiments of 
Hempel and Heraeus (Zeit. f. Elektrochemie, 1903, p. 43) 
give the latent heat of fusion of Melilite (a substance some- 
what analogous to basalt in chemical composition) as 90 gram- 
calories. Doelter (Phys. Chem. Mineralouie, p. 101) states 
that the latent heats of fusion of silicates are mostly around 
100 grain-calories per gram. 

~ We conclude that the latent heat required to liquefy 1 gram 
of average basalt at ite melting-point would take about 30 
million years to accumulate. 


Volume-Change of the Maama. 


The effects of pressure in modifying this conclusion are 
not definitely known. The melting-point rises with pressure. 
Vogt (loe. cit. p. 210) concludes that the pressure due to 
25 miles of rock would raise the melting-point 50° C. 
Tamman gives reasons for believing that the positive volume- 
change, V; — Va, becomes negative under very high pressure 
and consequently from the thermodynamical relation between 
melting-point, pressure, and volume-change, the melting-point 
will reach a maximum with increase of pressure and will then 
fall. Such a pressure as would prevail at a depth of 150 kilo- 
metres would give rise to the maximum melting-point (Vogt, 
loc. cit. p. 208). On this basis the melting-point continues 
to rise all the way down to the base of the magma-laver if 
the laver be such as isostasy requires. The whole matter is 
complicated by the effects of occluded gaseous matter, which 
seems to reduce viscosity and to confer considerable expan- 
sive force under decreasing pressure, i. e. attending vertical 
circulation. 

However, as will be seen later, when fusion at length 
oceurs in the upper parts of the magma certain tidal dis- 
turbances must arise. Currents to feed the tidal wave must 
originate, and these must grow in importance as melting pro- 
gresses and the tidal effects augment. Such disturbances. 
must be transmitted downwards, and even the lowest layers 
may be affected. It seems, therefore, probable that, whem 
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melting becomes general above, there must arise ascensional 
movements wherever the conditions of viscosity permit. As 
matter of observation, at a very little over the melting-point 
basalt is an extremely mobile fluid. 

There is another probable effect that must be borne in 
mind—supplies of heat from yet deeper regions of the earth 
may affect the lower layers. This is, in fact, certain, unless 
the earth be, for some reason, radium-free below some 70 or 
80 miles down—obviously a most improbable condition. 
This is an added reason for the view that, when tidal effects 
set in above, grave disturbances may be transmitted far down 
and may bring up super-heated magma possessing great ex- 
pansive properties due to its temperature and to juvenile 
gases. Daly (loc. cit.), in connexion with magmatic stoping 
by abyssal injection, has discussed similar problems. 


Effects of the Volume- Change. 


Now, the effects of general expansion will be to enlarge by 
a little the earth's radius. Both continents and ocean-floor 
will be upraised together. But change of density in those 
layers of the magma principally buoying up the continents 
will give rise to another effect. For, whereas the oceans are 
not floating by displacement, the continents are. Thus a 
general increase in the volume of the magma will raise 
both together, but the attendant change of density will cause 
the continents to sink. The result of this effect at the surface 
will be transgression of the sea upon the land: 

It is difficult to give numerical estimates of the magnitude 
of this effect. The experiments of Day, Sosman, and Hostetter 
(Am. Journal of Science, Jan. 1914) seem in many respects 
the best we have. The volume-change attending fusion is 
sudden and amounts to 10 per cent. of the volume of the un- 
melted solid at its melting-point—or 12 per cent. of the 
volume of the crystallized basaltat or near the melting-point. 
There is a sudden and marked liberation of heat attending 
the change to the solid crystalline state. This is a restoration 
of heat from the latent to the sensible state. Its amount was 
not measured. 

We cannot apply these figures directly to estimates of 
continental sinking and oceanic transgression, for the reason 
that it is improbable that the whole continental compensa- 
tion is affected by it. This much may, however, safely be 
affirmed :— The observed volume-change of basalt in changing 
state appears to be fully adequate to account for the most 
evtreme transgressions revealed in past geological records. 
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Now, it may take some 25 or 30 millions of years to effect 
such a storage of heat as will result in a general change of 
state. 

When, finally, fluidity is attained convective circulation 
bogins, and cooling will be rapid. But while such rapid 
cooling will progress beneath the ocean flcor, there will be 
then and at all other times, relatively little cooling imme- 
diately beneath the land-masses. We may take this last 
point first. 

The fact is easily demonstrated. From their proper radio- 
activity and probable thickness the continental masses must 
possess basal temperatures approximating to that of the under- 
lying basalt. In other words, both now and at any other 
time the gradient of temperature prevailing in the earth's 
continental crust is mainly due to the generation of radio- 
active heat within its own materials, and not in any notable 
degree to heat flowing up from suberustal sources. 

For suppose the "continents to average 24 kilometres 
(15 miles) in thickness. Throughout this depth we infer 
from Dd applied to representative rocks that 
there is 2:2x 107" gram radium and 16x107? gram 
thorium in each gram of rock (Phil. Mag. Oct. 1912 and 
Apl. 1915). The thermal output from these quantities of 
radioactive elements is 22°8 x 107!* cal. per second. On a 
specifie gravity of 277 this ae out as 1°5 x 107° cal. per 
second for a volume 1 square cm. in cross-section. and 
24 kilometres deep. But the heat escaping at the surface, 
as calculated from a gradient of 1? C. in 32 metres and a 
conductivity of 0:005, is 1:6 x 1078 calorie per second. 

Thus, practically all the heat escaping at the surface of 
the continents has been generated within the rocks of which 
it is composed, and therefore cannot come from beneath. 
It Follows that the radioactive heat generated immediately 
beneath the continents is at the present time being con- 
served —the floating land-masses acting as an adiathermenous 
layer to the underlying magma at or near the melting-point 
of the basalt. 

However, although this, very probably, involves the local 
persistence of molten basalt beneath the crust, there must be 
considerable lateral circulation when consolidation is in pro- 
gress beneath the oceans. For the loss of volume attending 
cooling must draw on the sub-continental magma to a con- 
siderable extent. There is also movement due to tidal effects, 
as already pointed out. If these effects result in the upper 
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parts of the magma shifting with reference to the deeper 
layers (as will, later, be referred to), this must give rise to 
horizontal shearing at all levels, and in this way sub-conti- 
nental cooling and solidification will be promoted. When 
solidification is attained these tidal movements probably 
cease, or almost cease. 

But the conditions of heat storage and heat loss beneath the 
oceans are in many respects diflerent. There appear to be 
reasons for believing that not only will the conditions there 
prevailing lead to effective conservation of most of the energy 
during times of thermal accumulation, but also will favour 
its more rapid escape in times of revolution. 

There is high probability, almost certainty, that the ocean 
floor is itself composed of basalt. The reason for this view 
is the fact that gravity measurements appear to show that 
the lesser density of the ocean is compensated by excess of 
mass beneath. In fact, the view has been advanced that the 
oceans are where they are because of this excess of mass. 
Again, the oceanie islands and volcanoes are strikingly 
basaltic in character. 

But if composed of basalt then is the ocean floor exposed 
to fusion and stoping by rising currents of molten magma. 
The amount by which its thickness is reduced while it is 
borne upwards on the molten and expanding ‘magma we do 
not know. But it is possible to arrive at some idea of what 
the initial thickness of the ocean floor may be before it is 
attacked by the liquefied lava beneath. By the ** floor" is 
meant that topmost layer of the basaltic magma which falls 
in temperature below the melting-point. 

The problem is similar to that solved by Lord Kelvin with 
respect to the downward distribution of temperature in a 
globe cooling from fusion by the passage outward of heat to 
an environment maintained at a constant low temperature. 
Kelvin's value for the diffusivity is inapplicable to the 
present problem, for it is, in fact, based on a mean experi- 
mental value obtained on substances only one of which (that 
on “the trap rock of Carlton Hill") is applicable to the 
present case. Correcting for this we next assume that 
the magma is everywhere solid in the sense that it loses 
heat by conductivity only, but is near its melting-point. 
The surface is maintained at 0° C. by the waters of the ocean. 
If, now 25 x 10* years are available for the growth of the 
sub-oceanic floor, we seek to find the distribution of tempera- 
ture at the expiry of that period and the thickness of the 
floor—that is, the distance from the surface at which 
the temperature approximates to 1150? C. We find that 
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at 32 kilometres (20 miles), the temperature is nearly 
1100? C. 

In reaching this result we have, for purposes of simplifi- 
cation, neglected (a) the development of radioactive heat 
within the cooling layer; (4) the increased value of the 
thermal capacity of the basalt at high temperatures. Ac- 
cording to Roberts-Austin and Rucker, Barus, and others 
(Vout, loc. cit. p. 40) this varies from 0:180 at 20° to 0:285 
at 1100? ; (c) change in the conductivity at high tempera- 
tures. H. Poole has found no variation up to 600° (Phil. 
Mag. Jan. 1914) ; but it is probable that at higher tempera- 
tures it will diminish. The effects of these variations will be 
to sharpen the gradient, decreasing the thickness of tie 
laver. (b) must reduce it by some 15 to 20 per cent. and 
(a) at least as much again. The probable value would be 
about 15 miles. 

This result— which, for want of the sufficient data, is an 
approximation only and may be excessive by 3 or 4 miles— 
enables us to conclude that during the inter-revolutionary 
period the cooling by conductivity will give rise to a gradient 
of temperature downwards, rising to the magmatic tempe- 
rature at a depth of about 15 miles. This is the probable 
thickness of the ocean floor. 

[It supports the view that below a certain depth, com- 
parable with the thickness of the continental crust, there is 
complete conservation of radioactive heat throughout the 
period separating the great revolutions. | 

These considerations give some clue to the conditions which 
may control the upward passage and escape of heat through 
the ocean floor, as estimated above, when the conserved heat 
beneath has accumulated to the point of bringing in a period 
of revolution. 

]t is evident that, when the magma beneath the ocean floor 
has become fluid and circulatory movements begin, the 
floor which covers in the magma is, at its base, at the tem- 
perature of the magma, and in its lower parts only requires 
the necessary latent heat to again revert to the fluid state. 
It will be, therefore, rapidly melted away. Neglecting the - 
possible intensification of these effects arising from super- 
heated Java rising from beneath, and assuming the entire 
laver to possess the melting-point of the upper stratum of 
lava, there must be rapid (geologically speaking) thinning 
of the sub-oceanic floor. Jt is quite possible that this thins 
out to an extent enabling the greater part of the stored latent 
heat to escape in a very few million years and before the floor 
is completely removed. Much heat will doubtless be lost by 


Movements of the Earth’s Surface Crust. 1177 


igneous eruptions through the floor. But, again, neglecting 
such aid, it is easy to show that an ocean floor reduced to 
some two or three miles in thickness would permit of such a 
heat loss as would confer the quasi-rigidity and the density 
of the solid state upon the greater part of the magma, not 
only beneath the oceans, but beneath the continents. 

An extreme case is to assume that all the latent heat of 
the entire magma has to escape through the ocean floor. 
Even were this the case, a floor 2 miles thick, possessing the 
conductivity 4 x 10-5, would pass out all this heat in 8 million 
years, and, of course, one-half of this thickness would dispose 
of it in 4 million years. In point of fact, the escape in this 
manner of all latent heat would be impossible; because the 
circulation must cease when a certain fraction has become 
solid— sufficient to diminish tidal activity and to check con- 
vective movements. 


Effects of the Cooling of the Magma. 


We may now return toa consideration of the surface-effects 
referable to the changes progressing in the magma. 

We saw that melting of the magma produced continental 
sinking and transgression of the sea upon the land. This we 
now refer to the conservation of radioactive heat within the 
magma under the conditions we have described. But we 
have also traced a source of rapid loss of heat and re- 
solidification of the magma. The surface-effects of this 
must evidently be the restoration of former continental levels 
with reference to the oceans. For, while both continents 
and oceans will be affected by the change in such a way as 
to move downwards, the buoyant effect on the continents 
must be such that these must rise relatively to the sea-level. 
Hence, transgressional seas will disappear off the land-areas. 

The upward movement will more especially prevail where 
deep compensations exist. Such an up-lift as the worn-down 
Appalachians experienced in late Cretaceous times, or the 
vertical movements which affected the Andes in more recent 
times, doubtless originated in this manner. Mountain- 
building movements are, probably, largely referable to this 
density-change which sets in towards the close of a great 
revolution, as will presently be more fully explained. 


The Time required fora Revolution. 


It will be gathered from what has now been said that to 
‘the isostatic layer and its thermal fluctuations (arising 
cyclically from storage of radioactive heat to the point of 
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liquefaction of the layer), on the present theory, the vertical 
movements of the land are to be referred. And we have 
seen that the time intervals which, on our rough computation, 
we have arrived at are not inconsistent with estimates of 
geological time. 

It would seem that four or five periods of major revolution 
can be recognized since Algonkian times, although geologists 
do not seem to be in perfect agreement as to the number 
of revolutions which are to be “regarded as of world-wide 
significance, 

“It is inferred by many that the Palwozoic was preceded 
by such an event. Some American geologists call this the 
Grand Cañon Revolution, A second revolution is recorded 
in the Silurian and Devonian rocks :—the Caledonian Revolu- 
tion, A third occurred in Permian times, known as the 
Appalachian, A fourth culminated late in the Cretaceous 
and early Tertiary, which was responsible for the major 
development of the Cordilleras of N. and S. America and 
in America known as the Laramide Revolution. A fifth 
ushered in our own times and is responsible for the principal 
development of the great Eurasian chains. It is known as 
the Alpine Revolution. 

Now, these developments involve four periods of genesis 
comprised within what is called “The age of the earth.” 
They are, therefore, on the lower estimates of this interval 
comprised within some 170 to 200 millions of years at most. 
The preparation for the Pre-Cambrian revolution probably 
extended back into more remote times. Thus some 40 or 
possibly 50 millions of years are required for the preparation, 
development, climax, and decadence of a great revolution. 
According to the view of some, far longer periods would be 
involved. . 


The Lateral Movements. 


But the phenomena attending vertical movements of the 
land relative to the ocean are not the only cyclical events in 
geological history which call for explanation. For, as we 
have seen, attending these vertical movements we find 
evidence of lateral thrusting i in the folding and horizontal 
dislocation of the rocks. The sources of vertical movements 
and of horizontal compression are, plainly, genetically con- 
nected. Of this there is no doubt, for all over the world the 
order and inter-relation of the events seems to have been 
the same ; the greatest display of orogenic activity appearing 
towards tlie close of a great revolution and after trans- 
gressional seas have largely disappeared. 
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Now, there two sources to which lateral movements may 
be referred and which arise out of the physical changes 
experienced by the isostatic layer. Both these sources 
appear to be, in some degree, inevitable, and therefore are 
vere cause, so that we conclude that both must have 
operated. | 


Mountain-building. 


But before considering them it seems desirable to discuss 
for a little what the structural features of mountains actually 
reveal. Vertical movements are certainly demonstrated and 
often on a very great scale. The interest of the matter arises 
in the part played by horizontal movements. One eminent 
authority on isostasy—W. Bowie— considers that much of 
the rupture and distortion of strata, ascribed formerly to 
regional forces acting horizontally, are accounted for by 
vertical movements (“The Earth's Crust and Isostasy," 
‘The Geographical Review,’ Oct. 1922). Horizontal move- 
ments have certainly contributed to mountain structure. 
Whether they play any direct part in the elevation of the 
mountain is another matter. 

Going back to the loaded geosyncline, it is certain that this is 
a region of diminished rigidity within the continental crust. 
For the depression determined by isostasy exposes it to higher 
temperatures than prevail in the normal crust. The phe- 
nomena of regional metamorphism testify to the intensity 
of thermal conditions. Fusion may not be brought about 
(the melting-point of the floating continental crust is, as we 
have seen, from 200? to 500? higher than the m.p. of basalt), 
but rigidity may be so far diminished that comparatively 
small forces may give rise to the folding of strata. 

Beyond the production of this lateral folding, there may be 
. little more ascribable to horizontal forces. For, in fact, if 
the conditions of isostatic adjustment prevail throughout the 
genesis, vertical movements must be almost entirely due 
to buoyancy forces arising in the changing density of the 
magma. 

We have to remember that, while the horizontal forces are 
in operation, the magma beneath is at its lowest density. At 
that period there is, in fact, very little difference in specific 
gravity between the continental materials and the melted 
substratum. It is therefore impossible that in this stage 
lofty vertical elevation could be attained. The compressed 
strata must go down and not up, and their downward dis- 
placement involves very little expenditure of energy. The 
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rise above the continental surface will be insignificant. 
The conception, therefore, that chains such as the Alps and 
Audes were forced upwards by lateral forces cannot be 
correct. The upward movements, according to the present 
theory, came later, when the heat-loss restored the hixher 
magmatic density. Then the energy of upheaval is referable 
simply to the gravitational potential of a general raised 
magmatic surface over the earth. This falls a little when 
the mountain ascends. The effect is purely hydrostatic. 

The Geologist is not, therefore, required to adduce hori- 
zontal forces of great intensity, but he must account for 
movements adequate to shorten, perhaps by a score of miles, 
the width of a sedimentary area. If the over-thrusting in the 
Alps has been correctly estimated, movements of twice or 
three times this magnitude call for explanation. 


Lateral Forces arising from Change of Area of Ocean Floor. 


We now return to the sources of mountain-building forces 
which arise from the changing physical state of the magma. 
Looking back to earlier stages of our argument, we find that 
the liquefaction of the isostatic layer involves an increase of 
the earth’s mean radius. Taking the depth of the magma to 
be 70 miles and that at the height of a revolution it expe- 
riences an average volume-expansion of 10 per cent., we 
arrive at the following figures. The primary mean radius 
of the Earth is 3963:2 miles (its present value). This corre- 
sponds to an area of 197,380,000 square miles. The volume 
of the magma is obtained from this after deducting the 
displacement of the continents. Taking the area of the 
continents as 52:5 x 105 sq. miles and their immersion as 
15 miles, the magma-volume comes out as 13x 10? cubic 
miles. The increase of 10 per cent. is therefore 1:3 x 10? 
cubic miles, and the corresponding increase of the earth's 
radius turns out to be 6:5 miles— which involves an aerial 
increase of 650,000 square miles. 

Now, this increase must fall upon the oceanic areas, 
beeause the continents are homogeneous and, in fact, are 
floating upon the expanding magma. The ocean floor is at 
this period being reduced greatly in thickness, due to the 
hot circulating lava. It must now break up under the 
expansive forces. It is rent by cracks, which again are 
filled in by abyssal injection, and before any considerable 
cooling has come about we must suppose that a larger ocean 
by some 650,000 square miles has come into existence, 
floored by a corresponding basaltic floor of a thickness 
which may be from 5 to 10 miles; possibly more; possibly less. 
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The increased surface-area of the earth arrived at above 
corresponds to a circumferential increase of 41 miles. This, 
also, necessarily falling upon the oceans means that the 
equatorial span of the Pacific will increase by 30 miles, and 
that of the Atlantic by 11 miles. 

Attending the surface-solidification of the magma, the 
downward movement of the ocean floor gradually begins 
and the continents become pressed-upon, on every side, bv 
the enlarged and strengthened oceanic floors. Even if 
buckling of the floor results the lateral pressure must con-. 
tinue, for the rigidity of the cooled basalt is considerable. 
This effect will give rise, pre-eminently, to very intense 
horizontal thrusts (although of limited range) on the conti- 
nental land-masses. The pressure must long continue and 
may be adequate to find out the weak places of the land 
and to fold and shear the sediments in the upper few miles 
of the geosynclinal accumulations, seconding the interven- 
tion of other forces to be presently discussed. 

As regards the estimated magnitude of this expansional 
effect, the amount of the volumnar expansion assumed is, to. 
some extent, arbitrary. The upper part of the magma may, 
indeed, enlarge or contract by some lO per cent. of its 
volume in changing from solid to liquid and vice versa. The 
volumnar change of the deeper parts is unknown, but if—as 
appears probable—there is vertical circulation of super-heated 
material, the volume-change may be considerable. The as- 
sumption of a mean change of 10 per cent. may, however, 
be somewhat excessive. 

It is noteworthy that the amount of attendant change in 
the magnitude of the ocean floor is in no degree affected by 
thermal expansion or contraction of the floor itself. For, in 
point of fact, the mean temperature of this crust is un-. 
changeable, its upper and lower surfaces maintaining 
unchanging temperatures—i. e. controlled above by the 
ocean of water and beneath by the inelting-point of the. 
ocean of basalt. — 

Upon the question as to the adequacy of such movements. 
as might arise from this source, it is to be observed that they 
are repetitional with each revolution. Thus the total hori- 
zontal contraction involved in the Rocky Mountains has been 
estimated at 25 miles east to west. But this range was 
mainly created in Laramide times. It was again further: 
acted upon in Pliocene times. The latter disturbances 
chiefly took the form of vertical uplift. But, as we have 
seen, there is no vertical uplift without previous downward 
displacement into the isostatic layer. The downward dis- 
placement may be due to geosynclinal loading alone or to. 
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loading subsequently disturbed by lateral forces. It seems, 
therefore, probable that lateral forces, acting during two 
successive revolutions, were responsible for the Rocky Moun- 
tains as we see them. 

Accompanying the volume-changes of the isostatic layer 
there would arise a small effect upon the rotational velocity 
of the Earth. The retardation attending expansion of the 
magma and increase of the Earth’s radius would be tem- 
porary, however—the original velocity being restored upon 
the shrinkage of the magma. It does not appear that this 
temporary effect would in any appreciable degree affect the 
changes we have been discussing. 


The Inter-revolutionary Disturbances of the Crust. 


But, in addition to the major movements attending world- 
wide revolutions, there are minor ones—often not incon- 
siderable, however, —which appear to occur at irregular 
intervals and which involve not only a certain amount of 
transgressional flooding but also orogenic movements in a 
horizontal direction. 

I think we may refer these disturbances largely to con- 
ditions similar to those we have been considering. For, 
while we have dwelt upon the broad features of magmatic 
changes over geological time, it 1s impossible to maintain 
that more loeal thermal fluetuations at irregular times have 
not occurred (ante, p. 1171). The floating land must, in tact, 
be continually subjected to the effects of changing buovanev. 
This was especially noteworthy in the geological historv of 
the Pacifie borderlands of North. America. Transgressions 
and re-elevations were frequent events. But tle torces of 
uplift must have affected the adjacent ocean floor for many 
miles to the west, and the fractures induced by tensile 
stresses. must always be repaired by abyssal injections. 
“There is no other way. Attending downward movements, 
compressive forces must accordingly arise along the conti- 
nental margin. This seems quite inevitable. The only 
question at issue is really one of the adequacy of such 
repetitional movements. This question we cannot answer. 
But such as thev were these forces were many times 
repeated. Schuchert (* Text-book of Geology.' p. 979) esti- 
mates at least eight minor periods of crustal disturbance as 
having affected the continent of North America. Again, we 
must recognize the fact that local vertical movements of an 
oscillatory. character affecting a continental interior cannot 
itake place without engendering horizontal compressional 
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movements on the same mechanism as I have referred to 
above. In short, from the physical properties of rock 
towards tensile and compressive forces, and the ever-present 
existence of the abyssal magma beneath, ready to enlarge such 
cracks as may develop and infill them with rock-making 
materials, pulsatory vertical movements may account for 
much crustal distortion. Horizontal forces directed in any 
azimuth may be engendered in this way. 

In the case of the greater world-wide movements when 
the rise and fall of the entire crust takes place the 
wider the oceanic reach the greater must be the orogenic 
effects. Here we recall the significant remark that the 
greatest mountain ranges face the widest oceans. There 
are no mountains around the Atlantic comparable with the 
Cordilleras. The Himalayan fold-mountains range perpen- 
dicularly to one of the greatest oceanic reaches of the 


Globe. 
Effects of Tidal and Precessional Forces. 


But other factors arising from the existence of a radio- 
active isostatic layer may enter into this question, and 
possibly upon a very effective scale. I mean precessional 
and tidal forces. 

It is recognized in tidal theory that the tidal wave which 
is maintained on opposite faces of the Globe must act as a 
brake applied to the surface of the earth opposing its axial 
rotation. This brake, operating to retard the west-to-east 
motion of the earth's surface, may be expected to give rise 
to a motion of the whole outer crust of the earth with 
reference to the interior—that is, if viscous movement of 
the outer over the inner parts is possible. In this way the 
length of the day may not represent the real rate of rotation 
of the earth, which spins within the outer crust with slightly 
greater angular velocity. Darwin (‘The Tides,’ p. 276) 
looked to such effects acting, in earlier periods of the 
World’s history, upon a viscous planet as possibly wrinkling 
the surface in such a manner as to mould the observed 
continental contours. Eddington (* Nature,’ Jan. 6, 1923) 
considers it possible that purely oceanic tidal movements, 
brought to rest in land-locked areas, might have given rise 
to crust-wrinkling. 

The tide generating force is intrinsically a feeble force at 
the present time. The horizontal tidal force is only one 
eleven-millionth part of the weight. In past times, ac- 
cording to the tidal theory of the Moon’s history, the force 
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must have been far greater, the horizontal tidal force in- 
creasing inversely as the 6th power of the Moon’s orbital 
radius. | 

According to the theory I have been discussing, at intervals 
in the world’s past history there came into existence a sea of 
molten rock having a depth probably not less than twenty 
times that of the ocean and possessing three times the density 
of water. In its upper parts this lava-ocean was, probably, 
highly mobile—quite as mobile as water. My own observa- 
tions (Trans. R. D. S. vi. p. 283), made some years ago, 
showed that basalt raised just above the full melting-point 
possesses much the same properties as a very “thin” oily 
fluid. Day and his colleagues (loc. cit.) record similar obser- 
vations. ‘The question arises, how far may tidal movements 
prevailing in such an ocean have contributed towards crustal 
disturbances in the past and how much would they be etfec- 
tive even in Pliocene times or in the future? Data as to 
the downward viscosity of the magma-ocean are not available, 
and doubtless they must be important factors in determining 
the answer to these questions. 

But it seems allowable to infer that the effects of world- 
revolutions must have been to develop retardative forces 
acting on the outer crust of the earth much in excess of any- 
thing of the same kind due to the oceanic tides of our time. 

Now, if any considerable retardative effects affected the 
surface-features of the earth—I mean the continents and 
oceans and the ocean floor—so as to withhold them from 
partaking of the full west-to-east angular velocity of the 
earth, this effect of tidal force would seem to involve local 
stresses on the more deeply immersed parts of the floating 
land-masses, which might be very considerable. 

To understand this we must note that the retardative effect 
referred to must be effective chiefly in the upper regions of 
the magma ocean, for its lower lavers, in contact with more 
rigid materials beneath and, owing to pressure, probably 
possessed of greater viscosity than the upper lavers, must 
partake more nearlv of the full angular velocity of the 
earth's rotation. It is easy to see that these conditions 
must give rise to a west-to-east drive or pressure of the 
heavy magma against the immersed parts of the continents. 
It must be remembered that this state arises at a time when 
the ocean floor has been reduced in thickness, so that the 
submerged western coasts of the continents are left exposed 
to the etfects of differential movements in the magma. For, 
in fact, the horizontal tidal forces exert an east-to-west pull 
upon the continents, and this is resisted by the earth's 
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rotational energy transmitted through the medium of the 
molten magma. 

These conditions involve differential effects upon the 
floating land-masses. For the more deeply compensated 
continental features experience the west-to-east magmatic 
drive more than shallower land-masses. And, again, turning 
or rotational forces would arise, due to those greater down- 
ward extending compensations which might be located 
excentrically respecting the resultant or centre of magmatic 
forces, or where continental masses extended partly into 
equatorial areas—the linear velocity of the magma being 
greatest at the equator. Such rotational effects may have 
affected mountain development. Comparatively small move- 
ments would suffice: thus, if the African continent and 
Peninsular India were, even to a small extent, affected in 
this way, by the more active equatorial currents upon their 
southern extension, much of the Eurasian folding would find 
explanation. We have seen that at the height of revolution 
the ocean floor is, probably, much disturbed as well as re- 
duced in thickness, and its resistance thereby diminished. 

The effects of these conditions on mountain-folding would, 
probably, be principally experienced where the geosynclines 
had forced the lund deep into the magma. Here the east- 
going magmatic pressure would be largely concentrated and 
the temperature conditions also most severe ; lateral folding 
and compression into still greater depths —the conditions being 
self-intensifying—being a very probable result. Even under 
pressures of no very great intensity per unit area, provided 
they were long continued, these results might be expected. 
The final buoyancy effect would ultimately force upwards, 
isostatically, the bent and folded masses—alony with batho- 
lithic invasions of the basaltic magma. Thus the ranges 
raised above the general continental levels would be tormed. 

The Cordilleras of western America would seem to stand 
as a monument of the forces acting from west-to-east which : 
we have been discussing. It may well be that, whereas 
both the west and east coasts of the Pacific owe to an 
, expanded ocean floor the major wrinkling of the continental 
surface, the predominant orogenic phenomena displayed on 
the eastern coasts is due to a force which cannot have acted 
upon the western coasts—the magmatic pressure arising in 
horizontal tidal and precessional forces. 

Schweydar (Zeitschr. d. Ges. f. Erdk. zu Berlin, 1921, 
S. 120-125) has investigated a precessional force, which tends 
to urge the. continents westward, and which has, of course, 
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like the tides, an astronomical origin. From his statement it 
appears that this force must be considerably greater than the 
horizontal tidal force, and, obviously, its effects must greatly 
augmentin times of revolution. Itis strongest at the equator 
and is null at 36° N. and Y. It must conspire with the tidal 
force to retard the west-to-east movement of the earth’s crust. 
(See also Wegner, Die Entstehung der Kontinente und Ozeane, 
Derlin, 1922.) 

It is significant as regards this probable intervention of 
tidal and precessional effects that the great lava-floods of 
geological history have welled up through tissures on the 
western sides of continental land or west of yreat mountain 
ranges, or, again, have appeared. where rifts ranging north 
and south have been attended by deep crustal faulting and 
sinking. The Deccan basalt thickens towards the west, 
and western coastal fissures have been traced. The Hebri- 
dean basalt was poured out westward of a continent. The 
Disco basaltic flows appeared to west of the Greenland 
ranges, The western inter-montane regions of North 
America are largely flooded by basaltic outflows. The great 
African rift appears to have determined intense volcanism 
and basaltie outflows. The Christiana rift seems to be a 
similar case. The existence in revolutionary times of easterly 
basaltic pressure beneath would account for this remarkable 


localization of igneous activity. 


Volcantc Activity and ihe Present Theory. 


The present theory involves a probable decadence of 
volcanic activity in inter-revolutionary times. The existing 
explosive type of volcanism is, doubtless, a purely local phe- 
nomenon in many cases, the supply of thermal ener gy coming 
from deep-seated pockets of the molten rock. But volcanic 
activity may be associated with seismic indications of tectonic 
features, which seem to refer it to the activity of the general 
fluid substratum beneath the continents ; or of sub-oceanic 
supplies which at the present time lie beneath an ocean tloor 
which is still undeveloped. Cases of volcanism of this type, 
of a remarkable character, are reported from Japan and 
elsewhere. The great lava-flows are, however, a feature of 
revolutionary conditions, which must on a great scale cease 
with the cessation of tidal movements. Stili, phenomena of 
the sort might long survive, for sub-erustal reservoirs of the 
molten magma, if once enclosed by solid rock, would cool 
with secular slowness ; and any source of compression—such 
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as shrinkage of the containing rock or earth-movements— 
might bring it to the surface. The Icelandic eruptions of 
recent times may originate in this manner. 

The higher volcanic cones do not appear to emit lava. 
Light ejectamenta—dust and steam—may be emitted. It is 
doubtful if, at their existing elevation, any definite lava-flows 
have taken piace. Bonney (*Volcanoss, p. 275) refers to 
this as a general feature of volcanism. The volczno out- 
grows its strength. The comparatively recent final elevation 
of the Andes may have operated in this way. 

. However, on the theory herein advocated, the lava-supply 
of volcanoes does not call for hydrostatic pressures extending 
into the depths. It is more probable that the lava-supply 
arises in laccoliths and such-like bodies which have been 
carried up with the general mountain elevation, and which 
for long ages are adequate to supply the comparatively small 
trickle which constitutes a volcanic eruption. As regards 
the fact that volcanoes emit magmas of various rock-clans, 
Daly has treated the matter so clearly and ably that it suffices 
to refer to ‘Igneous Rocks and their Origin.’ As stated 
above, there is no reason to suppose more than the one 
aby ssal magma of basaltic composition. 

Broadly viewed, voleanic and seismie phenomena are sur- 
viving memorials “of past times, when the continents were 
exposed to vertical and lateral disturbances far greater than 
prevail to-day. The stored energy must be very great when 
integrated over large areas. It exists partly as uncompen- 
sated gravitational potential; partly as elastic potential, 
which can run down only by effecting structural readjust- 
ments. It is doled out age after age in the form of slow 
elevations and depressions, crumpling and faulting, in 
seismic and volcanic effects which in themselves are rela- 
tively local and petty phenomena. Denudation very often 
pulls the trigger in these cases. 


The Dominance of Radioactivity. 


Throughout the whole great matter we recognize in radio- 
activity a source of energy which has controlled the surface- 
historv of the Globe. Ín the fusion and expansion of the 
isostatic layer the vertical movements are directly involved. 
When the mountains finally arise under isostatic forces the 
general magmatic level sinks a very little. Local move- 
ments of radioactive heat may control inter. revolutionary 
disturbance. Changes in the sub-oceanie floor may give 
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rise to lateral pressures. Again, radioactive heat prepares 
` the way for tidai or precessional forces to intervene, and the 
surface of the earth becomes for the time being a brake 
applied to the rotating planet—a brake which absorbs some 
of the energy of rotation and for long ages afterwards exhibits 
the diastrophic etfects. - 


The Question of Continental Drirt. 


The question of the possibility of continental movements 
having occurred in past times arises naturally in connexion 
with the foregoing views. The main point at issue, however, 
is one whieh we do not seem able to determine—how far, 
during times of revolution, the ocean floor may have been 
reduced in rigidity and thickness. For it is obviously hard 
to imagine that in times when a thick and rigid ocean floor 
binds the continents together—any forces with which we are 
acquainted ean have : attained such intensity as to rupture the 
connecting crust. However, during the height of a great 
revolution, under the operation of “coneective currents— 
probably in part superheated—assailing the basaltic ocean 
floor, almost anything may have happened so far as the 
stability of the floor is concerned. lt may have been 
fractured or softened to an extent permitting of differential 
forces—already reterred to as arising from tidal or preces- 
sional sourees—to occasion. slow dritting from west-to-east. 
For such must be the direction of continental movement 
relatively to the earth’s surface. 

Under such conditions Eurasia may have drifted from 
America in Laramide times. New Zealand, in virtue of its 
great loading of mountain. ranges, may have parted from 
Australia: the Festoon Islands may have been carried east- 
ward from Asia; Peninsular India may have parted from 
the African Continent ; ete., etc. 

But, as I have intended to convey, while the possibility of 
continental drift appears to be involved potentially in the 
present views, the former existence of all the necessary con- 
ditions does not seem to be demonstrable. Final support to 
the theory of continental drift must come from evidence 
which it is outside the scope of this paper to discuss. 
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CXXIII. Notices respecting New Books. 


An Introduction to the Chemistry of Plant Products. Volume 2. 
Metabolic Processes. By P. Haas and T. G. Hinr. London: 
Longmans, Green & Co. Price 7s. 6d. 


THE present volume forms a sequel to the volume by the same 
writers ‘On the Nature and Signiticance of the Commoner 
Organic Compounds of Plants, which was recently published. 
The volume treats a series of the more important outstanding 
problems of the synthesis or the building-up by the plant of fats, 
carbohydrates and proteins, of respiration—the production of 
energy for tlhe maintenance of the life of the plant, and growth— 
the balance between these constructive and destructive processes. 
The authors have courageously put aside the task of giving a 
mere digest of the literature of the problems with which they 
deal, and the book is consequently more likely to inspire students 
ultimately to turn their attention to serious problems needing 
original treatment than the usual text-books. ‘Their self-imposed 
task has been to describe the present position in the various 
problems under cousideration, in order to make as plain as possible 
the outstanding difficulties, as well as to explain the methods by 
which the results already reached have been obtained. 

In the section dealing with the problem of growth the pre- 
occupation of the authors with the so-called ** Compound Interest 
Law” is to be regretted. The exponential and logarithmic laws 
are but isolated examples of mathematical functions, and the 
prior probability of the growth-curves conforming to these laws 
is by no means large. Strong evidence of growth-curves agreeing 
with these curves is necessary before a reasonable probability for 
this hypothesis of growth can be established. A more illuminating 
treatment of this important and fundamental problem seems to 
require a freer use of mathematical functions. No structural 
problem in any branch of mathematical physics of the same order 
of importance has ever yet been solved by complete adherence to 
one tvpe of solution, without reference to the general characters 
of the phenomena under discussion. 

The experimental side of the problems under consideration is, 
on the whole, left on one side. It was plainly not necessary or 
desirable to burden the book with detailed discussion of points ot - 
purely experimental interest. 


The Mathematical Theory of Relativity, By A. S. EDDINGTON. 
Cambridge University Press. 20s. net. 


Tu first draft of this book has been accessible for some little 
time in the form of a mathematical supplement to the French 
edition of the author’s ‘Space, Time and Gravitation.’ This 
draft has now been developed into a more systematic and com- 
prehensive treatise on the mathematical theory of relativity. 
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The author is concerned to work out deductively the whole 
theory from the premisses suggested by Einstein, and there 
is consequently no attempt at explaining in general terms the 
revolution of thought which the theories of relativity have 
initiated. With this subject matter the book must necessarily 
be mainly an exercise in mathematical deductions from highly 
abstract premisses. 

The first section of the book gives a quasi-mathematical, 
quasi-philosophical introduction to the subject. It is much 
condensed, and needs to be read in connexion with the author's 
previous work, in which the point of view of this introduction is 
worked out in extenso. 

The major part of the book deals with the theory of Tensors. 
It will be of great value to have in the present very clear and 
easily accessible form the body of tensor analysis as it is required 
for the development of relativity theory. The authors own 
generalization of Weyl is also included. Time alone will show 
how far this or any other attempt to link up relativity ideas 
with atomic structure and the Quantum theory will be suecesstul. 


Principles of Geometry. By H. F. Baker, Sc.D., F.R.S., 
Lowndean Professor of Astronomy and Geometry, and Fellow 
of St. John’s College, in the University of Cambridge. 
Volume Il. Plane Geometry, Conies, Circies, Non-Euclidean 
Geometry. Cambridge University Press: 1922. Price 15s. net. 


Pnorrsson Baker gives plenty of good material in his second 
volume, but he makes it a little ditlicult to assimilate by not 
laving sutlicient. emphasis on the structure of his subject. His 
intention to be praetical is perhaps carried out at the expense of 
obscuring to a certain extent the principles which it is his main 
object to expose. 

As far as the experienced reader is concerned, this does not 
matter very much, as it is a comparatively simple matter for him 
to disentangle the principles from the details, which, indeed, 
illustrate the principles admirably. But it undoubtedly makes 
the book very dificult for one who is not in such a fortunate 
position. 

The “symbols” which play such an important part in the book 
call for rather more explanation than appears to be given. They 
cannot be symbols in the ordinary sense because they are them- 
selves symbolized; they are plainly logical constructs of some 
kind or other, and ‘ought to be explained. 

A great many readers. will undoubtedly feel very grateful to 
Professor Baker for the way in whieh he has carried out the 
arduous task of expounding the principles of Geometry. The 
principles of Analysis are simple enough, for there is onlv one 
kind of analysis. But those of Geometry are another matter, 
There are many kinds of Geometry. 
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Synthetic Colouring Matters: Vat Colours. By Prof. J. F. 
TnHonPs, F.R.S., and C. K. Ixcorp, D.Sc. Monographs on 
Industrial Chemistry. Edited by Sir Epwarp THORPE. 
Pp. xv+491. London: Longmans, Green & Co. 1923. 
Price 16s. | 


THE discovery of the constitution of Indigo led to the synthesis 
of a number of analogous coloured bodies, all of which like Indigo 
are inseluble in water; in order to employ these substances as 
dyes they have first of all to be converted into the colourless 
water-soluble leuco-compounds, which by subsequent oxidation 
produce the insoluble dye upon the fibre. This process, knownin 
technical practice as vat dyeing, is essentially the same as has been 
practised bv primitive races from time immemorial with Indigo. 
Since the commencement of the present century a large number 
of anthraquinone derivatives with similar tinctorial properties 
have been put upon the market, and the wide range of colour 
and fastness of these substances makes the vat dyes amongst 
the most valuable of all colouring inatters. The present volume 
contains an account of the chemistry of these very numerous and 
intricate substances, the complexity of which is shown by a glance 
at their structural formule, which are given with lavish profusion 
throughout the book, and the specialist requiring information 
concerning the preparation of any particular member of thie 
group will find a mass of information collected together within 
it pages. To the general reader, however, the first three chapters 
will especially appeal, since they contain an interesting historical 
survey of the subject of dveing including such questions as the 
woad staining practised by the Ancient ‘Britons and mentioned 
bv Cesar, and also the nature and origin of the Tyrian purple of 
the ancients. 

It is to be regretied that the publishers have seen fit to have 
the book printed in Germany, but the cost of putting up the 
structural formule may well have been prohibitive in this country. 


CXXIV. Intelligence and Miscellaneous Articles. 


ELECTRIC FIELDS DUE TO THE MOTION OF CONSTANT 
ELECTROMAGNETIC SYSTEMS. 


To the Editors of the Philosophical Magazine. 

GENTLEMEN, — 
In a footnote on page 1124 of the Philosophical Magazine for 
December 1922, Dr. S. J. Barnett, in referring to my paper 
* Unipelar Induction " (Physical Review, vol. xv. pp. 365-395, 
1920), makes the following statement :— 

* In connection with this experiment Swann, l.e. ante, has 
stated that Maxwell's equation (1) eannot be applied to the case 
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of rectilinear motion to show that the field is polar because (he 
states) in this case the vector potential is not independent of the 
time, Tins is clearly an error. Several examples of the contrary 
are given above, 1n addition to this particular case." 

It is perhaps hardly necessary to do more than quote the 
statement in my paper to which Dr. Barnett refers to show that 
he has inadvertently misquoted me. The statement in question 
occurs on page 390 of my paper, and is as follows :— 

“We cannot immediately import the ideas we have invoked in 
the case of uniform rotation to explain a shielding effect ot the 
tv pe referred to, because the vector potential is not independent 
of the time in the case of rectilinear motion; so that it is not 
Immediately obvious that the whole of the field E as given by (9) 
is derivable from an electrostatie potential." 

I think that this statement can hardly be taken to imply that 
equation (5), which is Dr. Barnett’s equation (1), cannot be used 
for the proof of the result in question, for the case under dis- 
cussion, but only that the result does not tollow immediately as it 
does for the ease of rotation, In fact, it is implicitly on the basis 
of equation (5) that I prove the result in my paper; and every 
expression for E in that paper is obtained directly or indirectly 
from this equation, Whose truth is universal. 

In so far as Dr. Barnett makes reference to other theorems, 
points of view, and discussions m my paper, I may say that it 
Was not mv intention to claim that these were entirely new, even 
though some of them nieht not have been published before. 
Indeed, L have always maintained that, from the standpoint of 
one who accepts the classical electrodynamics, none of the usual 
experiments concerned with moving fines of magnetic force present 
the slightest ditticulty, It is only in extending the moving-line 
theory to forms inconsistent with classical electrody namics that 
difficulty. is encountered. To discard the conception of moving 
lines entirely would be unwise, since it certainly gives correct 
results in the most important cases, so one of the main objects 
of my paper was to formulate the exact sense in which the moving- 
line theory must be used if it is to lead to results consistent with 
classical electrodynamics. A sufficiently large number of experi- 
ments claiming to demonstrate difficulties in electromagnetic 
theory, and involving arguments concerning moving lines of 
force have appeared, even within. recent years, to warrant such 
an attempt to erystallize the situation. 

Yours faithfully, 
Department of Physics, W. F. G. Swann, 


University of mnm U.S.A. 
March sth, 192; 
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Conduction, on the theory of 
metallic, 161; on, in solutions, 
25l. 

Conductors, on the skin effect in, 
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ments of the, 1167. 
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Electrolytes. on the anomaly of 
strong, 129, 281. 

Klectron currents, on the effect of 
gases in facilitating the passage 
of, 337. 

energies in helium, on critical, 
786, 

Electronic theory of valency, on the, 
1105. 
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“a” and “6” in the, 622. 

Evaporation of a liquid, on the 
reaction consequent upon the, 641, 
1104. 

Ewles (J.) cathodo-luminescence 
and molecular agregation, 057. 

Explosion, on the "early staves of a 
submarine, 257. 

Field of an electron on  Einstein's 
theory, on the, 276. 

lames, on the production of 
coloured, 3306. 

lint glass of density 6:01, on the 
electrical properties of a, 516. 

Fluorescence of glass produced by 
beta-rays, on the, 730. 

Fowler (R. H.) on dissociation- 
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observing the rate of reaction 
between liquids and, 581; on the 
influence of, on the photoelectric 
eflect with platinum, 593; on the 
viscosity of, in a transverse 'electric 
field, 640; on the ignition of, by 
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